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ATANASSOV’S INTUITIONISTIC FUZZY SET
THEORY APPLIED TO QUANTALES

Bijan Davvaz1, Asghar Khan23 and Mohsin Khan4

Abstract. The main goal of this paper is to study quantales in the
framework of intuitionistic fuzzy left (right) ideals. The notions of intu-
itionistic fuzzy left (right) ideals are introduced, and the related prop-
erties are investigated. The concept of lower (resp. upper) level cut is
provided and the characterizations of intuitionistic fuzzy left (right) ide-
als are studied. The notions of intuitionistic fuzzy product is considered
and their properties related to intuitionistic fuzzy left (right) ideals are
studied. Using the notions of intuitionistic fuzzy left (right) ideals, the
main theorem for a regular quantale is investigated.
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1. Introduction

Zadeh introduced a mathematical framework called fuzzy sets [23] which
plays a significant role in many fields of real life. Fuzzy set has several advan-
tages over a Cantorian set because it has a clear demarcation about uncertainty
and vagueness. A fuzzy set is actually characterized by a membership function
with the range of [0, 1]. The membership of an element in a fuzzy set is a
single value between 0 and 1. However in actual practice, it may not always be
true that the degree of non-membership function of an element in a fuzzy set is
equal to 1 minus the membership degree because there may be some margin of
hesitation. Therefore, Atanassov [2, 3] coined the concept of intuitionistic fuzzy
set which is abbreviated as IFS. IFS is basically characterized by a membership
and non-membership functions which has hesitation degree and is defined as
1 minus the sum of membership and non-membership degrees. Therefore, IFS
is an extension of Zadeh’s fuzzy set. To interpret knowledge about intuitionis-
tic fuzzy set it became most desirable, significant and mostly permissible with
addition to the degree of belongingness, non-belongess and hesitation margin
[4, 5]. In terms of a membership function Szmidt and Kacpryzk [6] showed
that intuitionistic fuzzy sets are pretty useful in situations when description
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of a problem by a linguistic variable given only seems too rough. Due to the
flexibility of IFS in handling uncertainty, they are tool for a more human consis-
tent reasoning under imperfectly defined facts and imprecise knowledge [19]. In
medical diagnosis De et al. [10] gave the approach of an intuitionistic fuzzy sets
using three steps such as; determination of diagnosis on the basis of composition
of intuitionistic fuzzy relations, determination of symptoms and formulation of
medical knowledge based on intuitionistic fuzzy relations. In modelling real
life problems intuitionistic fuzzy set is a tool like psychological investigations,
negotiation process, sale analysis, financial services, etc. At each moment of
evaluation of an unknown object [20] there is a fair chance of the existence
of a non-null hesitation part. On the theory and applications of intuitionistic
fuzzy sets Atanassov [4, 5] carried out rigorous research. Distance measures
approach are carried out in many applications of IFS. In fuzzy mathematics
distance measure is an important concept between intuitionistic fuzzy sets be-
cause of its wide applications in real world, such as market prediction, pattern
recognition, decision making and machine learning. The comparison of vague
sets are identical with that of intuitionistic fuzzy sets have shown by Burillo
and Bustine [7]. The concept of the degree of similarity between intuitionistic
fuzzy sets, which may be finite or continuous, were introduced by Dengfeng and
Chunfian [11] and they gave corresponding proofs of these similarity measures
and the applications of the similarity measures between intuitionistic fuzzy sets
to pattern recognition problems are discussed. In the field of mathematics in-
tuitionistic fuzzy sets have many applications. This concept was applied by
Davvaz et al. [8] in Hv-modules. The notion of an IF Hv-submodule of an
Hv-module introduced by them and also studied about the related properties.
Intuitionistic fuzzy ideals were proposed by Khan et al. [17, 18] in ordered
semigroups.

The theory of quantales initiated by Mulvey [15] is a combination of alge-
braic structures and partially ordered structures. This theory was developed
for the study of spectrum of C∗-algebras and the foundations of quantum me-
chanics [15]. Wang and Zhao [21] proposed the concepts of ideals and prime
ideals of quantales. In [22] Yang and Xu considered the notions of quantales as
universal sets and defined rough prime ideals, rough semi-prime ideals etc. and
prime radicals of upper rough ideals of quantales. In addition, they showed
that the set consisting of all rough ideals is a directed complete partially or-
dered set as well as an algebraic lattice. Fuzzy ideals and fuzzy rough ideals of
quantales were introduced by Luo and Wang [14]. Mohsin Khan defined regular
and intra-regular quantales in [13] and gave the basic characterizations of these
notions. They further discussed the properties of these classes of quantales in
the context of intuitionistic fuzzy left and right ideals.

Intuitionistic fuzzy sets have many applications in different areas of sciences.
One of the application has been discussed in Davvaz et al. [9]. They used the
relationship between intuitionistic fuzzy sets and the symptoms of patients and
to diagnose of illness. In [16], intuitionistic fuzzy sets have been used in the
electoral system. In [1], M. Akram et al. investigated some interesting prop-
erties of intuitionistic fuzzy line graphs. In [12], intuitionistic fuzzy sets have
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been used and introduced the concepts of intuitionistic fuzzy hyperideal exten-
sion of semihypergroup and intuitionistic fuzzy prime (semiprime) hyperideal
of a semihypergroup.

In this paper, we extend the concept of intuitionistic fuzzy sets in quantales
and define intuitionistic fuzzy left (resp. right) ideals. The basic properties of
these notions are discussed in detail. The characterizations of regular quantales
is studied by using intuitionistic fuzzy left and right ideals.

2. Definitions and basic results

Definition 2.1. A quantale is a complete lattice Q with an associative binary
operation (see [15]) satisfying

(∀ai, bi, a, b) a ◦ (∨i∈Ibi) = ∨i∈I(a ◦ bi) and (∨i∈Ibi) ◦ a = ∨i∈I(bi ◦ a)

where I is an index set.

Throughout this paper, the least and greatest elements of a quantale are
denoted by ”0” and ”1”. In this paper, we adopt the definition of ideals of a
quantale given by Wang and Zhao [14, 22], which combined the partial order
and the operator ” ◦ ” of a quantale.

Definition 2.2. Let Q be a quantale. A non-empty subset I ⊆ Q is called
left (resp.,right) ideal [22] of Q if it satisfies the following conditions:

(Q1) (∀a, b ∈ Q) (a, b ∈ I =⇒ a
∨
b ∈ I) .

(Q2) (∀a, b ∈ Q) (∀b ∈ I) (a ≤ b =⇒ a ∈ I)
(Q3) (∀x, a ∈ Q) (a ∈ I =⇒ a ◦ x ∈ I (resp., x ◦ a ∈ I)) .

A non-empty subset I of a quantale Q is called a two−sided ideal or simply
an ideal of Q if it is both a left and a right ideal of Q.

In a quantale Q, for A,B ⊆ Q, we write A ◦B to denote the set {a ◦ b | a ∈
A, b ∈ B} and A

∨
B to denote {a

∨
b | a ∈ A, b ∈ B}. For a non-empty subset

A of a quantale, we write

(A] := {x ∈ Q | x ≤ a for some a ∈ A} .

If A = {a} , then we write (a] instead of ({a}].
Let Q be a quantale and A ⊆ Q. The least ideal containing A is called

the ideal generated by A, and is denoted by 〈A〉t , where 〈A〉t = (A ∪Q ◦ A ∪
A ◦Q ∪Q ◦ A ◦Q] (see [14]) . Similarly, the least left ideal and the least right
ideal of Q generated by A, are denoted by 〈A〉l and 〈A〉r , respectively. here
〈A〉l = (A ∪ Q ◦ A] and 〈A〉r = (A ∪ A ◦ Q]. If A = {a}, then the least left
(resp. right and two-sided) ideal of Q generated by a (a ∈ Q); respectively
they are given as follows: 〈a〉l = (a ∪ Q ◦ a] (resp. 〈a〉r = (a ∪ a ◦ Q] and
〈a〉t = (a ∪Q ◦ a ∪ a ◦Q ∪Q ◦ a ◦Q]).

A quantale is regular [13] if for every a ∈ Q, there exists x ∈ Q such that
a ≤ a ◦ x ◦ a. Equivalently,

(1) a ∈ (a ◦Q ◦ a] ∀a ∈ Q.
(2) A ⊆ (A ◦Q ◦A] ∀A ⊆ Q.
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Lemma 2.3. (cf. [13]) A quantale (Q, ◦,≤) is regular if and only if
〈a〉r ∩ 〈a〉l ⊆ (〈a〉r ◦ 〈a〉l] for every a ∈ Q.

A mapping µ : Q −→ [0, 1], where Q is an arbitrary non-empty set, is called
a fuzzy set in Q. The complement of µ, denoted by µC , is the fuzzy set in Q
given by µc(x) = 1−µ(x) for all x ∈ Q. Let 0 and 1 be fuzzy sets in Q defined
by 0(x) = 0 and 1(x) = 1 for all x ∈ Q.

Definition 2.4. [10] Let Q be a quantale. A fuzzy subset of Q is called a fuzzy
left (right) ideal of Q if it satisfies the following conditions:

(FQ1) (∀x, y ∈ Q) (x ≤ y =⇒ µ (x) ≥ µ (y)) ,
(FQ2) (∀x, y ∈ Q) (µ (x

∨
y) ≥ µ (x)

∧
µ (y)) ,

(FQ3) (∀x, y ∈ Q) (µ (x ◦ y) ≥ µ (y) (≥ µ (x))) .

A fuzzy subset µ of a quantale Q is called a fuzzy ideal if it is both a fuzzy
left and right ideal of Q. Equivalently, a fuzzy subset µ is called a fuzzy ideal
of Q if it satisfies conditions (FQ1), (FQ2) and

(FQ4) (∀x, y ∈ Q)
(
µ (x ◦ y) ≥ µ (x)

∨
µ (y)

)
.

3. Intuitionistic fuzzy ideals

After the introduction of fuzzy sets by Zadeh, several researchers have
started work on the generalization of fuzzy sets. As an important generaliza-
tion of the notion of fuzzy sets on a non-empty set X, Atanassov introduced in
[2] the concept of intuitionistic fuzzy sets (briefly, IFS) defined on a non-empty
set X as objects having the form

A = {〈x, µA (x) , λA (x)〉 | x ∈ X} ,

where the functions µA (x) : X −→ [0, 1] and λA (x) : X −→ [0, 1] denote
the degree of membership (namely µA (x)) and the degree of non-membership
(namely λA (x)) of each element x ∈ X to the set A respectively, and 0 ≤
µA + λA ≤ 1 for all x ∈ X. Intuitionistic fuzzy sets have been studied in many
branches of mathematics, particularly in algebra (for example see [7, 8, 10])).

Let A and B be two intuitionistic fuzzy sets on X. Then the following
expressions are well known identities defined in [3].

(IF1) A ⊆ B if and only if µA (x) ≤ µB (x), and λA (x) ≥ λB (x) for all
x ∈ X,

(IF2) A = B if and only if A ⊆ B and B ⊆ A,
(IF3) AC = {〈x, λA (x) , µA (x)〉 | x ∈ X} ,
(IF4) A ∩B = {〈x,min (µA (x) , µB (x))〉} , {〈x,max (λA (x) , λB (x))〉} ,
(IF5) A ∪B = {〈x,max (µA (x) , µB (x))〉} , {〈x,min (λA (x) , λB (x))〉} ,
(IF6) �A = {〈x, µA (x) , 1− µA (x)〉 | x ∈ X} ,
(IF7) ♦A = {〈x, 1− λA (x) , λA (x)〉 | x ∈ X} .
For the sake of simplicity, we shall use the symbol A = (µA, λA) for in-

tuitionistic fuzzy set A = {〈x, µA (x) , λA (x)〉 | x ∈ X} . Let 0∼ = (0, 1) and
1∼ = (1, 0) be intuitionistic fuzzy sets in Q.
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We now, establish the intuitionistic fuzzification of the concept of ideals in
a quantale and investigate some of their properties.

Definition 3.1. Let Q be a quantale. An intuitionistic fuzzy set A = (µA, λA)
in Q is called a left (resp. right) intuitionistic fuzzy ideal of Q if it satisfies the
conditions:

(IFQ1)(∀x, y ∈ Q)(x ≤ y =⇒ µA(x) ≥ µA(y), λA(x) ≤ λA(y)),

(IFQ2)(∀x, y ∈ Q) (µA (x
∨
y) ≥ µA (x)

∧
µA (y)) ,

(IFQ3)(∀x, y ∈ Q) (λA (x
∨
y) ≤ λA (x)

∧
λA (y)) ,

(IFQ4)(∀x, y ∈ Q) (µA (x ◦ y) ≥ µA (y) (resp., ≥ µA (x))) ,

(IFQ5)(∀x, y ∈ Q) (λA (x ◦ y) ≤ λA (y) (resp., ≤ λA (x))) .

Example 3.2. Let Q be a quantale.

(1) Let A = (µA, λA) be an intuitionistic fuzzy set in Q, defined by µA(x) =
0.5 and λA(x) = 0.5 for all x ∈ Q. Then A = (µA, λA) is an intuitionistic fuzzy
left (right) ideal of Q and hence an intuitionistic fuzzy ideal of Q.

(2) Let A = (µA, λA) be a non-constant intuitionistic fuzzy set defined by

µA(x) =

{
1 if x = 0
0.5 if 6= 0

and λA(x) =

{
0 if x = 0
0.5 if 6= 0.

Then A = (µA, λA) is an intuitionistic fuzzy ideal of Q.

For all the results discussed in this paper, we only describe proofs for the
intuitionistic fuzzy left ideals. For the intuitionistic fuzzy right ideals similar
results hold as well.

Proposition 3.3. If {Ai}i∈Λ is a family of intuitionistic fuzzy left (resp., right)
ideals of a quantale Q. Then

⋂
i∈Λ

Ai is an intuitionistic fuzzy left (resp., right)

ideal of Q, where
⋂
i∈Λ

Ai =

( ⋂
i∈Λ

µAi ,
⋂
i∈Λ

λAi

)
and

⋂
i∈Λ

µAi =
∧
i∈Λ

µAi (x) = inf {µAi (x) | i ∈ Λ, x ∈ Q} ,

⋃
i∈Λ

λAi =
∨
i∈Λ

λAi (x) = sup {λAi (x) | i ∈ Λ, x ∈ Q} .

Proof. For x, y ∈ Q if x ≤ y, then we have(⋂
i∈Λ

µAi

)
(x) =

(∧
i∈Λ

µAi

)
(x) =

∧
i∈Λ

(µAi (x))

≥
∧
i∈Λ

(µAi (y)) =

(∧
i∈Λ

µAi

)
(y)

=

(⋂
i∈Λ

µAi

)
(y) ,
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and (⋃
i∈Λ

λAi

)
(x) =

(∨
i∈Λ

λAi

)
(x) =

∨
i∈Λ

(λAi (x))

≤
∨
i∈Λ

(λAi (y)) =

(∨
i∈Λ

λAi

)
(y)

=

(⋃
i∈Λ

λAi

)
(y) .

For x, y ∈ Q, we have(⋂
i∈Λ

µAi

)
(x ∨ y)

=

(∧
i∈Λ

µAi

)
(x ∨ y) =

∧
i∈Λ

(µAi (x ∨ y))

≥
∧
i∈Λ

(µAi (x) ∧ µAi (y)) =

((∧
i∈Λ

µAi (x)

)
∧

(∧
i∈Λ

µAi (y)

))

=

(⋂
i∈Λ

µAi

)
(x) ∧

(⋂
i∈Λ

µAi

)
(y) ,

and (⋃
i∈Λ

λAi

)
(x ∨ y)

=

(∨
i∈Λ

λAi

)
(x ∨ y) =

∨
i∈Λ

(λAi (x ∨ y))

≤
∨
i∈Λ

(λAi (x) ∨ λAi (y)) =

((∨
i∈Λ

λAi (x)

)
∨

(∨
i∈Λ

λAi (y)

))

=

(⋃
i∈Λ

λAi

)
(x) ∨

(⋃
i∈Λ

λAi

)
(y) .

Let x, y ∈ Q. then we have(⋂
i∈Λ

µAi

)
(x ◦ y) =

(∧
i∈Λ

µAi

)
(x ◦ y) =

∧
i∈Λ

(µAi (x ◦ y))

≥
∧
i∈Λ

µAi (y) =

(∧
i∈Λ

µAi (y)

)

=

(⋂
i∈Λ

µAi

)
(y) ,
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and (⋃
i∈Λ

λAi

)
(x ◦ y) =

(∨
i∈Λ

λAi

)
(x ◦ y) =

∨
i∈Λ

(λAi (x ◦ y))

≤
∨
i∈Λ

λAi (y) =

(∨
i∈Λ

λAi (y)

)

=

(⋃
i∈Λ

λAi

)
(y) .

Therefore,
⋂
i∈Λ

Ai is an intuitionistic fuzzy left ideal of Q.

Lemma 3.4. If A = (µA, λA) is an intuitionistic fuzzy left (resp., right) ideal,
then so are �A and ♦A.

Proof. Assume that A = (µA, λA) is an intuitionistic fuzzy left ideal of Q. Let
x, y ∈ Q be such that x ≤ y. Then µA (x) ≥ µA (y) and we have

µCA (x) = 1− µA (x) ≤ 1− µA (y) = µCA (y) .

For x, y ∈ Q, we have µA (x ∨ y) ≥ µA (x) ∧ µA (y) and we get

µCA (x ∨ y) = 1− µA (x ∨ y) ≤ 1− {µA (x) ∧ µA (y)}
= {(1− µA (x)) ∨ (1− µA (y))} = µCA (x) ∨ µCA (y) .

Let x, y ∈ Q. Then µA (x ◦ y) ≥ µA (y) and so

µCA (x ◦ y) = 1− µA (x ◦ y)

≤ 1− µA (y) = µCA (y) .

Hence, �A =
(
µA, µ

C
A

)
is an intuitionistic fuzzy left ideal of Q. Similarly, we

can prove that ♦A =
(
λA, λ

C
A

)
an intuitionistic fuzzy left ideal of Q.

According to the above lemma it is not difficult to see that the following
theorem is valid.

Theorem 3.5. Let (Q, ◦,≤) be a quantale. Then A = (µA, λA) is an in-
tuitionistic fuzzy left (resp., right) ideal of Q if and only if �A and ♦A are
intuitionistic fuzzy left (resp. right) ideals of Q.

For any t ∈ [0, 1] and a fuzzy set µ of Q, the set

U (µ; t) := {x ∈ Q | µ (x) ≥ t} (resp. L (µ; t) := {x ∈ Q | µ (x) ≤ t}) ,

is called the upper (resp. lower) t -level cut of µ.

Theorem 3.6. An intuitionistic fuzzy set A = (µA, λA) is an intuitionistic
fuzzy left (resp. right) ideal of Q if and only if for all s, t ∈ [0, 1], the level sets
U (µA; t) and L (λA; s) are either empty or left (resp. right) ideals of Q.
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Proof. Assume that all non-empty sets U (µA; t) and L (λA; s) are left ideals
of Q. Let x, y ∈ Q be such that x ≤ y. If µA(y) = 0 and λA(y) = 1, then
µA(x) ≥ 0 = µA(y) and λA(x) ≤ 1 = λA(y). If µA(y) = t0 and λA(y) = s0,
then y ∈ U(µA; t0) and y ∈ L(λA; s0). Since U(µA; t0) and L(λA; s0) are left
ideals of Q and x ≤ y, we have x ∈ U(µA; t0) and x ∈ L(λA; s0). Therefore,
µA(x) = t0 = µA(y) and λA(x) = s0 = λA(y). For x, y ∈ Q. If µA(x) = t0 =
µA(y) and λA(x) = s0 = λA(y), then x, y ∈ U(µA; t0) and x, y ∈ L(λA; s0).
Therefore,

µA (x ∨ y) = t0 = t0 ∧ t0 = µA(x) ∧ µA(y)

and

λA (x ∨ y) = s0 = s0 ∨ s0 = λA(x) ∨ λA(y)

for all x, y ∈ Q.
Let x, y ∈ Q. If µA(y) = 0 and λA(y) = 1, then µA (x ◦ y) ≥ 0 = µA(y)

and λA (x ◦ y) ≤ 1 = λA(y). If t0 = µA(y) and s0 = λA(y), then y ∈ U(µA; t0)
and y ∈ L(λA; s0). Hence x ◦ y ∈ U(µA; t0) and x ◦ y ∈ L(λA; s0). Then
µA (x ◦ y) = t0 = µA(y) and λA (x ◦ y) = s0 = λA(y). Therefore, A = (µA, λA)
is an intuitionistic fuzzy left ideal of Q.

Conversely, suppose that A = (µA, λA) is an intuitionistic fuzzy left ideal
of Q. Let x, y ∈ Q be such that x ≤ y. If y ∈ U(µA; t) and y ∈ L(λA; s). Then
µA(y) ≥ t and λA(y) ≤ s and we have µA(x) ≥ µA(y) ≥ t and λA(x) ≤ λA(y) ≤
s, i.e., µA(x) ≥ t and λA(x) ≤ s and we have x ∈ U(µA; t) and x ∈ L(λA; s). Let
x, y ∈ U(µA; t) and x, y ∈ L(λA; s), then µA(x) ≥ t, µA(y) ≥ t and λA(x) ≤ s,
λA(y) ≤ s. Hence we have

µA (x ∨ y) ≥ µA(x) ∧ µA(y) ≥ t,

and

λA (x ∨ y) ≤ λA(x) ∨ λA(y) ≤ s.

and µA (x ∨ y) ≥ t and λA (x ∨ y) ≤ s. Thus, x ∨ y ∈ U(µA; t) and x ∨ y ∈
L(λA; s). Let x ∈ Q and y ∈ U(µA; t), and y ∈ L(λA; s), then µA(y) ≥ t and
λA(y) ≤ s and we have

µA (x ◦ y) ≥ µA(y) ≥ t,

and

λA (x ◦ y) ≤ λA(y) ≤ s.

Hence x ◦ y ∈ U(µA; t) and x ◦ y ∈ L(λA; s). Therefore, U(µA; t) and L(λA; s)
are left ideals of Q.

Corollary 3.7. Let I be a left (resp. right) ideal of a quantale Q. If the fuzzy
sets µ and λ are defined on Q by

µ(x) =

{
a0 if x ∈ I

a1 if x ∈ Q�I
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and

λ(x) =

{
b0 if x ∈ I

b1 if x ∈ Q�I

where 0 ≤ a1 ≤ a0, 0 ≤ b0 ≤ b1 and ai + bi ≤ 1 for i = 0, 1. Then A = (µ, λ) is
an intuitionistic fuzzy left (resp. right) ideal of Q and U(µ; a0) = I = L(λ; b0).

Corollary 3.8. Let χI be the characteristic function of a left (resp. right)
ideal I of Q. Then I = (χI , χ

C
I ) is a left (resp. right) fuzzy deal of H.

Let A be a non-empty subset of a quantale Q, we denote by
Ax = {x ∈ Q | x ≤ y ◦ z} .
Let A = (µA, λA) and B = (µB , λB) be intuitionistic fuzzy sets in a quantale
Q. Then the product of A = (µA, λA) and B = (µB , λB) , denoted by A ◦B =
(µA◦B , λA◦B) , and is defined by

µA◦B (x) =

{ ∨
(y,z)∈Ax {µA (y) ∧ µB (z)} If Ax 6= ∅

0 If Ax = ∅.

λA◦B (x) =

{ ∧
(y,z)∈Ax {λA (y) ∨ λB (z)} If Ax 6= ∅

0 If Ax = ∅.

Theorem 3.9. Let (Q, ◦,≤) be a quantale and A = (µA, λA) is an intuitionistic
fuzzy set in Q. Then the following are equivalent:

(1) A is an intuitionistic fuzzy left ideal of Q.
(2) 1∼ ◦A ⊆ A, i.e., µ1◦A ≤ µA, λ0◦A ≥ λA.
(2.1) (∀x, y ∈ Q)(x ≤ y =⇒ µA(x) ≥ µA(y),

λA(x) ≤ λA(y)).
(2.2) (∀x, y ∈ Q)(µA(x ∨ y) ≥ µA(x) ∧ µA(y),

λA(x ∨ y) ≤ λA(x) ∨ λA(y)).

Proof. Assume that (1) holds. Let x ∈ Q. If Ax 6= ∅, then

µ1◦A (x) =
∨

(y,z)≥Ax

{µ1 (y) ∧ µA (z)}

≤
∨

(y,z)∈Ax

{1 ∧ µA (y ◦ z)}

≤
∨

(y,z)∈Ax

{µA (x)} = µA (x) ,

and

λ0◦A (x) =
∧

(y,z)∈Ax

{λ0 (y) ∨ λA (z)}

≥
∧

(y,z)∈Ax

{0 ∨ λA (y ◦ z)}

≥
∧

(y,z)∈Ax

{λA (x)} = λA (x) .
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If Ax = ∅, then, obviously, µ1◦A (x) = 0 ≤ µA (x) and λ0◦A (x) = 1 ≥ λA (x) .
Hence µ1◦A ≤ µA and λ0◦A ≥ λA, i.e., 1∼ ◦ A ⊆ A. Since A = (µA, λA) is an
intuitionistic fuzzy left ideal of Q, so conditions (2.1) and (2.2) are valid.

Conversely, suppose that (2.1) and (2.2) hold. Let y, z be any elements of
Q, put x = y ◦ z. Then by hypothesis

µA (y ◦ z) ≥ µ1◦A (x) =
∨

(a,b)∈Ax

{µ1 (a) ∧ µA (b)}

≥ µ1 (y) ∧ µA (z) = 1 ∧ µA (z) = µA (z) ,

and

λA (y ◦ z) ≤ λ0◦A (x) =
∧

(a,b)∈Ax

{λ0 (a) ∨ λA (b)}

≤ λ0 (y) ∨ λA (z) = 0 ∨ λA (z) = λA (z) .

This means that A = (µA, λA) is an intuitionistic fuzzy left ideal of Q.

By right dual of Theorem 3.9, we have the following:

Theorem 3.10. Let (Q, ◦,≤) be a quantale and A = (µA, λA) is an intuition-
istic fuzzy set in Q. Then the following are equivalent:

(1) A is an intuitionistic fuzzy right ideal of Q.
(2) A ◦ 1∼ ⊆ A, i.e., µA◦1 ≤ µA, λA◦0 ≥ λA.
(2.1) (∀x, y ∈ Q)(x ≤ y =⇒ µA(x) ≥ µA(y),

λA(x) ≤ λA(y)).
(2.2) (∀x, y ∈ Q)(µA(x ∨ y) ≥ µA(x) ∧ µA(y),

λA(x ∨ y) ≤ λA(x) ∨ λA(y)).

From Theorem 3.9 and 3.10 we have the following corollary:

Theorem 3.11. Let (Q, ◦,≤) be a quantale and A = (µA, λA) is an intuition-
istic fuzzy set in Q. Then the following are equivalent:

(1) A is an intuitionistic fuzzy ideal of Q.
(2) 1∼ ◦A ⊆ A, A ◦ 1∼ ⊆ A.
(2.1) (∀x, y ∈ Q)(x ≤ y =⇒ µA(x) ≥ µA(y),

λA(x) ≤ λA(y)).
(2.2) (∀x, y ∈ Q)(µA(x ∨ y) ≥ µA(x) ∧ µA(y),

λA(x ∨ y) ≤ λA(x) ∨ λA(y)).

Lemma 3.12. Let A = (µA, λA) , B = (µB , λB) , C = (µC , λC) and D =
(µD, λD) be IFSs in Q. If A ⊆ C and B ⊆ D, then A ◦B ⊆ C ◦D.
Proof. For any x ∈ Q, if Ax = ∅, then the result obviously holds. Assume that
Ax 6= ∅, then

µA◦B (x) =
∨

(y,z)≥Ax

{µA (y) ∧ µB (z)}

≤
∨

(y,z)∈Ax

{µC (y) ∧ µD (z)}

= µC◦D (x) ,
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and

λA◦B (x) =
∧

(y,z)∈Ax

{λA (y) ∨ λB (z)}

≥
∧

(y,z)∈Ax

{λC (y) ∨ λD (z)}

= λC◦D (x) .

Hence µA◦B ≤ µC◦D and λA◦B ≥ λC◦D, i.e., A ◦B ⊆ C ◦D.

Proposition 3.13. Let A = (µA, λA) be an intuitionistic fuzzy right ideal of Q
and B = (µB , λB) be an intuitionistic fuzzy left ideal of Q, respectively. Then

A ◦B ⊆ A ∩B.

Proof. Let x ∈ Q, if Ax = ∅, then the result holds. Suppose that Ax 6= ∅, then

µA◦B (x) =
∨

(y,z)∈Ax

{µA (y) ∧ µB (z)}

λA◦B (x) =
∧

(y,z)∈Ax

{λA (y) ∨ λB (z)}

Since x ≤ y ◦ z and A = (µA, λA) is an intuitionistic fuzzy right ideal and
B = (µB , λB) an intuitionistic fuzzy left ideal of Q, we have

µA (x) ≥ µA (y ◦ z) ≥ µA (y) , λA (x) ≤ λA (y ◦ z) ≤ λA (y)

and
µB (x) ≥ µB (y ◦ z) ≥ µB (z) , λB (x) ≤ λB (y ◦ z) ≤ λB (z)

Hence

µA◦B (x) =
∨

(y,z)∈Ax

{µA (y) ∧ µB (z)} ≤
∨

(y,z)∈Ax

{µA (x) ∧ µB (x)}

=
∨

(y,z)∈Ax

(µA ∧ µB) (x) = (µA ∧ µB) (x) ,

and

λA◦B (x) =
∧

(y,z)∈Ax

{λA (y) ∨ λB (z)} ≥
∧

(y,z)∈Ax

{λA (x) ∨ λB (x)}

=
∧

(y,z)∈Ax

(λA ∨ λB) (x) = (λA ∨ λB) (x) .

Therefore, A ◦B ⊆ A ∩B.

Proposition 3.14. Let A = (µA, λA) and B = (µB , λB) be intuitionistic fuzzy
sets. If Q is regular and A = (µA, λA) is an intuitionistic fuzzy right ideal of
Q, then

A ∩B ⊆ A ◦B.
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Proof. Let A = (µA, λA) be an intuitionistic fuzzy right ideal of Q. Let a ∈ Q.
Then there exists x ∈ Q such that a ≤ (a ◦ x) ◦ a, since Q is regular. Then
(a ◦ x, a) ∈ A; that is Aa 6= ∅ and so

µA◦B (x) =
∨

(y,z)∈Ax

{µA (y) ∧ µB (z)}

≥ {µA (a ◦ x) ∧ µB (a)} ≥ µA (a) ∧ µB (a)

≥ (µA ∧ µB) (a) ,

and

λA◦B (x) =
∧

(y,z)∈Ax

{λA (y) ∨ λB (z)}

≤ λA (a ◦ x) ∨ λB (a) ≤ λA (a) ∨ λB (a)

≤ (λA ∨ λB) (a) .

Hence µA ∧ µB ≤ µA◦B = µA ◦ µB and λA ∨ λB ≥ λA◦B = λA ◦ λB . Therefore,
A ∩B ⊆ A ◦B.

In a similar way, we can prove that

Proposition 3.15. Let A = (µA, λA) and B = (µB , λB) be intuitionistic fuzzy
sets. If Q is regular and A = (µA, λA) is an intuitionistic fuzzy left ideal of Q,
then

A ∩B ⊆ A ◦B.

Corollary 3.16. Let A = (µA, λA) and B = (µB , λB) be intuitionistic fuzzy
right and left ideals of Q, respectively. If Q is regular, then

A ∩B ⊆ A ◦B.

Proposition 3.17. Let χA =
(
µχ

A
, λχ

A

)
and χB =

(
µχ

B
, λχ

B

)
be the char-

acteristic functions of non-empty subsets A and B, respectively. Then the
following properties hold:

(1) A ⊆ B if and only if χA ⊆ χB .
(2) χA ∩ χB = χA∩B .
(3) χA ∪ χB = χA∪B .
(4) χA ◦ χB = χ(A◦B].

Proof. (1) Let A and B be non-empty subsets of Q such that A ⊆ B. If
µχ

A
(a) = 0 ≤ µχ

B
(a) and λχ

A
(a) = 1 ≥ λχ

B
(a) , then clearly χA (a) =

(0, 1) ⊆ χB (a) . If µχ
A

(a) = 1 and λχ
A

(a) = 0, then a ∈ A and hence a ∈ B
since A ⊆ B. Thus µχ

B
(a) = 1 and λχ

B
(a) = 0, hence χA (a) = (1, 0) ⊆

χB (a) . Therefore, χA ⊆ χB .
Conversely, assume that χA ⊆ χB . Let a ∈ A, then µχ

A
(a) = 1 and

λχ
A

(a) = 0. Since χA (a) ⊆ χB (a) for all a ∈ Q, we have µχ
B

(a) = 1 and
λχ

B
(a) = 0. Thus a ∈ B and so A ⊆ B.
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(2) Let a ∈ A ∩ B, then a ∈ A and a ∈ B. Thus we have (χA ∩ χB) (a) =
χA (a) ∩ χB (a) = (1, 0) = χA∩B (a) . If a /∈ A ∩ B, then a /∈ A and a /∈ B.
Hence we have (χA ∩ χB) (a) = χA (a)∩χB (a) = (0, 1) = χA∩B (a) . Therefore,
χA ∩ χB = χA∩B .

(3) Similar to part (2) .
(4) Follows from [14, Proposition 10].

Lemma 3.18. If A = (µA, λA) (resp. B = (µB , λB)) is an intuitionistic fuzzy
right ideal (resp. intuitionistic fuzzy left ideal) of Q. Then

(1) A ◦ 1∼ ⊆ A (resp. 1∼ ◦B ⊆ B) .
(2) A ◦A ⊆ A (resp. B ◦B ⊆ B) .

Proof. Assume that A = (µA, λA) is an intuitionistic fuzzy right ideal of Q and
let x ∈ Q. If Ax = ∅, (A ◦ 1∼) (x) ⊆ A (x) . Assume that Ax 6= ∅ and let y, z ∈ Q
be such that (y, z) ∈ Ax. Then x ≤ y ◦ z and so µA (x) ≥ µA (y ◦ z) ≥ µA (y)
and λA (x) ≤ λA (y ◦ z) ≤ λA (y) . Hence µA (y) ∧ µ1 (z) = µA (y) ∧ 1 = µA (y)
and λA (y) ∨ λ0 (y) = λA (y) ∨ 0 = λA (y) for all (y, z) ∈ Ax. Therefore,

µA◦1 (x) =
∨

(y,z)∈Ax

{µA (y) ∧ µ1 (z)} ≤ µA (x) ,

λA◦0 (x) =
∧

(y,z)∈Ax

{λA (y) ∨ λ0 (y)} ≥ λA (x) .

Consequently, µA◦1 ≤ µA and λA◦0 ≥ λA. Hence (A ◦ 1∼) (x) ⊆ A (x) . Simi-
larly, (1∼ ◦B) (x) ⊆ B (x) for every intuitionistic fuzzy left ideal B = (µB , λB)
of Q.

(2) Note that A ⊆ 1∼ and A ⊆ A. Using Theorem 3.11 and part (1) we
have A ◦A ⊆ A ◦ 1∼ ⊆ A. In a similar way we obtain B ◦B ⊆ 1∼ ◦B ⊆ B for
every intuitionistic fuzzy left ideal B = (µB , λB) of Q.

We now provide a characterization theorem for regular quantales.

Theorem 3.19. A quantale Q is regular if and only if for every intuitionistic
fuzzy right ideal A = (µA, λA) and every intuitionistic fuzzy left ideal B =
(µB , λB) of Q, we have

A ∩B = A ◦B.

Proof. Assume that Q is regular. Using Corollary 3.15, we have A∩B = A◦B.
Conversely, suppose that for every intuitionistic fuzzy right ideal A =

(µA, λA) and every intuitionistic fuzzy left ideal B = (µB , λB) of Q, we have
A ∩ B = A ◦ B. Let a ∈ Q. To prove that Q is regular, by Lemma 2.3, it is
enough to prove that

〈a〉r ∩ 〈a〉l ⊆ (〈a〉r ◦ 〈a〉l] for every a ∈ Q.

Let b ∈ 〈a〉r ∩ 〈a〉l , then b ∈ 〈a〉r and b ∈ 〈a〉l . Since 〈a〉r (resp., 〈a〉l) is
the right (resp., left) ideal of Q, it is follows from Corollary 3.8, that χ〈a〉r =
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µχ〈a〉r

, λχ〈a〉r

) (
resp., χ〈a〉l =

(
µχ〈a〉l

, λχ〈a〉l

))
is an intuitionistic fuzzy right

(resp., left) ideal of Q. By hypothesis, we have

µ
χ〈a〉r

∩χ〈a〉l
= µ

χ〈a〉r
◦χ〈a〉l

and λ
χ〈a〉r

∪χ〈a〉l
= λ

χ〈a〉r
◦χ〈a〉l

,

since b ∈ 〈a〉r∩〈a〉l, we have µχ〈a〉r
∩χ〈a〉l

(b) = 1 and λχ〈a〉r
∪χ〈a〉l

(b) = 0. Hence

(1, 0) =
(
µ
χ〈a〉r

∩χ〈a〉l
(b) , λ

χ〈a〉r
∪χ〈a〉l

(b)
)

=
(
µ
χ〈a〉r

◦χ〈a〉l
(b) , λ

χ〈a〉r
◦χ〈a〉l

(b)
)

=
(
µ

(χ〈a〉r
◦χ〈a〉l]

, λ
(χ〈a〉r

◦χ〈a〉l]

)
(b) .

Therefore,
(
µ

(χ〈a〉r
◦χ〈a〉l]

, λ
(χ〈a〉r

◦χ〈a〉l]

)
(b) = (1, 0) , and so b ∈ (χ〈a〉r ∩ χ〈a〉l ].

Hence Q is regular by (Lemma 2.3).
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