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GENERALIZED FUNCTIONS ON THE CLOSURE OF
AN OPEN SET. APPLICATION TO UNIQUENESS OF
SOME CHARACTERISTIC CAUCHY PROBLEM

Victor Dévoutfl, Jean-André Marti, Hans VernaeveEI
and Jasson Vinda:

Abstract. To obtain existence and uniqueness when solving some
nonlinear characteristic Cauchy problems, we define a special algebra
Gou (ﬁ) of generalized functions on the closure Q of an open set €2 in
R"™ constructed from the topological algebra Oas (ﬁ) of slowly increasing
functions in €. Moreover other concepts are needed as slow scale ele-

ments and point values characterization of elements in Go,, (€2).
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1. Introduction

In many problems (as differential Cauchy ones with f € C! [0, +-00] as initial
data), we have to define some spaces or algebras on the closure of an open set
Q of R™.

In other cases the asymptotic analysis of a family of functions (as e~ %)
depending on a parameter (as ) need the study in an algebra defined on the
closure of an open set (as [0, +o00[). However, the usual generalized functions
(distributions, Colombeau-type algebras..) are a priori constructed on open
set Q in R™ for reasons principally linked to their sheaf structure (restriction
operator, support, all ordered derivatives...). The starting point of our con-
structions is the algebra of smooth functions and we come back to the technics
of continuous extension of such functions and their derivatives on the boundary
of a closed subset of R™, following the definitions given in [3] and [4].

The space Oy (R™) of slowly increasing functions, endowed by the family
of semi-norms (Py,a) (, 4)es(®n)xnn: Pecomes a topological algebra used in [5]
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to define the generalized algebra Gp,, (R™) (which differs from G, (R™)). It
is very useful to prove the uniqueness of some linear characteristic Cauchy
problem studied in [2].

But in nonlinear cases, we cannot obtain the result without replacing R™ by
a smaller closed set. When (2 is a convex open set in R™, we prove that Oy, (ﬁ),
with the topology deducted from that of Op; (R™) by replacing S (R") by S (),
becomes also a locally convex algebra. Now, we define the generalized algebra
Go,, (Q) as the quotient algebra Mo,, (Q) //\/'OM (©). When Q is unbounded,
it is given an alternative representation of Np,, () leading to a point-value
characterization ([8], [6]) of elements in Go,, (Q2). There is the toolbox to obtain
the uniqueness for nonlinear characteristic Cauchy problem involved above.

2. First extension of classical spaces

Definition 2.1. Following the C*°-extension defined for example by H. Bia-
gioni [4] for the closure Q of an open set  in R", with K =R or C
C®(Q) ={f: Q= K: floe C*(Q); (Vo € Q) (Va € N")
N o N 4 pe oot tan :
(DS (x) = nglyn_lwp f(y) < +00)} wit = oy oy
y=(Yy1,.--,Yn) €Q a=(ay,...,an) € N

Topology on C*(Q)
In a natural way the topology on C>°(Q) is the locally convex one defined
by the family of seminorms (ps 1) - cq ey Where

C®Q) > f—=pri(f)= sup |Df ().
zeK,|al<l

Definition 2.2. For the slowly increasing or rapidly decreasing functions on

), we define, in the same way
OM( )—{fECOO( ), Va € N™) (dp € N) (3C > 0)
(Ve € Q) (IDf (2)| < C (1 + |2)")},
S () = {p € C>(Q), (Va € N") (Vg € N) (3D > 0)

(v € ) (D% ()] < o)

Remark 2.3. All these spaces are in fact algebras, and S (ﬁ) is an ideal of
O (@),
3. Topology on the algebra of slowly increasing functions

Let I be the closure of any open set in R? (even R itself) and consider the
function Op (F) — Ry

[ oo (f) =sup o (z) D f (z)|

zEF
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where p € S (F) and o € N?. We can see that p, o is a semi-norm on Oy (F).
Then, the family P = (py.a), €8 (Q)xnn endows the algebra Oy (F') with a

locally convex topology (a priori of vector space). We can refer to [5] about the
continuity of the product in Oy (R?), but when F = €, for any open set (2,
the proof needs the following lemma.

Lemma 3.1. Let U C R? and f be a map U — C which is rapidly decreasing
in the sense that for each m € N, and (z)™ = (1 + |z|)™

sup (2)"™ | ()] < +oc.
zeU

Then there exists ¢ € S(R?) such that |f(z)| < (x) for each x € U.

Proof. Let g(t) = sup |f(z)]. Then, g : [0,400] — R is a decreasing
zeU,|z|>t

function (in particular g € L} _(R)) and is rapidly decreasing since for each
m €N
=™ ¢
g(t) < sup f@)] <.
aeU [a|2t 1™ e

Let ® € D([0,1]), ® > 0, [ ® = 1. Extend g as a constant function on (—oo, 0].
Then g * ® € C* (R) and

@) ()= [ g@(t= s> glt) [ = gl0).

Further g ® € S(R). Possibly increasing the values of g * ®, we find h € S(R)
with h > g and h constant on a neighbourhood of 0. Hence

(z = P(2) = h(|z))) € S(RY)

with ¢(z) > g (|z]) > |f(x)]| for each z € U.

Theorem 3.2. Oy (ﬁ) is a locally convex algebra.

Proof. Let ¢ € S (£2). By Lemma 1 there exists 1) € S(R?) such that /@ < ¢
on Q. Let u,v € Oy (ﬁ) Then

Pe.0 (wv) = sup [puw| < sup |[pulsup [ho] = py.o (w) pyo (v)
Q Q Q

and similarly, by the Leibnitz rule, writing v, ,, = lnllgx Dp,as
al<m

Vip,m (u0) < Crp Vi (W) Vg (V).
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4. A tempered algebra on the closure of an open set

Definition 4.1. Let Go,,(Q) be the algebra Mo,, () /No,, (?) where

Mo, (Q) = {(ue), € On (@) : (Vo € S(Q)) (Yo € N")
(AM €N) (350) (Ve < e0) (Ppa (ue) < M)}
(ue). € O ()N 1 (Vo € S(Q)) (Va € N?)

NOM (ﬁ) =
(Vm € N) (3e0) (Ve <e0) (Pp.a(ue) < ™)}

This definition is consistent. We can involve, for example, the framework
of (C,&,P)-algebra with & = Op(2), P = (py,o) and C generated by (e). .

Example 4.2. We deal with the characteristic Cauchy problem (P,) for the
transport equation formally written in characteristic coordinates

du
ot

=i ulgmgy=v.

However, we cannot prove the existence of a solution to (P,) in Go,, (R?);
indeed the regularized problem becomes

Ou,

(Pe) 5

(t,2) = ue (t,x) ;ue (t,et) = v (¢)

whose solution is uc(t, #) = v(%)e™ = e’ which clearly is not in Mo,, (R?).
Example 4.3. Without changing asymptotic scale, we can estimate

r, _=z
sup (1, )| v( D)e 2

t,x

for ¢ € S([0,T] x [0,00[), £ > 0 and t < T in Gom([0,T] X [0,00[) with its

polynomial -scale. Indeed, with z > 0 one has

1 x
- <e* <1
[

and the computation is easy. Then (u.). € Mo,,([0,T] x [0, co[) and [u.] solve
(Py) in

gOMquT] X [07 OOD

5. Point values characterization

In the following, we suppose that €) is a convex open set.
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5.1. A new definition of Gp,, (Q)
Theorem 5.1.

Mo, (Q) = {(u:). € On ()Y | (Va € NY) (3m e N) (Ip € N)
(3eo) (Ve <o) (sup,cq(l + [z]) P|0%uc(2)] <e™™)}.

No,, () = {(ue): € O ()Y | (Vo € N?) (Vm € N) (FIp € N)
(3eo) (Ve <o) (sup,eq(l+ |z])7P|0%ue(z)] < ™)}

Proof. (Sketch) We follow the lines of proposition 5 in [5], which proves that
Mo, (R™) = M, (R"), extended to the case when 2 is unbounded. But the
ideal No,, () differs from the tempered one N, () and its characterization
needs some other arguments. O

5.2. Zero derivative and slow scale elements

Definition 5.2. A subset U C R? has the cone property if there exist r > 0
and ¢ > 0 such that for each x € U, there exists a rotation A such that
x+ AL, CU, where I'., = {(z,y) € R x RI-1:0< 2 <ryl <ecx}.

This condition is used in Sobolev space theory [I, Ch. IV]. If Q is bounded
and convex, then Q has the cone property: take any open ball B(zg,r) C .
Then for each x € §, the cone at z with base B(zg,r) is contained in Q. As
Q is bounded, this cone contains a cone x + AI';, with ¢ independent of z.
However, if  is unbounded and convex, this property may fail:

Example 5.3. Let Q@ C R? be the convex closure of the half lines L; =
{(0,¢,0) : ¢t > 0}, Ly = {(0,¢,1) : t > 0} and L3 = {(1 +¢,¢,0) : ¢ > 0}. Then
points on Lj intersect  in cones with smaller and smaller angles as t — +o0.
Hence ) is the closure of an open convex set, but it does not have the cone

property.

Theorem 5.4. If Q has the cone property, then

Noy, (@) = {(ue)- € O ()Y | (vm € N) (3p € N)
(350) (VE < EO) (SUPIEQ(l + |];|)_p‘u€<x)‘ < ETYL)}.

Proof. We will in fact only assume a weaker property on €2 than the cone
property: we will only require that there exist » > 0 and M € N such that for
each x € U, there exists a rotation A such that x + AT C Q, where I is the
cusp {(7,y) ERx R0 <2 <rfy <aM}.

Let (ue). satisfy the estimates in the statement of the theorem. Let z € Q.
Let A be such that z + AT C Q. Let {ey,...,e,} be the standard basis of R?.
Let e}, = Aey, (then €] is along the symmetry axis of AT'). As z + AT C Q,
the line segments [z, z + %)) and [z + g%, x + % + eMie}] (k= 2,...,d)

are contained in {2, as soon as € < r, ¢ > 1. Let m € N. Applying the Taylor
argument from [7, Thm. 1.2.25] to these line segments, we find p € N such that
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[Vue(z)| < ef™(z)P and |Vu(z +e€))| < e (x)?, as soon as ¢ < gy and ¢
sufficiently large. Then also

[Vue(x) - €] < |(Vue(z + %)) — Vuc(x)) - e)| +Ce™(z)? < "™ (x)?

<Cea-N(x)r

as soon as € < g and ¢ is sufficiently large. Hence [|[Vuc(z)|| < C"™(x)P,
with C” independent of € and x. Inductively, we obtain the bounds for the
derivatives of any order. O

Remark 5.5. If one assumes a weaker kind of cone property where r > 0 depends
on x, this characterization may fail (see the counterexample [7), 1.2.26]).

5.3. Point values characterization of elements of Go,, (Q)

Definition 5.6. An element = = [(z.)_] € R is of slow scale if

(Vn € N) (Jeo) (Ve < e0) (|m€| < 5—1/") .

We can consider Q C R? (containing those Z having a representative (z.). €
7(071]
a©Yy.

Theorem 5.7. Let u = [(u):] € Go,, (R?) and let & = [(z.):] € Q be of slow
scale. Then the point value w(Z) = [(ue(zc))e] € C is well-defined.

Proof. Let (ue)e € Mop,,(€2) be a representative of . As in [7, Prop. 1.2.45],

(us)e € Mo,,(Q) implies that (uc(z.))e € Mg, and (uc(2.) — us(2l)). € Nr
if (7). € Q is another representative of . The latter argument requires that

[zc, 2] C Q, which is satisfied because €2 is convex. It remains to be shown that

the definition of the point value does not depend on the choice of representative

of u. So let (u:): € No,, (). Let m € N. Choose p € N as in the statement of
theorem Then for sufficiently small &,

lue(zo)] < e™(1+ |ze|)? <™ (2lxe|)P < 5’”(25_1/1”)1’ = opgm—1,
Since m € N is arbitrary, (uc(x.))e € Nc. O

Theorem 5.8. Let Q have the cone property. Let u € Go,, (). Then u =0
iff u(Z) = 0 for each slow scale point T € ).

Proof. If u = 0, then clearly u(#) = 0 for each slow scale point in Q (since
the definition of point values does not depend on the representative of w).

Conversely, let u(Z) = 0 for each slow scale point # € Q. We first show by
contradiction that

(1) (YmeN) (3n eN) (3eo) (Ve < &) (supmeﬁ e <e—1/n |Ue(T)] < e™).
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Assuming the contrary, we find M € N, a decreasing sequence (&,), tending
to 0 and z., € Q with |z, | < en'/™ and lue, (ze, )| > M, for each n. Let x.
be a fixed element g € Q if ¢ ¢ {g,, : n € N}. Then 7 = [(x.)] € Q is of slow
scale and (uc(z.))e ¢ Nr, contradicting u(z) = 0.

Now let m € N arbitrary. Choose n as in equation . Since (ug). €
Mo, (Q), there exists by theorem some N € N such that for small ¢,

Supxeﬁ(l + |1’|)_N|u5(x)| < e N,

Let p=nm +nN + N. Then, for small ¢,

sup(1 + [@|) " Pluc(z)| =

e
max ( sup (1 Jal) Pluc@)l, sup (14 [al) Puc(@)])
|I‘Ss—1/n |r|2€—1/n
z€Q z€Q

<mac( swp o)l sup( ) Nl s (14 [al) )

z€Q, |z|<e—1/n z€Q 2€Q, |z|>e—1/n

< max (5m,s*N(25*1/”)N*”) =2e™.

Hence (u.). € No,,(Q) by theorem [5.4 O

6. Application: uniqueness for a nonlinear Cauchy prob-
lem

The Characteristic Cauchy problems for Partial Differential Equations with
the data given on a locally or globally characteristic manifold are generally ill-
posed in the classical context. In [2], are pointed out some important works on
the question and described another method to solve it. To simplify, it is chosen
the two-variables characteristic Cauchy problem for the transport equation (in
basic form)

ou
(P, = F(u) ol =v
where « of equation x = 0 is globally characteristic. For focusing only on the
characteristic singularity, v and F are supposed to be regular enough. Clearly
(P.) is ill-posed but can be associated to a generalized problem

(P, S Fw R@=v
ot
e (Py) is well formulated in some convenient algebras of (C,£,P)-type (where
C define the asymptotics and (£,P)a basic presheaf of topological al-
gebra), with u € Ac (€,P) (R?) supposed to be ”stable under F” and
v e Ae (E,P) (R).
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To obtain (P,) from (FP.), two generalized mappings have to be defined:

F is a generalized mapping F : Ac (€,P) (R?) — Ac (£,P) (R?), associ-
ated to F' and

R : Ac (E,P) (R?) — Ac (€,P) (R) is obtained by replacing {z = 0} by a
family

of non characteristic lines.

o If T is the usual topology of £ = C*°, and C = [B,¢4] overgenerated by a fi-
nite family of elements in relationship with the regularization of the prob-
lem, we know from previous works the existence in Ag, 1 (C*,T) (RQ) =
A (R?) (non uniqueness) of a solution to (P,;) depending a priori of the
choice of the ”decharacterizing” process ([2], Theorem 5).

e A better result is obtained when choosing the decharacterizing process
in a tempered class G,. Then, the above solution (always non unique)
depends only on this tempered class ([2], Theorem 6).

e It is possible to recover the uniqueness in the homogeneous case ([2I,
Theorem 13) when working in the new algebra

Al(5)1(Om, Q) (R?) = Go,, (R?)

based on the space of slowly increasing smooth functions Oy (RQ) en-
dowed with its usual locally convex topology Q. In that algebra it is
impossible to obtain uniqueness for nonlinear case.

Now, we are focusing on the nonlinear case. We can prove that F can be
defined as a mapping of Gop,, ([0,T] x [0, 00]) into itself and R as a mapping
Goy ([0,T] x [0, 00[) — Go,, ([0, 00[). Finally the uniqueness can be expected
thanks to the tools and results detailed in the above Section 6.

Assume that

M > 0,Yn € N, 3u,, > 0, sup |DYF(t,z,2)| = M,, < M.

(t,z,2) ER; XRy XR,|a|<n

Lemma 6.1. Let Lo,, (Ry) be the subset in Mo,, (Ry) of families (g.). such

that g. > 0,and [g-'] € Mo,, (R}) preserves slow scale points, lim g. =
c—0,D' (R)

0. Assume that V € Op (Ry), (Le), € Loy, (Ry). Take U = [U.] € G (R2)
such that, for any (t,z) € R%,

Udt,z) = V(L7 (2)) + /Ll(/ : F(r,z,U(1,x))dr.

Then U is solution to
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and, for any (t,z) € R%,

UL (t,2)] < MyeMilt=2" @) +7e(t, 7).

t
/ re(t,x)dr
L ()

where
me(t,z) = / |F(1,2,0)|dr, r(t,x) = (‘V(L;l(x))’ + |me(t, x)|) -

LY (2)

Proof. For (t,z) € R%, we have
OF
F(t,ZII, Us(t7f£)) - F(t,l‘,O) = a(taz79€(taz))U€(t’x)
where 0. (7,2) = 0(1,2)U(7,2) and 0 < §(7,z) < 1. Then

(E1) Ut ,x) = V(La—l(x))—l—/Ll( )(g(T,m,eg(T,x))Ue(T,JJ)—‘rF(T,J),O))dT.

Assume that L7 1(z) < t. According to (E1]) we have
(E2)

M@MSMEWM+M/

L7 (w)

t t

|U: (7, x)| dT+/ |E(1,2,0)| dr.
L: ' (x)

Define ,
H_(t,x) :/ |Ue (7, 2)| dr

Lot (x)
and observe that

0H,

(E3) 5

(t,x) = |U:(t,2)|.

That means you can write

OH.
ot

(t,z) < MyH.(t,z) + |V(LE_1($))’ + me(t, ).
and multiplying that by an integrating factor

efMlafL;l(z))%(t, 2) — ML @) N F (1 )

< e~ Mi(t=L7 (@) (VL (@)] + me(t, )

which means

(E4)
d

o (e—Ml(t—Lgl(w))Hg(tvx)) < e—M1(t—L;1(w)) (’V(Lgl(x))| + ma(t,x)) ]



172 Victor Dévoué, Jean-André Marti, Hans Vernaeve, Jasson Vindas
Since H.(LZ!(x),x) = 0, we can integrate both sides of (E4]) from L-!(z) to
t, we get

t

e—Ml(t—Lgl(m))Ha(t’x) < / e—Ml(T—Lgl(z)) (‘V(Ls_l(x))’ + mE(T, $)) dr

Lo (=)
< V(LY (z me (T, x)) dr.
_/Lg_l(m)o (L2 (@)] +me (7,2))
So
(E5) Hg(t7x) < 6M1(t7L5_1(x)) </t (|V(L;1(x))| + me (T,:E)) dT> .
L' (x)

Substituting (£5)) into (E2)), you obtain

U (t, 2)| < MyeM(t=L2" () (/ (VS @) 4 me () dT)

Lo (@)
+ (VI (@))] + me (,2))

Assume that ¢ < LZ!(z). According to (E1]) we have

L (x) L7 (x)
Ut )] < V(L @)| + My / U (7 2)]| dr + / |F(r,2,0)|dr.
t t

that is

t t

Ue(t,2)| < V(L7 (2))] —Ml/ \U.(7, )| dT—/ |F(7,2,0)|dr

Lot () Lot ()
t t
(E6) < |V(L;1(x))| - M /L_l(a:) |Ue(7, )| d7 + /L_l(:z:) |F(1,2,0)| dr

According to [E3] that means you can write

OH.
ot

(t.2) € ~MyH.(t,2) + V(LT @)] + |ma(t,2)].
and multiplying that by an integrating factor
eMl (t—L;l(ﬂ)) %(tﬂ (I}') + eMl (t—L;l(m))MlHE (t, x)
< eM1(t—L;1(m)) (‘V(Le_l(l‘))’ + |m8(t,x)\)

which means

9 (eMl(t_L;I(I))HE(t71-)> < ML () (VL @))] + [me(t,2)]) -

(E7) 5
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Since H.(LZ!(x),x) = 0, we can integrate both sides of (E7) from t to LZ!(x),
we get

LI (2) B
_M-LI @) (4 2) < / MELZ@) ([V (L (2))] + [me(r, ) dr
t

LM (2)
< /t (VL @) + [me(r, 2)]) dr.
So
. L7 ()
(E8) 7H5(t,l’) S efMl(thE (z)) </ (|V(L;1(q;))| —+ |m5(7, I)D dT> .
t
Substituting into , we obtain
|Ue(t, )|
. L7 ()
< MleiMl(tiLE (ZD))/ (|V(L;1(£L'))’ + |m€(7,x)|) dr
t
+ (VLI @) + [me(t, 2)])
t
/m (VEZ @]+ )] ar

+ (VLT (@)] + [me(t, 2)])

< Mye—Mi(t-L2 @)

So, in the both cases we have
(E9)

|Ue(t,z)| < M16M1|t*Le_1(w)|

/_1 (VL @))] + [me(r,2)]) dr
Lo (@)
+ (VL @)] + Ime(t,2)]) -

Put
re(t,x) = ([V(LZ ()] + fme(t,2)])

then, we have in the both case

U.(t,)| < MyeMlt=E @) +re(t, ).

t
/ re(T, z)dT
L' (z)

Lemma 6.2. Assume that V. € Op (Ry), (L:), € Lo, (Ry). Let [Ue] €
g (Ri) be the solution to (P;) define in Lemma . Let S =1[S]€g Ri
be another solution to (Py). For (t,x) € RY we have

{ £ (5:(t,2)) = Flt,,5:(t,2) + 1. ()
- (1 1(0) = V () + 72 1),
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with (Je). € No,, (Ry), (1), € No,, (RL). Take W, = (S. — U.). Then, for
any (t,z) € R%, we have
. LI (=)
Wo(t)| < Myel=+2 ml/ ([T(L@))] + loe (r,2)]) dr
¢
+ (| J(L2 @)] + o (8, 2)])

where, for all g,

oe (t,x) = /t I (r,x)dr.

L' ()
Proof. For any (t,z) € R%, we have

Se(t,x) = V(L (@) + Jo (L (2))
+ /t F(r,2z,S:(7,x))dr + /t I (7,x) dr.
L (@) Lo ()
Take (t,z) € [0,T] x [0,00[. When putting W, = (S — U,) we get
We(t,z) = J.(L7 (@) + 0= (t, @)

+ / (F(r,z,S:(m,2)) — F(r,2,Uc(1,x))) dr.

Lo (@)
Moreover we have
F(ta X, Ss(ta ﬂf)) - F(t7 x, Us(t’ 1’))

1
=Wt [ W1, U0, + OW- (1,2)) 0,

Assume that LZ!(z) < t. We have

/t W.(r,2) (/01 g—f(r,x, U. (7, 2) +9W€((T,x))d9) dr.

L' (@)

t
< / |We(r,z)| My dr.

We deduce

t

(mm\mwwsm/

L!

(We(r, )] dr + (|Je(LZ (@)] + o= (¢ 2)]) -

()
According to that means you can write

dH.

() < MHL(t,2) + ([J(E2 (@) + o ()
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and multiplying that by an integrating factor

o~ Mi (=L (@) dZe (t,2) — e ML @) M H (¢, )

< e—M1(t—L;1(m)) (|JE(LE_1(JJ))| + |Ua (t,$)|)
which means
(Ell)

d - -1
= (2B N H, (1) ) < e MOESO) (|1 (L7 @)] + o (1 2)) -

Since H.(LZ*(z),z) = 0, we can integrate both sides of (E11)) from LZ1(x) to
t, we get
t

e*]\/h(t*[’e_l(r))Hg(t,x) < / 67M1(77L€_1(x)) (|J5(L;1(I))| + ‘O'e (7_7 I)D dr
Lo (w)

< / (|7(L @)] + loe (7, 2)]) dr.

L' (2)

So

t
(F12) H.(t,x) < eMi(t—Lo"(2)) /Ll( : (|J5(L;1(3:))| + |oe (7‘,17)|) dr.

Substituting (£12)) into (E£10]), you obtain

t
Wt 2)] < MleMﬂt-L!l(w))/ (|7(L2 @)] + |ow (r.2)]) dr
L' (z)

+ (JJ(L @) + o- (1, 2)]) -

Assume that t < LZ!(z), we have

/t We(r, x) (/01 88—5(7,56, Ue(7,2) + OW((T, x))dﬁ) dr.

LI ()

L7 ()
< / W, (7, )| M, dr.
t

We deduce

(B13) W.it.) < -01 [ o, Wl dr (e @) o (4 2)-

According to that means you can write

dH.
dt

(t.2) < (|J(L @) + Jo- (t,)]) - MyHL(t,2)
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and multiplying that by an integrating factor

Mi(t=LT (@) %(t, ) + ML AL H (1 2)

< ML) (| 1L ()] + o (1,2)])

which means
(E14)
d

dt
Since H.(LZ(x),z) = 0, we can integrate both sides of (E14]) from ¢ to LZ(x),
we get

(eMl(t*Lf_l(w))Hs(t,:L')) < eM1(t7L;1(w)) (‘Js(Lgl(fb)” + ‘0_6 (t, CU)D )

_ L7 () .
—eMi(t—L; 1(“’“’))Hg(t,ac) < / eMi(r—Lo () ({JE(Lgl(m))| + |oe (7, x)\) dr
t

LY (=)
<[ (s @)+l o)) ar

So
. Lo ()
(B15) - H.(t,z) < e~ ML @) / (|7(L2 ()] + |ow (.2)]) dr.

t
Substituting (£15]) into (£13]), you obtain
~ L7 ()
Wt )] < My 020 [ (12 @)+ o (7))
t
+ (I (LT (@))] + |oe (t, 2)]) -

So, in the both cases we have

W (t,2)] < Myehlt=2" ) / (| J-(LZ (@))] + o< (7, 2)]) dr

=)

+ ([J(L M @)] + o= (8, 2)]) -
0

Definition 6.3. The generalized function [u.] is solution to Problem (P; *) if
there are U = [U.] € G (R2), V € On (Ry), (Le), € Lo, (Ry) such that

(1) U is solution to (P})
(2){ e = Uelio.rixfoocl i e = Lelomixjoeet
ue (L L0) = Vi (8) = v(0);
(3){[uec] € Go,, (0, T7] x [0, 00]).
Moreover, for (t,z) € R2, we have

Udt,z) = V(L (2)) + /Ll( )F(T,x, Ue(r,2))dr.
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Take m.(t, x) fl |F 7,,0)| d7, assume that (m.)_ € Mo,, ((R+)2).

Theorem 6.4. Suppose that (I.). is taken in Lo,, ([0,T]). Then, if v €
Ow ([0,T7)), the generalized function u = [ug}goM([O’T]X[O’OOD, where ue s de-

fined in Deﬁnition depends only on | = UE]QOM([O,T])'

Moreover u is the unique solution to (P;*) in Go,,([0,T] x [0,00]).

Proof. The first step is to prove the existence, and it is not possible to do that
in Go,, (R?) if F # 0 ([2], Remark 3).
Let Lo,, (Ry) be the subset in Mgp,, (Ry) of families (g.)_ such that g. >
0,and [g;l} € Mo,, (R) preserves slow scale points, lim._,o p/(r) g = 0.
From Lemma (6.1, we have for any (¢,z) € R2,

t
|Ue(t,z)| < MleMl‘t_Lgl(x” / re(r,2)dr| 4+ re(t, x).
Lo (@)
where
t
me(t,z) = /Ll( )|F(T z,0)[dr, re(t,x) = (|V(LZ ' (@))] + Ime(t, 2)]) .
€ T

As (L.), € Lo,, ([0,T]), we know that (Le_l)5 € Mo,, (Ry) moreover V €

O (R) so (|V0Lg1|)E € Mo,, (R4). We have also (m.)_. € Mo,, ((R+)2).
Thus
(re). = (|Vo LI + Ime|) . € Mo,, (RZ).

t
/ re(r, z)dr
L (2)

then (a.), € Mo, ((R+)2). Thus 3m € N, Ip € N, Jeo, Ve < <o,

Put

ac (t,z) =

sup L+t +[z])Pre(t,z) < sup (L [t|+|z]) Pre(t,z) <e™™
(t,2)€[0,T]x[0,00] (t,z)E(Ry)?

and : Im € N, dp € N, Jgg, Ve < &y,

sup (Ll la) Pas (o) < sup (L) Pas (f2) < e
(t,z)E[O,T]X[O,oo[ (t,I)G(R+)2

Take u, = U€|[0,T]x[o,oo[~ So, we have

sup (L [t + [2]) 77 Jue (£, )]
(t,2)€[0,T]x[0,00[

< My ( sup eM1|t_L;1(w)|)€_m +e7m
(t,z)€[0,T]x[0,00]
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Take lc = Le|jg gy. Then, for (Ic), € Lo, ([0,T]), we have

sup 6M1|t—L;1(x)| _ sup eMl\t—zgl(m)| < eMT

(t,z)€[0,T]x[0,00[ (t,x)€[0,T]x[0,00[
So: dk e N, Ip € N, Jeq, Ve < g4,

sup (1 + |t + |z) 7P [ue(t,z)| < e7F.
(t,2)€[0,T]x[0,00[

According to Theorem
(ue). € Mo, ([0,T7] x [0, 00])

and the class of (uc,), in Go,, ([0,T][x [0, 00]) is a solution to problem (P;*).
Uniqueness.
Let s = [s:] € Go,, ([0,7] x [0,00[) be another solution to (P;*). That
is to say there are [S:] € G (R%), V € On (Ry), (Le), € Loy (Ry), (Jo), €
Now (Ry), (1), € No,, (R2). such that

(1){ a@i (t,x) = F(t,z,U.(t,z)) + L. (t,x);
S (L, Le(6) = V (1) + - (1)

2) { Se = Se|[0,T}x[o,oo[ le = Le |0T U V|[0,T]§
se (t,1(t)) = Vo () + Jelo. 1 ( ) =v(t) + Jeljo my ()

(3) {lse] € Go,, ([0, T1 x [0, 00]).

Take W, = (S, — U.).
From Lemma (6.2)), for any (¢,z) € R3, we have

|W5(t,$)| < M16M1|t—L;1(J;)|

t
[\ (e @) + o () ar
L' (@)
+ (|=(L @) + o (£, 2)])

where, for all ¢,

t

oe (t,x) = / I.(7,z)dr.
L ()
As (L:), € Loy, (Ry), we know that (LZ')_ € Mo,, (Ry) moreover V €

On (Ry)so VoLl e Mo, (Ry).
Furthermore, as (J.), € No,, (Ry), (LZ'), € Mo,, (Ry) and they preserve

slow scale points, we have that (JE o L;l)s € No,, (Ry).
We set, for all ¢,

¢
o: (t,x) = /l—l( )IE(T,.T)dT.

=

We have to check that
(lo<l). € No,, (RZ).
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Let [(te,zc)e] € I@ be a slow scale point. Then [(z.).] € R, is a slow scale
point and [(y.).] = [(L;l(xg))s] is also a slow scale point. We have

te
/ I (1, xc)dr

H

Ve, de. € [ymta]v ‘Ua(tmxa)‘ = = |ta - yslla(caaxe)

but as |c.| < max(|ye|,[te]), [(cc)] is also a slow scale point. But then

[(ce,2c)e] is a slow scale point of R so that (I-(cc,z.))- € Ng, and finally
(Ioe(ter 2e)])e € Nz, , thus (o), lies in No,, (R2).
We have (|o¢|). € No,, (R%) and (Vo LZ')_ € No,, (Ry), thus

((t,2) = |Je(L2H(@)] + loe (£ 2)]), € Noy, (RE).
Put
be(t,x) =

/ll( (@) + o (r2)]) ar.

then (b.). € No,, (R%).
So, for each Vm € N, dp € N, Jgg, Ve < &g,

sup (14|t + |2) 7 (| (L2 (@) + o (8, 2)]) <e™
(tm:)e]R+
and
sup (1 + [t + [z]) 7P [(be(t )| < €™
(t,x)ERi
Thus
sup (L[t + |2) 77 (|J(L2H (@)] + |oe (8 2)]) <™
(t,z)€[0,T]x[0,00[
and

sup (L [t] + |2]) 77 [(be (£, 2))| < ™.
(t,2)€[0,T]  [0,00]

Consequently (Vm € N) (Jeg) (Ve < g9)

sup (L4 [t + |2) 7 Jwe (¢, )|
(t,z)€[0,T]x[0,00[

< sup (L[t + |2)) 7P (|Je (L (2))] + o= (8, 2)])
(t,z)€[0,T]x[0,00[

+M( sup MIEET@N sup (14t 4 [2]) P (be(t,2))]
(t,2)€[0,T%x[0,00[ (t,x)€[0,T]x[0,00[

"4+ My ( sup eMl‘t_Lgl(I)l)sm
(t,z)€[0,T]x[0,00[

Take lc = Le|jg 7). Then, for (Ic), € Lo, ([0,T]), we have

sup 6M1|t7L;1(a:)| _ sup eMl‘tflgl(m)| < eMT

(t,z)€[0,T]x[0,00] (t,x)€[0,T]x[0,00[
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SoVk eN, dp €N, Jeq, Ve < g,

sup (14 [t + [2) 77 |we (8, 2)| < "
(t,x)€[0,T]%x[0,00][

According to Theorem we deduce that

(wE)a € NOM ([OvT] X [Ov OOD

Thus the solution is unique in Gp,, ([0, 7] X [0, o0]). O
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