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NONLINEAR NEUTRAL INTEGRO-DIFFERENTIAL
EQUATIONS, STABILITY BY FIXED POINT AND
INVERSES OF DELAYS

Abdelouaheb Ardjouni™, Ahcene Djoudi® and Hocine Gabsi”

Abstract. A class of second order nonlinear neutral integro-differential
equations with variable delays is investigated. We give new conditions
ensuring that the zero solution is asymptotically stable by means of the
fixed point theory. Our work extends and improves previous results in
the literature. An example is given to illustrate our claim.
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1. Introduction

Time-delay systems constitute basic mathematical models of real phenom-
ena such as nuclear reactors, chemical engineering systems, biological systems,
and population dynamics models. Such systems are often sources of instability
and degradation in control performance in many control problems. For more
than 100 years, the Lyapunov direct method has been the ultimate key tool to
study stability problems. The direct method was widely used to study the sta-
bility of solutions of ordinary differential equations and functional differential
equations. Nevertheless, the pointwise nature of this method and the construc-
tion of the Lyapunov functionals have been, and still are, an arduous task (see
[7]). Recently, many authors have realized that the fixed point theory can be
used to study the stability of the solution (see [0]-[iT], [I4], [i6]-[iR]). Levin
and Nohel [I5] studied the following nonlinear systems of differential equations
of Liénard form

(1.1) Z4h(tx, )t + f(z)=alt).

They obtained, by constructing a proper Lyapunov function, conditions under
which all solutions of [ tend to zero as ¢ — co. In [I0], Burton considered
the following delay equation

(1.2) I+ f(t,z,2)T 4+ b(t)g(x(t—L)) =0,
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where L is a positive constant. By using the fixed point theory, he gave sufficient
conditions for each solution z () to satisfy (z (¢),z (t)) — 0 as t — oo. D.
Pi (see [16, [8]) studied the asymptotic stability of the following two equations
with delays

(1.3) g+ f(tz, )+ bt)g(x({t—r(t)) =0,

N t
(1.4) i':+f(t,x,3b)x'+2/ a;(t,s)g; (s, (s))ds = 0.

j=17t=mi(®)

Nevertheless, Pi results (see [, [8]) rely on the introduction of an arbitrary
and unknown continuous function h which is contested by the public of this
domain because no one has had any real success at finding such a function.
Many other interesting results on fixed points and stability properties can be
found in the references ([]-[]]). In this paper, we consider the equation

N t
Bt fmi)i+ Y / a;(t,5)g; (5,2 (5)) ds
j=1 t—7;(t)

N

(1.5) +Y bi(t)a’ (¢t =75 (1) =0,

j=1

for t > 0. Where, for j = 1, N, functions 7; : RT — RT, a;(-,-) : RT x
[-7;(0),00) — R, f: Rt xRxR — R*, b; : Rt — R* and g, (-,-) :

0),00) x R — R are all continuous functions. We assume that, for
Jj =1,N, 7; is twice differentiable and

(1.6) 7 (t) # 1 for all t >0,

(1.7) t—7;(t) — o0ast—r00,j=1,N,
and that

(1.8) t—7(t): RY — [~7;(0),00),

is strictly increasing so that ¢ — 7; (¢) is one-to-one; so it has an inverse which
we denote by p; (t) and which we call, for ease of the terminology, ’inverse of
delay’. For each t; > 0, define m; (to) =: inf {s—71;(s):s >}, j =1, N
and let m (t) = min{m; (to),j =1,N}. Let C(to) := C([m(to),to],R) be
the space of continuous functions endowed with function supremum norm ||-||,
that is, for ¢ € C (to), ||| := sup {|¥ (s)]| : m (tg) < s < tp}. We will also use
lloll == sup{le(s)] : s € [m(to),o0)} to express the supremum of continuous
bounded functions on [m (tg),00) later. It is well known (see [(3]) that, for
a given continuous function ¢ and a number gy, there exists a solution for
equation (IZ3) on an interval [—m (¢y) ,T'), and if the solution remains bounded,
then T'= co. We denote by (z (¢),y (t)) the solution (z (¢, %o, %),y (¢, t0, ¥)).
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Denote by A(t) := f ((¢,z(t),y(t)). We can rewrite equation (I3) as

E(t) =y(t), N
yt)=—-At)yt) - ;ft 5t @t 8)gj (s, (s)) ds

(1.9)
N
- Ly (O (= (1),
with
(1.10) w; (t) = 1?%

J

Our purpose is to give a necessary and sufficient condition ensuring that the
zero solution of the above equation is asymptotically stable. To our knowledge
the considered equation has not yet been studied by any method. Further,
being free of the famous unknown function h(t) that has weakened previous
particular results, we hope that this work is clean and interesting.

2. Preliminaries

Some asymptotic properties on integral equations are needed in this work.
So, let f be a real or complex-valued function of the variable ¢ > 0 and p be
a real or a complex parameter such that Re(p) > 0. We define the Laplace
transform (see [19], [2]) of f as

(2.1) Fin) =2 0)g = [ e

We also indicate the Laplace transform (ETI) of the power function 7 is given
by

< T(y+1)
— t —
(2.2) L7y = /0 e Pdt = prEs I v>-1,p>0,

with Gamma function I" (z) is defined by the integral
_ > —tyz—1 _ z—1
(2.3) F(z)—/o e 't = £ (¢ )(1),

which converges in the right half of the complex plane Re(z) > 0. Now, let
—co<a<f< 400, ¢ |a, ] = R and define for A € R the integral

(2.4) F(\) = /ﬁ e MO £ (¢) dt.

We assume that there exists a constant Ao > 0 such that for every A > Ay we
have

B
(2.5) / e | £ (1) dt < oc.

The following theorem is crucial to reach our goal.
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Theorem 2.1. Let ¢ : [o, B[ — R be a function such that ¢ is of class C*,
@ >0 on [a,B]. Assume that f is function continuous at o and f (a) # 0.
Then,

~ f(Ot) lef)\ap(a) 00
(2.6) FO)~ 50 pp——)

(@) A
Proof. (a) To begin with, ¢ (t) =t, a = 0;

B
(2.7) F(\ = /0 e M (t) dt.

We check that F'()\) satisfies the property (E8). Indeed, since f is continuous
at a = 0, then for any given € > 0, one can choose 7 sufficiently small, such
that

(2.8) lf () — f(0)] <e, for 0 <t <.

Next, we decompose F' () in the following manner

n n B
(2.9) F(/\):f(O)/O e—“dt+/ e M (f(t)—f(O))dt+/ e M (t)dt.

0 n

From () we can establish the following estimates

K —At 71 767/\77
(2.10) /Oe dtf)\(l ),
T X g, €
(2.11) /O e (f(t)—f(O))dtgs/O Mt =S

For ¢ > n we have (A — Xo) (t — ) > 0. Consequently,

B B
2.12 AL () dt < e 1A 0) Aot £ () dt.
(2.12) / e (t)dt < e / e (1)

(b) Let us return to the general case. For this purpose, consider the function
(2.13) g: o, B[—10,B0], tr—g(t):=¢(t) —¢(a),

where By = ¢ () — ¢ (). We observe that g is bijective on [«, 8. Denote the
reciprocal function of g by

(214) ¢[07B0[*}[a7ﬂ[7 U’—”/’(U)

The change of variables ¢t = 1 (u) yields the integral formula

Bo
(2.15) F(A) = e (@ / e f (4 (u) ¥ (u) dus

0
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We see that
dy (u) _ Lo rey L

(2.16) Tl =V 0 - @) ()= Land v/ (0) = s
Define
(2.17) F(u) = f (% () ¥’ (u).
Clearly, the function f is continuous at 0. Moreover,

r} _ / _ f(a)
(218) FO)=fwwonw )=

Repeated application of (a) yields

F(\) = e 2@ F(0) / T Nugy 4 e-Ae(a) / " e (f () — f (0)) du

0 0
B -
+ e / e M F (u) du
"

1 €
< —dp(a) f (O[) —(1— —An S —p(a)
=¢ o () A ( € ) + )\e

Bo B
(2.19) + e~ (@) gmn(A=20) / e U f (u) du.
"

O

Stability definitions, fixed point technique and more details on delay differ-
ential equations can be found in (I3, i]).

Definition 2.2. The zero solution of (IM) is stable if for each € > 0 there
exists & = 0 (e,tp) > 0 such that [ € C (to),y0 € R, ||¥]| + |yo| < I] implies
that |x (¢, t0, )| + |y (¢, to, ¥)| < & for ¢ > to.

Definition 2.3. The zero solution of (IT9) is asymptotically stable if it is stable
and there is a §; = 81 (tp) > 0 such that [y € C (to),y0 € R, ||¥]| + |yo| < 1]
implies that |« (¢,v,y0)| + |y (¢, ¥, y0)] — 0 as t — oo.

3. Main Results

In this section, we will prove Theorem B3 and Theorem BW on stability
and asymptotic stability, respectively, for equation (ITH) by using the fixed
point theory. But our equation is nonlinear and has no non trivial edo term
so the inversion of that equation needs some preparations to be domesticated.
Lemma B and Lemma B are the subject of these aesthetic works. We use the
variation of parameters and then transform the given equation and in Lemma
B33 we invert it and give the expression of the solutions of (I3). The proof of
these theorems depends on Theorem PI.
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Lemma 3.1. Let p; : [—7;(0),00) — Rt denote the inverse of t — 7; (t).
Then the second equation of () is equivalent to

i(t)=—D(t)z (t) + B(t)

N t S
-2 / e oAt / a;(s,v)g; (v, (v)) dvds
j=1 to S

—75(s)

N t

+ ; % /t_T(t) Dj (s)x (s)ds
N t

(3.1) + Z/ e S AW ($)a (s — 75 (s)) ds.

Jj=1

Here B, ﬁj, T, D are defined respectively by

N
(32 B(0):= (Cb(to)+zwj(to)m (to — 7 <to>>) o A,
j=1

(3.3) D, (1) == D, (p; (1)) with D, (1) = — D

(1- 7] ()

(34) 1y (1) = [(b;()A®) +b,(1) (1 =75 (1) + b (D)7 (D] / (1 =7} (1),
A N A
(3.5) D(t):=)_Dj(t),
j=1
fort € [m(tg),00) and m(ty) :=inf {m;(t),1 < j < N}.

Proof. Indeed, applying the variation of parameters formula by multiplying

t
both sides of the second equation of (I9) by the factor elio AW a1 integrat-
ing from ty to any ¢ € [to, T], we obtain

y(t) =y(to)e Jig Alw)dw
N

t s
_ Z/ e J: A(w)dw/ ( )aj(s, v)g; (v,z (v)) dvds
to s—T1;5(s

J=1

N oot
— [t A(v)dv d
(3.6) - E /t e~ J A o.)j(s)%x (s —j(s))ds.
j=1"7to
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Substituting &(-) into (B8) and performing an integration by parts to the last
right hand term we obtain

#(1) = i(to)e” o A
N t s
- Z/ e fstA(”)d”/ a;(s,v)g; (v, (v)) dvds
= i s=;(s)
N t

N
- ij (O)x (t — 75 (1)) + e S A ij (to)x (to — 7 (to))

N

(3.7) + Z/t e e A(”)d”rj(s)x (s —7j(s))ds.

j=1

Having in mind the fact that p; (t — 7; (t)) = t, then, by rewriting the third
term on the right had side of (B22), we reduce (I3) (retaining its initial condi-
tion) to a first-order integro-differential equation as follows

N
(1) = —D () a (t) + [ #(to) + 3 wjlto)z (to — 7 (to)) | e Fo A
j=1
N

t s
- Z/ e J: A(“)d”/ a;(s,v)g; (v,z (v)) dvds
to s—T7;(s)

j=1
N t
d
WA
Jj=1

Making use of (B32), we see that this last equation is exactly (B). O

N t
Dj(s)x(s)ds+ > / e JL AW ()1 (s — 7 (s)) ds.
j=1"%

7 (t)

Lemma 3.2. The equation

N t

(3.8) o) =-% /t a;(t, 8)g; (s, (5)) ds,

j=17t=75(t)

s equivalent to

where

(3.10)
s t—;(t)
Ci(t,s) = /t a;(u,s)du and C;(t, t —7;(t)) = /t a;(u, t —7;(t))du.
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Proof. Differentiating the integral term in (88), we have
d t
)
K 0
— [ 5O t5)g; (s.a(s)) ds + (e, ) (1. 0(0)
t-7,(0) O

= Gyt t = (1)1 = 7j(£))g; (t — 75(t), x(t — 7(1))) -
It follows that if C;(¢,t) =0, % = —a,(t,s), then (BR) is equivalent to

. e calculation shows that the previous conditions on C; yields
BY). Th lculati h hat th i diti C; yield
(3.11)

s t=;(t)
Ci(t,s) = / a;(u, s)du and C;(t,t — 7;(t)) = / a;(u,t — 7;(t))du.
t ¢

O

C;(t,s)g; (s,z(s))ds

Lemma 3.3. Suppose that condition (@) is fulfilled and 7; (-) is twice dif-
ferentiable for all j = 1,...,N. If x(t) is a solution of equation () and
hence solution of (TA) on an interval [to,T) satisfying the initial condition
z(t) = Y(t) on [m(to),to] and y(to) = Z(to), then x (t) is the solution of the
following integral equation

N .t A o
a(t) = [w (tO)_Z/t )Dj (s) % (5) ds] ¢~ iy D(w)dv

o—;(to

i (to)

N
+ li(to) + Z <1bj(€)1/’ (to — 75 (to))

—/t 0 Cj(to, v)g; (v, ¢ (v)) dv)]

0—;(to)

t R “ N t R
X / e~ Ju Dwdv = Jug AWV G, | Z/ Dj (u) z (u) du

to j=17t=7i(®)

N t R u
+Z/ e_f:D(”)d”/ Ci(u,v)g; (v,z (v)) dvdu
j=1"to

u—7;(u)

N t . -
_Z/ o= ¢ D(w)dv
=17t ¢

N t . u “
+ Z/ e Ju D(”)d”/ e Js A(“)d”Cj(s, s—T1i(s))(1— le(s))
j=1""to

to

A(s) e J Ay / Cj(s,v)g; (v, 2 (v)) dvdsdu

0 s—=;(s)

x g; (s — 1j(s),z(s — 7(s))) dsdu
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u

N t . R
- Z D(u)e” JiDw)dv / D; (s) z (s) dsdu
j=1 to u

—7;(u)

to

N t N u
(3.12) + Z/t e~ Ja D(U)dv/ e IS A(v)dvrj<s>aj (s — 7 (s)) dsdu,
Jj=177%0

on [to, T), where r; (-) and D (-) are respectively given by (54), (%) in Lemma
3. Conversely, if a continuous function x (+) is equal to 1 (+) fort € [m(to), to]
and is the solution of above integral equation on an interval [to, T1], then x (-)
is a solution of () on [to,T1].

Proof. By Lemma (B2), equation (BIl) can be written as

@(t)=-D )z (t) + [ @(to) + ij(to)x (to — 7 (to)) | ™ Jeo A4

—7;(s)

N .
+ ;/to e~ I A(v)dv%/s Cj(S,U)gj ('U737(11)) dvds
N ot
+ Z/t e Js A(v)dej(S, s — Tj(S))(l - T]’»(s))gj (s — Tj(S),x(s _ Tj(s))) ds
(3.13)

N d t
W8
j=1

75 (t)

N t
D; (s)z (s)ds + Z /t e S AW () (s — 75 (5)) ds.

.
Multiplying both sides of the above equation by eJio PO and integrating with
respect to u from tg to ¢, we obtain

to

X
N t s - w
+ [ @to) + > wilto)x (to — 7 (to)) / e~ Ju D@)dv o= Jug AWy g,

N t u S
S u d
+ E / e D(”)d”/ e J: A(”)d”—/ Cj(s,v)g; (v,2 (v)) dvdsdu
j=17%o to ds s—7;(s)

N t N u w
—+ Z/ e f(j D(v)dv/ e fs A(U)dej(S7S — T](S))(l — T;(S))
j=1""

to

x gj (s = 7j(s),x(s — 7j(s))) dsdu
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N t R u R
+ Z/ e Ju D(”)d”% / D; (s)z (s)dsdu
j=1 to u

—7;5(u)

to

N t R u
+ Z/ e JuD(v)dv / e s AWdvy (s)a (s — 75 (5)) dsdu.
j=1"7to

Performing an integration by parts and using definitions (CT) and (B32), we
obtain

N to

o) = |60 -3 [

j=1"to—T;(to)

D (s) () ds| e Jo PO

N
+ [@(to) + Z <1I)JSO&O)¢ (to — 7 (o))

0—7j(to)

- / L Clte,v)g; @,WWUN

t
X / e fzf ﬁ(v)dve* f;; A(v)dvdu
to
N
[ Djwa(wa
t

j=1 —7;(t)

N t R u
+ Z/ e~ Ju Dw)dv / Cj(u,v)g; (v,z (v)) dvdu
j=1 to u—;(u)
N t . u s
. Z/ e~ Ju D)y A(s)e I A(”)d”/ Cj(s,v)g; (v, 2 (v)) dvdsdu
j=1"to to s=7;(s)
N t PR u )
+> / e Ju b / e~ LA (5,5 — 7i(5))(1 - 7I(s))
j=1 to to
x gj (s = 75(s),2(s — 75(5))) dsdu
N t . - u
- Z D (u) e~ Ju P(v)dv / Dj (s)x (s) dsdu
j=1 to u—Tj(u)
N t PR u
+ Z/ e~ Ju D)y / e Jd AWy (5) (s — 75 (5)) dsdu,
j=1 to to

where r; (t) is defined in (B3). This leads exactly to (812).

Conversely, suppose that a continuous function z () is equal to ¥ (-) on
[m (to) ,to] and satisfies (BI2) on an interval [tg, T1). Then it is twice differen-
tiable on [to, T1). Differentiating (B12) with the aid of Leibniz’s rule, we obtain
(3\). O
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Next, we will define a mapping directly from (BT2). Remember that, by
Lemma B3 a fixed point of that map will be a solution of equation (IH). To
obtain stability of the zero solution of (I'H), we need the mapping defined by
(BI2) to map bounded functions into bounded functions. For that, we let
(C,||]]) to be the Banach space of real-valued bounded continuous functions on
[m(tp), 00) with the supremum norm ||-||, that is for ¢ € C

el := sup {le (B)] 5t € [m (to) ,00)} .

Our investigations will be carried out on the complete metric space (C, p), where
p is the uniform metric. That is, for ¢, ¢ € C we set p (p,¢) = ||l — @] .
Let ¢ € C([m(to), to], R) be fixed and define

Sy = {p:[m(to),00) = R | €C, p(t) =(t) for t € [m(to),to]}.

Being closed in C, (Sy, p) is itself complete. There is no confusion if we use the
norm ||-]| on [m(tg), to] or on [m(tg), 00).

Below we want to force the mapping suggested by (BI2) and explicitly
defined in the next lemma to map Sy into itself. For that reason we assume
that the followings conditions hold.

i.

(3.14) liminf | D(s)ds > —o0.

ii. There exists some functions R; (-) € C (R, R™) such that, for z1,z2 € R,

(3.18)y; (t,z1) — g5 (t,x2)] < R;(t)|z1 —a2|,j=1,...,N forall t € R,
(3.16) g; (£,0) 0, j=1,..,N for t € R*.

iii. For t > tg, there is a constant « > 0 satisfying

N t N t . u )
Z / Dj (u) du + Z D (u)e” Ji D(v)dv / D; (s)z (s)dsdu
j=1 t—7;(t) j=1 to u—7;(u)
N

t R u
+ Z/ e Ju D(w)dv / |C(u,v)| R; (v) dvdu
u—T;(u)

j=1"to

N t N u
3 / e i Dwdv / As) e S A / 1C;(s,0)| R; (v) dvdsdu
j_l t() tO

s—7;(s)
N t . - u
#3 [etipom [Fen fAw s s - 7y(s)) (1 - 7))
j:]- to tO
X R; (s —1j(s))dsdu
N t PR u
+ Z/ e f“’D(v)dv/ e_fs A(v)dv |’I“J<S>| dsdu
j=1 to to

(3.17)
< a.
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iv. There exist constants ag > 0, v > 0, Q9 > 0 and a continuous function
Ay € C(RT,R") such that, for ¢t > ¢

(3.18) ftz,y)>A1(t) >0 forall z, y € R,

and for each t > u > @y we have
t R u
(3.19) / D (v) dv —l—/ A; (v)dv > agu” +b, b €R.
u to

v. There exists a constant 8 > 0 that satisfies the following inequality for ¢ > ¢t

N
[b; ()]
Z ‘1 — 7] (t)‘

j=1
N t . s
(3.20) +Z/t e~ Je Alwdu (/ ()|aj(s,v)|Rj (v)dv+|rj(s)|> ds < B.
j:l 0 S*Tj S

Lemma 3.4. Define the mapping P on Sy as follows, for ¢ € Sy,

while for t >t

P = S N ) —ftt D(v)dv
Qp(t) - 7/} (tO) - Z/t Dj (S) 1/) (S) ds| e 0

0—;(to)

N
+ |d(to) + Z <W¢ (to — 75 (o))

j=1 L= (to)
to
- / Cj(to, v)g; (v, ¢ (v)) dv
t(J—Tj(to)
¢ » u
% / e It D(v)dv,~ I A(v)dvdu
to
Nt
[ Diwed
j=17t=7i(®)
N .t . ., A
,Z D (u) e*fumv)dv/ D, (5) o (5) dsd
g=170 u; (u)

N t R u
+ Z /to e~ [ D(v)dv /UTA( : Cj(u,v)gj (’U, %) (’U)) dvdu,

j=1
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N t N u
Z/ e JED(w)dv / A (8) e 3 A(v)dv
-1 to to

Jj=
x / Ci(s,v)g; (v, (v)) dvdsdu
s—7;(s)

N

¢ X u
+Z/t0 effsz(”)d“/ e Je A(v)d”C’j(&s—Tj(s))(l—T]{(s))

j=1 to

x gj (s = 7;(s), (s — 7;(s))) dsdu
N t t A u u
(3.21) + Z/ e~ Ju D)y / e s AWy (5)p (s — 75 (5)) dsdu.
where r; () is the expression (B4). Suppose that the conditions (B13), (F13),
(E13), (B:17), (BI8) and (@13) hold true. Then P : Sy — Sy.
Proof. First, due to condition (BId) one can define

(3.22) M = sup {e_ T ﬁ(v)dv} .

t>to

Obviously, if ¢ is continuous then Py and agrees with ¢ on [m(to), o] due to
the definition of P. For ¢ > ty, note that from (BId), (BI2), (B15) and (BIH)
it follows

N to R
Pe@ =0l |1+>° [ |Dsw)|as|
j=1 to—;(to)

bj(to)
1— 77 (to)

N
S EIEIY (
j=1

t N u
x / e JuD@dv = Jig ALY gy 4 1]

to

+/0 |Cj(to, v)| R;j (t) dv)

0—;(to)

To prove that P : Sy — Sy it is necessary to show that the term

t Kay u
/ e~ fi D(v)dve— to A(”)dvdu

to

)

is bounded. To do that, remember that BIR implies that A(t) > A;(¢) > 0 for
t > tg, SO

t R “ t . .
/ e I D(v)dv ,— Je A(v)dvdu < / o It D(v)dv,~ Je Al(v)dvdu_
to to

We decompose the last integral term in the following manner

t J
/ e f'j ﬁ(v)dve— f;; Al(v)dvdu = / e f: [)(’U)d'ue— f;; Al(v)dvdu

to to

t ) .
(323) +/ e~ f; D(U)dve* fto A1(v)dvdu,
J
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for some J > Q. The first term on the right hand side of (823) is obviously
bounded. For the second term on the right hand side of (B=Z3), we use (BTJ)
to obtain

t A Y t
(324) / e~ f;: D(v)dve* fto Al(v)dvdu < €_b/ e—aou’Ydu.
J J

Now, we define
(3.25) F(J) ;:/ e~ duy,
J

Performing the change of variables u = 9%, we obtain

1 [ 1 1 [ 1 (1
(3.26) F(J)= 7/ e~ 995119 < 7/ e—20095-17p — ( 1/7).
Y Jar Y Jo ,.)/ao/'Y
Then F (J) is bounded for v > 0. Consequently, |Py (t)] < +oo and thus
Py e Sy. O

Seizing upon Lemma (B3) and Lemma (B2) we built an existence and
uniqueness result. Under the conditions of the next theorem, we prove that
for a given continuous function @ : [m(tg),to] — R there exists a unique
continuous function x which is solution of (ICH) on [m(ty),00) and coincides
with ¢ on [m(to),to]. We also prove that the zero solution of (IZ3) have the
property of Definition P22

Theorem 3.5. Suppose the condition (F21) and all hypotheses of Lemma
(B2) hold with o € (0,1) in (B1L71). Then, for each initial continuous function
¥ 1 [m(to), to] — R, there is a unique continuous function with x(t) = ¥(t)
on [m(ty),to] that satisfies () on [tg,00). Moreover, x(-) is bounded on
[m(to), 00) . Furthermore, the zero solution of (IZ4) is stable at t = to.

Proof. Consider Sy the space defined by the initial continuous function v :
[m(to),to] — R. By Lemma B4 we know that P : Sy, — Sy. In fact, P is a
contraction with constant o < 1, too. To see this, let ¢, ¢ € S,. Making use
of condition (BI7) we obtain

[Py — Pg|
N t N t N u
<> / Dy (u)du+Y / e~ Ju Dw)dv / C;(u, v)| Ry (v) dvdu
j=17t=7i(®) j=1"to u—;(u)
N t . u s
+ Z / e~ Ju D()dv / A(s) e AWy / |C;(s,v)| R; (v) dvdsdu
to to s—T5(s)

j=1
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to

N t R u
#30 [ e P [T AR |6y s ()1 = 7))
j=17to

X Rj (s — 7j(s))dsdu

N t . u R
+ Z D (u)e” Ji D(o)dv / Dj (s)z (s) dsdu
j=1 to uf‘rj(u)
N t PR u
+Y [ertipon [ B A0 ) dsdul o - o]
j=1 to to
<a ||SO - ¢|| )

for t > to. Trivially, this inequality also holds on [m(ty),to]. Therefore, P
is a contraction mapping on the complete metric space (Sy, p) since we have
supposed a < 1. By the contraction mapping principle, P possesses a unique
fixed point z in Sy which is a bounded continuous function. Due to Lemma
B3, this is a solution of (Id) and hence a solution of (ICH) on [m(ty),c0). It
follows that z is the only bounded function satisfying (IZ3) on [m(to), 00) and
the initial function. It remains to show that the zero solution of (I3) is stable.
Toward this, let first

t 2 u
(3.27) L= Sup/ o= L D)y~ i A (@)dv g,
to

t>to

Let € > 0 be given. Choose |i(tg)| and ¢ : [m (to) , to] — R satisfying ||| < ¢
(6 <€), with § such that

N to

5 1+Z/ [)j(v)‘dv M
j=17to—7;(to)
o~ (| _bito) o
+ |1Z (to)] + 8 AJF/ Ci(to,v)|R; ()dv || L
|2 (to)] ;(1_#@0) to_Tj(tO)I i(to, v)| R; (t)

(328) <(1-a)e

If (z (t),y(t)) is a solution of (ITI) with y = & on [tg,00) and, y (to) = & (to)
then, z () = (Pz) () defined in (8220). Notice that with such a 4§, |z (s)| =
[ (s)] < € on [m(tg),to]. We claim that |z (¢)] < € for all ¢ > to. If z is a
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solution with initial function ¢ then, as a consequence of (8=21), we have

2 (t)] < 5+5§/ ‘dv M
OT](tO)
N t
. |b;(to)] ’
to)| + 83 L C;(to,0)| R; (v)dv| L
el 83 o [ KR )] Lo

(3.29)
<(l-a)etea<e.

Now, recalling (Bl) of Lemma BT, we have

i(t) = d(to)e S A
N

t s
- Z/ e~ Jo Alv)dv / a;j(s,v)g; (v, z (v)) dvds
5=7;(s)

j=1"to
Nt d

—Z/t e Ji AW ”wj(s)%x(s—q (s)) ds.
j=17t0

Integrating the last term on right hand side by parts we obtain

. — (v)dv i
(1) = e i A +Z - _T, — 7 (to))
j=1 ]
- i i - )
1— T’ J
t . N s
+ / e~ JI A(v)dv Z (rj (s)x (s —7j(s)) — / a;(s,v)g; (v, 2 (v)) dv) ds.
to j=1 s=7;(s)
By conditions (B28) and (B=2M) we get the estimation
|b;(to)
< |z(to)| + 0
(0) Mo|+§:“_Tm|

Jj=1

t s
_|_/ o L AGwdu <|rj(s)| —|—/ laj(s,v)| R; (v) dv) ds}
to s—T;(s)

<
- L

Therefore, the zero solution is stable at t = tg. O
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Theorem 3.6. Under the hypotheses of Theorem 23, the zero solution of ()
1s asymptotically stable if and only if

t
(3.30) D(s)ds — 00, as t —» oo.
to

Proof. First, suppose that (8230) holds. We wish the solutions of (IH) to tend
to zero whenever condition (830) holds. For this, we will modify Sy, in order
to functions in Sfi tend to zero as t — co. So, we let

SS, = {p € [m(ty),0) = R|peCl,
o(t) = (t) for ¢ € [m(to),to] and p(t) — 0 as t — oo} .

Since 5’3 is closed in Sy, and (Sy, p) is complete, then the metric space (Sg, p)

is also complete. We begin by proving that Py (t) — 0 ast — oo for ¢ € S’SJ. To
this end, denote the eight terms on the right hand side of (B=21) by I;,1s,...,]s,
respectively and let ¢ € Sd} be fixed. Since f D )ds — o0, as t — 00, by
condition (BZ330), we see obviously that the first term I of (B2T) tends to zero
as t — 0o. For a given € > 0, choose Ty > 0 large enough so that t—7; (t) > Tj
for j =1, N implies |p (s)| < € if s > ¢t —7; (t). Therefore, the third term I3 in
(B2T) satisfies

N t
|I3\<Z/ \‘D ’dv<52/
TJ(t) t—;(t)

j=1

D, (v)’ dv

< e < e.

Thus, I3 — 0 as t — co. We check that I, — 0 as t — 00. So we have
to prove that the two right hand side terms of the decomposition expression
(B23) go to zero at infinity. But the first term of that decomposition is as

)

/J o= JL D)~ [l As@)dv g~ [t D(v)dv /J o= [ D(w)dv [ Av(v)dv g
to to
which tends to 0 as t — oo by condition (B=330). Nevertheless, the second term
of on the right had side of (8223) needs some more details for its convergence to
zero. To overcome the difficulties, remember that from (819) we have obtained
(8z4). Upon replacing of u by J6 in (B=23) we get

(3.31) =J / —(a0 )07 g

The function G (X) := f 1 e~ 2" df satisfies the conditions of Theorem -0 where
(3.32)
A=agJ?, a=1, @) =60, f=1, ¢(@)=v"""1=7, f(a)=1

It follows that

(3.33) GO~ AL e _ %e—k, (A — +00).
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Thus we can write

1 -
(3.34) F(J)~—J" e (J — 400).
Yao

It is enough to make z = apJ” and a straightforward computation gives

(3.35) LJI_VQ_QOJW = 11/ 27 le? < 11/ z
Yao vag v ol ~

Me™ —3 0 as z — 00.

where m := [1/4] + 1. Thus, for every ¢ > 0 we can find a J* > Qo large
enough such that for every J > J*

e~ b

(3.36) — J1rem w7 <,

Yao
Clearly, the expansion (8723) is valid if J is replaced by J*. So, the last term
tends towards zero when ¢ — co. Hence the second term I in (B=2I) tends to
zero as t —» oco. Now consider I = |I4] + ...+ |Ig|. To simplify our expressions,
we define
N u u
V(u) = Z (D (u)/ Dj (v)dv+ / |C;(u,v)| R; (v) dv)
= u

i1 —7j(u) u—T;(u)

N u
+ Z;/to e_f:A(v)dv ’Cj(s,s — TJ(S))(l — TJ/(S))’ Rj (S — TJ<S)>dS

N m s
(3.37) + e~ J Alw)dy <A(s) 1C;(s,v)| Ry (v) dv + |r; (s)> ds.
>, /

—75(s)

So, for the given € > 0, there exists a T* > ty such that s > T™ implies
lo(s — 75 (s))] < efor j =1, N. It is clear that |p(s)] < ¢ ( because s >
s—1;(s), 7 =1, N ). Thus, for ¢t > T*, by making use conditions (BI3) and
(B1M) the term I satisfies

t .
D, (v)) dv+e | V(u)e JuP@dvgy

T*

-
+osw (O] [ Ve K0y
¢=mfto) to
T* .
(3.38) <2ae+ sup |¢(Q)] V (u) e Ju P@1dvgy,
¢=m(to) to

Also, the condition (BZ30) implies that there exists T** > T™* such that for
t > T** we have

N t LR N
(3.39) e Jree D)V gy lo (Q)] V(u)e™ LI D@dv gy < ¢
¢>mto) T+
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So, I — 0 as t — oo and consequently, (Py) (t) — 0 as t — oo. Thus,
P maps 5’3 into itself. Also, P is still a contraction on SY with a unique fixed
point 2. By Lemma B33, z is a solution of (ITH) on [tg, 00). We conclude that
x (t) is the only continuous solution of (ITH) agreeing with the initial function ).
Asx € 52,, x (t) = 0 as t — oo. Therefore, the zero solution is asymptotically
stable, since it is stable by Theorem B and we have just concluded that
|z ()| + |y ()] — 0 as t — oo if condltlon (8230) holds.

Conversely, we shall prove that ft v)dv = oo. Contrary to this, there ex-
ists a sequence {t,}, -, with ¢, — 0o as n — oo and such that fto (v)dv =
I for a certain finite number [ € RT. By condition (B1d), we may also choose
i > 0 that satisfies the inequality, —p < ft v)dv < p, for all n > 1. For
convenience of notation we set

N

Co e Z (M 1% (to — 75 (to)) +/t Gt 0) By () |w<v>|dv> .

0—7;(to)
Recalling (8231), we define the function W () b
W (u) =V (u) + Coe~ Jio A4
By conditions (B11), (818) and (819), we have

(3.40) / " =l Dy, (u) du < (a+ CoL).
to
This yields
(3.41) = Jig Dy / "l Dy (u) du < (o + CoL).
to
Then,
(3.42) /tn eIl P@vyy, (u)du < (a+ CoL)e*
to

The inequality (822) leads to the fact that the sequence

tn s
(3.43) / elio POy (u) du,

to

is bounded, so there exists a convergent subsequence. For brevity, we assume
that

t

(3.44) lim [ el PO@W (4)dy = o > 0.

t— 00 0
Then, we can choose a positive integer ng large enough such that

Z )
3.45 Jio POy () du < =2,
(3.45) et () du < 0

0
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for n > ng, where € > §y > 0 satisfies

% (tno) |+5OZ/

tno —Tj tno

tng

(v)‘dv M

+ mnu+6§j _ ”+%/W Oty ) By (0) o | L

tng—7j (tng)
(3.46)
<(1-a).

Now, we consider the solution x (t) = x (t,v, & (t,,)) of equation (I3), for the
initial values 9 and & (¢,,) such that

30,
w(tno)_Tv m(tno)_ 4’
(3.47) [ ()| + | ()] < 0o, 5 < tn,

We may choose ¢ such that

N tng R 5
(3.48) qwm—zlﬁ)mwwuw>;

By a similar argument as in (B29) and by replacing e by 1, this implies that
|z (t)] < 1. Having in mind the fact that z is a fixed point of P, we have for
n > ng

N tn

(1) — Z/ D, (v)x (v) dov

j=1 tn—7j(tn)

N

o D(v)dv tno ~
> |e~ Jiry D@ z/)(tno)—Z/t D; (v) (v) do

=1 tng =i (tng)

t” tn [ - v)dv
+ :k(tno)/ o= i D()dv = Ji,  Al)dv |
t

ngo

tn tn + N
=I5 D(v dvif _/ e Ju" D(’U)dvW(u)du
t

no

(3.49)
- t" D(U v 50 — ftno D(v)dv tn IS D(v)dv 50 -2
>e 2 ¢ elo W (u)du zge >0.

tn

0

On the other hand, if the zero solution is asymptotically stable, then z (t) =
x (t, 9, &(tn,)) — 0, as t —> oo. It remains only to check that the term
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Z f i (tn) D; (v) z (v) dv decays to zero at infinity to obtain the contradic-
tn FANZ

tlon By the mean value theorem and condition (BI4), we have

Z/t e v)z (v) dv z (ne,)] Z/t - v) dv

(3.50) alz ()| < |1'(77tn)|

Since t,, and t,, — 7; (t,,) — 00 as n — oo, then also 1, — oco. It follows that

lim / (v)x (v)dv | =0,
fnro0 Z n=j(tn ) :

which leads to a contradiction. This completes the proof of our claim. O

IA

In this section, we will give an example to apply our results

Example 3.7. Consider the following nonlinear neutral integro-differential
equation with variable delay

(351) 4+ f(t,xz,2)x+ /t o a(t,s)g (s, (s))ds+b(t)x' (t —7(t)) =0,

1—0.5cos (z(t)x(t))

for t > 0. Welet A(t) := f(t,x(t),z(t)) = 5 + 2tanht,
5(t+1)5
g(t,x(t) == tsinz (t), a(t,s) := e3¢+ 7 () := 0.5t and b (t) := aoﬁ,

where 0 < ap < 1/7. Then the zero solution of (B51) is asymptotically stable.

Proof. We prove that all the hypotheses of Theorem (BE) hold for equation
(B83M). Observe that the conditions (BIH), (B1H) and (BIX) are satisfied, with

0.5

R(t) :=t and A; (t) := 7)1 + 2tanht, for t > 0. Now, clearly, the
5(t+1)°

conditions (Bd) and (B330) hold. Furthermore, for ¢ > u > 0 we have

t u u u
/ D (v) dv +/ Ay (t)dv > / Ay () dv > 0.5/ %dw
u 0 0 0 5(v+1)5

(3.52) > Lol
. —UuUs — —.
-8 8
Consequently, condition (BTY) is satisfied with a9 = 1/8, by = —1/8 and

v =4/5.

It remains to prove that the condition (87I7) is also satisfied. There are six
terms on the left hand side of (BI4). Performing the substitution u = s — 7 (s)
we obtain s = p (u) = 2u, (1 — 7' (s)) ds = du and

2t

t R p(t)
/t(t)D(u)du:t D(s)(1—7 () ds=2 [ b(s)ds,

t
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and by integration we see that,

b 47 +1
. D (u)du = In — | < l.39.
(3.53) /t_T(t) (u) du = g (n o] ) < ap

Since D(t) > 0 for ¢t > 0, then making use of (B53) we can derive the estimation

t R R u R
/ e~ JuDWdv (u)/ D (v) dvdu

0 u—T(u)
u t N .
< <sup D (u) dv) / e~ JuPWdv (u) du
u>0.J0.5u 0
(3.54) < apl.39.

For the third term of (BT4) we observe that

C (u,v)] = / a(w,v)dw‘ = e_3v/ G_Swdw‘
1
(355) — g }6_31} (e—3u . 6_31))’ .
But,
(e73 —e™34) >0, for 0 < v < u,
So,
t Y “
/ e Ju D(v)dv/ |C'(u,v)| R (v) dvdu
0 u=r(w)
t u
<[] e unir)
0 J0.5u
INVA
< */ / (6—6’0 _ 6—311—3u> vdvdu = N (t)
3 0 0.5u
(3.56) < 0.0013.

This is because, the function NV (+) is a strictly positive and increasing on [0, c0)
satisfying NV (t) — 0.0013717 as t — oo. To estimate the fourth term of (817),
note that

1

— 4+ 2tanht < 2.3,
5(t41)5

A(t) <

1=

and

, 2
e~ S AWy < o= [F Ar()do =2 Sr(Eke)dy _ COSh2 5
cosh™ u
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Therefore,

/ [t D(oyd / Als)e— I Av)dv/ IC(s,0)| |R (v)] dvdsdu
s—7(s)
< 9. 3/ / —2f tanh vdv / (e—Gv _ 6—311—35) vdsdvdu
0.5s

< 2. 3/ 7/ 11 ( 2424 6725) / (676@ - 673”735) vdsdvdu
o cosh®u 0 34 0.5s

2.3
< T N )

(3.57)

0 cosh2

2.3 o 2.3 0.09
< 22 ——du==20.09tanht < 2.3—— = 0.01725.
712009/0 I 12009 anht < 312 0.01725

This follows from the fact that,
N (u) := / (e +2+e72) / (7% — 73 73%) vduds,
0 0.5s

is a positive function, increasing on [0,00) and N (u) < 0.09 for any u > 0.
Moreover, similar arguments as above show that one can estimate the fifth term
of (BI7) as

t R u
/ e~ I D(eya / eI A 5,5 — 73())] (1= 7 ()] | R (5 = 7(5)) | dsdu
to 0

| v 0.25
< /0 e /0 1 (625 + 2+ 6725) 5 (6735 —e* 55) sdsdu
(3.58)

25 1 v
0 _— / (628 +2+ 6_28) (6_38 — 6_4'55) sdsdu < 0.020833.
12 o cosh®u Jo

For the sixth we have, for t > 0,

1 5t 1—t2
> ag2 05 +12tanht + ———
5(t+1)° (t2+1)

(3.59)

Tt is clear that the function r (-) is positive, because 2t tanh ¢ + % > 0, and

_b@) s _b(p(@) _ b(2t)
D(t) = 057 D(t)=D(p(t) = 0572~ (05)?
= 4y 2 20y >2b(t) fort > 0.

> -
(424+1) = P2 +1
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Which implies that

t . u “
/ e Ju Dw)dv / e~ JS AW 1 ()| dsdu
0 0

¢ ) ¢
:/ e Ju D@3dvy () gy < %/ e Ju () p (1) du

0 0
(3.60) <0.5.

The summation yields

o = 2001.39 4 0.0013 4+ 0.01725 4 0.020833 4 0.5

1
< 2.78? +0.53938 = 0.93652.

1 -
Also, we remark that the condition (B=20) holds, because 0 < 2b (t)+ EN (t) <

+00. Consequently, the zero solution of equation (BZ:) is asymptotically sta-
ble. O
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