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ON A SYSTEM OF HYPERBOLIC PARTIAL
FRACTIONAL DIFFERENTIAL INCLUSIONS

S. Etemad™ and Sh. Rezapour?®

Abstract. We first investigate a coupled system of nonlinear hyperbolic
partial fractional differential equations under some boundary value con-
ditions. After that, we investigate a related coupled system of nonlinear
hyperbolic partial fractional differential inclusions under some assump-
tions.
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1. Introduction

As is well known, many works have been published on fractional delayed
equations or time-fractional partial differential equations (see for example, [,
2, @, 0, I3, 7, £8]). It is interesting to work in two space variables or hyperbolic
fractional partial differential equations (see for example, [3, 4, B, §]).

Let o = a1 +as ¢ Nwithm —1 <o <mandn—1< ay <n. The
Riemann-Liouville partial fractional order integral of a function u € L(J, x
Jp := [0, a] x [0,b]) is defined by

050050 = iy |, [, (e 0 e

whenever the integral exists ([0, 22, 23]). Also, the Caputo partial derivative
of fractional of order « for a function u € L1(J, x Jp) is defined by

1 o[y DTty (s, t)
e po _ st UL, dt d
(“Dgu)(@,y) I'(m —a1)l'(n — az2) /0 /0 (x — s)er—mtl(y — ¢)oz—n+l %

aern

where 6 = (0,0) denotes the lower limits of the integral and D7 +" := Errwn
l"m y'"/

is the mixed partial derivative of order m + n ([0, 22, 23]). It is known
that (“Dgu)(z,y) = I " (Dyt"u)(x,y) for all (z,y) € Jo x Jy ([@]). In
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this paper, we first study the existence of solutions for the coupled system of
nonlinear hyperbolic partial fractional differential equations

(1.1)

(“Dgu)(z,y)
—fl(w y,u(z,y),v(z,y), Diu(z,y), Div(x,y), Dyu(z,y), Div(z,y))
(“Dyv)(z,y)
—fz(m y,u(z,y),v(z,y), Diu(z,y), Div(x,y), Dyu(z,y), Dyv(z,y))

with the boundary value conditions

(1'2) u(x,O) = ¢1(x), u(O,y) = 1/11(11)7 v(:v,O) = ¢2($)7 U(an) = ¢2(y)7

where @« = a1 + g, 8 = B1 + B2 with 2 < a1,81 < 3, 2 < az,[2 < 3,
a¢N g¢N, 0=0,0), (z,y) € J, X Jp with a,b > 0, the mappings fi, fo :
Jo x Jp x R — R are continuous, the real-valued functions ¢1,¢s : J, — R
and ¥1,%s : J, — R are absolutely continuous with ¢;(0) = ;(0). Here,
2
¢Dg denotes the Caputo fractional partial derivative of order a, D2 = 922
-
2
and D?l = 55 Also, we investigate its related coupled system of nonlinear
Y
hyperbolic partial fractional differential inclusions
(1.3)
(°Dgtur)(z,y) €
Fl(x7yuul(x7y)7UQ(xuy)ngul(xvy)7Dgu2(x7y)7D§u1('r7y)7D§u2(m7y))
(“Dy2uz)(z,y) €
Fg(x,y,ul(x,y),uQ(J;,y),Dgul(x,y),DiuQ(x,y),Dzul(x,y),Diug(x,y))

with the boundary value conditions

(1'4)“(‘%‘70) = (bl(x)’ ul(o’y) = 1/)1<y)’ u2($70) = ¢2($), u2(07y) = '(/)2(:'4)

under some conditions on the multifunctions F} and F5.

Let (X, d) be a metric space. Denote by P(X), 2%, Puy(X), Ppa(X), Pew(X),
Pep(X), Pep,eo(X), the class of all subsets, the set consisting of all nonempty
subsets of X, the set consisting of all closed subsets of X, the set consisting
of all bounded subsets of X, the set consisting of all convex subsets of X, the
set consisting of all compact subsets of X and the set consisting of all compact
convex subsets of X, respectively. Let F': X — 2% be a multifunction. We say
that v € X is a fixed point of F' whenever v € Fu ([I4]). A multifunction F' :
Jo X Jp = Pa(R) is said to be measurable whenever (z,y) — d(w, F(z,y)) =
inf{|jw —v|| : v € F(x,y)} is a measurable function for all w € R ([12]). The
Pompeiu-Hausdorff metric Hy : 2% x 2% — [0,00) is defined by Hy(A, B) =
max{sup,c 4 d(a, B),sup,cp d(A,b)}, where d(A,b) = inf,cad(a,b) ([6] and
[i@]). Then (CB(X), Hy) is a metric space and (CB(X), Hy) is a generalized
metric space, where CB(X)is the set of closed and bounded subsets of X
and C(X) is the set of closed subsets of X ([6] and [M0]). We say that a
multifunction F : X — 2% is convex valued (compact valued) whenever Fu is
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convex (compact) set for all u € X ([02]). A multifunction F' : X — Py(X)
is called a contraction whenever there exists a constant v € (0,1) such that
Hy(Fu, Fv) < ~vd(u,v) for all u,v € X ([I]). In 1970, Covitz and Nadler
proved that each closed-valued contractive multifunction on a complete metric
space has a fixed point ([I1]). We say that F : J, x J, x RS — 2R is a
Caratheodory multifunction whenever the map

(J?,y) = F(x,y,u1,u2,u3,U4,U5,u6)

is measurable for all uq,uq,us,uq,us,ug € R and (ug,us, us, uq, us, ug) —
F(x,y,uy,us, us, ug, us, ug) is upper semi-continuous for almost all (z,y) €
Jo X Jp and all uy, ug, us, ug, us, ug € R ([I2]). A Caratheodory multifunction
F:J, x Jy xRS — 2R is called L'-Caratheodory whenever for each p > 0 there
exists a map ¢, € L*(J, x Jp, RT) such that

||F(-'177y,ul,U27U3,U4,U57u6)H
= sup  {|s|:s € F(x,y,u1,uz,us, us, us, ug) } < ¢pp(x,y)
(@,y)E€Ja X Jp

for all |u;| <p (i=1,...,6) and for almost all (z,y) € J, x Jp ([I2]). The set
of selections of F' is defined by

SF,u = {U S Ll(Ja X JbaR) : ’U(l‘,y) € F(J;,y,u(x,y),Diu(m,y),Diu(x,y)
for almost all (x,y) € J, x Jp}

for all w € C(J, x Jp,R). It has been proved that Sg, # @ for all u €
C(Jq x Jp, X) whenever dim X < oo ([4]). The graph of a multifunction F
is defined by Gr(F) = {(z,y) € X xY : y € F(z)} ([I2]). We say that the
graph of F': X — Py (Y) is closed whenever for each sequence {uy}n>1 in X
and {yn}n>1 in Y with u, — o, yn — yo and y, € F(u,) for all n, we have
Yo € F(ug) ([I2]). We shall use next theorems in our main results.

Theorem 1.1. (Schaefer’s fived point theorem [23]) Suppose that X is a
Banach space, T : X — X a completely continuous operator and the set
K ={u€ X : u= ATu for some A € [0,1]} is bounded. Then T has a
fixed point.

Lemma 1.2. ([I3]) If F : X — Py(Y) is an upper semi-continuous multifunc-
tion, then Gr(F) is a closed subset of X x Y. If F is completely continuous
and has a closed graph, then it is upper semi-continuous.

Lemma 1.3. [20] Let X be a separable Banach space, F : [0,a] x [0,b] x X %
X x X = Pepeo(X) an L'-Caratheodory multifunction. Then the operator
©o0Sp :C(Jg X Jp, X) = Pep,cv(C(Jy X Jp, X)) defined by u— (© 0 Sp)(u) =
O(Sru) is a closed graph operator, where © is a linear continuous mapping
from LY (J, x Jp, X) into C(J, x Jp, X).

Theorem 1.4. [Id] Let E be a Banach space, C a closed convex subset of
E, U an open subset of C and 0 € U. Suppose that F : U — Pep c(C) is
an upper semi-continuous compact map, where Pep oo (C) denotes the family of
nonempty, compact convex subsets of C. Then either F has a fized point in U
or there exist u € OU and X\ € (0,1) such that u € AF(u).
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2. Main results
Let X = {u: u, D2u, Diu € C(Ja X Jy,R)}. Define the norm

lull = lullx == sup  |u(z,y)]
(z,y)GJ,,,XJb

+ sup [Diu(z,y)|+  sup  |[Dju(w,y)l.

(z,y)€Ja X Jp (@y)€Jax Jp
It is clear that (X, ||| = |lx) and (X x X, ||(u,v)||xxx) are Banach spaces,
where [|(u, v)[[xxx = [Jullx + [[v]l x-

Lemma 2.1. Letm—1<a; <mandn—1< as <n witha =a; +as ¢ N,
a>0,b>0andge L' (J, x Jy,X). Then ug € C(J, x Jy, X) is a solution
for the fractional integral equation

_ a1 1 _ 4\ae—1
(2.1) u(z, w(z,y) / / z=5) =1 g(s,t) dt ds
)T(az)
if and only if ug is a solution for the hyperbolic partial fractional problem
(2.2) (“Dgu)(z,y) = g(z,y)

with the boundary conditions u(x,0) = ¢(x) and u(0,y) = P (y), where u(x,y) =
¢(x) +P(y) — ¢(0) and (2,y) € Ja X Jp.

Proof. By using some calculations, it is easy to check that

T — S ocl 1 _ pao—1
uo(z,y) = o(x) + P(y / / gé%)t) g(s,t) dt ds

is a solution for the fractional integral equation (2.2). Let uo be a solution for
hyperbolic partial fractional differential equation (2.2). Then,

I =D uo) (2, y) = gl y)

for all (z,y) € Jo x Jy. Hence, IF[I5"=*(Dyyt"uo)](z, y) = Iglg(x.y)] and
so Ig" (Dt ug ) (2, y) = I g(x,y)]. Since
I;n+n(D;r;+nu0)(x? y) = UO(JJ, y) - Uo(.’L‘, O) - UO(Oa y) - u0(07 O)a

we get uo(z,y) — uo(x,0) —uo(0,y) — uo(0,0) = Ig[g(x,y)]. Now by using the
boundary value conditions, we obtain uy(z,y) —¢(z) —¢(y) —¢(0) = I [g(x, y)]
and so

w(z,y) / / i y(a;)t) 2719(5,25) dt ds.

This completes the proof. O
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Now for the problem (1) with boundary conditions (I3), define the oper-
ators 171,75 : X — X by

O A e
X f1(s,t,u(s,t),v(s,t), D2u(s,t Dv(st)D u(s, )D2( t)) dt ds

X fa(s, t,u(s,t),v(s,t), Diu(s,t),Div(s,t), Dyu(s, t), Df/v(s,t)) dt ds,
where p1(z,y) = ¢1(2) + ¥1(y) — ¢1(0), pa2(z,y) = d2(z) + ¥2(y) — ¢#2(0) and

and

_ a®1pe2 _ aoqubaQ _
(Z‘,y) € J, x Jp. Now, put N; = INCIES ISR Ny = INCTES NI N3 =
a®1p>2—2 N, = aP1bP2 N; = aP1-2pP2 Ng = aP1pP2—2

oy +)(az=1) B+ (Ba+1) T8 ~D (BaF1) (B +)I(Fa—1)
My = pa(a,b) + ¢ (a) + ¢7'(b) and My = ps(a,b) + @5 (a) + 45 (b).

Theorem 2.2. Consider the system of nonlinear hyperbolic partial fractional
differential equations (I) with boundary conditions (3). Suppose that f1, fa :
Jo X Jyx X6 — X be continuous mappings and there exist positive constants L
and Lo such that |f1(x,y,ui,us, - ,ug)| < L1 and |fa(x, y,ur, ug, -+ ,ug)| <
Ly for all (x,y) € Jo x Jp and uy,--- ,ug € X. Then the problem () with
boundary conditions (I2) has a solution.

Proof. Consider the continuous operator 7' : X x X — X x X defined by
T(u,v)(z,y) :== (T1)(z,y), (Tou)(z,y)) for all (z,y) € J, x Jp. First, we show
that T" maps bounded sets to bounded subsets of X x X. Let €2 be a bounded
subset of X x X, (u,v) € Q and (z,y) € J, X Jp. Then, we have

1 ’ Y a;—1 _ p\az—1
(@)en)] = o) + famras | [ @9 0=

fi(s,t,u(s,t),v(s,t), D2u(s,t), D2v(s,t), Diu(s,tLDiv(s,t)) dt ds‘

< a1 1 —t az—1
I/nﬂcylﬂL‘FOé1 O@// )
fi(s,t,u(s,t),v(s,t), D2u(s,t), D2v(s,t), Diu(s,t),Div(s,t)) dt ds‘

z oy
<@+ s [ | @9 w0
|f1(s,t,u(s,t),v(s,t%Diu(s,t),ng(s,t),Dzu(s,t),ng(s,t)ﬂ dt ds

™y
< |pa(z, y)| + Ll{r(al + D (g + 1) }

a®1hz
< L = LiN-
< p(a,b) + 1{F(a1+1)F(a2+1)} pi(a,b) + L1 Ny,
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1 ‘ Y a;—3 az—1
DT )] = (D2 + ey [ [ =9 =)

fi(s,t,u(s,t),v(s,t), D2u(s,t), Du(s, ),Dzu(s,t),ng(s,t)) dt ds‘

< 1Dl + g | @9 -

fl(s,t,u(s,t),v(s,t),Diu(s,t), D2v(s,t), Df/u(s,t),Dzv(s,t)) dt ds‘

< /1 a13 7ta271
<O+ ma—grrag |, @ )

|f1(s,t,u(s,t),v(s,t),Dmu(s,t),Div(s,t),Dyu(s,t),Dyv(s,t))| dt ds
a1—2 (65
<1 I x Yy
< ler(@) + 1{ oy — DIy + 1)}
aal—Qbaz }
F(Oél — I)F(Oég + 1)

= ¢1(a) + L1 N2

< ¢i(a) + Ll{

and
DT )] = [ D () + s [ [ 9 -
v ’ v ’ Fa)T(aa —2) Jo Jo
fl(s,t,u(s,t),v(s,t),chu(&t),Div(s,t),Dzu(s,t),ng(s,t)) dt ds‘

<D ) C¥11 _ta2—3
D3 o)+ =g 2,2// )

fi(s, t,u(s, ), v(s,t), Diu(s, t), D2v(s, t), Diu(s,t), Dyv(s,t)) dt ds\

Ty )
<O+ famra [, [ @9
|f1(s,t,u(s,t),v(s,t),Dgu(s,t),Div(s,t),Dzu(s,t),Div(s,tm dt ds

[e5) Ot2—2
< 1o I Yy
< lor (o)l + 1{F(a1 + 1) (g — 1)}
alba2—2
< 1 b L a
< vi)+ 1{F(a1 +1)l(ag — 1)
Hence, |[(Thv)(x,y)|lx < L1(N1+ Lo+ L3) + M;. On the other hand, we have

} = ¢! (b) + L1 N3.

|(T2u)(w, y)| < pz(a,b) + L2 Ny, |DF(Tou)(z,y)]

< ¢5(a) + LoNs, |Dy(Tyu)(x,y)| < ¢ + LaNe
and so ||(Tou)(z,y)||x < Lo(Ny+ Ls + Lg) + Ms. This implies that

1T (u, v) (2, y)|xxx < L1(Ny+ Lo+ L3) + La(Ny + Ls + Lg) + My + Mo.
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This shows that T maps bounded sets to bounded subsets of X x X. Now, we

prove that T is equicontinuous. Let (x1,41), (22,y2) € Jo X Jp with 1 < 29
and y; < y2. Then, we get

[(Th) (w2, y2) — (Thv) (21, 1)

1 . v ay;—1 as—1
= |p1(z2,y2) + m/o /0 (z2 — 5) (y2 — 1)

fl(s,t,u(&t),v(s,t),D?Eu(&t),Div(s,t%Diu(s,t),Div(s,t)) dt ds

1 Z1 Y1
— T, - - T _801—1 _toz2—1
o) = e [ [ @9 =
fi(s,t,u(s,t),v(s,t), D2u(s,t), D2v(s,t), Dzu(s,t),Div(s,t)) dt ds

1 Y2
< _ - _ a;—1 7ta271
< e2,ve) =~ )|+ gy [ 0
|f1(s,t,u(s,t),v(s,t),Dgu(s,t),Div(s,t),Dzu(s,t),Div(s,t)ﬂ dt ds
1 yl a 1 as—1 a;—1 az—1
it L e =0 9 -

|f1(s,t,u(s,t),v(s,t), D2u(s,t), D>v(s,t), D2 yu(s, t), D? yU(s, )| dt ds

+m/0 /yl (xg —8)* Hyo — )27

|f1(s,t,u(s,t),v(s,t),Diu(s,t),Div(s,t),D u(s,t), D v(s,t))| dt ds

T L, ) e

|f1(s,t,u(s,t),v(s,t),Dgu(&t),Div(s,t),Dzu(s,t),ng(s,t)ﬂ dt ds

1 (2, wi(z, +
> 1\T2,Y2 1(T1, Y1 F( | I)F( 9 1)

{2y32 (z2—21)™ +225" (Y2 —y1)™ + 23 Yo — 27 y1* —2(z2—21) ™ (Y2 —y1)a2}
and so |(T1v)(z2,y2) — (Thv)(z1,y1)| — 0 as (z2,y2) — (z1,y1). Also, we have

|D2(Tyv)(z2,y2) — D2(Thv)(z1, 1)

- ‘Di'ul(x??y?) + F(cyl—12)F(a2)/0 /092 (xg — S)alfg(yz - t)o‘zfl

fi(s,t,u(s,t),v(s,t), D2u(s,t), D2v(s,t), Df/u(s,t),Dzv(s,t)) dt ds

—DZp(z1,y1) — m/o /Oyl (21— ) Py — 1)
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fl(s,t,u(s,t),v(s,t),Diu(s,t), chv(s,t), Diu(s,t),Djv(s,t)) dt ds

" " 1 e oy — g —
< 16@) ~ @)+ gy . @2
|f1(s t,u(s,t),v(s,t), D2u(s,t), Du(s, ),Dzu(s,t),Div(s,tm dt ds

Y1
04173 _ azfl _ _ 05173 _ azfl
+F (a1 — 2)T(c2) / / 1 —2) (r2=9) =) |
|fi(s,t (s, 1), 0(s, 1), Diu(s, 1), Div(s,t), Dyu(s, t), Dyu(s,t))| dt ds

1 1 Y2 3 1
b 2y — 8)*1 B (yy — )2~
T(a —2)F(a2)/0 /yl (w2 = 5)" g2 = #)
|f1(s,t,u(s7t),v(s,t),chu(&t),Div(s,tﬁDzu(s7t),D§U(s,t))| dt ds

; T2 rY1 s e
+F(a1 —2)(ae) /931 /O (72 ) (y2 — 1)

|f1(s,t,u(s,t),v(s,t),Dﬁu(s,t),ng(s,t),Dgu(s,t),Div(s,t)ﬂ dt ds

L,
F(O[l — 1)1—‘(012 + 1)

< 167 (z2) — &7 (z1)]| +
Qo a1 —2 a1 —2 a1—2 oo a1 —2 oo
{22/2 (x2 — 1) + 25 (Y2 —y1)™ + 25" "yy? — a7 Y]

—2(xy — 1) 2 (y2 — y1)a2}
and so |D2(Tyv)(x2,y2) — D2(T1v)(x1,91)| — 0 as (z2,y2) — (21,%1). Finally,

|D2(T1v)(w2, y2) — Di(Tyv) (1, 1)

= |Phmton + g [, e e

fi(s,tu(s,t),v(s,t), Diu(s,t), Div(s,t), Diu(s,t), Dyv(s,t)) dt ds
Do) -ty | @9 -
[(e)l (a2 —2) Jo 0
fi(s,tu(s,t),v(s,t), Diu(s,t), Div(s,t), Diu(s,t), Dyv(s,t)) dt ds
" " 1 b2 a;—1 as—3
< 91 (y2) — Y ()] + F(%)F(OQ—?)/wl /y1 (22 = 8)" " (y2 — 1)
|f1(s, t,u(s, t), v(s, t), Dau(s,t), Div(s, t), Diu(s,t), Dov(s, t))| dt ds

1 1 Y1 ap—1 o — a1—1 i
ey ] @0 0 e )

|f1(s,t,u(s,t),v(s,t),Diu(&t),Div(s,t),Diu(s,t),DZv(s,t)ﬂ dt ds
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; L1 ry2 e s
+F(O‘1)F(az—2)/0 /y1 (22 =) (y2 — 1)

|f1(s,t,u(s,t),v(s,t)7chu(&t),Div(s,t),Dzu(s,t),Div(s,t)ﬂ dt ds

; T2 Y1 _ N s
+F(O‘1)F(Ol2—2) /wl /0 (2 ) (y2 — t)

|f1(s,t,u(s,t),v(s,t),Dgu(&t),Div(s,t),Dzu(s,t),ng(s,t)ﬂ dt ds

Ly
F(Oél + I)F(OLQ — 1)

< i (y2) — 1 (y)ll +
{20522 (w2 — w1)™ + 228" (42 — 1) % + 25y 2 — 2y
—2(x2 — 1) (y2 — y1)az_2}
and so |DZ(T1v)(x2,y2) — Di(Tiv)(z1,y1)| = 0 as (22,y2) = (21,91). Thus,
[(Thv) (22, y2) — (Thv) (21, 41|

< Nl (2, y2) = (@, yo) | + 167 (22) = 67 (20) | + 197 (y2) — ¥7 (w1l
+ L
F(Oél + I)F(CJLQ + 1)

{ngQ (w2 — 1) + 225" (y2 — y1)** + 25" Yo — 271 y;”

—2(wg — 1) (y2 — yl)az}

Ly o o o . .
+F(Oé1—1)F(a2+1){2y22($2_x1) 2 20y *(ya — y1)* + ' 2y22

a7 = 2as — )™ (g2 — )™
Ly
+
F(al + 1)F(C¥2 - 1)
ey = 2w — o) (v — 1)

By using the Arzela-Ascoli theorem, the operator T3 is completely continuous.
Similarly, we obtain

{an2 Yo — 21)™ + 225" (y2 — y1)*2 2 + a5t ys? 2

[(Tou)(22,y2) = (Tow) (@1, 41) |

< lp2 (2, y2) — po (@1, y2) | + 1165 (w2) — @5 (w1) || + [[¥5 (y2) — ¥ (w1l
Ly
L'(f+1)r

222 _ Bi 49 B1 _ B2 B1,B2 B, B2
(52+1){ Yo (z2 — 21)7" + 225" (y2 — y1)™> + 25y, Ty

—2(wg — 1) (y2 — y1)ﬂ2}
+ Lo
(61— DI'(B2 +1)

{2922(332 —21)P 72 220 P (o — 41)P2 2y Ty
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—a ] Py = 2(x — @) 2 (g — y1)62}

Ly B2 5 —2 , B P22
+ {2 272 @y — x1)P 4 225 (yo — y1)P2 2 4 2y
L6+ 1)I'(B2—1) Yoo (xg — 1) 2 (Y2 — 1) 2 Y2

e = 2w — ) (g — )7

and so by the Arzela-Ascoli theorem, we get the operator T3 is completely
continuous. Hence, ||T(u,v)(22,y2) =T (u,v)(z2, y2)||xxx — 0 as (z2,y2) tends
to (x1,y1). This shows that the operator T is completely continuous. Now,
we show that Q = {(u,v) € X x X : (u,v) = AT (u,v) for some A € [0,1]} is
a bounded set. Let (u,v) € Q. Choose A € [0,1] such that (u,v) = AT (u,v).
Then, v(z,y) = A(T1v)(z,y) and u(x,y) = AM(Tou)(z,y) for all (z,y) € J, X Jp.
Since |v(z,y)| = [(T1v)(2,y)| < p(a,b) + LiNy,

1
$IPv(@,y)l = [DZ(Tw) (2, y)| < ¢1(a) + LN,

and %|D§v(x,y)| = |D§(Tlv)(x,y)| < ¢{(b) + L1 N3, we get
[v(z, y)| < Apa(a, b) + AL1 Ny,

|D3v(z,y)| < XY (a)+AL1 Ny and | DZv(z,y)| < ApY(b)+ ALy N3. This implies
that |Jvo(z,y)||lx < A[My + L1(N1 + N2 + N3)]. Similarly, we obtain

luz, y)lx < A[Mz + L2(Ny + N5 + Ne)].

Thus, [[(u,v)||xxx < A[M1+L1(N1+Na+N3)|+A[Ma+ La(Ny+ N5+ Ng)| and
so 2 is a bounded set. Now by using the Schaefer’s fixed point theorem, the
operator T' has a fixed point which is a solution for the system of hyperbolic

partial fractional differential equations (ICI) with boundary conditions ().
0

Note that one can extend the problem (ITl) with boundary conditions (2)
to a n-dimensional system of nonlinear hyperbolic partial fractional differential
equations as follows. Suppose that o; = a1 + aye € N with 2 < a1, 00 < 3
for i = 1,2,...,n, (z,y) € Jo X Jp := [0,a] x [0,b] with a,b > 0 and the
functions f; : J, x J, x R3” — R are continuous for 4 = 1,2,...,n. Consider
the n—dimensional system of nonlinear hyperbolic partial fractional differential
equations

(C?glul)(xay> = él(x7y7ul(x7y)a e ,un(z,y),Diul(I,y), e aDiun(Iay)?
Dyul(wvy)a"' 7Dyun(x7y))
(CDgQUQ)(xay) = f2($7yaul(l‘7y)a e ,un(a?,y),Diul(x,y), e aDgsz/N(xay)a

Diul(x, y), s ,Diun(xa y))
. (23)

(CQDg‘"un)(x7y) = {n(xvyaul($7y)7 e aun(:E?y)aD%ul(xay)v' o ,Dgun(x,y),
Dyul(x7y)"" ,Dyun(x,y))
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with the boundary value conditions

(2'4) ui(xa()) = ¢z(x)7 ui(o?y) = wi(y)7 (Z =12,... ’n)

where ¢; : J, — R and 1; : J, — R are absolutely continuous functions with
©i(0) = ¢;(0). For the record, we state the related result.

Theorem 2.3. Suppose that the functions fi,..., fan : Jo X Jp x X3 = X
are continuous mappings and there exist positive constants L1, Lo, ..., L, such
that |fi(z,y,u1,ug, - ,usy)| < L; fori=1,...,3n. Then, the n-dimensional
system of nonlinear hyperbolic partial fractional differential equations (2=3) with
boundary conditions (Z2) has a solution.

Now, we investigate the coupled system of inclusions (IZ3) with boundary
conditions ([4).
Definition 2.4. We say that (uy1,us) € C(Jy X Jp, X) x C(J, x Jp, X) is a
solution for the system of hyperbolic partial fractional differential inclusions

() with boundary conditions (IA) whenever it satisfies () and there exists
a function (wy,wy) € LY(J, x Jy) x L'(J, x Jp) such that

wl(mvy) €
Fl(l',y,ul(x,y),UQ(x,y), Dgul(x,y),DgUQ(:E,y), Diul(xay)7D§u2(xvy))

and
wg(x,y) €
FQ(:E,y,ul(:ﬂ,y),u2(x,y),Diul(x,y),Dgug(m,y),Dgul(az,y),Diuz(x,y))
for almost all (x,y) € J, x Jp and

(x :71 ’ ya:fsaﬂfl — )% (s s i(x
W) = Ty | [ =0 =0 ) de d ot p(a)

for all (z,y) € J, x Jp and i = 1,2, where p;(z,y) = ¢s(x) + 1 (y) — ¢:(0).

Theorem 2.5. Suppose that multifunctions Fy, Fy : J, x J, x R6 — Pep,cv(R)
are L'-Caratheodory multifunctions and there exist a bounded continuous non-
decreasing map 1 : [0,00) = (0,00) and a continuous function p : J, X Jp —
(07 OO) such that ||Fl(x7 Y, ’U@(JC, y)? Dgul(zv y)’ Diuz(xv y)) ” < p(Z'? y)d’(”“z”) f07’
all (x,y) € Jo X Jp and u; € X (i =1,2) . Then, the coupled system of non-
linear hyperbolic partial fractional differential inclusions (IZ3) with boundary
conditions ([T4) has at least one solution.

Proof. Define the operator N : X x X — 2X*X by N(uy,us) = ( xlgzl’f; > ,
2(u1, u2

where Ni(ui,u2) = {h1 € X X X : there exists v1 € Sg,u; such that hi(z,y) =
vi(z,y) forall (z,y) € Jo X Jb} No(ui,uz2) = {he € X x X : there exists v2 €
SFyus such that ho(z,y) = va(z,y) for all (z,y) € Jo X Jp},

M) = i ) @0 0" ) de dstn o),
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= ; o _ )Pl _ 4)\B22—1
and ho(z,y) = TG (s /0 /0 (x — 9) (y — 1) va(s,t) dt ds +

uo(z,y). By using Lemma P, it is easy to check that each fixed point of
the operator N is a solution for the system of hyperbolic partial fractional
differential inclusions (I=3). First, we show that the multifunction N has convex
values. Let (u1,u2) € X x X and (hq, he), (B}, h%) € N(u1,uz). Choose v;,v; €
SF,,(ur,us) Such that

) = s /. / )y = 0% i, 8) dt ds + e, )
azl a7,2
, 1 a 1 aja—1,1
and hl(x,y) = (x — 8)* (y — t)*2 (s, t) dt ds +
azl) 0412
wi(z,y) for almost all ( € Ja >< Jpand i = 1,2, If 0 < A < 1, then
we have )

i+ (1= Nmil(@9) = 5 ra

<[ 0 s (1N, i dt s )+ )
Since F; has convex values, Sg, ,,, is convex and so [Ah; +(1—A)hf] € N(uq,usg).
Thus, the operator N has convex values. Now, we prove that N maps bounded
sets of X into bounded subsets. Let r > 0 and B, = {(uj,u2) € X x X :

| (u1,us)|| < r} be a bounded subset of X x X. Suppose that (hi,hs) €
N(u1,u2) and (u1,u2) € By. Choose (v1,v2) € Sp, u; X SE,.u, such that

W) = i [ @9 = 0% (st db ds o)

for almost all (z,y) € Jo x Jp and i = 1,2. If ||p|lec = SUp(, 4y, x s, 1P(T;Y)],
then

1 ey . g
|hi<x,y>\=|m | [ et —0m s, dt dst o)

= s)* Ty — )T tdtd’ i ‘
_‘ [T (a2) / / (y—1) v; (s, 1) s|+ iz, y)
0‘1 1 aiz—1
’ — )2 i (s, )] dt ds + |pa(x,
[(cvin)T (ai2) / / (y—1) [vi(s,t)| dt ds + |pi(z, y)]
azly i2
< ] 4
B F(ail + 1)F(0Zi2 + 1) ( ’y)w(HUZ”) + |p“1(1'7y)|
qit hi2

~ o + Dl (a2 + 1) IPlloct([luill) + i(a, b)

= Aallplloc ¥ (Juill) + pi(a,b),
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1 r v -3 o—1 2
— xr — §)%il — 1)%i2 vi(s,t dtdS+Dw i\,
ot sl A AR RUCE ) pi(a.y)
q&it—2paiz
<
- I‘(aﬂ — 1)].—‘(0[22 —+ ].)
= Nia[|pllcc¥([|wil]) + ¢7 (a)

Iplloc o (llusll) + ¢ (a)

and
| D2 hi(z,y)|

- F(ail)ann -2) /o /oy(x =) Ty — )™ uils, b) db ds + Di“i(m’ y)
a®itpiz—2
~ D(air + DIN(ae — 1)
= Adsllpllootp([fusll) + 7' (b),
where the constants A;1, Ao and A;3 are defined by A;; =

et L __atupre?
A12 T T(aii—DT(au2+1) and A13 = T(an+DI(az—1)" Thus,

1Pl ([[uill) + 7 (b)

a®ilpi2
T(ai1+1)I(au2+1)?

lhill < (Air + Niz + M) |Ip oot (Jlus ) + M;

for i = 1,2, where M; = p;(a,b) + ¢} (a) + ¢/ (b). This implies that

2 2
(ha, h2) || < [plloct ([l (1, u2) | > (Air + Aig + Aig) + > M.

i=1 i=1

Now we show that N is completely continuous. Suppose that (uj,us) € B,
and (z1,y1), (z2,y2) € Jo X Jp with £1 < z2 and y; < y2. Then, we obtain

[hi(z2,y2) — hi(z1,y1)]
< ;/w /y2(x )P (yy — )22 Yy (s, )] dt ds
= Do) (o) Loy Sy 2 b2 e

_ 1
()T (cvz)

Tl Y1
x / / (e — 8)™1 (g1 — )% — (g — )%~ (g — )2 YJuy (s, )] dt ds
0 0

+

1 1 Y2 o o
+ ZTo — §)%it —t)*2 7 (s, t)] dt ds
oot L 9 w0 e )

o
I‘(ail)F(aig)

T2 Y1
x / / (2 — ) (g — £)255 oy (s, )] dt ds + i (22, 92) — palr, )|
Xy 0

+
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[Pl oot (Il (11, u2)l])
- F(Oéil + ].)F(OZZQ + ].)

X {ngém (x2 _ .’bl)a“ + 2xgi1 (y2 _ yl)aiz _ x(;ilygﬂ + xtllnyixm

—2(z2 — x1)"" (y2 — yl)a”} + a2, y2) — pi(er — )|

and so |hi(w2,y2) — hi(21,y1)| = 0 as (x2,y2) — (21,y1). Since ¢f and ¢35 are
absolutely continuous, we get

|D3hi($25 1/2) - D?ghi(l’l,ylﬂ

[1Plloot (1l (w1, u2)[)
- F(Ot“ — 2)].—‘(0512 + 1

) {2:[/;‘1’2 (22 — 1) 2 4 2257 2 (yp — y1)*?

,xgn—Qy(;iz 4 x?'il—QiniZ _ 2(.’£2 _ xl)aiI*Q(yQ - yl)ai2} + ||¢;/(x2) o ¢;/(xl)”

and so |D2h;(z2,y2) — D2hi(z1,y1)| — 0 as (z2,y2) — (v1,%1). Similarly, we
obtain
|D2hi(x2,y2) — Dphi(z1, 1)

[1Pllooto (1] (w1, u2)[])
- F(O[il + ].)F(Oélg -1

) {2y§i22(x2 — x1)% 4 2257 (Y — y1) 2

—ayiys Tty = 2wy — 1) (g2 — yl)"‘”‘g} + 1107 (y2) — 5 ()|

and so |Dhi(x,y2) — Dohi(z1,p1)] — 0 as (2z2,y2) = (@1,%1). Now by
using the Arzela-Ascoli theorem, the operator N is completely continuous.
Now, we show that N is upper semi-continuous. By using Lemma [, it
is sufficient to show that N has a closed graph. Let (u],u}) € X x X,
(uf,ug) = (uf,ul), (W, h3) € N(up,up) and (hf,h3) — (h9,h3). We have
to show that (h9,h9) € N(uf,u9). Since (h},h%) is an element of N (ul},us),
there is (vf,v3) € SFy ur X SF,uy such that

n _ 1 * Y a;1—1 aio—1, n
hi(z,y) = m/o /0 (z—8)*" " (y =) v (s, t) dt ds+ pi(z,y)

for all (x,y) € J, x J, and i = 1,2. We show that (v?,v9) € Spr w0 X Spyug
and

0 ___ x—8) T (y — )27 105 s (x
W) = T [ [ @ =0 ) dt ds )

for all (z,y) € J, X Jp and i = 1,2. Consider the linear operators

O;: L'(Jy x Jp, X) — C(Jy x Jp, X)
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defined by

1 ¢ Y a;1—1 _ aizfl,U s s (o
Qi(”’(z’y)‘rmmrmm/o /O<x—s> (y—1)= Yo (s, 1) dt ds+ ps(z, )

for ¢ = 1,2. Since
18 (z,y) — i (2, )

1 vy =1 io—1 0
| . — ) —t)¥ 27 ol (s, t) —v; (s, t dtdsH—>0,
i At AU RS ISR )

by using Lemma I3 we get ©;0SF, is a closed graph operator and so hl*(z,y) €
©i(SF,un). Since uf — uf,

1 = v
WD) = R / / (2= 5)* " y =) 10 (s,1) dt ds + pi(w,y)

for some 1Y € S Fiuf- This 1mp11es that N has a closed graph. Finally, sup-
pose that )\ S (O 1 and (u1,us) € AN (ug,uz). Choose v; € Sp, 4, such that

W) = ey [, 0 = 0 ) e ds gl

for all (z,y) € J, x Jp and @« = 1,2. As we have proved in the second

step, we get Hul|| §| (Azl + Ao + Azg)Hp”wd)(Hqu) + M; for i = 1,2 and so
Uj

(Air + iz + Ais) [Ipll oot (J|uil) + M;

such that I

(Ai1 + Mg + Ais)|Ipll o (L;) + M;

and |jus|| # L; for i = 1,2. Put U = {(ug,u2) € X x X : |[(u1,u2)|| <
min{Ly, Ly}}. Note that the operator N : U — P(X) is upper semi-continuous,
completely continuous and there is no (uj,us) € OU such that (uj,us) €
AN (u1,usz) for some A € (0,1). By using Theorem I, N has a fixed point
(u1,uz) € U which is a solution for the coupled system of hyperbolic partial
fractional differential inclusions (IZ3) with boundary conditions (I4). O

<1 for ¢ = 1,2. Choose constants L; > 0

>1

One can extend the coupled system of hyperbolic partial fractional differ-
ential inclusions (IZ3) with boundary conditions () to n—dimensional case.
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