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EXPONENT OF CONVERGENCE OF SOLUTIONS OF
A CLASS OF LINEAR DIFFERENTIAL EQUATIONS
IN THE UNIT DISC

Yssaad Somia” and Saada Hamouda®®

Abstract. In this paper, we investigate the exponent of convergence of
Fo — o where f© = f =0 is a solution of a linear differential equation
with meromorphic coefficients in the unit disc and ¢ is a small function
of f. Our investigation is based on the behavior of the coefficients in a
subset I' of the unit disc such that the set I'o = {|z| : z € '} is of infi-
nite logarithmic measure. By this investigation we can deduce the fixed
points of f@ by taking ¢ (z) = z.
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1. Introduction and statement of results

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of the Nevanlinna value dis-
tribution theory of meromorphic function on the complex plane C and in the
unit disc D = {z € C: |z| < 1} (see [I0, [, I8]). In addition, for n € N — {0},
the iterated n—order of meromorphic function f (z) in D is defined by

logy T'(r, f)
o = limsup—"———"£|
n(f) r—1- _10g (1 _T)
where log z = log™ 2 = max {log z, 0}, log;’{+1 z =log" log! x and T (r, f) is
the Nevanlinna characteristic function of f. For an analytic function f(z) in
D, we have also the iterated n—order defined by

log, 1 M (r, f)
n =i b
e (1) =l BT
where M (r, f) = max |f (z)]. If f is analytic in D, it is well known that oy (f)

|z|=r
and o1 (f) satisfy the inequalities

o1 (f) <oma(f) <o (f) +1,
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which are the best possible in the sense that there are analytic functions g and
h such that oar1 (9) = 01 (9) and opr1 (h) = o1 (h) + 1, see [G, 4]

For example, the function g (z) = exp } (> 1) satisfies 01 (g) =

1
(1-2)"
pn—1and o1 (g) = . We note that the principal branch of logarithm is used.

Obviously, we have

o1 (f) < oo if and only if o1 (f) < 0.

However, it follows by Proposition 2.2.2 in [02] that opp (f) = o, (f) for
n > 2.

Definition 1. [T1] A meromorphic function f in D is called admissible if and
only if

LT
imsup————————— = o0;
r—1- = lOg (1 - T)
and f is called nonadmissible if and only if
T
lim sup% < 00.

r—1- = log (]- - 7“)

We will use the notation A, (f) to denote the n-iterated exponent of conver-
gence of the zero-sequence of meromorphic function f (z) and A, (f) to denote
the n-iterated exponent of convergence of distinct zero-sequence of f (z), which
are defined as the following:

log,, N (r, %) _ log,, N (r, %)
An (f) =limsup————= and A, (f) =limsup———=%.
U =tmowp o=y 2 A () =lmew =50 =)

Many authors investigated the linear differential equation
(1.1) f"+A2) e [+ B(2) e f =0,

where A (z) and B (z) are entire functions, see for example [, @, 5, [7]. Recently
in [8], Hamouda investigated the linear differential equation

a b
Ao =2)" B (zyelzo—2)" =,

where A (z) and B (z) # 0 are analytic functions in the unit disc by making use
the behavior of the coefficients on a neighborhood of a point on the boundary
of the unit disc. After that in [U], Hamouda proved the following results.

Theorem A. 0] Let Ay (2), ..., Ax—1 (2) be meromorphic functions in the unit
disc D. If there exist a point wg on the boundary 0D of the unit disc D and a
curve v C D tending to wy such that

k—1
X 14, ()] +1

lim 2= 7 =0,
=m0 [Ag (2)] (1 = [2])
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for any p > 0, then every meromorphic solution f(z) #Z 0 of the differential
equation

(1.2) FO 4 A ) fR Y 44 AL (2) f + Ao (2) =0,
s of infinite order.

Theorem B. [9] Let A (2), ..., Ax—1 (2) be meromorphic functions in the unit
disc D. If there exist wg € 0D and a curve v C D tending to wy such that

lim jZI—exp {)\}O
o0 Ay (2)] VTP LY e

where n > 1 is an integer, (exp, (z) = exp(2), exp, ;1 (2) = exp {exp, (2)}),
and A >0, u > 0 are real constants, then every meromorphic solution f (z) #
0 of the differential equation (@3) satisfies o, (f) = oo, and furthermore

On+1 (f) > M.

Remark 1. Theorem A and Theorem B remain valid if in their assumptions,
instead of taking limit along a curve v C D we take limit as |z| — 17 along
a subset I' C D such that the set Ty = {|z|: z € '} is of infinite logarithmic

measure, that is [ % = 4o00. We note that, for a curve v C D tending to
To

a point wy € OD, the set {|z| : z € v} is of infinite logarithmic measure; which

means that the curve v C D is a particular case of the subset I' C D.

Theorem B has been generalized recently by Semochko in [[3] by making
use a new approach on the growth, namely ¢-orders.

In [15], Xu, Tu and Zheng investigated the relationship between small func-
tion and derivatives of solutions of (I"2) where A; () are entire or meromorphic
functions in the complex plane, and obtained the following results.

Theorem C. [1i] Let A; (z) (j =0,1,...,k — 1) be entire functions with finite
order and satisfy one of the following conditions:

(i) max{o (A;):j=1,2,...,k—1} < 0 (Ag) < o0;

(1)) 0 < 0 (Ak—1) = ... = 0 (Ap) < 00 and max {7 (4;):j=1,2,..,k—1} =
T <T7(A) =7,

then for every solution f £ 0 of (Z2) and for any entire function ¢ (z) £ 0
satisfying o2 () < 0 (Ap), we have

N =9 =R —¢) =2 (/" —¢) =X (/7 =) =02 (f) = 7 (Ao) (1 € V)

Theorem D. [74] Let A; (z) (j =1,2,....k — 1) be polynomials, Ao (z) be a
transcendental entire function, then for every solution f # 0 of (I2) and for
any entire function ¢ (z) of finite order, we have

()X(f—@)=A(f—¢)=0(f)=oc;

(ii))\(f(i)—go) :)\(f(i)—go) :a(f(i)—ap) =00 (i>1,i€eN).
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Theorem E. [I4] Let A; (z) (j =0,1,...,k — 1) be meromorphic functions sat-
isfying max {o (A;) : 7 =1,2,...,k — 1} < 0 (Ap) and 0 (00, Ag) > 0. Then, for
every meromorphic solution f Z 0 of (T2) and for any meromorphic function
v (2) # 0 satisfying o2 () < 0 (Ap), we have

% (19 =¢) =2 (19— ) 20 (4) (€N, where [O = .

In this paper, we will investigate the exponent of convergence of f(*) — ¢
where f is a solution of (I2) and the coefficients are meromorphic in the
unit disc and satisfy assumptions more general than those of Theorem A and
Theorem B. In fact, we will prove the following results.

Theorem 1. Let Ay (z),...,Ar_1(2) be meromorphic functions in the unit

disc D of finite order. If there exist a subset I' C D such that the set 'y =

{|z] : z € T'} is of infinite logarithmic measure, that is [ 1‘1_7'70 = 400, and for
To

every fized p > 0 we have

k—1
> 14, ()] +1
p2

lim =
=1 [Ao (2)] (1 — Es

(1.3) 0,

then for every meromorphic solution f # 0 of (IB) and for any meromorphic
function ¢ (z) #Z 0 in the unit disc D of finite order, we have

(1) A=) =XV -¢)=A(JO-¢) =c () =cc (icN).

Corollary 1. Let Ag(z) # 0,...,Ap—1(2) be meromorphic functions in the
unit disc of zero order such that Ai,...,Ax_1 are nonadmissible while Ay is
admissible. Then for every solution f (z) #Z 0 of (CB) and for any meromorphic
function ¢ (2) #Z 0 in the unit disc D of finite order, we have

M=@) =X (1 =) =A(f9 —p) =a(f) =00 (EN).

Theorem 2. Let Ay (z),...,Ak—1(z) be meromorphic functions in the unit
disc D with o, (Aj) < oo. If there exist a subset ' C D such that the set
Ty = {|z| : z € T'} is of infinite logarithmic measure and

k—1
> 145 ()] +1 ,
(9 e Gl O {a e

where n > 1 is an integer and 8 > 0, pu > 0 are real constants, then for
every meromorphic solution f # 0 of (T2) and for any meromorphic function
¢ (z) £ 0 in the unit disc D satisfying 41 (p) < u, we have

(1.6)

At (f =) =m(f(i) —w) = Ant1 (f“) —<p) —on (f)>p ((eN).
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Corollary 2. Let Ay (2),...,Ax—1(2) be meromorphic functions in the unit
disc D with o, (Aj) < oo. If there exist a subset I' C D such that the set
Ty = {|z| : z € T'} is of infinite logarithmic measure and

(17) 4o (2)] > exp, {(l_‘jw} ,

(18) 45 < exp { L b = L= ),

2|

as |z| — 17 with z € T, where n > 1 is an integer, 0 < f < «a, p > 0 are
real constants, then for every meromorphic solution f % 0 of (I2) and for any
meromorphic function ¢ (2) Z 0 in the unit disc D satisfying opnt1 (@) < p, we
have

A1 (f =) = m(f(“ - w) = Ant1 (f(“ - <p) —on (f)>p ((eN).

Corollary 3. Let Ay (z) # 0,41 (2),...,As—1 (2) be analytic functions in the
unit disc with oy, (A;) < co. Suppose that o > 1 is a real constant, a and
wo are complex numbers such that a # 0, |wo| = 1. If Ag(2),..., A1 (2) are
analytic at wo then for every solution f(z) £ 0 of the differential equation

P i (2O 4 A () 4 Ao (e { e | £ =0,
wo —

and for any analytic function ¢ (z) Z 0 in the unit disc D satisfying o,+1 (p) <
a, we have

g1 (f =) =T+1(f“) —<p) = Ans1 (f‘“ —<p> — o1 (f)>a (ieN).

Remark 2. The following example shows that the assumption () of Theorem
B does not require that the iterated order of growth of Aq is greater than those
of the other coefficients; (the same applies for Theorem O).

Example 1. Consider the differential equation
"+ A1(2) '+ Ao (2) f = 0.

(i) If A1 (2) = { }eszL{%} and Ay (2 )—exp3{ 2 }exm{%},
then o4 (A1) = 04 (Ao) = 1; and it is clear that the assumption () holds by
takingn =3, =1, u—l I'={z€D:argz=0}; and so o4 (f) > 1.

(i) If Ay (= )fexpg{ L }exp4{ Z} and Ay (z) 7exp3{ 2 }expzl{ﬁ},
then o4 (A1) = 1 while o4 (Ag) = 0; and it is clear that the assumption ()
holds by takingn =3, B=1, p=1, T ={2€ D :argz=0}; and so o4 (f) >
1.

And for any meromorphic function ¢ (z) #Z 0 in the unit disc D satisfying

o4 (p) < 1, (@) holds.
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Now, we give an example to prove the existence of meromorphic solutions in
the case of meromorphic coefficients that satisfy the assumptions of Theorem
1 and Theorem 2.

Example 2. The differential equation
"+ A1 (2) [+ A0 (2) f =0,

admits the two linearly independent solutions

fl(z)ieXPZ{liz}v fQ(Z)ieXPQ{liZ}v

where . .
f72 — fil 1 f/
Ar(2) = =2, Ag(2) = =7 — A1 (2) .
A-f h h

2 1

z =0 is a pole for Ag (z) and Ay (z). By taking

1 1
Fz{zeDzargz:O and |z|22}: {271)

and after some computations, we obtain that

2 2
|41 (2)| = (1_|Z|)26XP{1_|Z} (1+0(1)),

2 3
|40 (2)] = (1_|Z|)49XP{1_|Z} (1+0(1)),

as |z| = 17 with z € T. It is clear that the assumption () holds by taking
n=1 pu=1, 8= % Also the assumption (IT23) holds for any fized p > 0.

2. Preliminary lemmas

Throughout this paper, we use the following notations that are not neces-
sarily the same at each occurrence:

E C (0,1) is a set of finite logarithmic measure, that is [ ;2
E

1—r

< 0.
e>0, a>0, >0, 0<ry<1,are real constants.

Lemma 1. [T4] Assume that f # 0 is a solution of (Z2). Set g = f — ¢; then
g satisfies the equation

(2.1) g® + A5 _1g* Y 4+ Agg = — {cp(k) + Ap_1pF D 4+ Aocp} .

Lemma 2. [T3] Assume that f # 0 is a solution of (IB). Set g; = f) —
o, (1 € N={0}); then g; satisfies the equation

(2:2) QM+ULMVAL%~+%m=—[¢“+U@wﬂF”+m+MWL
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where

' - . U¢71’ .
(2.3) Ul = (U Uit - (U%l) Uit

j=0,1,...k =1, U) = A;j and U} = 1.

Lemma 3. [d] Let f be a meromorphic function in the unit disc D such that
fY) does not vanish identically. Let € > 0 be a constant; k and j be integers
satisfying k > j > 0 and d € (0,1). Then there exists a set E C [0,1) which
satisfies [ T—dr < oo, such that for all z € D satisfying |z| ¢ E, we have

E

< ((1_1Z|)(2+E) max{logl_lM,T(s<z|>,f>}>M,

where s(|z|) =1 —d (1 —|z]). As particular cases:
i) if o1 (f) = 01 < 00, then

(k—j)(o1+2+¢)
¥ (2) 1
< E;
6| < (= EE

70 (2)
it) if o, (f) = 00 < 00 forn > 2, then

(0n+5)
‘f(k) (Z) < exp,,_; {(1_:12,|> }7 |Z| ¢ E.

7 (2)
Lemma 4. [3] If f and g are meromorphic functions in the unit disc D, n €
N — {0}, then we have
(i) ou () = 0n (%) oula-f)=ou(f) (a€C—{0});
(i) on (f) = 0n (f');
(i) max {oy, (f +9), on (f-g)} <max{o, (f), 0n(9)};
(i) If on (f) < on(g), then o (f 4+ g) = on (g) and on (f - g) = on (9).

Lemma 5. Let Ag(2),..., Ax—1 (2) be meromorphic functions in the unit disc
D of finite n—order o, (A;) < oo and satisfying the assumption (IJ). Then
the sequence {U;} defined by (233) satisfies

® ()
9 ()

where 0 < e < B.

Proof. By induction on i € N. For ¢ = 0, we have U]‘»J = Aj; this case is
trivial because we have ([CH); we mention here that I'g\ F remains of infinite



122 Yssaad Somia, Saada Hamouda

logarithmic measure. For ¢ = 1, we have Ujl = A’ 1A AJH =A; +

Ajq (2i+1 - —) (j=0,1,...,k—1) and A, = 1. So

A A
2. 1 > 1A — A
(25) 03] 2 140l - bl (2] +] 52))
and
A Al
(2.6) |UF| < |Aj]+ |Aj41] (’ R )
J Ao
From (E33) and (Z8), we get
1) U A A ( AJE + ‘ﬁ)
. 71 .
L v (1= Bt (5] + |2)

Set 0, = maxo<j<ip—1 {on (4;)}. Then from Lemma B, we have

1
<exp, 14— ¢, |2| ¢ E.
N e S

From the assumption (ICH), we have

2.8 4
(2.8) A

4, () R
- 140 (2) e"p"{u - |z|>“} =0 G=L-h)

which means that for every € > 0 there exists 0 < 7y < 1 such that for all z € T’
with ro < |z| =r < 1 we have

14, 8 )
Ao (2)] p”{u - z|>“} =

In particular for e = 1, we have

i)

So, from (E8) and (Z9), we get

A

J

(2.9) I

A 2D < o))
TA il e <|e nY 1 L \H s
Aol \| Ay | T A |) =\ PP a = 2"

as |z| = 1~ with z € T and |z| ¢ E; and so we can put

A

Ay

A/

+A0

A 1
(2.10) _ A ( ) >— as |z| > 1" withz €T and |z] ¢ E.
Aol 2
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By combining (272)-(210), we obtain

(2.11)
Ul A— £ -t
—Jl < <expn {2 7 }) as |z| > 17 with z € " and |z| ¢ E.
Us (1—1z))

Now from () we have
1 1

o] = (14
of |l (1 = o] ( e

By the assumption (IH), we have

(2.12)

A

)

li ! e { b } 0
M s €XPy o o (= U
so1 Ao ) P L a =)

and by the same previous method for|z| — 1~ with z € T, we get

Using (210) and (E13) in (Z032), we obtain
(2.14)

1 -\
o < (expn {m}) as |z| > 17 with z € T and |z| ¢ E.
p _

(E1m) and (214) imply that () is satisfied for ¢« = 1. Now, suppose that (22)
is satisfied for ¢« = m; which implies that, as |z| — 1~ with z € " and |z| ¢ E,

we have . B
ASAtE)

g = (oo {5r )

v
g

and

From (233), we get

Um’l um
o < e+ ol (|| + )
and
1 < 1
Um+1 - m mr m/ ’
| 0 | |U§| (1— ig%n} (‘UUE,L + ’U&) ))

By the same method used in (E3)-(2Z14) and taking into account that o, (U;) <
maxo<;<k—110n (4;)} (this follows from Lemma B and by induction on ), we

obtain ’U +1’ )
m B—¢ -
J < 2
oyt = <e"p"{<1— |z|>“}>
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= (e (o)

as |z| = 17 with z € T and |z| ¢ E; which imply that (E3) is satisfied for
i =m + 1. Thus the proof is completed. O

and

Lemma 6. Let Ag(2),..., Ax—1 (2) be meromorphic functions in the unit disc
D of finite order satisfying the condition (I=3). Then, for every fixed u > 0,
the sequence {U;} defined by (223) satisfies

ZU” )|+
2 e

(2.15) =0, |z|]¢E.

Proof. By induction on i € N. For ¢ = 0, we have UJ(»J = Aj;; this case is trivial
because we have (I33). For ¢ = 1; from the assumption (I33), we have

145 ()]

2.16 lim =0, (j=1,..k
(2.16) A el )
and

(2.17) lim ! ~0.

=17 [Ao (2)] (1 — |2)"

(E18) means that for every € > 0 there exists 0 < ro < 1 such that forall z € T
with ro < |z| =r < 1 we have

145 (2)]
[ 4o (2)] (1 = |2])"

< eE.

In particular for € = 1, we have

A
(2.18) :Az) Ez;: < (1—|z])*, for every fixed p > 0.

The same applies for (217); from which we get

1
(2.19) Ao @l < (1—|z])*, for every fixed p > 0.
Set o1 = maxo<j<k—1 {01 (A;)}. From Lemma B, we have
220) . STY:
: AN |2 .
Ajl T (L= fal)

So, from (EOR) and (2220), we get

[A1] ( Al
40|

A/
Ay

U
| e
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and since we have for every fixed p > 0, we can choose p > 01 + 2 4 ¢; thus, as
|z] = 17 with z € T and |z| ¢ E, we get

N EANE
4o] \| 4, + A — 0;
and then, we can put
|A1\ Al A 1
(2.21) ~ 1 A, + A >3 as |2l 17 with z €T and |2| ¢ E.

By combining (EIR)-(2Z21) with (EZ2), we obtain
1

(2.22) Uo

<(1- |z\) as |z| = 17 with z € T and |2]| ¢ E,

for every fixed p/ > 0. Also the combining of (EZT9)-(EZ20) with (ET2) gives

(2.23) <(1—]2))* as |z| » 1" withz € and |2| ¢ E,

for every fixed p/ > 0. (Z22) and (2223) imply that (E3) holds for ¢ = 1.
Now, suppose that (E7I3) is satisfied for ¢ = m; which implies that, for every
fixed 4 > 0, as |z| = 1~ with z € T and |z| ¢ E, we have

L < 1 _ =
| < (012D
and 1
Ty < (1= (=)
UG
By the same method used above, we obtain that, for every fixed ' > 0,
|um :
< (1-z)*
e < A= leD

and )
‘U +1’ —( _|Z|)H

as |z| — 1~ with z € T and |2| ¢ E; which imply that (27I3) holds for i = m+1.
Thus, the proof is completed. O

Lemma 7. Let G #0,H; (z) j =0,1,...,k — 1 be meromorphic functions in
the unit disc D. If f is a meromorphic solution of the differential equation

(2.24) F® 4 H oy (2) f* YD+ 4+ H (2) f + Ho(2) f =G (2),
satisfying max {0, (G),0n (H;); j=0,1,..,k =1} < o, (f), then

Proof. The same reasoning of the proof of Lemma 3.5 in [2] when G # 0, H; (2)
are analytic in the unit disc D. O
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3. Proof of theorems

Proof of Theorem 0. Suppose that f # 0 is a solution of () and ¢ (z) # 0
is a meromorphic function of finite order in the unit disc D. We start to prove
(r3) for i = 0, i.e. A (f—9) = M (f —9) = 01(f) = oco. From Theorem
@ and Remark 0, we have o1 (f) = oo. Set g = f — . Since g1 () < oo,
we have o1 (g9) = o1 (f) = co. By Lemma [, g satisfies (E0). Set G (z) =
©o®) + Ap_1o®D 4 4 Agp. If G = 0, then by Theorem A and Remark
M, we have o1 (@) = o0, a contradiction; thus G # 0. We have o1 (g9) =
o1 (f) = 00 > max{o1 (G),01 (A4;)}; so the assumption of Lemma @ holds for
the differential equation (21); and then we have A1 (g) = A1 (9) = o1 (g). Then,
we conclude that A\; (f —¢) = A1 (f —¢) = 01 (f) = co. Now, we prove (2)
for i > 1. Set g; = f) — . By Lemma B, we have oy (f(i)) =01 (f) = 00, and
since o1 () < 0o, we obtain o1 (¢;) = o1 (f) = co. By Lemma B, g; satisfies
(E2). Set G; = p*) 4+ Ui _ "=V 4 +Udep. If G; = 0, by Lemma B, Theorem
A and Remark 0, we get o1 (p) = oo, a contradiction; so G; # 0. Now, by
Lemma @, as above, we obtain A (g;) = A\; (g;) = o1 (g5) i.e. )\T(f(i) — <p) =

)\1(f(i)—<p):01(f):oo. 0

Proof of Theorem B. Suppose that f # 0 is a solution of (I2) and ¢ (z) Z£ 0 is
a meromorphic function in the unit disc D satisfying 0,41 (p) < p. We start
to prove (I@) for i = 0, i.e. A1 (f — @) = A1 (f — @) = opns1 (f) > .
From Theorem B and Remark 0, we have 0,11 (f) > p. Set g = f — ¢. From
Ont1 () < p, we get opy1(9) = ony1 (f). By Lemma M, g satisfies (7).
Set G (2) = ) 4+ Ap_10*=V 4 . 4+ Agp. If G = 0, then by Theorem B
and Remark 0, we obtain 0,41 (p) > p, a contradiction; thus G # 0. Now,
from o141 (9) = opt1 (f) > p > max{o,41 (G), 0n+1 (4;)}, the assumption
of Lemma @ holds; and then we have A\,4+1(9) = Ant1(9) = 0nt1(g). Then,
we conclude that A,y1 (f — @) = A1 (f — @) = ont1 (f) > p. Now we prove
(CB) for i > 1. Set g; = f) — . From 0,41 (f(i)) = opt1 (f) > p and
Ont1 () < p, we have 0,41 (9;) = opt1 (f) = p. By Lemma B, g; satisfies
(E2). Set G; = ®) + Ui _p*=1 4+ Ulp. If G; = 0, by Lemma B,
Theorem B and Remark 0, we get 0,41 (¢) > p, a contradiction; so G; # 0.
Now, by Lemma [@, as above, we obtain A,11(9;) = Ant1 (9i) = ont1 (gs) ie.

A1 (fD =) = Xs1 (f9 — @) = 0p1 (f) = e
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