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ON THE FAST GROWTH OF SOLUTIONS TO
HIGHER ORDER LINEAR DIFFERENTIAL
EQUATIONS WITH ENTIRE COEFFICIENTS

Mansouria Saidani® and Benharrat Belaidi®®

Abstract. In this paper, we investigate the iterated order of solutions of
higher order homogeneous and nonhomogeneous linear differential equa-
tions

A () P+ A () f5 V4 AL (2) f Ao (2) =0
and
A () P + A () f5 V4 AL R) f Ao (2) f = F (2),

where Ao (2) #0,A:1(2), - ,Ar (2) Z 0 and F (z) # 0 are entire func-
tions of finite iterated p—order. We improve and extend some results of
He, Zheng and Hu; Long and Zhu by using the concept of the iterated
order and we obtain general estimates of the iterated convergence expo-
nent and the iterated p-order of solutions for the above equations.
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1. Introduction

In this paper, we shall assume that the reader is familiar with the fundamental
results and the standard notation of the Nevanlinna value distribution theory of
meromorphic functions see [B, @, 20], such as T' (r, f), N (r, f), m (r, f) . For the
definition of iterated order of meromorphic function, we use the same definition
asin [I2, T4]. For allr € R, we define exp, r := €" and exp,,,; 7 := exp (expp ’I”) ,
p € N. We also define for all r € (0, +00) sufficiently large log; r := logr and
log,, r :=log (log, ), p € N.

Definition 1.1. [02, [d] Let f be a meromorphic function. Then the iterated
p-order p, (f) of f is defined by

+
oo () 1= limsup 282 L ("2 F)

, (p > 11is an integer).
400 log r
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For p = 1, this notation is called order and for p = 2 hyper-order. If f is an
entire function, then the iterated p-order p, (f) of f is defined by

loet T T, logt M r,
pp (f) :=limsup M — lim sup M
r—+00 logr - log r

where M (r, f) = max,—, | f (2) |.

, (p>1is an integer),

Definition 1.2. [I2] The finiteness degree of the order of a meromorphic func-
tion f is defined by

0, for f rational,
min{j € N :p; (f) < oo}, for f transcendental for which
some j € N with p; (f) < oo exists,
~+00, for f with p; (f) = +o0, Vj € N.

i(f):=

Definition 1.3. [2] Let n(r,a) be the unintegrated counting function for
the sequence of a-points of a meromorphic function f(z). Then the iterated
convergence exponent of a-points of f(z) is defined by

log;,|r n(r,a)

Ap (f, @) = limsup , (p>1is an integer).

r—+o00 1Og r
In the definition of the iterated convergence exponent, we may replace n(r,a)
with the integrated counting function N(r,a), and we have

log™ N (r,
Ap (f,a) :=limsup M

, (p>1is an integer),
r—+o0 logr

where N(r,a) = N(r,a, f) = N (r, ﬁ . If a = 0, then the iterated conver-

gence exponent of the zero-sequence is defined by

log;'N (r, %)
Ap (f) =limsup ————~

, (p>11is an integer),
r—+00 logr

where N (r, %) is the integrated counting of zeros of f(z) in {z:]|z| < r}.
Similarly, if a = oo, then the iterated convergence exponent of the pole-sequence

is defined by

1 logt N (r,

Ap () := lim sup gpi(f), (p > 1 is an integer) .
f r—+oo log r

Definition 1.4. [I2] The finiteness degree of the iterated convergence exponent

is defined by

0, if n(r,a) =0 (logr),
min{j € N : \; (f,a) < oo}, forsome jeN
with A; (f,a) < oo exists,
+oo, if Aj(f,a) =00 forall j € N.

ix(f,a) =
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Remark 1.5. If a = 0, then we set iy (f,a) = ix(f). If a = oo, then we set
ix (f,a) =ix (%) ~
Definition 1.6. [, (6] The iterated lower p-order u, (f) of a meromorphic

function f is defined by

.. dogt T (r, f)
pp (f) = lim inf —= 2"

, (p>1is an integer) .
The Lebesgue linear measure of a set E C [0,00) is m (E) = [dt, and the
E
logarithmic measure of a set F' C (1, 400) is my (F') = f% The upper density
jg
of E C [0,00) is given by
E
dens (E) = limsup m(E00,r)
r—+o0 r
and the upper logarithmic density of the set F' C (1,+00) is defined by
— Fnll
log dens (F) = lim Supu.

r—+00 IOg r

Proposition 1.7. [2] For all H C (1,+00) the following statements hold:
(¢) If my (H) = oo, then m (H) = oc;

(i3) If dens (H) > 0, then m (H) = oo;

(#) If log dens (H) > 0, then my (H) = oc.

In [@], the author extended the results of Kwon [[3], Chen and Yang [d]
from second order to higher order linear differential equations by considering
more general conditions to entire coefficients as follows.

Theorem 1.8. [1] Let H be a set of complex numbers satisfying dens{|z| :
z€ H} >0, and let Ag(2),---,Ar—1 (%) be entire functions such that for real
constants a, B, p, where 0 < f < a and p > 0, we have

Ao (2)] > eI
and

as z — oo for z € H. Then every solution f # 0 of the equation

k—1
(1.1) FE 43" A D+ Aof =0,

Jj=1

has infinite order and p2 (f) > p.
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Theorem 1.9. [1] Let H be a set of complex numbers satisfying dens{|z| : z €
H} >0, and let Ay (2),- -+, Ax—1(2) be entire functions with max{p (A;) : j =
1, k=1} < p(Ag) = p < +00 such that for real constants o, 5 (0 < f < ),
we have for any given € > 0

| Ao (2)] = e*I"
and

|AJ (Z)| S emz‘p7£) ]: 17 7k_ 1

as z — oo for z € H. Then every solution f Z 0 of equation (L) has infinite
order and pa (f) = p(4Aop) .

Very recently, Long and Zhu improved the previous results in [, @, I3,
8] by studying the growth of meromorphic solutions of higher-order linear
differential equations (L) and

k—1
(1.2) FB 43 Af9 + Aof = F,

j=1

where Ag(z) £ 0, Ay (2),-+-,Ar—1(2) and F (z) # 0 are meromorphic func-
tions. A precise estimation of the hyper-order of meromorphic solutions of
the above equations has been given provided that there exists one dominant
coefficient.

Theorem 1.10. [74] Let E be a set of complex numbers satisfying

mi({|z] : z € E}) = oo, and let Aj(z) (j=0,1,--- ,k—1), be meromorphic
functions. Suppose there exists an integer s, 0 < s < k — 1, satisfying

max{p(Aj), i#s, A(j)} < H(A) < p(Ay) = p < o

S

and for some constants 0 < B < «, we have, for all € > 0 sufficiently small,
[Aj (2) | <exp (Bl21°7°), 7 # s,

[As (2) | = exp (al2]7),

as z — oo for z € E. Then every nontrivial meromorphic solution f whose
poles are of uniformly bounded multiplicities of equation (I) satisfies pa (f) =

14 (As) .

For the case of non-homogeneous equation, they get the following result.
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Theorem 1.11. [I4] Let E and Aj(2) (j=0,1,--- ,k—1), be defined as in
Theorem 1D, and let F (z) # 0 be a meromorphic function. Suppose there
exists an integer s, 0 < s < k — 1, satisfying

max{p(45) 252 () (P f <A < p(4) = p <o

and for some constants 0 < B < «, we have, for all € > 0 sufficiently small,
|4 (2) | < exp (Bl2|°77), j #s,

[As (2)| > exp (al2]79)

as z — oo for z € E. Then every meromorphic solution f of equation (I2),
whose poles are of uniformly bounded multiplicities, satisfies ps (f) = p(As) .

In this paper, we consider for kK > 2 the homogeneous and the non-
homogeneous linear differential equations

(1.3) A (2) fP + A1 (2) fE D o+ A (2) f + Ao (2) f =0,

(1.4) A () fP 4+ A1) fF V4 r A (2) f + A (2) f=F(2),

where Ao (2) # 0, A1 (2), -+, Ak (2) # 0 and F (z) # 0 are entire functions
of finite iterated p—order. It is well-known that if Ay (z) = 1, then all solu-
tions of the linear differential equation (IZ3) and () are entire functions but
when Ay is a nonconstant entire function, equation (IZ3) or () can possess
meromorphic solutions. For instance the equation

2f" 43" =27+ ((z=2)e ¥+ (32 —2)e P +2¢7) =0

has a meromorphic solution

We also know that if some of coefficients Ag (2), A1 (2), -+, Ar—1(z) are
transcendental and Ay, (z) = 1, then equation (IZ3) has at least one solution
of infinite order. Recently several authors have investigated the properties
of solutions of equations (I33), () and obtained many results about their

growth, see [, 00, I, 09]. Thus, there arise some interesting questions such
as:
Question 1.1. What conditions on Ag (2), 41 (2),- -+, A (z) will guarantee

that every solution f # 0 of (I3) and (IA) is of infinite iterated order?

Question 1.2. Can we replace the meromorphic coefficients of equations (1)
and (IZ2) in Theorem 0 and Theorem I by entire functions for equations
(IR) and (A)?
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The main purpose of this paper is to consider the above questions. The
remainder of the paper is organized as follows. In Section 2, we shall show our
main results which improve and extend many results in the above-mentioned
papers, and thus the above questions are answered. Section 3 is for some
lemmas. The last section is for the proofs of our main results.

2. Main results

For equation (I=3), our first result is an extension of Theorem 9 and Theorem
1ma.

Theorem 2.1. Let H be a set of complex numbers satisfying log dens{|z| : z €
H} >0 (orm({|z] : z€ H}) =00) and let A; (z) (j=0,1,--- k), be entire
functions such that Ay £ 0. Suppose there exists an integer s, 0 < s < k such
that i (As) = p, 0 < p < +00, and satisfying

max{pp(Aj)7 j;éS, J:0a17 ak}<:up(AS) SpP(AS) < 400

(p > 1 is an integer) and for some constants 0 < B < «, we have, for alle >0
sufficiently small,

|45 (2) | < exp, (5|Z|pp(As)—e) L j#£s,j=01,-k

1A, (2)] > exp, (a|Z|PP(As)*6) 7

as z — oo for z € H. Then every transcendental meromorphic solution f of
equation (I3) with Ay (%) < pp (f) satisfies i (f) = p+ 1 and pp+1 (f) =
pp (As) -

When A (z) = 1, we obtain the following corollary for entire solutions.

Corollary 2.2. Let H be a set of complex numbers satisfying log dens{|z| :
z€ H}y >0 (ormy({|z|: z € H}) =00) and let A; (z) (j =0,1,--- ,k—1), be
entire functions. Suppose there exists an integer s, 0 < s < k — 1 such that
1(As) =p, 0 < p < +0o0, and satisfying

maX{pp(Aj)v j%sv j:0717 5k71}<p’p(As)§pp(AS)<+oo

(p > 1 is an integer) and for some constants 0 < 8 < «, we have, for alle > 0
sufficiently small,

|AJ (Z)| < epr (5|Z|pp(AS)_E)a J7é S>.j = 0717"' ak_ 1;

|As (2) | > exp,, (a|Z|Pp(As)—€) ’

as z — oo for z € H. Then every transcendental solution f of equation ()
satisfies i (f) =p+1 and pp+1 (f) = pp (As) .
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Corollary 2.3. Let A; (z) (j =0,1,--- ,k), H satisfy all of the hypotheses of
Theorem 23, and let ¢ (z) be a transcendental meromorphic function satisfying
i () < p+1 or ppt1 () < pp (As) . Then every transcendental meromorphic so-

lution f (z) (# 0) with X, (%) < pp (f) of equation (I3) satisfies ix (f — ¢) =
ix(f—p)=p+1 andxp+1 (f=@) =21 (f =) = ppr1 (f — ) = pp (As).

Considering nonhomogeneous linear differential equation (), we obtain
an extension of Theorem [CTI.

Theorem 2.4. Let H be a set of complex numbers satisfying log dens{|z| : z €
H} >0 (ormy({|z]: 2 € H}) = 00) and let Aj(z) (j =0,1,--- k), F(2) #0
be entire functions such that Ay #Z 0. Suppose there exists an integer s, 0 <
s < k such that i (As) = p, 0 < p < 400, and satisfying

maX{pP(AJ)’ .]7557 .7:0717 7k’ pp(F)}<,up(Aé) Spp(Aé) <+OO,

(p > 1 is an integer) and for some constants 0 < B < «, we have, for alle >0
sufficiently small,

|45 (2)| < exp, (/3|Z|pP(As)—5) L j#s,j=01,---k,

|4, (2)| > exp, (a|Z|pP(As)_€) ’

as z — oo for z € H. Then every transcendental meromorphic solution f of
equation (IA) with A, (%) < pip (f) satisfies Ap1 (f) = Ap1 (f) = pp41 (f) =
pp (As) -

When Ay, (2) = 1, we obtain the following corollary for entire solutions.

Corollary 2.5. Let H be a set of complex numbers satisfying log dens{|z| :
ze€ H} >0 (ormi({|z] : 2z € H}) = 00) and let Aj(z) (j=0,1,--- ,k—1),
F (z) #£ 0 be entire functions. Suppose there exists an integer s, 0 < s <k —1
such that i (As) = p, 0 < p < 400, and satisfying

max{pp(Aj)7 j#sa J:Oala 7k_17 pp(F)}<Mp(AS)§pp(AS)<+OOa

(p > 1 is an integer) and for some constants 0 < B < «, we have, for alle >0
sufficiently small,

|AJ (Z) ‘ < epr (5|Z|pp(AS)_E) ) j 7é 57j = 07 1a T 7k - 17

lAS (Z) | > epr (a|Z|Pp(As)—E) 7

as z — oo for z € H. Then every transcendental solution f of equation (I2)
satisfies Ap1 (f) = Ap+1 (f) = pp1 (f) = pp (4s) -
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Corollary 2.6. Let A;(z) (j=0,1,--- k), F(z), H satisfy all of the hy-
potheses of Theorem B4, and let ¢ (z) be a transcendental meromorphic func-
tion satisfying i (p) < p+ 1 or ppy1 (@) < pp (As). Then every transcenden-

tal meromorphic solution f(z) with X, (%) < pp (f) of equation (CA) sat-

isfies ix (f—¢) = ix(f—¢) = p+1 and N1 (f —¢) = X1 (f— ) =
pp+1 (f — @) = pp (As) .

3. Preliminary lemmas
Our proofs depend mainly upon the following lemmas.

Lemma 3.1. [i] Let f be a transcendental meromorphic function in the plane,
and let 1 > 1 be a given constant. Then there exist a set By C (1,+00) that has
a finite logarithmic measure, and a constant B > 0 depending only on u and
(m,n) (m,n €{0,1,--- ,k}) m < n such that for all z with |z| = r & [0, 1JUE},

we have
‘f(”)(Z) < n(Len
fm(z) r

By using similar reasoning as in the proof of Lemma 3.5 in [[7], we easily
obtain the following lemma when p, (f) = p, (9) = +o0.

(og g T 1))

Lemma 3.2. Let f(z) = ‘38 be a meromorphic function, where g(z), d(z)
are entire functions of finite iterated order satisfying p, (g) = pp (f) = p <
pp (f) = pp(g) <400, 0 < p < +00, i(d) <p orp,(d) < p. Let z be a point
with |z| = r at which |g (z)| = M (r,g) and vy (r) denote be the central index
of g. Then the estimation

f(n)(z)_ Vg(r) " o n
o = () ey =

holds for all |z| = r outside a set Eqy of v of finite logarithmic measure.

Lemma 3.3. [3] Let g(2) be an entire function of finite iterated order satisfying

i(9) =P+ 1, ppi1(9) = prin(9) = ¢+ 1, pgra(9) = p, 0 < p,q < oo, and let
vg (1) be the central index of g. Then we have

i sup 281 Ve (1) g0 Ve (1)
oo log r T r—doo logr '

Lemma 3.4. [8] Let ¢ : [0,400) — R and ¢ : [0,400) — R be monotone
nondecreasing functions such that o(r) < (r) for all r ¢ (E5U[0,1]), where
E3 is a set of finite logarithmic measure. Let a > 1 be a given constant. Then
there exists an r1 = ri(a) > 0 such that ¢(r) < ¢ (ar) for all r > ry.

Lemma 3.5. [10] Let p > 1 be an integer and let f (z) = ‘38 be a meromorphic
function, where g (), d (z) are entire functions satisfying p, (9) = pp (f) = p <
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pp (f) = pp(g) < 400, 0 < p < 400, pp(d) = Ap (%) = B < u. Then there
exists a set By of finite logarithmic measure such that for oll |z| = r ¢ Ey and
lg (2)| = M (r,g) and for r sufficiently large, we have

‘ f(z)
f) (2)

Lemma 3.6. [d] Let p > 1 be an integer, and let f (z) be an entire function
such that i (f) = p, pp (f) = p < +o00. Then, there exists a set E5 C (1,400)
of r of finite linear measure such that for any given € > 0, we have

exp {—exp,_y {7777} } < |f (2)] <exp, {7777} (r ¢ Es).

Lemma 3.7. [ Let A;(2) (j=0,1,--- k), F(2)(#0) be meromorphic
functions and let f(z) be a meromorphic solution of (ILA) satisfying one of
the following conditions:

(4) max {i (F) =p, i(4;)(j=0,1,-- )} () p+1(0<p<+o0),

(i6) b = max {pp11 (F), pp+1(4;) (.7 0,1, ,k)} < ppi1 (f), then A\pya(f) =
Ap+1(f) = pp+1 (f) -

Lemma 3.8. Let f(2) = d(z) be a meromorphic function, where g(z), d(z)

are entire functions. If 0 < p, (d) < pp (f), then w, () = pp (f) and pp, (9) =
oo () - Moreover, if py (f) = 00, then pyss (9) = pps1 (f)

2s

, (s is an integer).

Proof. We divided into the following three cases.
Case 1. p,(f) < +4oo. By definition of the iterated order, there exists an
increasing sequence {r, }, (r, — +00) and a positive integer ng such that for all

n > ng and for any given € € (O M) (as 0 < pp (d) < pp (f) < pp (),

(3.1) T (1, f) > exp,y {rir =},
and
(3.2) T (rn,d) < exp, 4 {rff(d)"'e} .

Since T'(r, f) < T(r,g9) + T(r,d) + O(1), we get, for all sufficiently large n,
(83)  expy {1} ST, 9) + exp,y {1 @} 4+ 0(1).
Since € € (0 M) , then (B33) becomes

(1= o) exp,  {rr D=} < Trg) + O(L),

for all sufficiently large n. Hence

Pp(f)f:%(g)-
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On the other hand, since T'(r,g) < T'(r, f) + T(r,d), and p, (d) < pp (f), so we
obtain

pp (9) < pp (f)-

Therefore, we get p, (9) = pp (f). By using the similar way above and the
definition of iterated lower p-order w, (f) and p, (g), we can prove

Np(g)zﬂp(f)~

Case 2. p, (f) = 4o0. Suppose on the contrary to the assertion that pu, (g) <
tp (f). We aim for a contradiction. By the definition of iterated lower p-order,
there exists an increasing sequence {r,}, (r, — +00) and a positive integer ng
such that for all n > ny and for any given € > 0

T(rn, 9) < exp,y {rir @+ L, T(ry, d) < exp,, {rir@+ )

Since T(rp, f) < T(rn,g) + T(rn,d) + O(1), we get, for all sufficiently large n,

T(rn, f) < exp,_ {rgp(g)%} +exp,_; {rﬁp(d)+s} +0(1),

hence p, (f) < max {u, (9), pp (d)} . This is a contradiction with our assump-
tion.
Case 3. pp(f) < +oo0 and p,(f) = +oo. By using the similar way in proving
Cases 1 and 2, we can prove Case 3.

Finally, we will prove pp4+1(9) = pp+1 (f). Suppose that p, (f) = +oo.
Then there exists an increasing sequence {r,}, (r, — +00), such that

log iy T (rn, f)
pp+1 (f) = nh_{rolo T logr,

Combining p, (d) < p, (f) and the definitions of the iterated p-order and the
iterated lower p-order, we get

T (rn,d
lim (rn, d)

n—oo T(rmf) =0

Then, there exists a positive integer N, such that for n > N
T(rp, f) < 2T(rn, g) + O(1).

Thus, pp+1 (f) < pp+1 (g) . By using a similar argument as in proving Case 1,
since T'(r,g) < T( ) + T'(r,d), then there exists a positive integer N, such
that for n > N

T(rn,g) < 2T(ry, f).

Hence, pp+1 (9) < pp+1 (f) . Therefore ppr1 (f) = pp+1 (9) - O

Remark 3.9. Lemma B was obtained for p = 1 by Long and Zhu in [I5].
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4. Proof of Theorems and Corollaries
Proof of Theorem E.

Proof. By (I3), we have

f k £
(4.1) ad<| 25| Lo+ | | |
j=1
i#s

Using Lemma B, there exists a set By C (0,+00) with m(E;) < oo and a
constant B > 0, such that for all z satisfying |z| = r ¢ E;

f(j) (2)
f(2)

By Lemma B, there exists a set F, of finite logarithmic measure such that for
all |z| =7 ¢ E4 and |g (2) | = M (r,g) and for r sufficiently large

<B[T(2T7f)]k+17 ]:1727 7k7 ]?és

(4.2) ‘

2s

— )

f(2)
4.3
) Vi
where ¢ (z) is an entire function satisfying p, (¢9) = pp (f) = 1 < pp (f) =
pp (g) < 400, 0 < p < 400. By the hypotheses of Theorem P, there exists a
set H with logdens{|z| : z € H} >0 (or my({|z] : z € H}) = o0) such that for
all z € H as z — oo, we have

(4.4) 4 (2)] < exp, (Blal4979) G #£5,5 =01,k

(45) |AS (Z) | 2 epr (O[|Z|PP(A5)*6> )

Set Hy = {|z| : z € HI\(E1UE}Y), so m; (Hy) = oo. It follows from (E), (22)
(E33), (E4) and (E3) that for all z satisfying |z| = r € Hy and |g(2)| = M(r, g)

exp, (a|z|pp(As)fa) < kBr? (T (2r, )+ exp, <5|Z|pp(As)fa) ’
using 0 < 8 < «, we obtain
(46)  exp ((1=o0(1)exp,y (als7A)7¢) ) < kB2 (T (21, )
It follows from (E8) and Lemma B3 that

Pp (As) < Pp+1 (f) .

On the other hand, by the hypotheses of Theorem P, for sufficiently large 7,
we have

(47) ‘AJ (Z) | < epr (TPP(AS)+E) ’ .] 7é S, j = 07 17 e ak
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and by Lemma B, for any given € > 0, there exists a set E5 C (1,+00) of
finite linear measure, such that for all z satisfying |z| = r ¢ F5 we obtain
(4.8)

Ak (2) | > exp {— exp,_; (T””(A’“”E)} > exp {— exp,_; (TPP(AS)“)} :

Tt follows by (I33) that

(4.9)

+ 4o (2) |

’f(’“) (2)| .
f(2)

|Ak Z' i ‘ ()Z)

By Hadamard factorization theorem, we can write f as f(z) = (’;8, where g(2)

and d(z) are entire functions of finite iterated order satisfying p, (g) = pp (f) <

p () =pp(g) < 400, 0 <p < +00,i(d) <porp,(d =X (d)=X\ (%) <
tp (f). By Lemma B2, there exists a set Ey of finite logarithmic measure such
that for all z satisfying |z| = r ¢ F5 at which |g (2)| = M (r,g) we have

f9) (2 vy (1))’ ,
(4.10) f(z()): gz() (14+0(1), j=1,--- k.
By substituting (A71), (=8) and (1) into (E9), we obtain
k
a0 140
z
k—1
< 1 Vg ()| +1 pexp (TPP(ASH‘E)
= exp{—exp,_; (rer(A)+e) = P
k—1
= Z 210 N 1+o(1)]+1 exp{?exp]%1 (r”P(ASHE)}.
=l #
Hence

(411) |y, ()| [1+0(1)] < k" [1+0(1)|exp {2€pr_1 (rﬂp<As>+€)} :

for all z satisfying |z| =7 ¢ ([0,1]UE2 U Es5) and |g (2)| = M (r,g), r — +00.
By (E11) and Lemma B4, we get

lo vg (r
(4.12) lim sup M

< Ag) +e.
rtoo  logr po (As)

Since € > 0 is arbitrary, by (E12) and Lemma B33, we obtain

pp (As) > pp+1(9)

since pp, (d) < pp (f), so by Lemma B8 we have ppy1 (9) = pp+1 (f) . This and

the fact that p, (As) < ppt1 (f) yield ppi1 (f) = pp (4s) and i (f) = p+ 1.
Theorem P is thus proved. O



On the fast growth of solutions to higher order lin. diff. equations 129

Proof of Corollary 23.

Proof. Setting h = f — ¢, where ¢ is such that i (¢) < p+1 or ppr1 (@) <
pp (As) . By Theorem ETI, we have i (f) = p+ 1 and pp11 (f) = pp (4s) . Using
the properties of iterated order, we get pp41 (h) = pp+1 (f) = pp(4As). By
substituting f = h + ¢ into (I3), we obtain

A ()™ + A (2)h*D o L A ()R 4 Ag (2) b

(413) =— (Ak (2) 0™ + Ap_1 (2) @5V o+ Ay (2) ¢ + Ag (2) w) .

Set K (2) = Ak (2) @®+A5 1 (2) 9% D4 441 (2) @' +A0 (2) @. I i () < p+
Lor ppy1(p) < pp (As), then by Theorem BT, we deduce that ¢ is not a solution
of equation (I33), implying that K (z) # 0, and in this case we have pp41 (K) <

Ppt1 (©) < pp (As) = ppr1 (f), so max {p, 41 (K), ppi1 (Aj) (1=0,1,--- ,k)}
< pp+1 (f) = pp (As) and by Lemma B4, we obtain iy (f —¢) = ix (f —¢) =

p+1and Apy1 (f = @) = A1 (f = 9) = ppi1 (f — 9) = pp (As) - O
Proof of Theorem 2.
Proof. By (), we have

M &) ' ' (2) ‘F(Z)
4.14 A ( + Ao (2) | +
w10 [ < Z‘ 7y | @G
By Hadamard factorization theorem, we can write f as f(z) = 28, where

g(z) and d(z) are entire functions of finite iterated order satisfying p, (g) =
tp (f) < pp(f) = pp(g9) < 400, 0 < p < +o0, i(d) < porp,(d) =X, (d) =
Ap (%) < pp (f). By Lemma B2, there exists a set Ey of finite logarithmic

measure such that for all z satisfying |z| = r ¢ E5 at which [g(2)| = M (r,g)
we have (E10). By the hypotheses of Theorem Z4 and Lemma B®, for any
given € > 0, there exists a set F5 C (1,+00) of a finite linear measure, such
that for all z satisfying |z| =r ¢ E5

(4.15)

45 ()| = exp {—exp,_ (r774079) b > exp {—exp,_, (rr(4+2) |

On the other hand, for sufficiently large r, we have
(416) P ()] Sexp, (r7A0%) 145 (2)| < exp, (10 440)

j#S, ]:Oa]-, ak'
So, for any given € (0 < 2e < u,(g9) — pp(d)) and sufficiently large r, we obtain
[F(2)d(2)| _ |F(2)]]d(2)]
l9(2)] M(r, g)
exp, (er(A5)+€) exp,, (/rpp(d)""s)

expp (T’HP (9) *5)

e
(4.17)

<exp, (er(ASHE) .
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By substituting (E1M0), (E13), (B16) and (E7) into (BT4), for z satisfying
|zl =7 ¢ ([0,1] UE;UE5), r — 400 and |g(z) | = M (r,g) , we have

v, (r)|"
2| Lo (1)
k=1 ;
! vy ()
: ’ [1+o(1)]+2 Wp(MA&Hﬂ
eXp{*expp,l (Tpp(As)-i-s)} =| = .
k=1 j
= Z vy (1) [1+o(1)]+2 exp{Qepr_1 (Tpp(AS)H)}.
j=1
Hence

(418) Iy ()] [1+ 0(1)] < (k+ 1) 7* 1+ o (D] exp {2exp, , (rov47+4) ],

for all z satisfying |2| =7 ¢ ([0,1]UE2 U Es5) and |g (2)| = M (r,g), r — +o0.
By (A1R) and Lemma B3, we get

lo vy (r
(4.19) lim sup M

< As)+e.
e log 7 = Pp (As)

Since € (0 < 2e < pp(g) — pp(d)) is arbitrary, by (E19) and Lemma B3, we
obtain

pp (As) > pp+1(9)

since p, (d) < wp (f), so by Lemma BR we have pp1+1(9) = pp+1 (f), hence
Pp+1 (f) < pp (As) . On the other hand, by (), we have

f(j) ‘
. Ayl < — 1.
(4.20) [As] < ‘ 7

’F@
f(z)

k
f
J=1

s

Using Lemma B, there exists a set Fq C (0,400) with m(F;) < +00 and a
constant B > 0, such that for all z satisfying |z| = r ¢ E;

V

<B[T@r, O, j=1,2,- k j+#s.

(4.21) %S)

f

By Lemma B33, there exists a set Ey4 of finite logarithmic measure such that for
all |z| =7 ¢ E4 and |g (2) | = M (r,g) and for r sufficiently large

/()
7@ (2)

By the hypotheses of Theorem P4, there exists a set H with logdens{|z| :
z€ H} >0 (or my({|z] : z € H}) = 00) such that for all z € H, we have that

2s

(4.22) ’
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(B32) and (A1) hold. Set Hy = {|2| : z € H}\ (E1 U Ey4), so my (H;) = c0. By
substituting (£3), (E3), (ET7), (E220) and (E22) into (E=20), for z satisfying
|z| =r € Hy,r — 4oc and |g(2)| = M (r,g), we have

exp, (alz]?7497) < (k+ 1) Br®* (T (2r, )" exp,, (82174 )
using 0 < § < «, we obtain
(4.23) exp ((1 —o(1))exp,_; (a|z|ﬂv<f“s>*€)) < (k+1) Br® (T (2r, f))F*.
It follows from (E=23) and Lemma B2 that

pp (As) < ppr1 (f) -

This and the fact that p, (As) > ppy1 (f) yield pp (As) = ppr1 (f) and i (f) =
p+ 1. Since max {pp11 (F), pp+1(4;) (1 =0,1,--- ,k)} < ppi (f) = pp (4As)
then max {i (F), i (4;)(j=0,1,--- ,k)} < i(f) =p+1(0<p<+400), by
Lemma B2, we obtain Ap+1(f) = Apt1(f) = pp+1 (f) = pp (As) . Theorem
is thus proved.

DE

Proof of Corollary Z8.

Proof. Setting h = f — ¢ such that i () < p+1 or ppy1(p) < pp (4s). By
Theorem P4, we have i (f) = p+1 and pp41 (f) = pp (As) . Using the properties
of iterated order, we get ppi1 (h) = pp+1 (f) = ( s) - By substituting f =
h + ¢ into (A), we get

A ()P 4 Ay () D 4 A ()W 4 Ay (2) R

(4.24) = F(2)= (A (2) M + Ako1 (2) 470 o4 AL (2) ¢ + Ao (2) ) -

Set G (2) = F (2)— (A (2) ") + Ap_1 (2) @F D -+ A1 (2) @' + Ao (2) @) -
Ifi(p) <p+1orpp1(p) < pp(As), then by Theorem P4, we deduce that
© is not a solution of equation (), implying that G (z) # 0, and in this
case e have pyi1 (G) < pypar (£) < py(Ad) = gy (1) 50 max{pyen (),

pp1(A5) (G =0,1,---,k)} < ppr1(f) = pp(As) and by Lemma B2, we ob-
tain ix (f = 0) = ix(f~9) = p+ 1 and Aot (F =) = A (F — ) =
pp+1 (f —©) = pp (As). O
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