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Abstract

The notion of quasi-asymptotic behavior for the space of Boehmians
is introduced and studied.
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1 Introduction

In this note we will consider a class of generalized functions known as Boehmi-
ans. The construction of this space is algebraic and uses convolution and delta
sequences. The class of Boehmians is a generalization of regular operators [2],
Schwartz distributions [1], and other spaces of generalized functions [4]. There
are Boehmians which are not hyperfunctions and hyperfunctions which are not
Boehmians.

There are several different types of asymptotics for generalized functions;
equivalence at infinity (origin), S-asymptotics, and quasi-asymptotics, to name
a few. Applications can be found in differential equations, Abelian and Taube-
rian theorems for integral transforms, and quantum physics.

The notion of equivalence at infinity (origin) for Boehmians was used to
established some Abelian type theorems [6, 8, 11, 12, 13, 14]. S-asymptotic
behavior of Boehmians has been investigated by Stanković [19] as well as the
author [10].

Quasi-asymptotic behavior of Schwartz distributions was introduced in the
early 1970s by Zavialov [21] and investigated by Vladimirov, Drozhzhinov and
Zavialov (see [20] and references in [16]). More recently, Pilipović, Stanković,
Vindas and others have continued the investigation. For an excellent account
of quasi-asymptotic behavior of distributions, which includes a bibliography of
more than two hundred references, the reader is referred to [16].

In this note, quasi-asymptotic behavior of Boehmians is investigated. This
paper is organized as follows. Section 2 contains notation and the construction
of the space of Boehmians. The notion of quasi-asymptotic behavior at infinity
for a Boehmian is introduced and investigated in Section 3. In Section 4, after
introducing the idea of quasi-asymptotic behavior at the origin, it is shown that
this is a local property. In the last section, Section 5, two Abelian theorems of
the final type for the Stieltjes transform are established.
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2 Boehmians

Let C(R) denote the space of all continuous functions on the real line R, and
let D(R) denote the subspace of C(R) of all infinitely differentiable functions
with compact support.

The convolution of two continuous functions f and g with suitably restricted
supports is given by

(2.1) (f ∗ g)(x) =

∫ ∞
−∞

f(x− t)g(t) dt.

Remark 2.1. Suitably restricted supports will mean either at least one of the
supports is bounded or both are bounded on the left.

Let ϕ1, ϕ2, . . . ∈ D(R). The sequence {ϕn} is called a delta sequence pro-
vided:

(i)
∫
ϕn = 1, for all n ∈ N,

(ii) ϕn ≥ 0, for all n ∈ N,

(iii) For every ε > 0, there exists nε ∈ N such that ϕn(x) = 0 for |x| > ε and
n > nε.

A pair of sequences (fn, ϕn) is called a quotient of sequences if fn ∈ C(R)
for n ∈ N, {ϕn} is a delta sequence, and fn ∗ ϕk = fk ∗ ϕn for all k, n ∈ N.

Two quotients of sequences (fn, ϕn) and (gn, ψn) are said to be equivalent
if fn ∗ ψk = gk ∗ ϕn for all k, n ∈ N. A straightforward calculation shows that
this is an equivalence relation. The equivalence classes are called Boehmians.
The space of all Boehmians will be denoted by β(R) and a typical element of

β(R) will be written as W =
[
fn
ϕn

]
.

The operations of addition, scalar multiplication, and differentiation are

defined as follows:
[
fn
ϕn

]
+
[
gn
ψn

]
=
[
fn∗ψn+gn∗ϕn

ϕn∗ψn

]
, γ
[
fn
ϕn

]
=
[
γfn
ϕn

]
, where

γ ∈ C, and Dm
[
fn
ϕn

]
=
[
fn∗ϕ(m)

n

ϕn∗ϕn

]
, m ∈ N.

Define the map ι : C(R)→ β(R) by

(2.2) ι(f) = W f , where W f =

[
f ∗ ϕn
ϕn

]
and {ϕn} is any fixed delta sequence.

It is not difficult to show that the mapping ι is an injection which preserves
the algebraic properties of C(R). Thus, C(R) can be identified with a proper
subspace of β(R). Likewise, the space of Schwartz distributions D′(R) [1] can
be identified with a proper subspace of β(R). Using this identification, the

Dirac measure δ corresponds to the Boehmian
[
ϕn
ϕn

]
, where {ϕn} is any delta

sequence.
Defining a suitable product of a function and a Boehmian is not always

possible [7]. However, multiplying by polynomials is possible [9].
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The operator M : C(R) → C(R), given by (Mf)(x) = xf(x), can be

extended to β(R). Let W =
[
fn
ϕn

]
∈ β(R). Then, M̃W is defined as follows.

(2.3) M̃W =

[
Mfn ∗ ϕn − fn ∗Mϕn

ϕn ∗ ϕn

]
.

Remarks 2.2.

1. M̃W does not depend on the representative for W.

2. M̃W ∈ β(R).

3. M̃W f = WMf , f ∈ C(R). That is the operators M and M̃ agree on
C(R).

For ψ ∈ D(R) and W =
[
fn
ϕn

]
∈ β(R), W ∗ ψ is defined as

(2.4)

[
fn
ϕn

]
∗ ψ =

[
fn ∗ ψ
ϕn

]
.

Definition 2.3. Let Wn,W ∈ β(R) for n = 1, 2, . . . . We say that the sequence
{Wn} is δ-convergent to W if there exists a delta sequence {ϕn} such that for
each k and n, Wn ∗ ϕk, W ∗ ϕk ∈ C(R), and for each k, Wn ∗ ϕk → W ∗ ϕk
uniformly on compact sets as n→∞. This will be denoted by δ-limn→∞Wn =
W .

Theorem 2.4. The generalized derivative D and the operator M̃ satisfy the
following.

a) DW f = W f ′ , f is differentiable with f ′ ∈ C(R).

b) D(M̃W ) = W + M̃(DW ), W ∈ β(R).

c) If Wn,W ∈ β(R) (n ∈ N) and δ-limn→∞Wn = W , then

i) δ-limn→∞ M̃Wn = M̃W .

ii) δ-limn→∞DWn = DW .

A Boehmian W is said to vanish on an open set Ω ⊂ R, denoted W (x) = 0
on Ω, provided that there exists a delta sequence {ϕn} such thatW ∗ϕn ∈ C(R),
n ∈ N, and W ∗ ϕn → 0 uniformly on compact subsets of Ω as n → ∞. The
support of a Boehmian W , denoted supp W , is the complement of the largest
open set on which W vanishes. The space of Boehmians with compact support
is denoted by βc(R).

Theorem 2.5. Let Ω be an open set in R. Then, W (x) = 0 on Ω if and only
if for each compact subset K of Ω there exists a delta sequence {ϕn} such that
for each n ∈ N, W ∗ ϕn ∈ C(R), and (W ∗ ϕn)(x) = 0, for all x ∈ K.
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3 Quasi-Asymptotic Behavior At Infinity

Let W =
[
fn
ϕn

]
∈ β(R). For λ > 0, define Wλ =

[
(fn)λ
λ(ϕn)λ

]
, where (fn)λ(x) =

fn(λx) and (ϕn)λ(x) = ϕn(λx).

Remarks 3.1.

1. For each λ > 0, {λ(ϕn)λ} is a delta sequence and Wλ ∈ β(R).

2. For each λ > 0, Wλ is independent of the representative used to represent
W .

A real-valued function L(x) is slowly varying at infinity [18] if it is positive,
measurable on [a,∞) for some a > 0, and such that for each λ > 0,

(3.1) lim
x→∞

L(λx)

L(x)
= 1.

The following properties are well-known.

1. For each α > 0, xαL(x)→∞ as x→∞, and x−αL(x)→ 0 as x→∞.

2. Let 0 < a < b <∞. Then,

(i) L(λx)
L(λ) → 1 uniformly on [a, b] as λ→∞.

(ii) L is bounded and integrable on [a, b].

Throughout the sequel, L(x) will denote a slowly varying function.
We will be concerned with the space β+(R) of Boehmians supported on the

interval [0,∞). Suppose that W =
[
fn
ϕn

]
∈ β+(R). Then, the following are

some useful properties for supports.

1. Let a > 0 and ϕ ∈ D(R) such that supp ϕ ⊂ (−a, a). Then,
supp (W ∗ ϕ) ⊂ (−a,∞).

2. Let λ > 0. Then, supp Wλ ⊂ [0,∞).

3. There exists b ≥ 0 such that supp fn ⊂ (−b,∞), for all n ∈ N. Moreover,
for each ε > 0, there exists nε > 0, such that for all n > nε,
supp fn ⊂ (−ε,∞).

4. For each f ∈ C(R), supp f = supp W f , where W f =
[
f∗ϕn
ϕn

]
.

Convolution can be extended to a map from β+(R) × β+(R) to β+(R) as
follows.

Definition 3.2. Let W,V ∈ β+(R) with W =
[
fn
ϕn

]
and V =

[
gn
σn

]
. Then,

W ∗ V =

[
fn
ϕn

]
∗
[
gn
σn

]
=

[
fn ∗ gn
ϕn ∗ σn

]
.
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This convolution is well defined. Moreover,

W ∗ (V ∗ U) = (W ∗ V ) ∗ U, for all W,V,U ∈ β+(R).

Definition 3.3. For α ∈ R and W,V ∈ β+(R), W
q∼ V at infinity related to

λαL(λ) provided

δ - lim
λ→∞

Wλ

λαL(λ)
= V.

i.e. δ-limn→∞
Wλn

λαnL(λn) = V , for every λn →∞.

The definition is independent of the representative of W.
Suppose that a sequence {fn} of distributions converges to f in D′(R).

By using the Banach-Steinhaus Theorem, it can be shown that the sequence
of infinitely differentiable functions {fn ∗ ϕ} (ϕ ∈ D(R)) converges to f ∗ ϕ
uniformly on compact sets of R. And hence, using a similar argument, the
sequence {W fn} converges to W f in β(R). Thus, we obtain the following.

Theorem 3.4. Let f, g ∈ D′+(R) such that f
q∼ g at infinity related to λαL(λ)

(in D′(R)). Then, W f q∼W g at infinity related to λαL(λ) (in β(R)).

By applying the results of Theorem 2.4 part (c) to the identities DWλ =

λ(DW )λ and λ(M̃Wλ) = (M̃W )λ, we obtain the following.

Theorem 3.5. Let α ∈ R and W,V ∈ β+(R) such that W
q∼ V at infinity

related to λαL(λ). Then,

a) DW
q∼ DV at infinity related to λα−1L(λ).

b) M̃W
q∼ M̃V at infinity related to λα+1L(λ).

Theorem 3.4 provides a justification for the following examples. However,
for the verification of the first example, we will use Definition 3.3 . The second
example then follows from the first by applying part a) of Theorem 3.5.

Examples 3.6.

1. Recall δ =
[
ϕn
ϕn

]
. Then δ

q∼ δ at infinity related to λ−1. To see this, let

λn →∞. Then, for each k, n ∈ N,

δλn
λ−1
n

∗ ϕk =

[
λn(ϕm)λn ∗ ϕk
λn(ϕm)λn

]
= ϕk.

That is, for each k ∈ N,

δλn
λ−1
n

∗ ϕk = ϕk → ϕk uniformly on compact sets as n→∞.

Thus,

δ - lim
λ→∞

δλ
λ−1

=

[
ϕk
ϕk

]
= δ.

That is,

δ
q∼ δ at infinity related to λ−1.
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2. Dδ
q∼ Dδ at infinity related to λ−2.

Theorem 3.7. Let U,W, V1, V2 ∈ β+(R) such that W
q∼ V1 at infinity related

to λα1L1(λ), and U
q∼ V2 at infinity related to λα2L2(λ). Then W ∗U q∼ V1 ∗V2

at infinity related to λα1+α2+1(L1L2)(λ).

Proof. Let λn → ∞ as n → ∞. Then, there exist delta sequences {ϕn} and
{ψn} such that for all k, n ∈ N,

Wλn ∗ ϕk, V1 ∗ ϕk, Uλn ∗ ψk, V2 ∗ ψk ∈ C(R),

and for each k ∈ N,

Wλn

λα1
n L1(λn)

∗ ϕk → V1 ∗ ϕk uniformly on compact sets as n→∞, and

Uλn
λα2
n L2(λn)

∗ ψk → V2 ∗ ψn uniformly on compact sets as n→∞.

Let σn = ϕn ∗ ψn, n ∈ N. Then {σn} is a delta sequence. The conclusion
follows by observing that for all k, n ∈ N,

(W∗U)λn
λ
α1+α2+1
n L1(λn)L2(λn)

∗ σk − (V1 ∗ V2) ∗ σk

=
(

Wλn

λ
α1
n L1(λn)

− V1

)
∗
(

Uλn
λ
α2
n L2(λn)

∗ σk
)

+
(

Uλn
λ
α2
n L2(λn)

− V2

)
∗ (V1 ∗ σk)

=
(

Wλn

λ
α1
n L1(λn)

∗ ϕk − V1 ∗ ϕk
)
∗
(

Uλn
λ
α2
n L2(λn)

∗ ψk
)

+
(

Uλn
λ
α2
n L2(λn)

∗ ψk − V2 ∗ ψk
)
∗ (V1 ∗ σk) .

Just as D′(R) can be identified with a subspace of β(R), by using (2.2)
with a delta sequence {ϕn} consisting of ultradifferential functions, each space
of Beurling ultradistributions [3] can be identified with a proper subspace of
β(R).

Before presenting the next theorem, we give a brief introduction to ultra-
differential operators in β(R) [12]. The delta sequences used in [12] are more
general than the ones used in this paper. However, all the results needed for
ultradifferential operators in this paper are still valid.

Let {Mn} be a sequence of positive numbers which satisfies the following
conditions.

(i) M0 = 1,

(ii) M2
n ≤Mn−1Mn+1, for all n ∈ N,

(iii)
∑∞
n=0

Mn

Mn+1
<∞.

An operator of the form

P (D) =

∞∑
n=0

cnD
n,
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where cn ∈ C, is called an ultradifferential operator provided there exist con-
stants A > 0, B > 0 such that |cn| ≤ ABn

Mn
, n ∈ N. Unless otherwise stated, the

sequence {cn} will be assumed to satisfy the previous inequality. Throughout
this section, P (D) =

∑∞
n=0 cnD

n (or just P (D)) will denote an ultradifferential
operator.

The series P (D)W :=
∑∞
n=0 cnD

nW converges for all W ∈ β(R). That is,
there exists V ∈ β(R) such that δ-limn→∞

∑n
k=0 ckD

kW = V .

Properties

(i) P (D)W ∈ β+(R), for all W ∈ β+(R).

(ii) Let W ∈ β(R) such that W (x) = 0 on (a, b). Then P (D)W (x) = 0 on
(a, b).

(iii) P (D)(W ∗ V ) = P (D)W ∗ V = W ∗ P (D)V , for all W,V ∈ β+(R).

(iv) If Wn,W ∈ β(R) (n ∈ N) such that δ-limn→∞Wn = W , then
δ-limn→∞ P (D)Wn = P (D)W .

Theorem 3.8. Let ` ∈ N∪{0} and P (D)δ =
∑∞
m=` cmD

mδ with c` 6= 0. Then

P (D)δ
q∼ c`D`δ at infinity related to λ−(`+1).

Proof. Since the sequence {Mn} determines a non quasi-analytic class of func-
tions [17] and the sequence {cn} satisfies the condition |cn| ≤ ABn

Mn
(n ∈ N),

for some constants A > 0 and B > 0, there exists a delta sequence {ϕk} such

that for each k ∈ N, sup
n∈N,x∈R

∣∣∣2ncnϕ(n)
k (x)

∣∣∣ = γk <∞.

Then, P (D)δ =
[
fp
ϕp

]
, where fp(x) =

∑∞
m=` cmϕ

(m)
p (x).

Now, for each p, k, and λ,

(fp)λ ∗ ϕk =

∞∑
m=`

cm(ϕ(m)
p )λ ∗ ϕk

=

∞∑
m=`

cm(ϕp(λx))(m) ∗ ϕk
λm

=

∞∑
m=`

cm(ϕp)λ ∗ ϕ(m)
k

λm

=

( ∞∑
m=`

cmϕ
(m)
k

λm

)
∗ (ϕp)λ.
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Therefore, for each k and λ

(P (D)δ)λ
λ−(`+1)

∗ ϕk = λ`+1

[
fp
ϕp

]
λ

∗ ϕk

= λ`+1

[
(fp)λ
λ(ϕp)λ

]
∗ ϕk

=


(∑∞

m=`
cmλ

`ϕ
(m)
k

λm

)
∗ λ(ϕp)λ

λ(ϕp)λ


= c`ϕ

(`)
k +

∞∑
m=`+1

cmϕ
(m)
k

λm−`
.

So, for each k ∈ N,
(P (D)δ)λ
λ−(`+1) ∗ϕk → c`ϕ

(`)
k uniformly on compact sets as λ→∞, provided∑∞

m=`+1
cmϕ

(m)
k (x)

λm−`
→ 0 uniformly on compact sets as λ→∞.

However, this follows from∣∣∣∣∑∞m=`+1
cmϕ

(m)
k (x)

λm−`

∣∣∣∣ ≤ ∑∞m=`+1

∣∣∣∣ cmϕ(m)
k (x)

λm−`

∣∣∣∣ ≤ γk
λ−1 , for all λ > 1, k ∈ N, and

x ∈ R.
Therefore,

P (D)δ
q∼ c`D`δ at infinity related to λ−(`+1).

By applying the previous theorem to Theorem 3.7 and then using Property
(iii) above, we obtain the following.

Theorem 3.9. Let ` ∈ N ∪ {0}, P (D) =
∑∞
m=` cmD

m with c` 6= 0, and

W
q∼ V at infinity related to λαL(λ). Then, P (D)W

q∼ c`D
`V at infinity

related to λα−`L(λ).

Example 3.10. Let P (D)δ =
∑∞
m=0

Dmδ
(2m)! . Then P (D)δ

q∼ δ at infinity related

to λ−1. Note that P (D) is an ultradifferential operator of class (Mp) if and
only if the sequence satisfies the inequality Mp ≤ ABp(p!)2, for some constants
A,B > 0.

Remark 3.11. Since both δ and Dδ vanish on (0,∞), Example 3.6 illustrates
that “quasi-asymptotic behavior at infinity” is not a local property of a Boeh-
mian. The main goal of the next section is to show that this is not the case for
“quasi-asymptotic behavior at zero”.

4 Quasi-Asymptotic Behavior At The Origin

Quasi-asymptotic behavior at zero (from the right) can be defined in a similar
way.
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Let L be slowly varying at infinity and L∗(λ) = L
(

1
λ

)
, for λ > 0. For α ∈ R

and W,V ∈ β+(R), W
q∼ V at 0+ related to λαL∗(λ) provided

δ-limλ→0+
Wλ

λαL∗(λ) = V , i.e.,

(4.1) δ- lim
n→∞

Wλn

λαnL
∗(λn)

= V, for every λn → 0+.

Quasi-asymptotic behavior at zero has similar properties as quasi-asympto-
tic behavior at infinity and with similar proofs. However, as the next theorem
will show, unlike quasi-asymptotic behavior at infinity, quasi-asymptotic be-
havior at zero is a local property of a Boehmian.

Let W,U ∈ β(R). Then, W (x) = U(x) on (a, b) provided W − U vanishes
on the interval (a, b).

Theorem 4.1. Let a > 0 and W,V,U ∈ β+(R) such that W (x) = U(x) on

(−a, a). If W
q∼ V at 0+ related to λαL∗(λ), then U

q∼ V at 0+ related to
λαL∗(λ).

Proof. Let λn → 0+ as n→∞. Now,

Uλn
λαnL

∗(λn)
=

(
Uλn

λαnL
∗(λn)

− Wλn

λαnL
∗(λn)

)
+

Wλn

λαnL
∗(λn)

.

Since

δ- lim
n→∞

Wλn

λαnL
∗(λn)

= V,

it suffices to show that δ-limn→∞Qn = 0, where Qn =
Uλn

λαnL
∗(λn) −

Wλn

λαnL
∗(λn) ,

n ∈ N.
Now, since W (x) = U(x) on (−a, a), for each m ∈ N there exists `m ∈ N

such that for all n ≥ `m, Qn(x) = 0 on (−(m+ 1),m+ 1).
For each n ∈ N, there exists a delta sequence {ϕk,n}∞k=1 such thatQn∗ϕk,n ∈

C(R), for all k ∈ N. Moreover, by Theorem 2.5, the delta sequences {ϕk,n}∞k=1

may be chosen such that for each m ∈ N and all n ≥ `m, (Qn ∗ ϕk,n)(x) = 0
on [−m,m], for all k ∈ N.

Now, since for each n ∈ N, supp ϕk,n → {0} as k → ∞, it is possible, for
each j ∈ N, to choose a sequence of positive integers {pk,j}∞k=1 such that

suppϕ(pk,j),j ⊆
[
−1

k2j+1
,

1

k2j+1

]
.

For k ∈ N, let ψk =
∏∞
j=1

*ϕ(pk,j),j , where the product is convolution.

Notice that for each k, supp ϕ(pk,j),j ⊆
[ −1
k2j+1 ,

1
k2j+1

]
,
∑∞
j=1

1
k2j <∞, and

{ϕ(pk,j),j}∞j=1 is a delta sequence. Thus, it follows that the infinite product
converges uniformly for each k ∈ N.

It also follows that {ψk} is a delta sequence.
Now, for all n, k ∈ N,

Qn ∗ ψk = Qn ∗ ϕ(pk,n),n ∗
∞∏

j=1,j 6=n

* ϕ(pk,j),j .
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Thus, Qn ∗ ψk ∈ C(R), for all k, n ∈ N. Moreover, given k ∈ N and m ∈ N,
there exists ` ∈ N (which depends onm) such that for all n > `, (Qn∗ψk)(x) = 0
on [−m,m].

Therefore, δ-limn→∞Qn = 0. This completes the proof of the theorem.

5 Final Value Theorems for the Stieltjes Trans-
form

By utilizing the results from the previous sections, as well as obtaining some
new results, we establish two Abelian theorems of the final type for the Stieltjes
transform.

The Stieltjes transform of index r of a suitably restricted function f is given
by

(5.1) Srzf =

∫ ∞
0

f(t)dt

(z + t)r+1
, z ∈ C\(−∞, 0].

Since the restriction of the differential operatorD to the spaceD′(R) ⊂ β(R)
agrees with the differential operator for D′(R), D will denote either operator.
This should not cause any confusion.

Let T ∈ J ′(r), r > −1. That is, T ∈ D′(R) such that T = Dkg, where
k ∈ N, g ∈ L1

loc(R) with supp g ⊆ [a,∞) for some a ≥ 0, and g(t)t−r−k+ε is
bounded as t → ∞ (for some ε > 0). Then, the Stieltjes transform of T is
defined by SrzT = 〈Tt, (z + t)−r−1〉, z ∈ C\(−∞, 0]. Several authors ([5, 15])
have used the space J ′(r) to investigate the Stieltjes transform for distributions.

In this section we consider the space of Boehmians Br(R) which is a sub-
space of β+(R) (Boehmians supported on [0,∞)) and contains J ′(r) as a proper
subspace.

A Boehmian W is in Br(R) provided W ∈ β+(R) and W (t) = Dkg(t)
as t → ∞ for some k ∈ N, where g ∈ L1

loc(R) such that supp g ⊆ [a,∞)
(some a ≥ 0) and g(t)t−r−k+ε is bounded as t → ∞ for some ε > 0. That
is, W = V + Dkg, where supp V ⊆ [0, a] and supp g ⊆ [a,∞) such that
g(t)t−r−k+ε is bounded as t→∞.

Since the Stieltjes transform of a Boehmian is defined as the iterated Laplace
transform [13], we give a brief introduction to the Laplace transform for a
Boehmian, which also includes some new results.

The Laplace transform of a Boehmian W =
[
fn
ϕn

]
∈ Br(R) is given by

(5.2) Ŵ (z) = lim
n→∞

f̂n(z) = lim
n→∞

∫ ∞
−∞

e−ztfn(t)dt, Re z > 0.

Remarks 5.1.

1. The Laplace transform operator on Br(R) has many of the same proper-
ties as the classical Laplace transform.
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2. The Laplace transform for a Boehmian W is independent of the repre-
sentative.

3. Ŵ is an analytic function in the half-plane Re z > 0. Moreover, if
W ∈ βc(R) ∩ β+(R), then Ŵ is an entire function.

Let W ∈ J ′(r). Since J ′(r) ⊂ Br(R), the Laplace transform of W exists
as an element of J ′(r) and as an element of Br(R). The Laplace transform is
consistent on J ′(r) . That is, these two notions agree on J ′(r).

Lemma 5.2. Let b > 0. Suppose that δ-limn→∞Wn = W and supp Wn ⊂
[0, b], n ∈ N. Then, for each ε > 0 there exists nε ∈ N such that for all n > nε,∣∣∣Ŵn(t)− Ŵ (t)

∣∣∣ ≤ eεt, t ≥ 0.

Proof. Since δ-limn→∞Wn = W , there exist a sequence {εn} such that εn ↘ 0
and a delta sequence {ϕn} such that supp ϕn ⊂ (−εn, εn) (n ∈ N), and for
each k ∈ N,

(5.3) Wn ∗ ϕk →W ∗ ϕk
uniformly on compact sets as n → ∞. By using the properties of a delta
sequence and the Mean Value Theorem, for each k ∈ N, ϕ̂k(t) ≥ e−εkt, for all
t ≥ 0. It follows that for t ≥ 0,

(5.4)
∣∣∣Ŵn(t)− Ŵ (t)

∣∣∣ e−εkt ≤ eεkt ∫ γ

−εk
|(Wn ∗ ϕk)(x)− (W ∗ ϕk)(x)| dx,

for some γ > 0 and all k, n ∈ N.
By (5.3) and (5.4), the result follows.

Theorem 5.3. Let b > 0. Suppose that δ-limn→∞Wn = W and supp Wn ⊂
[0, b], n ∈ N. Then, Ŵn → Ŵ uniformly on compact subsets of C as n→∞.

Proof. Since δ-limn→∞Wn = W , there exist a sequence {εn} such that εn ↘ 0
and a delta sequence {ϕn} such that supp ϕn ⊂ (−εn, εn) (n ∈ N), and for
each k ∈ N,

Wn ∗ ϕk →W ∗ ϕk
uniformly on compact subsets of R as n→∞.

Also, there exist γ > 0 and B > 0 such that∣∣∣Ŵn(z)− Ŵ (z)
∣∣∣ |ϕ̂k(z)| ≤ eB|Re z|

∫ γ

−εk
|(Wn ∗ ϕk)(t)− (W ∗ ϕk)(t)| dt,

for all k, n ∈ N and z ∈ C.
Now, let A be a compact subset of C. Then, there exists k0 ∈ N such that

for all k ≥ k0, 2|ϕ̂k(z)| > 1, for all z ∈ A.
Thus, for all z ∈ A,

|Ŵn(z)− Ŵ (z)| ≤M
∫ γ

−εk0
|(Wn ∗ ϕk0)(t)− (W ∗ ϕk0)(t)| dt,

for some M > 0.
The result follows.
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For r > −1, the Stieltjes transform for W =
[
fn
ϕn

]
∈ Br(R) is given by

(5.5) ΛrzW =
1

Γ(r + 1)

∫ ∞
0

e−zt tr Ŵ (t) dt, Re z > 0,

where Γ is the gamma function.

Remark 5.4. For r > −1, Λrz is a linear injective mapping from Br(R) into
the space of analytic functions in the half-plane Re z > 0. For more results
concerning the Stieltjes transform on the space Br(R), see [13, 14].

Now, J ′(r) ⊂ Br(R). Therefore, each element of J ′(r) has a Stieltjes trans-
form as an element of J ′(r) and also as an element of Br(R). The two agree in
the half-plane Re z > 0.

Theorem 5.5. Let σ > 0. Suppose that δ-limn→∞Wn = W and, for some
b > 0, supp Wn ⊂ [0, b], n ∈ N. Then, for r > −1, ΛrzWn → ΛrzW uniformly
in the half-plane Re z ≥ σ as n→∞.

Proof. Let σ > 0 and r > −1. By Lemma 5.2, there exists n0 > 0 such that
for all n > n0,

|Ŵn(t)− Ŵ (t)| ≤ e(σ/2) t, for all t ≥ 0.

Let ε > 0. Then, for some γ > 0,

4

∫ ∞
γ

tre−(σ/2) t dt < ε.

By Theorem 5.3, there exists n1 > 0 such that for all n > n1,

4 |Ŵn(t)− Ŵ (t)|
∫ γ

0

xre−σx dx < ε, for all t ∈ [0, γ].

Now, by above, it follows that for n > max{n0, n1},

|ΛrzWn − ΛrzW | <
1

Γ(r + 1)

∫ ∞
0

e−tRe z tr |Ŵn(t)− Ŵ (t)| dt < ε,

for all z in the half-plaice Re z ≥ σ.
Thus, the result follows.

For ν > 0, let qν be the continuous function supported on [0,∞) given by

qν(t) =
H(t)tν

Γ(ν + 1)
,

where H is the Heaviside function.
Then, for α ∈ R, the Boehmian Θα+1 ∈ β+(R) defined below corresponds

to the distribution fα+1 ∈ S′+(R) [15, 16], where S′+(R) denotes the space of
tempered distributions supported on [0,∞).
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Let {ϕn} be any fixed delta sequence.

Θα+1 =


[
qα∗ϕn
ϕn

]
for α > 0

DkΘα+k+1 for α ≤ 0 and α+ k + 1 > 0.

Also, for r > max{α,−1},

ΛrzΘα+1 =
Γ(r − α)

Γ(r + 1)

1

zr−α
, Re z > 0.

The distribution fα+1 is of fundamental importance in the study of quasi-
asymptotic behavior of distributions [16].

Let U ∈ β+(R) and V ∈ βc(R)∩β+(R) such that V
q∼ U at infinity related to

λα. By using the Laplace transform and the fact that suppVλ → {0} as λ→∞,
it follows that U = CΘα+1, for some C ∈ C. Moreover, if α /∈ {−1,−2, . . . },
then C = 0.

For σ > 0, Ωσ = {z ∈ C : |z| ≤ σ,Re z ≤ 0}.

The following is an Abelian theorem of the final type for the Stieltjes trans-
form for Boehmians having compact support.

Theorem 5.6. Let σ > 0 and W ∈ βc(R) with suppW ⊆ [0, σ]. Suppose that

W
q∼ CΘα+1 at infinity related to λα. If C 6= 0, then for r > −1, the function

z → zr−αΛrzW can be analytically extended to the region C\Ωσ. Moreover,

lim
z→∞

z∈C\Ωσ

Γ(r + 1)

Γ(r − α)
zr−αΛrzW = C.

Proof. For λ > 0, suppWλ ⊆
[
0, σλ

]
. Since δ- limλ→∞

Wλ

λα = CΘα+1 and
suppWλ → {0} as λ → ∞, thus, suppCΘα+1 = {0}. Since C 6= 0, it follows
that α ∈ {−1,−2, . . .}.

Now, it is known [13] that for W ∈ βc(R), the function z → ΛrzW can be
analytically extended to the region C\(Ωσ ∪ (−∞, 0)). Moreover, for z ∈ {z ∈
C : |z| > σ},

(5.6) zr−αΛrzW =
1

Γ(r + 1)

∞∑
n=0

cnΓ(n+ r + 1)

zn+α+1
,

where cn = Ŵ (0)
n! , n ∈ N ∪ {0}.

Now, since α ∈ {−1,−2, . . .}, the right-hand side of (5.6) is analytic in the
region z ∈ {z ∈ C : |z| > σ}. Therefore, the function z → zr−αΛrzW can be
analytically extended to C\Ωσ.

Since δ- limλ→∞
Wλ

λα = CΘα+1, by Theorem 5.5 it follows that for γ > 0

λr−αΛrλzW →
Γ(r − α)C

Γ(r + 1)zr−α
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uniformly in the half-plane Re z ≥ γ as λ→∞.
Thus, for any z in the half-plane Re z > 0,

(5.7)
Γ(r + 1)

Γ(r − α)
(λz)r−αΛrλzW → C as λ→∞.

Therefore, by (5.6) and (5.7), for z ∈ {z ∈ C : |z| > σ,Re z > 0},

1

Γ(r − α)

∞∑
n=0

cnΓ(n+ r + 1)

(λz)n+α+1
→ C as λ→∞.

It follows that for α = −1, c0 = C. Otherwise, if α ∈ {−2,−3, . . .},
c0 = c1 = . . . = c−(α+2) = 0 and c−(α+1) = C.

The conclusion follows. That is,

Γ(r + 1)

Γ(r − α)
zr−αΛrzW → C as z →∞, z ∈ C\Ωσ.

Let A denote the space of all Boehmians W ∈ β+(R) such that W (t) =
Dkg(t) on (b,∞) for some k ∈ N ∪ {0}, b > 0, and g ∈ L1(R) with

∫∞
b
g 6= 0.

Let gb(t) = H(t− b)g(t), for t ∈ R.

For ε > 0, Oε = {z ∈ C : | arg z| ≤ π − ε}.
We now establish the following Abelian theorem of the final type.

Theorem 5.7. Let W ∈ A and k ∈ N (k 6= 0) be as in the definition of A. If

W
q∼ CΘα+1 at infinity related to λα, where C 6= 0 and α ∈ {−1,−2, . . . ,−k},

then for r > −1

lim
z→∞

z∈Oε∩(C\Ωσ)

Γ(r + 1)

Γ(r − α)
zr−αΛrzW = C.

Proof. For r > −1, W ∈ Br(R). This follows by observing that

W = V +Dk+1(H ∗ gb),

where V ∈ βc(R) and (H ∗ gb)(t)t−r−(k+1)+ε is bounded for some ε > 0.

Now, since gb ∈ L1(R), gb
q∼ AΘ−1+1 (in S′+(R)) at infinity related to λ−1,

where A =
∫
gb 6= 0 [15]. Thus,

(5.8) Dkgb
q∼ AΘ−(k+1)+1 (in S′+(R)) at infinity related to λ−(k+1),

and hence,

Dkgb
q∼ AΘ−(k+1)+1 (in β(R)) at infinity related to λ−(k+1).

Notice that α+ k + 1 > 0 and δ- limλ→∞
Wλ

λα = CΘα+1. Since

δ- limλ→∞
Vλ
λα = δ- limλ→∞

(
Wλ

λα −
(Dkgb)λ
λ−(k+1)

1
λα+k+1

)
= CΘα+1, by Theorem 5.6,

we have for r > −1

(5.9) lim
z→∞

z∈C\Ωσ

Γ(r + 1)

Γ(r − α)
zr−αΛrzV = C.
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Now,

Γ(r + 1)

Γ(r − α)
zr−α ΛrzW =

Γ(r + 1)

Γ(r − α)
zr−α Λrz V

+
Γ(r + k + 1)

Γ(r − α)

Γ(r + 1)

Γ(r + k + 1)

1

zα+k+1
zr+k+1 ΛrzD

kgb.

(5.10)

By (5.8) we have

(5.11) lim
z→∞
z∈Oε

Γ(r + 1)

Γ(r + k + 1)
zr+k+1ΛrzD

kgb = A [15].

By (5.9), (5.10), and (5.11),

lim
z→∞

z∈Oε∩(C\Ωσ)

Γ(r + 1)

Γ(r − α)
zr−αΛrzW = C.

Remarks 5.8.

1. Another type of asymptotics that has been utilized to establish Abelian
type theorems of the final type for generalized functions is the notion of
equivalence at infinity. Let W ∈ Br(R) and α ∈ R\{−1,−2, . . .}. Then

W (t)
e∼ Ctα (C ∈ C) as t→∞ provided there exists b > 0, k ∈ N ∪ {0},

and g ∈ L1
loc(R) such that W (t) = Dkg(t) on (b,∞) and g(t)

tα+k → C
(α+1)k

as t→∞, where (α+ 1)k = (α+ 1)(α+ 2) . . . (α+ k).

Using equivalence at infinity, Abelian type theorems for the Stielt-
jes transform for Boehmians have been established ([13, 14]). How-
ever, notice that in the definition, α /∈ {−1,−2, . . .}. Moreover, the
Abelian theorems require α > −1. However, both the definition of quasi-
asymptotic behavior and the final value theorem (Theorem 5.7) do not
require α > −1.

2. An example of a Boehmian with compact support and having quasi-
asymptotic behavior at infinity, but which is not an ultradistribution,
would be of interest. At this time, even an example of a Boehmian with
compact support that is not an ultradistribution has not been found.
However, there are known examples of Boehmians that are not ultradis-
tributions.

3. It would be desirable to obtain a final value theorem similar to Theorem
5.7 without the condition W (t) = Dkg(t) as t→∞, where g ∈ L1(R).
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