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A TWO-DIMENSIONAL SYSTEM OF DELTA-NABLA
FRACTIONAL DIFFERENCE INCLUSIONS
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Abstract. We investigate the existence of a solution for a system of
Delta-Nabla fractional difference inclusion via fractional boundary con-
ditions with some boundary conditions. We provide an example to illus-
trate our main result.
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1. Introduction

There are many published works about distinct types of fractional finite
difference equations (see for example, [1], [6], [7], [27], [29] and the references
therein) and some equations including the delta and nabla operators (see for
example, [4], [14]-[17], [19], [23] and [24]). Also, many papers have been pub-
lished about two-dimensional systems of differential or difference equations (see
for example, [10], [12], [13], [18] and [25]). As we know, each differential equa-
tion is a special case of a related differential inclusion and so it is suitable for us
to investigate fractional inclusions. Recently, some results have been obtained
on fractional finite difference inclusions ([8] and [9]). The Gamma function has
some well-known properties, such as Γ(z + 1) = zΓ(z) and Γ(n) = (n− 1)! for

all n ≥ 1. Define tν = Γ(t+1)
Γ(t+1−ν) for all t, ν ∈ R whenever the right-hand side is

defined. If t + 1 − ν is a pole of the Gamma function and t + 1 is not a pole,
then we define tν = 0 (see [3]). One can verify that νν = νν−1 = Γ(ν + 1)
and tν+1 = (t − ν)tν . We use the notations Na = {a, a + 1, a + 2, . . . } for all
a ∈ R and Nb

a = {a, a + 1, a + 2, . . . , b} for all real numbers a and b when-
ever b − a is a natural number. Let ν > 0 be such that m − 1 < ν ≤ m
for some natural number m. Then the ν-th fractional sum of f based at a
is defined by ∆−ν

a f(t) = 1
Γ(ν)

∑t−ν
s=a(t − σ(s))ν−1f(s) for all t ∈ Na+ν ([22]).

We consider the trivial case ∆−0
a f(t) = f(t) for t ∈ Na. Similarly, we define

∆ν
af(t) =

1
Γ(−ν)

∑t+ν
k=a(t−σ(k))−ν−1f(k) for all t ∈ Na+m−ν , where σ(k) = k+1

is the forward jump operator (see [3] and [5]).
For using the Covitz and Nadler theorem in our main result, we need to

introduce some notions about multifunctions on metric spaces. Let (X, d) be a
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metric space. Denote by P (X), 2X , Pc(X) and Pcp(X) the class of all subsets,
the class of all nonempty subsets, the class of all closed subsets and the class
of all compact subsets of X, respectively. A mapping Q : X → 2X is called a
multifunction on X and u ∈ X is called a fixed point of Q whenever u ∈ Qu
([8] and [9]). The (generalized) Pompeiu-Hausdorff metric Hd on Pc(X) is

defined Hd(A,B) = max

{
supa∈A d(a,B), supb∈B d(A, b)

}
, where d(A, b) =

infa∈A d(a, b) (see [2] and [11]). Denote by Ψ the family of nondecreasing
functions ψ : [0,∞) → [0,∞) such that

∑∞
n=1 ψ

n(t) < ∞ for all t > 0. Let
α : X ×X → [0,∞) be a map, ψ ∈ Ψ and T : X → 2X a multifunction. We
say that T is α-admissible whenever α(x, y) ≥ 1 implies α(Tx, Ty) ≥ 1 ([26]).
Also, we say that X has the condition (Cα) whenever for each sequence {xn}
in X with α(xn, xn+1) ≥ 1 for all n and xn → x, there exists a subsequence
{xnk

} of {xn} such that α(xnk
, x) ≥ 1 for all k ([26]).

In 2011, Goodrich investigated the problem −∆νy(t) = f(t+ν−1, y(t+ν−
1)) with boundary conditions αy(ν−2)−β∆y(ν−2) = 0 and γy(ν+b)−δ∆y(ν+
b) = 0, where t ∈ [0, b]N0 , ν ∈ (1, 2] and αγ + αδ + βγ ̸= 0 with α, β, γ, δ ≥ 0
([20]). In 2015 by using idea of [20], Baleanu, Rezapour and Salehi investigated
the existence of solution for the fractional finite difference inclusion ∆νx(t) ∈
F (t, x(t),∆x(t),∆2x(t)) with boundary conditions ξx(ν−3)+β∆x(ν−3) = 0,
x(η) = 0 and γx(b + ν) + δ∆x(b + ν) = 0, where η ∈ Nb+ν−1

ν−2 , 2 < ν < 3

and F : Nb+ν+1
ν−3 × R × R × R → 2R is a compact valued multifunction ([8]).

Also, they investigated the fractional finite difference inclusion ∆µ
µ−2x(t) ∈

F (t, x(t),∆x(t)) via the boundary conditions ∆x(b+µ) = A and x(µ−2) = B,

where 1 < µ ≤ 2, A,B ∈ R and F : Nb+µ+2
µ−2 ×R×R → 2R is a compact valued

multifunction in 2016 ([9]). By mixing ideas of the mentioned papers on two-
dimensional systems of differential equations, we investigate the existence of
solutions for the two-dimensional system of Delta-Nabla fractional difference
inclusions

(1.1)


∆νx(t) ∈ F1

(
t, x(t), y(t),∇x(t),∇y(t),∇2x(t),∇2y(t)

)
,

∆µy(t) ∈ F2

(
t, x(t), y(t),∇x(t),∇y(t),∇2x(t),∇2y(t)

)
with the boundary conditions x(ν − 3) + ∆α1x(ν − 1 − α1) = 0, x(ν + b +
1) + ∆β1x(ν + b− β1) = 0, ∆x(η1) = 0 and y(µ− 3) + ∆α2y(µ− 1− α2) = 0,
y(µ+b+1)+∆β2y(µ+b−β2) = 0 and ∆y(η2) = 0, where 1 < α1 ≤ 2, 0 < β1 ≤
1, 2 < ν < 3, η1 ∈ Nν+b−2

ν−1 , 1 < α2 ≤ 2, 0 < β2 ≤ 1, 2 < µ < 3, η2 ∈ Nµ+b−2
µ−1

and F1 : Nb+ν+1
ν−3 × R6 → 2R and F2 : Nb+µ+1

µ−3 × R6 → 2R are compact valued
multifunctions. As commonly known, the nabla operator∇ on a function f acts
by∇f(t) = f(t)−f(t−1) ([28]). It is easy to check that∇t(t−a)ν = ν(t−a)ν−1

and ∇t(a−t)ν = −ν(a−ρ(t))ν−1 ([28]). Let ν > 0 be such that m−1 < ν ≤ m
for some natural number m. Then the ν-th nabla fractional sum of f based at
a is defined by ∇−ν

a f(t) = 1
Γ(ν)

∑t
k=a+1(t− ρ(k))ν−1f(k) for all t ∈ Na ([28]).

Similarly, one can define ∇ν
af(t) = 1

Γ(−ν)

∑t
k=a+1(t − ρ(k))−ν−1f(k) for all
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t ∈ Na+m ([28]). By considering the details, it is easy now to know more about
∇u and ∇2u which we used in the problem (1). To prove of our main results,
we need the following results.

Lemma 1.1. ([21]) Let a ∈ R, ν > 0 with m− 1 < ν ≤ m and µ > 0. Then,
∆(t − a)µ = µ(t − a)µ−1 for all t for which both sides are well defined. Also,
∆−ν

a+µ(t−a)µ = µ−ν(t−a)µ+ν for t ∈ Na+µ+ν and ∆ν
a+µ(t−a)µ = µν(t−a)µ−ν

for t ∈ Na+µ+m−ν .

Lemma 1.2. ([29]) Let µ > 0 with m− 1 < µ ≤ m, a ∈ R and f : Na → R be
a map. Then, ∆−µ

a+m−µ∆
µ
af(t) = f(t) + c1(t− a−m+ µ)µ−1 + c2(t− a−m+

µ)µ−2 + . . .+ cm(t− a−m+µ)µ−m, where c1, . . . , cm ∈ R are some constants.

Lemma 1.3. [26] Let (X, d) be a complete metric space, α : X ×X → [0,∞)
a map, ψ ∈ Ψ a strictly increasing map and T : X → CB(X) an α-admissible
multifunction such that α(x, y)H(Tx, Ty) ≤ ψ(d(x, y)) for all x, y ∈ X, and
there exist x0 ∈ X and x1 ∈ Tx0 with α(x0, x1) ≥ 1. If X satisfies the condition
(Cα), then T has a fixed point.

2. Main Results

Now, we are ready to state and prove our main results. First, we provide
the following key Lemma.

Lemma 2.1. Let y : Nb+1
0 → R be a map and 2 < ν < 3. Then x0 is a

solution for the fractional difference equation ∆νx(t) = y(t) with the boundary
conditions x(ν − 3) + ∆αx(ν − 1− α) = 0, x(ν + b+ 1) + ∆βx(ν + b− β) = 0
and ∆x(η) = 0 if and only if x0 is a solution for the fractional sum equation

x(t) =
∑b+1

s=0G(t, s)y(s), where

G(t, s) =

[
−δ(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
−
δ(ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
tν−1

+

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θδ + λ)Γ(ν)
+

(ν − 3)(ν + b− β − σ(s))ν−1−β

(ν − 2)(θδ + λ)Γ(ν − β)

]
tν−2

+

[
−(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
−

(ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
tν−3 +

(t− σ(s))ν−1

Γ(ν)

whenever 0 ≤ s ≤ t− ν ≤ b+ 1 and

G(t, s) =

[
−δ(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
−
δ(ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
tν−1

+

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θδ + λ)Γ(ν)
+

(ν − 3)(ν + b− β − σ(s))ν−1−β

(ν − 2)(θδ + λ)Γ(ν − β)

]
tν−2

+

[
−(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
−

(ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
tν−3

whenever 0 ≤ t− ν + 1 ≤ s ≤ b+ 1. Here,

θ =
Γ(ν + b+ 2)

(b+ 2)!
+

(ν + b− β)ν−3−βΓ(ν)(b+ 2)(b+ 3)

Γ(ν − β)
,
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δ =
(ν − α− 1)(ν − 4 + α)− 2

2(ν − 1)(ν − 2)

and

λ =
Γ(ν + b+ 2)(10− 3ν − 3b− bν)

(ν − 2)(b+ 4)!
+

(ν + b− β)ν−3−βΓ(ν − 2)(7− bν − 2ν + 3b− β)

Γ(ν − β − 1)
.

Proof. Let x0 be a solution for the fractional difference equation ∆νx(t) = y(t)
with the boundary conditions x(ν − 3) + ∆αx(ν − 1 − α) = 0, x(ν + b +
1) + ∆βx(ν + b − β) = 0 and ∆x(η) = 0. By using Lemma 1.2, we get
x0(t) = c1t

ν−1 + c2t
ν−2 + c3t

ν−3 + 1
Γ(ν)

∑t−ν
s=0(t− σ(s))ν−1y(s) and so

∆αx0(t) = c1
Γ(ν)tν−1−α

Γ(ν − α)
+ c2

Γ(ν − 1)tν−2−α

Γ(ν − α− 1)
+ c3

Γ(ν − 2)tν−3−α

Γ(ν − α− 2)

+
1

Γ(ν − α)

t−ν+α∑
s=0

(t− σ(s))ν−1−αy(s).

By using the boundary condition x(ν − 3) + ∆αx(ν − 1− α) = 0, we obtain

c1(ν − 3)ν−1 + c2(ν − 3)ν−2 + c3(ν − 3)ν−3 +
1

Γ(ν)

−3∑
s=0

((ν − 3)− σ(s))ν−1y(s)

= −c1
Γ(ν)(ν − α− 1)ν−1−α

Γ(ν − α)
− c2

Γ(ν − 1)(ν − α− 1)ν−2−α

Γ(ν − α− 1)

−c3
Γ(ν − 2)(ν − α− 1)ν−3−α

Γ(ν − α− 2)
− 1

Γ(ν − α)

(ν−α−1)−ν+α∑
s=0

((ν−α−1)−σ(s))ν−1−αy(s).

Since (ν − 3)ν−1 = (ν − 3)ν−2 = 0, (ν − 3)ν−3 = Γ(ν − 2) and
∑−3

s=0(ν −
3− σ(s))ν−1y(s) = 0, we get c3Γ(ν − 2) = −c1Γ(ν)− c2Γ(ν − 1)(ν − α− 1)−
1
2c3Γ(ν − 2)(ν − α− 1)(ν − α− 2) and so

c3 = −c1(ν − 1)(ν − 2)− c2(ν − 2)(ν − α− 1)− 1

2
c3(ν − α− 1)(ν − α− 2).

Now by using the condition x(ν + b+ 1) + ∆βx(ν + b− β) = 0, we obtain

c1(ν + b+ 1)ν−1 + c2(ν + b+ 1)ν−2 + c3(ν + b+ 1)ν−3

+
1

Γ(ν)

(ν+b+1)−ν∑
s=0

((ν + b+ 1)− σ(s))ν−1y(s) + c1
Γ(ν)(ν + b− β)ν−1−β

Γ(ν − β)

+c2
Γ(ν − 1)(ν + b− β)ν−2−β

Γ(ν − β − 1)
+ c3

Γ(ν − 2)(ν + b− β)ν−3−β

Γ(ν − β − 2)

+
1

Γ(ν − β)

(ν+b−β)−ν+β∑
s=0

((ν + b− β)− σ(s))ν−1−βy(s) = 0
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and so

c1
(b+ 3)Γ(ν + b+ 2)

Γ(ν + b+ 1− β)
+ c2

Γ(ν + b+ 2)

Γ(ν + b+ 1− β)
+ c3

Γ(ν + b+ 2)

(b+ 4)Γ(ν + b+ 1− β)

+
1

(ν + b− β)ν−3−βΓ(ν)

b+1∑
s=0

(ν + b+ 1− σ(s))ν−1y(s)

+c1
Γ(ν)(b+ 2)(b+ 3)

Γ(ν − β)
+ c2

Γ(ν − 1)(b+ 3)

Γ(ν − β − 1)
+ c3

Γ(ν − 2)

Γ(ν − β − 2)

+
1

(ν + b− β)ν−3−βΓ(ν − β)

b∑
s=0

(ν + b− β − σ(s))ν−1−βy(s) = 0.

On the other hand, we have

∆x0(t) = c1(ν − 1)tν−2 + c2(ν − 2)tν−3 + c3(ν − 3)tν−4

+
1

Γ(ν − 1)

t−ν+1∑
s=0

(t− σ(s))ν−2y(s).

By using the condition ∆x0(ν − 3) = 0, we get

0 = c1(ν − 1)(ν − 3)ν−2 + c2(ν − 2)(ν − 3)ν−3 + c3(ν − 3)(ν − 3)ν−4

+
1

Γ(ν − 1)

ν−3−ν+1∑
s=0

(ν − 3− σ(s))ν−2y(s)

and so c2(ν − 2) + c3(ν − 3) = 0. Hence, we obtain

c1 =
−δ

(θδ + λ)Γ(ν)

b+1∑
s=0

(ν + b+ 1− σ(s))ν−1y(s)

− δ

(θδ + λ)Γ(ν − β)

b∑
s=0

(ν + b− β − σ(s))ν−1−βy(s),

c2 = ν−3
(ν−2)(θδ+λ)Γ(ν)

∑b+1
s=0(ν+b+1−σ(s))ν−1y(s)+ (ν−3)

(ν−2)(θδ+λ)Γ(ν−β)

∑b
s=0(ν+

b − β − σ(s))ν−1−βy(s) and c3 = −1
(θδ+λ)Γ(ν)

∑b+1
s=0(ν + b + 1 − σ(s))ν−1y(s) −

1
(θδ+λ)Γ(ν−β)

∑b
s=0(ν + b− β − σ(s))ν−1−βy(s). We can replace

∑b
s=0(ν + b−

β− σ(s))ν−1−βy(s) by
∑b+1

s=0(ν + b− β− σ(s))ν−1−βy(s), because (ν + b− β −
σ(b+ 1))ν−1−β = 0. Thus, we obtain

x0(t) =

b+1∑
s=0

[
−δ(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
−
δ(ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
tν−1y(s)
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+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θδ + λ)Γ(ν)
+

(ν − 3)(ν + b− β − σ(s))ν−1−β

(ν − 2)(θδ + λ)Γ(ν − β)

]
tν−2y(s)

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
−

(ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
tν−3y(s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1y(s) =

b+1∑
s=0

G(t, s)y(s).

Now let x0 be a solution for the equation x(t) =
∑b+1

s=0G(t, s)y(s). Then, we
have

x0(t) =

b+1∑
s=0

[
−δ(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
−
δ(ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
tν−1y(s)

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θδ + λ)Γ(ν)
+

(ν − 3)(ν + b− β − σ(s))ν−1−β

(ν − 2)(θδ + λ)Γ(ν − β)

]
tν−2y(s)

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
−

(ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
tν−3y(s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1y(s).

Since (ν − 3)ν−1 = (ν − 3)ν−2 = 0, (ν − 3)ν−3 = Γ(ν − 2) and
∑−3

s=0(ν −

3 − σ(s))ν−1y(s) = 0, we get x0(ν − 3) = Γ(ν − 2)
∑b+1

s=0

[
−(ν+b+1−σ(s))ν−1

(θδ+λ)Γ(ν) −

(ν+b−β−σ(s))ν−1−β

(θδ+λ)Γ(ν−β)

]
y(s). On the other hand, some simple calculations show us

that (ν−1−α)ν−1−α = (ν−1−α)ν−2−α = Γ(ν−α), (ν−1−α)ν−3−α = 1
2Γ(ν−α)

and
∑−1

s=0(t− σ(s))ν−1−αy(s) = 0. Since

∆αx0(ν − 1− α) =
Γ(ν)Γ(ν − α)

Γ(ν − α)

×
b+1∑
s=0

[
−δ(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
− δ(ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
y(s)

+
Γ(ν − 1)Γ(ν − α)

Γ(ν − α− 1)

×
b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θδ + λ)Γ(ν)
+

(ν − 3)(ν + b− β − σ(s))ν−1−β

(ν − 2)(θδ + λ)Γ(ν − β)

]
y(s)

+
Γ(ν − 2)Γ(ν − α)

2Γ(ν − α− 2)

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θδ + λ)Γ(ν)
− (ν + b− β − σ(s))ν−1−β

(θδ + λ)Γ(ν − β)

]
y(s),

we get x0(ν − 3) + ∆αx0(ν − 1− α) = 0. One can check that x0(ν + b+ 1) +
∆βx0(ν+ b−β) = 0 and ∆x0(η) = 0. Thus, x0(t) = c1t

ν−1+ c2t
ν−2+ c3t

ν−3+
1

Γ(ν)

∑t−ν
s=0(t− σ(s))ν−1y(s) is a solution for the equation ∆νx(t) = y(t). This

completes the proof.
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Now, we are ready to prove our result about the existence of solutions
for the two-dimensional system of Delta-Nabla fractional difference inclusions
(1.1). Let X1 be the set of all functions x : Nb+ν+1

ν−3 → R endowed with the
norm ∥x∥1 = maxt∈Nb+ν+1

ν−3
|x(t)| +maxt∈Nb+ν+1

ν−3
|∇x(t)| +maxt∈Nb+ν+1

ν−3
|∇2x(t)|

and X2 be the set of all functions y : Nb+µ+1
µ−3 → R endowed with the norm

∥y∥2 = max
t∈Nb+µ+1

µ−3

|y(t)|+ max
t∈Nb+ν+1

µ−3

|∇y(t)|+ max
t∈Nb+µ+1

µ−3

|∇2y(t)|.

It is clear that (X1, ∥.∥1) and (X2, ∥.∥2) are Banach spaces. Thus, the space
X = X1 × X2 with the norm ∥(x, y)∥X = ∥x∥1 + ∥y∥2 is a Banach space. Let
(x, y) ∈ X be given. Define the set of selections of Fi at (x, y) by SFi,(x,y) =

{z : Nb+1
0 → R : z(t) ∈ Fi(t, x(t), y(t),∇x(t),∇y(t),∇2x(t),∇2y(t)) for all t ∈

Nb+1
0 } for i = 1, 2. We say that (x, y) ∈ X is a solution for the two-dimensional

system (1.1) whenever there exists functions z1, z2 : Nb+1
0 → R such that zi(t) ∈

Fi(t, x(t), y(t),∇x(t),∇y(t),∇2x(t),∇2y(t)) for all t ∈ Nb+1
0 ,

x(t) =

b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1z1(s)

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2z1(s)

+
b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3z1(s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1z1(s)

for all t ∈ Nb+ν+1
ν−3 ,

y(t) =
b+1∑
s=0

[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
−δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−1z2(s)

+

b+1∑
s=0

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−2z2(s)

+

b+1∑
s=0

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−3z2(s)

+
1

Γ(µ)

t−µ∑
s=0

(t− σ(s))µ−1z2(s)

for all t ∈ Nb+µ+1
µ−3 , x(ν−3)+∆α1x(ν−1−α1) = 0, x(ν+b+1)+∆β1x(ν+b−β1) =

0, ∆x(η1) = 0, y(µ−3)+∆α2y(µ−1−α2) = 0, y(µ+b+1)+∆β2y(µ+b−β2) = 0
and ∆y(η2) = 0. Since Fi(t, x(t), y(t),∇x(t),∇y(t),∇2x(t),∇2y(t)) ̸= ∅ for
i = 1, 2, the selection principle implies that SFi,(x,y) is non empty. Now, we
prove our main result.
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Theorem 2.2. Suppose that ψ ∈ Ψ, F1 : Nb+ν+1
ν−3 × R6 → Pcp(R) and F2 :

Nb+µ+1
µ−3 × R6 → Pcp(R) are multifunctions such that

Hd

(
Fi(t, x1, x2, x3, x4, x5, x6), Fi(t, y1, y2, y3, y4, y5, y6)

)
≤ ψ(

6∑
j=1

|xj − yj |)

for all t ∈ Nb+ν+1
ν−3 , x1, . . . , x6, y1, . . . , y6 ∈ R and i = 1, 2. Then the problem

(1.1) has a solution.

Proof. Let (x, y) ∈ X be given. Choose z1 ∈ SF1,(x,y) and z2 ∈ SF2,(x,y). Define

h1(t) =

b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1z1(s)

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2z1(s)

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3z1(s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1z1(s)

for all t ∈ Nb+ν+1
ν−3 and

h2(t) =

b+1∑
s=0

[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−1z2(s)

+

b+1∑
s=0

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−2z2(s)

+

b+1∑
s=0

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−3z2(s)

+
1

Γ(µ)

t−µ∑
s=0

(t− σ(s))µ−1z2(s)

for all t ∈ Nb+µ+1
µ−3 , where

λ1 =
Γ(ν + b+ 2)(10− 3ν − 3b− bν)

(ν − 2)(b+ 4)!

+
(ν + b− β1)

ν−3−β1Γ(ν − 2)(7− bν − 2ν + 3b− β1)

Γ(ν − β1 − 1)
,

θ1 = Γ(ν+b+2)
(b+2)! + (ν+b−β1)

ν−3−β1Γ(ν)(b+2)(b+3)
Γ(ν−β1)

, δ1 = (ν−α1−1)(ν−4+α1)−2
2(ν−1)(ν−2) , θ2 =

Γ(µ+b+2)
(b+2)! + (µ+b−β2)

µ−3−β2Γ(µ)(b+2)(b+3)
Γ(ν−β2)

, δ2 = (µ−α2−1)(µ−4+α2)−2
2(µ−1)(µ−2) and λ2 =
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Γ(µ+b+2)(10−3µ−3b−bµ)
(µ−2)(b+4)! + (µ+b−β2)

µ−3−β2Γ(µ−2)(7−bµ−2µ+3b−β2)
Γ(µ−β2−1) . It is easy to see

that h1 ∈ X1, h2 ∈ X2 and so the sets

Ω1 =
{
h1 ∈ X1 : there exists y ∈ SF1,(x,y) such that

h1(t) =

b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1z1(s)

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2z1(s)

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3z1(s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1z1(s) for all t ∈ Nν+b+1
ν−3

}

and

Ω2 =
{
h2 ∈ X2 : there exists y ∈ SF2,(x,y) such that

h2(t) =

b+1∑
s=0

[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−1z2(s)

+

b+1∑
s=0

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−2z2(s)

+

b+1∑
s=0

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−3z2(s)

+
1

Γ(µ)

t−µ∑
s=0

(t− σ(s))µ−1z2(s) for all t ∈ Nµ+b+1
µ−3

}

are nonempty. Define the operator T : X → 2X by

T (x, y)(t1, t2) =

(
T1(x, y)(t1)
T2(x, y)(t2)

)
,
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where

T1(x, y) =
{
g1 ∈ X1 : there exists z1 ∈ SF1,(x,y)

such that

g1(t) =

b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1z1(s)

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2z1(s)

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3z1(s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1z1(s) for all t ∈ Nν+b+1
ν−3

}

and

T2(x, y) =
{
g2 ∈ X2 : there exists z2 ∈ SF2,(x,y)

such that

g2(t) =

b+1∑
s=0

[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−1z2(s)

+

b+1∑
s=0

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−2z2(s)

+

b+1∑
s=0

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−3z2(s)

+
1

Γ(µ)

t−µ∑
s=0

(t− σ(s))µ−1z2(s) for all t ∈ Nµ+b+1
µ−3

}
.

We show that the multifunction T has a fixed point. First, we prove that T (x, y)
is a closed subset of X for all (x, y) ∈ X . Let (x, y) ∈ X and {(xn, yn)}n≥1 be
a sequence in T (x, y) with (xn, yn) → (x0, y0). For each n, choose (zn1 , z

n
2 ) ∈

SF1,(x,y) × SF2,(x,y) such that

xn =

b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1zn1 (s)

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2zn1 (s)

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3zn1 (s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1zn1 (s)
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for all t ∈ Nb+ν+1
ν−3 ,

yn =

b+1∑
s=0

[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−1zn2 (s)

+

b+1∑
s=0

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−2zn2 (s)

+

b+1∑
s=0

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−3zn2 (s)

+
1

Γ(µ)

t−µ∑
s=0

(t− σ(s))µ−1zn2 (s)

for all t ∈ Nb+µ+1
µ−3 and n ≥ 1. Since the multifunctions F1 and F2 are compact

valued, {zni }n≥1 has a subsequence which converges to some z0i : Nb+1
0 → R

for i = 0, 1. We denote this subsequence again by {zni }n≥1. It is easy to check
that z01 ∈ SF1,(x,y), z

0
2 ∈ SF2,(x,y),

xn(t) → x0(t) =

b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1z01(s)

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2z01(s)

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3z01(s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1z01(s)

for all t ∈ Nb+ν+1
ν−3 and

yn(t) → y0(t) =

b+1∑
s=0

[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−1z02(s)

+

b+1∑
s=0

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−2z02(s)

+

b+1∑
s=0

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−3z02(s)

+
1

Γ(µ)

t−µ∑
s=0

(t− σ(s))µ−1z02(s)
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for all t ∈ Nb+µ+1
µ−3 . This implies that x0 ∈ T1(x, y) and y0 ∈ T2(x, y). Hence,

(x0, y0) ∈ T (x, y) and so the multifunction T has closed values. Since T is a
compact valued multifunction, it is easy to see that T (x, y) is a bounded set
in X for all (x, y) ∈ X . Let (u1, u2), (v1, v2) ∈ X , (h1, h2) ∈ T (u1, u2) and
(h′1, h

′
2) ∈ T (v1, v2). Choose (z1, z2) ∈ SF1,(u1,u2) × SF2,(u1,u2) and (z′1, z

′
2) ∈

SF1,(v1,v2) × SF2,(v1,v2) such that

h1(t) =

b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1z1(s)

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β11 − σ(s))ν−1−β11

(ν − 2)(θ1δ1 + λ1)Γ(ν − β11)

]
tν−2z1(s)

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β11 − σ(s))ν−1−β11

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3z1(s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1z1(s),

h′
1(t) =

b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1z′1(s)

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2z′1(s)

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3z′1(s)

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1z′1(s)

for all t ∈ Nb+ν+1
ν−3 and

h2 =

b+1∑
s=0

[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−1z2(s)

+

b+1∑
s=0

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−2z2(s)

+

b+1∑
s=0

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−3z2(s)

+
1

Γ(µ)

t−µ∑
s=0

(t− σ(s))µ−1z2(s),
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h′
2 =

b+1∑
s=0

[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−1z′2(s)

+

b+1∑
s=0

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−2z′2(s)

+

b+1∑
s=0

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−3z′2(s)

+
1

Γ(µ)

t−µ∑
s=0

(t− σ(s))µ−1z′2(s)

for all t ∈ Nb+µ+1
µ−3 . Since

Hd(F1(t, u1(t), v1(t),∇u1(t),∇v1(t),∇2u1(t),∇2v1(t)),

F1(t, u2(t), v2(t),∇u2(t),∇v2(t),∇2u2(t),∇2v2(t)))

≤ ψ
(
|u1(t)− u2(t)|+ |v1(t)− v2(t)|+ |∇u1(t)−∇u2(t)|

+|∇v1(t)−∇v2(t)|+ |∇2u1(t)−∇2u2(t)|+ |∇2v1(t)−∇2v2(t)|
)

for all (u1, u2), (v1, v2) ∈ X and t ∈ Nb+ν+1
ν−3 , we get

|z1(t)− z2(t)| ≤ ψ
(
|u1(t)− u2(t)|+ |v1(t)− v2(t)|+ |∇u1(t)−∇u2(t)|

+ |∇v1(t)−∇v2(t)|+ |∇2u1(t)−∇2u2(t)|+ |∇2v1(t)−∇2v2(t)|
)

For all t ∈ Nb+1
0 . Now, put

K1 = max
t∈Nb+1+ν

ν−3

∣∣∣∣ b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1

∣∣∣∣,
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K2 =

max
t∈Nb+1+ν

ν−3

∣∣∣∣ b+1∑
s=0

(ν−1)

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
(t−1)ν−2

+

b+1∑
s=0

(ν−2)

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+
(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
(t−1)ν−3

+

b+1∑
s=0

(ν − 3)

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
(t− 1)ν−4

+
1

Γ(ν − 1)

t−ν+1∑
s=0

(t− 1− σ(s))ν−2

∣∣∣∣,

K3 = max
t∈Nb+1+ν

ν−3

×
∣∣∣∣ b+1∑
s=0

(ν − 1)(ν − 2)

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−
δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
(t− 2)ν−3

+

b+1∑
s=0

(ν − 2)(ν − 3)

×
[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
(t− 2)ν−4

+

b+1∑
s=0

(ν − 3)(ν − 4)

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−

(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
(t− 2)ν−5

+
1

Γ(ν − 2)

t−ν+2∑
s=0

(t− 2− σ(s))ν−3

∣∣∣∣,

K4 = max
t∈Nb+1+µ

µ−3

∣∣∣∣ b+1∑
s=0

[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
−
δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−1

+

b+1∑
s=0

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−2

+

b+1∑
s=0

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
−

(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
tµ−3

+
1

Γ(µ)

t−µ∑
s=0

(t− σ(s))µ−1

∣∣∣∣,
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K5 = max
t∈Nb+1+µ

µ−3

∣∣∣∣ b+1∑
s=0

(µ− 1)

×
[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
(t− 1)µ−2

+

b+1∑
s=0

(µ−2)

[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+
(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
(t−1)µ−3

+

b+1∑
s=0

(µ− 3)

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
(t− 1)µ−4

+
1

Γ(µ− 1)

t−µ+1∑
s=0

(t− 1− σ(s))µ−2

∣∣∣∣

and

K6 = max
t∈Nb+1+µ

µ−3

∣∣∣∣ b+1∑
s=0

(µ− 1)(µ− 2)

×
[
−δ2(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− δ2(µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
(t− 2)µ−3

+

b+1∑
s=0

(µ− 2)(µ− 3)

×
[
(µ− 3)(µ+ b+ 1− σ(s))µ−1

(µ− 2)(θ2δ2 + λ2)Γ(µ)
+

(µ− 3)(µ+ b− β2 − σ(s))µ−1−β2

(µ− 2)(θ2δ2 + λ2)Γ(µ− β2)

]
(t− 2)µ−4

+

b+1∑
s=0

(µ−3)(µ−4)

[
−(µ+ b+ 1− σ(s))µ−1

(θ2δ2 + λ2)Γ(µ)
− (µ+ b− β2 − σ(s))µ−1−β2

(θ2δ2 + λ2)Γ(µ− β2)

]
(t−2)µ−5

+
1

Γ(µ− 2)

t−µ+2∑
s=0

(t− 2− σ(s))µ−3

∣∣∣∣.
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Then, we have

|h1(t)− h′1(t)| =∣∣∣∣ b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−
δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1(z1(s)− z′1(s))

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2(z1(s)−z′1(s))

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−

(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3(z1(s)− z′1(s))

+
1

Γ(ν)

t−ν∑
s=0

(t− σ(s))ν−1(z1(s)− z′1(s))

∣∣∣∣
≤ max

t∈Nb+1
0

|z1(s)− z′1(s)|

× max
t∈Nb+1+ν

ν−3

∣∣∣∣ b+1∑
s=0

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−
δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−1

+

b+1∑
s=0

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
tν−2

+

b+1∑
s=0

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−

(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
tν−3+

1

Γ(ν)

t−ν∑
s=0

(t−σ(s))ν−1

∣∣∣∣
≤ ψ

(
|u1(t)− u2(t)|+ |v1(t)− v2(t)|+ |∇u1(t)−∇u2(t)|+

|∇v1(t)−∇v2(t)|+ |∇2u1(t)−∇2u2(t)|+ |∇2v1(t)−∇2v2(t)|
)
×K1.

Also by using some similar calculations, we obtain

∇h1(t) =

b+1∑
s=0

(ν − 1)

×
[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
(t− 1)ν−2z1(s)

+

b+1∑
s=0

(ν − 2)

×
[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β − σ(s))ν−1−β

(ν − 2)(θ1δ1 + λ1)Γ(ν − β)

]
(t− 1)ν−3z1(s)

+

b+1∑
s=0

(ν − 3)

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β − σ(s))ν−1−β

(θ1δ1 + λ1)Γ(ν − β)

]
(t− 1)ν−4z1(s)

+
1

Γ(ν − 1)

t−ν+1∑
s=0

(t− 1− σ(s))ν−2z1(s),
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Hence,

|∇h1(t)−∇h′
1(t)| ≤ max

t∈Nb+1
0

|z1(s)− z′1(s)|×

max
t∈Nb+1+ν

ν−3

∣∣∣∣ b+1∑
s=0

(ν−1)

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
(t−1)ν−2

+

b+1∑
s=0

(ν−2)

[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+
(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
(t−1)ν−3

+

b+1∑
s=0

(ν − 3)

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
− (ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
(t− 1)ν−4

+
1

Γ(ν − 1)

t−ν+1∑
s=0

(t− 1− σ(s))ν−2

∣∣∣∣
≤ ψ

(
|u1(t)− u2(t)|+ |v1(t)− v2(t)|+ |∇u1(t)−∇u2(t)|+

|∇v1(t)−∇v2(t)|+ |∇2u1(t)−∇2u2(t)|+ |∇2v1(t)−∇2v2(t)|
)
×K2

and

|∇2h1(t)−∇2h′1(t)| ≤ max
t∈Nb+1

0

|z1(s)− z′1(s)|×

max
t∈Nb+1+ν

ν−3

×
∣∣∣∣ b+1∑
s=0

(ν − 1)(ν − 2)

[
−δ1(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−
δ1(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
(t− 2)ν−3

+

b+1∑
s=0

(ν − 2)(ν − 3)

×
[
(ν − 3)(ν + b+ 1− σ(s))ν−1

(ν − 2)(θ1δ1 + λ1)Γ(ν)
+

(ν − 3)(ν + b− β1 − σ(s))ν−1−β1

(ν − 2)(θ1δ1 + λ1)Γ(ν − β1)

]
(t− 2)ν−4

+

b+1∑
s=0

(ν − 3)(ν − 4)

[
−(ν + b+ 1− σ(s))ν−1

(θ1δ1 + λ1)Γ(ν)
−

(ν + b− β1 − σ(s))ν−1−β1

(θ1δ1 + λ1)Γ(ν − β1)

]
(t− 2)ν−5

+
1

Γ(ν − 2)

t−ν+2∑
s=0

(t− 2− σ(s))ν−3

∣∣∣∣
≤ ψ

(
|u1(t)− u2(t)|+ |v1(t)− v2(t)|+ |∇u1(t)−∇u2(t)|+

|∇v1(t)−∇v2(t)|+ |∇2u1(t)−∇2u2(t)|+ |∇2v1(t)−∇2v2(t)|
)
×K3.

By using some simple calculations, we obtain

|h2(t)− h′2(t)| ≤ ψ
(
|u1(t)− u2(t)|+ |v1(t)− v2(t)|+ |∇u1(t)−∇u2(t)|

+ |∇v1(t)−∇v2(t)|+ |∇2u1(t)−∇2u2(t)|+ |∇2v1(t)−∇2v2(t)|
)
×K4,
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|∇h2(t)−∇h′2(t)| ≤ ψ
(
|u1(t)− u2(t)|+ |v1(t)− v2(t)|+ |∇u1(t)−∇u2(t)|

+ |∇v1(t)−∇v2(t)|+ |∇2u1(t)−∇2u2(t)|+ |∇2v1(t)−∇2v2(t)|
)
×K5

and

|∇2h2(t)−∇2h′2(t)| ≤ ψ
(
|u1(t)− u2(t)|+ |v1(t)− v2(t)|+ |∇u1(t)−∇u2(t)|

+ |∇v1(t)−∇v2(t)|+ |∇2u1(t)−∇2u2(t)|+ |∇2v1(t)−∇2v2(t)|
)
×K6.

Hence,

∥(h1, h2)− (h′1, h
′
2)∥X = max

t∈Nb+1+ν
ν−3

|h1(t)− h′1(t)|+ max
t∈Nb+1+ν

ν−3

|∇h1(t)−∇h′1(t)|

+ max
t∈Nb+1+ν

ν−3

|∇2h1(t)−∇2h′1(t)|+ max
t∈Nb+1+ν

ν−3

|h2(t)− h′2(t)|

+ max
t∈Nb+1+ν

ν−3

|∇h2(t)−∇h′2(t)|+ max
t∈Nb+1+ν

ν−3

|∇2h2(t)−∇2h′2(t)|

≤ ψ(|u1(t)− u2(t)|+ |v1(t)− v2(t)|+ |∇u1(t)−∇u2(t)|+ |∇v1(t)−∇v2(t)|

+|∇2u1(t)−∇2u2(t)|+ |∇2v1(t)−∇2v2(t)|
)
× (K1 + · · ·+K6)

≤ (K1 + · · ·+K6)ψ(∥(u1, u2)− (v1, v2)∥)

for all (u1, u2), (v1, v2) ∈ X , (h1, h2) ∈ T (u1, u2) and (h′1, h
′
2) ∈ T (v1, v2). This

implies that

Hd(T (u1, u2), T (v1, v2)) ≤ (K1 + · · ·+K6)ψ(∥(u1, u2)− (v1, v2)∥)

for all (u1, u2), (v1, v2) ∈ X . Now, define the function α : X × X → [0,∞) by
α((u1, u2), (v1, v2)) = 1 whenever K1 + · · ·+K6 < 1 and α((u1, u2), (v1, v2)) =

1
K1+···+K6

otherwise. Thus, we conclude that

α((u1, u2), (v1, v2))Hd(T (u1, u2), T (v1, v2)) ≤ ψ(∥(u1, u2)− (v1, v2)∥)

for all (u1, u2), (v1, v2) ∈ X . One can easily check that X has the condition
(Cα) and T is α-admissible. By using Theorem 1.3, there exists (u∗, v∗) ∈ X
such that (u∗, v∗) ∈ T ((u∗, v∗)). One can check that (u∗, v∗) is a solution for
the problem (1.1).

Example 2.3. Consider the two-dimensional system Delta-Nabla fractional
difference inclusions
(2.1)

∆ex(t) ∈ [1, cosh(t3) + sin x(t)
40|t| + ∇ sin x(t)

e5|t|
+ |∇2x(t)|+|y(t)|

5π3t6 + |∇y(t)|
20|t| + |∇2y(t)|

80t2 ],

∆2.5y(t) ∈ [1, 10π + |x(t)|
4π + ∇ sin x(t)

e8 + |∇2x(t)|
8 cosh t2 + |y(t)|

5eπ|t| +
|∇y(t)|
30|t| + |∇2y(t)|

10e|t|
]
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with the boundary conditions x(e−3)+∆e−1x(0) = 0, x(13+e)+∆e−2x(14) =
0, ∆x(e+1) = 0, y(−0.5)+∆α2y(µ−1−α2) = 0, y(µ+b+1)+∆β2y(µ+b−β2) =
0 and ∆y(3.5) = 0. Put b = 12, α1 = e − 1, β1 = e − 2,η1 = e + 1, α2 = 1.5,
β2 = 0.5 and η2 = 3.5. Consider the multifunctions F1 : Ne+13

e−3 × R6 → 2R and
F2 : N15.5

−0.5 × R6 → 2R defined by

F1(t, x1, x2, x3, x4, x5, x6) = [1, cosh(t3) +
sinx1

40|t|
+

sinx2

e5|t|
+

|x3|+ |x4|
5π3t6

+
|x5|
20|t|

+
|x6|
80t2

]

and F2(t, x1, x2, x3, x4, x5, x6) = [1, 10π+ |x1|
4π + sin x2

e8 + |x3|
8 cosh t2 +

|x4|
5eπ|t| +

|x5|
30|t| +

|x6|
10e|t|

]. One can check that cosh(t3)+ sin x1

40|t| + sin x2

e5|t|
+ |x3|+|x4|

5π3t6 + |x5|
20|t| +

|x6|
80t2 > 1

for t ∈ Ne+13
e−3 and x1, . . . , x6 ∈ R and so F1 : Ne+13

e−3 × R6 → 2R is a nonempty

valued multifunction. Similarly, we have 10π+ |x1|
4π + sin x2

e8 + |x3|
8 cosh t2 + |x4|

5eπ|t| +
|x5|
30|t| +

|x6|
10e|t|

> 1 for t ∈ N15.5
−0.5 and x1, . . . , x6 ∈ R and so F2 : N15.5

−0.5 ×R6 → 2R

is a nonempty valued multifunction. Now, consider the map ψ ∈ Ψ defined by
ψ(r) = r

6 for all r ≥ 0. Then, we have

Hd (F1(t, x1, . . . , x6), F1(t, y1, . . . , y6))

≤
∣∣∣∣ sinx140|t|

+
sinx2
e5|t|

+
|x3|+ |x4|

5π3t6
+

|x5|
20|t|

+
|x6|
80t2

− sin y1
40|t|

− sin y2
e5|t|

− |y3|+ |y4|
5π3t6

− |y5|
20|t|

− |y6|
80t2

∣∣∣∣
≤ 1

6

∣∣∣∣ sinx1− sin y1+sinx2− sin y2+ |x3− y3|+ |x4− y4|+ |x5− y5|+ |x6− y6|
∣∣∣∣

≤ 1

6

6∑
k=1

|xk − yk| = ψ(

6∑
k=1

|xk − yk|)

for all t ∈ N13+e
e−3 and x1, . . . , x6, y1, . . . , y6 ∈ R. Similarly, we obtain

Hd (F2(t, x1, . . . , x6), F2(t, y1, . . . , y6))

≤
∣∣∣∣ |x1|4π

+
sinx2
e8

+
|x3|

8 cosh t2
+

|x4|
5eπ|t|

+
|x5|
30|t|

+
|x6|
10e|t|

−|y1|
4π

− sin y2
e8

− |y3|
8 cosh t2

− |y4|
5eπ|t|

− |y5|
30|t|

− |y6|
10e|t|

∣∣∣∣
≤ 1

6

6∑
k=1

|xk − yk| = ψ(

6∑
k=1

|xk − yk|)

for all t ∈ N15.5
−0.5 and x1, . . . , x6, y1, . . . , y6 ∈ R. Now by using Theorem 2.2, we

conclude that the problem (2.1) has a solution.
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