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FINSLER STRUCTURES ON HOLOMORPHIC LIE
ALGEBROIDS

Alexandru Ionescu1

Abstract. Complex Finsler vector bundles have been studied mainly
by T. Aikou, who defined complex Finsler structures on holomorphic
vector bundles. In this paper, we consider the more general case of a
holomorphic Lie algebroid E and we introduce Finsler structures, partial
and Chern-Finsler connections on it.

First, we recall some basic notions on holomorphic Lie algebroids.
Then, using an idea from E. Martinez, we introduce the concept of com-
plexified prolongation of such an algebroid. Also, we study nonlinear and
linear connections on the tangent bundle TCE and on the prolongation
TCE and we investigate the relation between their coefficients. The ana-
logue of the classical Chern-Finsler connection is defined and studied in
the paper for the case of the holomorphic Lie algebroid E.
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Introduction

Complex Finsler structures on holomorphic vector bundles have been intro-
duced and studied mainly by T. Aikou ([3, 4, 5]). In this paper, we introduce
Finsler structures, partial and Chern-Finsler connections in the more general
case of a holomorphic Lie algebroid. The setting for the geometrical construc-
tions will be the tangent bundle of the algebroid and the prolongation of the
algebroid, a concept introduced by E. Martinez ([13, 14]) and studied also by
L. Popescu [17, 18] and E. Peyghan ([16]).

We briefly recall here some general notions and set our notations for the
geometry of holomorphic Lie algebroids. More ideas can be found in [8, 9].

Let M be a complex n-dimensional manifold and E a holomorphic vec-
tor bundle of rank m over M . Denote by π : E → M the holomorphic
bundle projection, by Γ(E) the module of holomorphic sections of π and let
TCM = T ′M ⊕ T ′′M be the complexified tangent bundle of M , split into the
holomorphic and antiholomorphic tangent bundles.

The holomorphic vector bundle E over M is called anchored if there exists
a holomorphic vector bundle morphism ρ : E → T ′M , called anchor map.

The following definition is known from [6, 7, 10, 12, 20].
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A holomorphic Lie algebroid over M is a triple (E, [·, ·]E , ρE), where E is
a holomorphic vector bundle anchored over M , [·, ·]E is a Lie bracket on Γ(E)
and ρE : Γ(E) → Γ(T ′M) is the homomorphism of complex modules induced
by the anchor map ρ such that

(0.1) [s1, fs2]E = f [s1, s2]E + ρE(s1)(f)s2

for all s1, s2 ∈ Γ(E) and all f ∈ Hol(M).
As a consequence of this definition, we have that ρE([s1, s2]E) = [ρE(s1),

ρE(s2)]T ′M ([12]), which means that ρE : (Γ(E), [·, ·]E) → (Γ(T ′M), [·, ·]) is a
complex Lie algebra homomorphism.

Locally, if {zk}k=1,n is a complex coordinate system on U ⊂M and {eα}α=1,m

is a local frame of holomorphic sections of E on U , then (zk, uα) are local com-
plex coordinates on π−1(U) ⊂ E, where u = uαeα(z) ∈ E.

The action of the holomorphic anchor map ρE can locally be described by

(0.2) ρE(eα) = ρkα
∂

∂zk
,

while the Lie bracket [·, ·]E is locally given by

(0.3) [eα, eβ ]E = C γαβeγ .

The holomorphic functions ρkα = ρkα(z) and C γαβ = C γαβ(z) on M are called the
holomorphic anchor coefficients and the holomorphic structure functions of the
Lie algebroid E, respectively.

Since E is a holomorphic vector bundle, the natural complex structure acts
on its sections by JE(eα) = ieα and JE(ēα) = −iēα. Hence, the complexified
bundle EC of E decomposes into EC = E′ ⊕ E′′. The sections of EC are given
as usual by Γ(E′) = {s− iJEs | s ∈ Γ(E)} and Γ(E′′) = {s+ iJEs | s ∈ Γ(E)},
respectively. The local basis of sections of E′ is {eα}α=1,m, while for E′′, the
basis is represented by their conjugates {ēα := eᾱ}α=1,m. Since ρE : Γ(E) →
Γ(T ′M) is a homomorphism of complex modules, it extends naturally to the
complexified bundle by ρ′(eα) = ρE(eα) and ρ′′(eᾱ) = ρE(eᾱ). Thus, we can
write ρE = ρ′⊕ρ′′ on the complexified bundle, and since E is holomorphic, the
functions ρ(z) are holomorphic, hence ρk̄α = ρkᾱ = 0 and ρk̄ᾱ = ρkα.

As a vector bundle, the holomorphic Lie algebroid E has a natural structure
of complex manifold. If we wish to study a Finsler structure on the manifold E
with coordinates in a local chart (zk, uα), it is of interest to consider the action
of such a structure on the sections of the complexified tangent bundle TCE.

Two approaches on the tangent bundle of a holomorphic Lie algebroid E
were described in [9]. The first is the classical study of the tangent bundle
of E, while the second is that of the prolongation of E. The latter idea is
due to E. Martinez [13, 14] based on the work of P. Liberman [11] and it
appeared from the need of a formalism for ordinary Lagrangian Mechanics
where equations of motion could be obtained independent of structures on the
dual of the algebroid, a problem raised by Weinstein ([19, 20]). For introducing
geometrical objects such as nonlinear connections or sprays which could be
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studied in a similar manner to the tangent bundle of a complex manifold, this
setting seems more attractive for studying the Finsler structure. Further, we
briefly introduce the notion of prolongation of a holomorphic Lie algebroid and
complete the study with some results on its complexification.

1. The prolongation of a holomorphic Lie algebroid

Let us recall from [9] some ideas on the prolongation of the holomorphic
Lie algebroid.

For the holomorphic Lie algebroid E over a complex manifold M , its prolon-
gation will be introduced using the tangent mapping π′∗ : T ′E → T ′M and the
holomorphic anchor map ρE : E → T ′M . Define the subset T ′E of E×T ′E by
T ′E = {(e, v) ∈ E×T ′E | ρ(e) = π′∗(v)} and the mapping π′T : T ′E → E, given
by π′T (e, v) = πE(v), where π′E : T ′E → E is the tangent projection. Then
(T ′E, π′T , E) is a holomorphic vector bundle over E, of rank 2m. Moreover, it
is easy to verify that the projection onto the second factor ρ′T : T ′E → T ′E,
ρ′T (e, v) = v, is the anchor of a new holomorphic Lie algebroid over the complex
manifold E (see [13, 14, 17, 18] for details in the real case).

The holomorphic Lie algebroid E has a structure of holomorphic vector
bundle with respect to the complex structure JE . Let EC be the complexified
bundle of E and TCE = T ′E⊕T ′′E, its complexified tangent bundle. A similar
idea to that of Martinez ([13, 14]) leads to the definition of the complexified
prolongation TCE of E as follows. We extend C-linearly the tangent mapping
π′∗ : T ′E → T ′M and the anchor ρE : E → T ′M to obtain π∗,C : TCE → TCM
and ρE,C : EC → TCM , respectively. If πE,C : TCE → EC is the tangent
projection extended to the complexified spaces, then we can define the subset
TCE of EC × TCE by

TCE = {(e, v) ∈ EC × TCE | ρE,C(e) = π∗,C(v)}

and the mapping πT ,C : TCE → EC by πT ,C(e, v) = πE,C(v). Thus, we obtain a
complex vector bundle (TCE, πT ,C, EC) over EC. Also, the projection onto the
second factor,

ρT ,C : TCE → TCE, ρT ,C(e, v) = v,

is the anchor of a complex Lie algebroid over EC, called the complexified pro-
longation of E. Indeed, T ′E = E′ × T ′E is a holomorphic product bundle
and, since ρE,C = ρ′ + ρ′′ and π∗,C = π′∗ + π′′∗ are holomorphic mappings with
ρE,C(e) = π∗,C(v), then ρ′(ē) = π′∗(v̄) = 0. We conclude that the complexified
prolongation coincides with the complexification of the prolongation T ′E (as a
complex manifold), that is TCE = T ′E⊕T ′′E, where T ′′E = T ′E = E′′×T ′′E,
with the required restrictions ρ′E(e) = π′∗(v) and its conjugate.

The vertical subbundle of the complexified prolongation is defined using the
projection onto the first factor τ1 : T ′E → E, τ1(e, v) = e, by

V T ′E = ker τ1 = {(e, v) ∈ T ′E | τ1(e, v) = 0}.

From the construction above, it follows that any element of V T ′E has the form
(0, v) ∈ E × T ′E, with π′∗(v) = 0. Then, vertical elements (0, v) ∈ V T ′E have
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the property v ∈ kerπ′∗. By conjugation, we obtain V T ′′E and the complexified
vertical subbundle of the prolongation TCE is V TCE = V T ′E ⊕ V T ′′E.

The local coordinates on T ′E are (zk, uα, vα, wα), obtained as follows. For
an element e = vαeα(z) ∈ E and a vector v tangent at E in u = uαeα(z) ∈ E,
that is, v ∈ T ′uE, the identity ρ′(e) = π′∗(v) yields the vector v in the form

v = ρkαv
α ∂

∂zk
+ wα

∂

∂uα
.

The local basis of holomorphic sections in Γ(T ′E) is {Zα,Vα}, defined by

Zα(u) =

(
eα(π(u)), ρkα

∂

∂zk

∣∣∣∣
u

)
, Vα(u) =

(
0,

∂

∂uα

∣∣∣∣
u

)
,

where

{
∂

∂zk
,
∂

∂uα

}
is the natural frame on T ′E. Therefore, a local basis of sec-

tions in Γ(TCE) is {Zα,Vα,Zᾱ,Vᾱ}, where Zᾱ,Vᾱ are obtained by conjugation,
i.e.,

Zᾱ(u) =

(
eᾱ(π(u)), ρk̄ᾱ

∂

∂z̄k

∣∣∣∣
u

)
, Vᾱ(u) =

(
0,

∂

∂ūα

∣∣∣∣
u

)
.

For a change of local charts on E given by

z̃k = z̃k(z), ũα = Mα
β (z)uβ ,

the basis of sections on E, {eα}, changes by

(1.1) ẽα = W β
α eβ ,

the local coefficients of the anchor map, ρkα, change as

(1.2) ρ̃kα = W β
α ρ

h
β

∂z̃k

∂zh
,

while the natural frame of fields

{
∂

∂zk
,
∂

∂uα

}
from T ′E changes by the rules

∂

∂zh
=
∂z̃k

∂zh
∂

∂z̃k
+
∂Mα

β

∂zh
uβ

∂

∂ũα
,(1.3)

∂

∂uβ
= Mα

β

∂

∂ũα
,

see [9] for more details. Obviously, since E is a complex manifold, all of the
above rules can also be conjugated.

The coordinates on T ′E change by the rules

z̃k = z̃k(z),

ũα = Mα
β u

β ,

ṽα = Mα
β v

β ,

w̃α = Mα
β w

β + ρkβv
β
∂Mα

γ

∂zk
uγ .
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Using these, we obtain the rules of change for the local basis of sections
{Zα,Vα,Zᾱ,Vᾱ} from Γ(TCE):

Z̃β = Wα
β

(
Zα − ρhα

∂Mγ
ε

∂zh
W τ
γ u

εVτ
)
,(1.4)

Ṽβ = Wα
β Vα

together with their conjugates.

By using a complete lift (which can be defined naturally) to the prolongation
T ′E, the Liouville vector and an almost tangent structure can be defined:

(1.5) L = uαVα

and

(1.6) T (Zα) = Vα, T (Vα) = 0.

A section S of the holomorphic Lie algebroid T ′E is called complex semispray
on E if

T (S) = L.

The local expression of a semispray on T ′E is

S = uαZα − 2Gα(z, u)Vα.

The local coefficients Gα of a special complex semispray can be derived
from a Lagrange (in particular, Finsler) function on E, as proved in Theorem
2.1 from [9].

As further notations, we shall use the well-known abbreviations

∂

∂zk
:= ∂k,

∂

∂uα
:= ∂̇α,

∂

∂z̄k
:= ∂k̄,

∂

∂ūα
:= ∂̇ᾱ.

The action of the anchor map ρT on T E is locally described by

ρT (Zα) = ρkα∂k =: ∂α, ρT (Vα) = ∂̇α,(1.7)

ρT (Zᾱ) = ρz̄ᾱ∂k̄ =: ∂ᾱ, ρT (Vᾱ) = ∂̇ᾱ.

Proposition 1.1. The Lie brackets of the basis {Zα,Vα,Zᾱ,Vᾱ} are

[Zα,Zβ ]T = C γαβZγ , [Zα,Vβ ]T = 0, [Vα,Vβ ]T = 0,

[Zα,Zβ̄ ]T = 0, [Zα,Vβ̄ ]T = 0, [Vα,Vβ̄ ]T = 0

and the conjugates, for instance [Zᾱ,Zβ̄ ]T = [Zα,Zβ ]T = C γ̄
ᾱβ̄
Zγ̄ , etc.
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1.1. Nonlinear connections on TCE
In [9], we have considered an adapted frame on T ′E given by a complex

nonlinear connection. Our aim in the following is to define a complex nonlin-
ear connection on the holomorphic prolongation T ′E which is induced by a
nonlinear connection on E.

A complex nonlinear connection on T ′E is given by a complex vector sub-
bundle HT ′E of T ′E such that T ′E = HT ′E ⊕ V T ′E. If lh is the horizontal
lift from T ′E to HT ′E, then similar considerations as in the real case ([17])
lead to the following local expression of lh:

lh(Zα) = Zα −Nβ
αVβ , lh(Vα) = 0,

where Nβ
α = Nβ

α (z, u) are functions defined on E, called the coefficients of the
complex nonlinear connection on T ′E.

Let us consider that on T ′E is given a nonlinear connection with coefficients
Nβ
k such that {δk, ∂̇α} is the adapted frame of fields on T ′E, where

δk = ∂k −Nβ
k ∂̇β

(see also [8, 9]). Denote by δα = ρkαδk and let

(1.8) Nβ
α = ρkαN

β
k .

Then, these are the coefficients of an induced nonlinear connection on the
prolongation T ′E, as we proved in [9].

Denote by

(1.9) Xα = Zα −Nβ
αVβ

in order to obtain a local frame {Xα,Vα} on T ′E, called the adapted frame
with respect to the induced complex nonlinear connection on T ′E. Then

ρT (Zα) = ∂α, ρT (Vα) = ∂̇α,

hence
ρT (Xα) = δα.

In [9], locally imposing that the adapted frame must change by the rules

(1.10) δα = Mβ
α δ̃β

for local changes z̃k = z̃k(z), ũα = Mα
β (z)uβ on E, we have obtained that the

coefficients of the nonlinear connection change by the rule:

(1.11) Mβ
α Ñ

γ
β = Mγ

βN
β
α − ρkα

∂Mγ
β

∂zk
uβ .

From (1.1), (1.3) and (1.10) we get

X̃α =
(
ẽα, δ̃α

)
=
(
W β
α eβ ,W

β
α δβ

)
,

Ṽα =
(
0,
˜̇
∂α
)

=
(
0,W β

α ∂̇β
)
,
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such that the rules of change for the adapted frame {Xα,Vα} are

X̃α = W β
αXβ ,(1.12)

Ṽα = W β
αVβ .

A significant result in [9] is Theorem 2.15, in which a complex nonlinear
connection is determined from a semispray and hence, together with Theorem
2.8, a special complex nonlinear connection on the prolongation T ′E can be
obtained if on E is given a Lagrange (Finsler) function.

Obviously, on the complexified prolongation bundle, a complex nonlinear
connection determines the splitting of TCE as

(1.13) TCE = HTCE ⊕ V TCE ⊕HTCE ⊕ V TCE

such that an adapted frame {Xα,Vα,Xᾱ,Vᾱ} is obtained on TCE with respect
to the complex nonlinear connection.

Proposition 1.2. The Lie brackets of the adapted frame {Xα,Vα,Xᾱ,Vᾱ} are

[Xα,Xβ ]T = C γαβXγ +R γ
αβVγ ,

[Xα,Xβ̄ ]T = (δβ̄N
γ
α)Vγ − (δαN

γ̄

β̄
)Vγ̄ ,

[Xα,Vβ ]T = (∂̇βN
γ
α)Vγ ,

[Xα,Vβ̄ ]T = (∂̇β̄N
γ
α)Vγ ,

[Vα,Vβ ]T = 0,

[Vα,Vβ̄ ]T = 0,

where

R γ
αβ = C εαβNγ

ε − δαN
γ
β + δβN

γ
α .

Proof. We will only prove the first identity, the computations for the others
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are similar. We have:

[Xα,Xβ ] = [Zα −Nγ
αVγ ,Zβ −Nδ

βVδ]
= [Zα,Zβ ]− [Zα, Nδ

βVδ]− [Nγ
αVγ ,Zβ ] + [Nγ

αVγ , Nδ
βVβ ]

= C γαβZγ −N
δ
β [Zα,Vδ]− ρT (Zα)(Nδ

β)Vδ −Nγ
α [Vγ ,Zβ ]

+ ρT (Zβ)(Nγ
α)Vγ +Nγ

αN
δ
β [Vγ ,Vδ] +Nγ

αρT (Vγ)(Nδ
β)Vδ

−Nδ
βρT (Vδ)(Nγ

α)Vγ

= C γαβZγ − ρ
k
α

∂Nδ
β

∂zk
Vδ + ρhβ

∂Nγ
α

∂zh
Vγ +Nγ

α

∂Nδ
β

∂uγ
Vδ −Nδ

β

∂Nγ
α

∂uδ
Vγ

= C γαβZγ − ρ
k
α

∂Nγ
β

∂zk
Vγ + ρhβ

∂Nγ
α

∂zh
Vγ +Nε

α

∂Nγ
β

∂uε
Vγ −Nε

β

∂Nγ
α

∂uε
Vγ

= C γαβXγ + C εαβNγ
ε Vγ − ρkα

∂Nγ
β

∂zk
Vγ + ρhβ

∂Nγ
α

∂zh
Vγ

+Nε
α

∂Nγ
β

∂uε
Vγ −Nε

β

∂Nγ
α

∂uε
Vγ

= C γαβXγ + C εαβNγ
ε Vγ − δαN

γ
βVγ + δβN

γ
αVγ .

2. Complex Finsler structures on a Lie algebroid

The Finsler structure will be considered as a function defined on the com-
plexified tangent bundle of a Lie algebroid E. The motivation for this choice
is the desire to obtain properties that are similar to those from the case of
the holomorphic tangent bundle T ′M ([1, 15]). First, denote by Ẽ the open
submanifold of E consisting in the nonzero sections.

Definition 2.1. A complex Finsler structure F on E is a real-valued function
F : E → R satisfying the following conditions:

1) F is C∞-class on Ẽ;

2) F (z, u) ≥ 0 and F (z, u) = 0 iff u = 0;

3) F (z, λu) = |λ|2F (z, u) for all λ ∈ C.

Of course, since F on E is a real-valued function, it acts with the same rules
on the whole complexified bundle EC.

As in the case of complex vector bundles (see [4]), we will say that a Finsler
structure F is convex if the Hermitian matrix defined in our case by

(2.1) hαβ̄ = ∂̇α∂̇β̄F

is positive-definite. In the following, we will assume the convexity of F .

Definition 2.2. The pair (E,F ) is called the complex Finsler Lie algebroid.
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The tensor hαβ̄ defines a Hermitian metric G on the vertical subbundle

V TCE by G(Z,W ) = hαβ̄Z
αW β̄ , where hαβ̄ = G(∂̇α, ∂̇β̄).

The following result contains important properties of the Finsler function
F that are consequences of the third property from its definition, i.e., the
homogeneity of F .

Proposition 2.3. The Finsler function F on the algebroid E satisfies:

i) (∂̇αF )uα = F , (∂̇ᾱF )ūα = F ;

ii) hαβ̄u
α = ∂̇β̄F , hαβ̄u

β̄ = ∂̇αF , F = hαβ̄u
αūβ;

iii) (∂̇γhαβ̄)uγ = 0 , (∂̇γhαβ̄)uα = 0 , (∂̇γ̄hαβ̄)ūγ = 0;

iv) hαβu
α = 0 , (∂̇γhαβ̄)ūβ = hαγ , where hαβ = ∂̇α∂̇βF .

2.1. The Chern-Finsler connection

The most well-known linear connection in Finsler geometry is the Chern-
Finsler connection. In this section, we introduce such a connection on the Lie
algebroid E.

On a complex vector bundle, the notion of normal complex linear connection
does not make sense, due to the fact that the rules of change of the coefficients
of a distinguished linear connection do not coincide in pairs, such as in the
case of T ′M . This is well-known from [15]. But the classical Chern-Finsler
connection is a normal complex linear connection. Therefore, we shall induce
a Chern-Finsler linear connection on the prolongation TCE starting from a
vertical connection on E.

As in the case of complex Finsler vector bundles ([2, 3, 5, 15]), we shall

consider the functions Nβ
k (z, u) defined by

(2.2) Nβ
k = hσ̄β∂k∂̇σ̄F.

Then, using (1.8) and (1.7), we get

(2.3) Nβ
α = hσ̄βραk∂k∂̇σ̄F = hσ̄β∂α∂̇σ̄F,

the coefficients of a nonlinear connection on TCE.

Proposition 2.4. The functions Nβ
α (z, u) defined by (2.3) determine a non-

linear connection on TCE, called the Chern-Finsler nonlinear connection of the
Lie algebroid E.

Proof. It suffices to check that Nβ
α satisfy the (1.11) rule of change. First, we

have that

(2.4) Ñγ
β = h̃σ̄γ ρ̃jβ ∂̃j

˜̇
∂σ̄F.

Then, from (2.1) we get

h̃ε̄γ = Mγ
µM

ε̄
ν̄h

ν̄µ,

which, replaced in the left-hand side of (1.11) together with (1.2) and (1.3),
yields after some basic computations the right-hand side.
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Now, consider a partial linear connection on the vertical subbundle of the
tangent bundle of E, D : TCE × V TCE → V TCE, which preserves the dis-
tributions V TCE and V TCE and commutes with the conjugation. Its local
coefficients are

Dδk ∂̇α = L γ
αk∂̇γ , D∂̇β

∂̇α = C γ
αβ ∂̇γ ,(2.5)

Dδk ∂̇ᾱ = L γ̄
ᾱk∂̇γ̄ , D∂̇β

∂̇ᾱ = C γ̄
ᾱβ ∂̇γ̄

and their conjugates. The rules of change for their coefficients are:

L̃ τ
αk = Mτ

γ

∂zh

∂z̃k

[
∂W γ

α

∂zh
+W θ

αL
γ
θh

]
,

C̃ τ
αβ = Mτ

γW
σ
βW

θ
αC

γ
θσ,(2.6)

L̃ τ̄
ᾱk =

∂zh

∂z̃k
M τ̄
γ̄W

θ̄
ᾱL

γ̄

θ̄h
,

C̃ τ̄
ᾱβ = M τ̄

γ̄W
σ
βW

θ̄
ᾱC

γ̄

θ̄σ
.

The proof for these identities is very similar to the one for the coefficients of
the linear connection which will be defined in the following, therefore we will
not give these computations here.

As in the case of a complex vector bundle ([3, 15]), we will consider

(2.7) L γ
αk = hσ̄γδkhασ̄, C γ

αβ = hσ̄γ ∂̇βhασ̄

together with their conjugates. It is easy to check that they satisfy the (2.6)
rules of change.

Proposition 2.5. The following identity holds:

(2.8) L γ
αk = ∂̇αN

γ
k .

Proof. From hσ̄τhτε̄ = δσ̄ε̄ , we get

∂hσ̄γ

∂uα
= −hε̄γhσ̄τ ∂hτε̄

∂uα
.

Using also the properties derived from the homogeneity of F , we have:

∂̇αN
γ
k =

∂

∂uα

(
hσ̄γ

∂2F

∂zk∂ūσ

)
=
∂hσ̄γ

∂uα
∂2F

∂zk∂ūσ
+ hσ̄γ

∂hασ̄
∂zk

= hσ̄γ
∂hασ̄
∂zk

− hε̄γhσ̄τ ∂hτε̄
∂uα

∂2F

∂zk∂ūσ

= hσ̄γ
∂hασ̄
∂zk

− hε̄γ ∂hτε̄
∂uα

Nτ
k

= hσ̄γ
∂hασ̄
∂zk

− hσ̄γNα
k

∂hασ̄
∂uτ

= hσ̄γ
δhασ̄
δzk

= L γ
αk.
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We now introduce an N -complex linear connection on the complexified pro-
longation of E, D : TCE × TCE → TCE, by

DXβVα = L γ
αβVγ , DVβVα = C γ

αβVγ ,(2.9)

DXβVᾱ = L γ̄
ᾱβVγ̄ , DVβVᾱ = C γ̄

ᾱβVγ̄

and, since D is a normal connection, it must preserve the distributions, that is,

DXβXα = L γ
αβXγ , DVβXα = C γ

αβXγ ,

DXβXᾱ = L γ̄
ᾱβXγ̄ , DVβXᾱ = C γ̄

ᾱβXγ̄ .

Proposition 2.6. The rules of change for the coefficients of the connection D
are:

L̃ τ
αβ = Mτ

γW
σ
β

[
ρkσ(∂kW

γ
α ) +W θ

αL
γ
θσ

]
,

C̃ τ
αβ = Mτ

γW
σ
βW

θ
αC

γ
θσ(2.10)

L̃ τ̄
ᾱβ = M τ̄

γ̄W
σ
βW

θ̄
ᾱL

γ̄

θ̄σ
,

C̃ τ̄
ᾱβ = M τ̄

γ̄W
σ
βW

θ̄
ᾱC

γ̄

θ̄σ
.

Proof. We only prove the first identity. Using (1.12), we have:

DX̃β X̃α = DWσ
β Xσ (W γ

αXγ)

= Wσ
β

[(
ρT (Xσ)W γ

α

)
Xγ +W γ

αDXσXγ
]

= Wσ
β

[
ρkσ(δkW

γ
α )Xγ +W γ

αL
θ
γσXθ

]
= Wσ

β

[
ρkσ(∂kW

γ
α ) +W θ

αL
γ
θσ

]
Xγ .

On the other hand,

DX̃β X̃α = L̃ σ
αβW

γ
σXγ ,

and identifying the coefficients gives the first rule of change. The others can
be proved in a similar manner.

The relation between the coefficients of the two linear connections D on
TCE and D on TCE is given by the following

Lemma 2.7. The functions L γ
αβ given by

(2.11) L γ
αβ = ρkβL

γ
αk

are the coefficients of a normal complex linear connection on TCE.

Proof. It consists of checking that the functions L γ
αβ satisfy the first rule from

Proposition 2.4, which is immediate.
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Let T (Z,W ) = DZW − DWZ − [Z,W ]T be the torsion of the connection
D on TCE and denote by hT (Z,W ), vT (Z,W ), h̄T (Z,W ) and v̄T (Z,W ) its
components with respect to the (1.13) splitting. A basic computation using
Proposition 1.2 leads to:

T (Xα,Xβ) =
(
L γ
βα − L

γ
αβ − C

γ
αβ

)
Xγ −R γ

αβVγ ,

T (Xα,Xβ̄) = −L γ

αβ̄
Xγ + L γ̄

β̄α
Xγ̄ − (δβ̄N

γ
α)Vγ + (δαN

γ̄

β̄
)Vγ̄ ,

T (Xα,Vβ) = −C γ
αβXγ +

(
L γ
βα − (∂̇βN

γ
α)
)
Vγ ,

T (Xα,Vβ̄) = −C γ

αβ̄
Xγ − (∂̇β̄N

γ
α)Vγ + L γ̄

β̄α
Vγ̄ ,

T (Vα,Vβ) =
(
C γ
βα − C

γ
αβ

)
Vγ ,

T (Vα,Vβ̄) = −C γ̄

αβ̄
Vγ + C γ̄

β̄α
Vγ̄

and also their conjugates. In a similar manner we can compute the local
expressions of the curvature of the connection D, defined by R(Z,W )V =
DZDWV −DWDZV −D[Z,W ]V .

Let us now impose that D is a (1, 0)-connection, i.e., L γ̄
ᾱβ = C γ̄

ᾱβ = 0, and

consider the functions L γ
αk from (2.7). Using (2.11), we get the following

Theorem 2.8. The functions L γ
αβ given by

(2.12) L γ
αβ = ρkβL

γ
αk = hσ̄γδβhασ̄

are the coefficients of a linear connection of (1, 0)-type on TCE, called the
Chern-Finsler connection of the algebroid E. It is induced by the vertical con-
nection (2.7).

Remark 2.9. The theorem can also be proved directly by checking that (2.12)
satisfy the first rule of change in (2.10).

We can conclude that the Chern-Finsler connection of the Lie algebroid E
is given by

(2.13) Nβ
α = hσ̄β∂α∂̇σ̄F, L γ

αβ = hσ̄γδβhασ̄, C γ
αβ = hσ̄γ ∂̇βhασ̄

and L γ̄
ᾱβ = C γ̄

ᾱβ = 0. Also, we note that

(2.14) C γ
αβ = C γ

βα

and, due to (2.11) and (2.8),

(2.15) L γ
αβ = ∂̇αN

γ
β .

The Chern-Finsler connection of E has a similar property to the classical
Chern-Finsler connection on T ′M .

Proposition 2.10. The adapted frame of fields corresponding to the Chern-
Finsler connection (2.3) satisfies the identity

(2.16) ρT
(
[Xα,Xβ ]

)
= 0.
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Proof. We have ρT
(
[Xα,Xβ ]

)
= [ρT (Xα), ρT (Xβ)] = [δα, δβ ]. Then, using

hε̄γhτε̄ = δγτ , we get δα(hµ̄γ) = −hµ̄τhε̄γδα(hτε̄). We can now compute the
coefficient of index σ of the Lie bracket [δα, δβ ]:

[δα, δβ ]σ = δβ(Nσ
α )− δα(Nσ

β )

= ∂β(Nσ
α )− ∂α(Nσ

β ) +Nδ
α∂̇δ(N

σ
β )−Nν

β ∂̇ν(Nσ
α )

= ∂β(hδ̄σ)∂α∂̇δ̄F − ∂α(hµ̄σ)∂β ∂̇µ̄F

+ hθ̄δ∂α∂̇θ̄F
[
∂̇δ(h

µ̄σ)∂β ∂̇µ̄F + hµ̄σ∂β(hδµ̄)
]

− hθ̄ν∂β ∂̇θ̄F
[
∂̇ν(hδ̄σ)∂α∂̇δ̄F + hδ̄σ∂α(hνδ̄)

]
= hθ̄δ∂̇δ(h

µ̄σ)∂α∂̇θ̄F ∂β ∂̇µ̄F − hθ̄ν ∂̇ν(hγ̄σ)∂β ∂̇θ̄F ∂α∂̇γ̄F

= Nδ
αN

γ
βhγµ̄∂̇δ(h

µ̄σ)−Nν
βN

γ
αhγδ̄∂̇ν(hδ̄σ)

= Nδ
αN

γ
β

[
hγµ̄∂̇δ(h

µ̄σ)− hδµ̄∂̇γ(hµ̄σ)
]

= Nδ
αN

γ
β

[
hδµ̄h

µ̄τhε̄σ∂̇γ(hτε̄)− hγµ̄hµ̄τhε̄σ∂̇δ(hτε̄)
]

= Nδ
αN

γ
βh

ε̄σ
[
∂̇γ(hδε̄)− ∂̇δ(hγε̄)

]
= 0.

Using (2.15) and (2.14), the components of the torsion of the Chern-Finsler
connection on TCE become:

T (Xα,Xβ) =
(
L γ
βα − L

γ
αβ − C

γ
αβ

)
Xγ −R γ

αβVγ ,

T (Xα,Xβ̄) = −(δβ̄N
γ
α)Vγ + (δαN

γ̄

β̄
)Vγ̄ ,

T (Xα,Vβ) = −C γ
αβXγ ,

T (Xα,Vβ̄) = −(∂̇β̄N
γ
α)Vγ ,

T (Vα,Vβ) = 0,

T (Vα,Vβ̄) = 0.

The nonzero components of the curvature of the Chern-Finsler connection
are:

R(Xα,Xβ)Xγ =
[
δαL

τ
γβ − δβL τ

γα + L σ
γβL

τ
σα − L σ

γαL
τ
σβ − C σαβL τ

γσ −R σ
αβC

τ
γσ

]
Xτ ,

R(Xα,Xβ̄)Xγ =
[
− δβ̄L τ

γα −R σ
αβ̄C

τ
γσ

]
Xτ ,

R(Xᾱ,Xβ)Xγ =
[
δᾱL

τ
γβ −R σ

ᾱβC
τ
γσ

]
Xτ ,

R(Xα,Xβ)Vγ =
[
δαL

τ
γβ − δβL τ

γα + L σ
γβL

τ
σα − L σ

γαL
τ
σβ − C σαβL τ

γσ −R σ
αβC

τ
γσ

]
Vτ ,
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R(Xα,Xβ̄)Vγ =
[
− δβ̄L τ

γα −R σ
αβ̄C

τ
γσ

]
Vτ ,

R(Xᾱ,Xβ)Vγ =
[
δᾱL

τ
γβ −R σ

ᾱβC
τ
γσ

]
Vτ ,

R(Xα,Vβ)Vγ =
[
δαC

τ
γβ − ∂̇βL τ

γα + C σ
γβL

τ
σα − L σ

γαC
τ
σβ − L σ

βαC
τ
γσ

]
Vτ ,

R(Xα,Vβ̄)Vγ =
[
− ∂̇β̄L τ

γα − (∂̇β̄N
σ
α )C τ

γσ

]
Vτ ,

R(Xᾱ,Vβ)Vγ = (δᾱC
τ
γβ)Vτ ,

R(Vα,Vβ)Xγ =
[
∂̇αC

τ
γβ − ∂̇βC τ

γα + C σ
γβC

τ
σα − C σ

γαC
τ
σβ

]
Xτ ,

R(Vα,Vβ̄)Xγ = (−∂̇β̄C τ
γα)Xτ ,

R(Vᾱ,Vβ)Xγ = (∂̇ᾱC
τ
γβ)Xτ ,

R(Vα,Vβ)Vγ =
[
∂̇αC

τ
γβ − ∂̇βC τ

γα + C σ
γβC

τ
σα − C σ

γαC
τ
σβ

]
Vτ ,

R(Vα,Vβ̄)Vγ = (−∂̇β̄C τ
γα))Vτ ,

R(Vᾱ,Vβ)Vγ = (∂̇ᾱC
τ
γβ)Vτ .

We shall now analyze the dual of the adapted frame {Xα,Vα} on T ′E.
Denote the dual frame by {Zα, δVα}, where {Zα,Vα} is the dual frame of
{Zα,Vα} and δVα = Vα + Nα

β Zβ . Since the dual frame {Zα,Vα} changes by
the rules

Z̃α = Mα
β Zβ ,

Ṽα = Mα
β Vβ + ρkβ

∂Mα
γ

∂zk
uγZβ ,

we obtain
δ̃V

α
= Mα

β δVβ .
The differential of a function f on the complexified prolongation TCE is

locally expressible as

df = (δαf)Zα + (∂̇αf)δVα + (δᾱf)Z ᾱ + (∂̇ᾱf)δV ᾱ.

With respect to the (1.13) decomposition of the prolongation, the differential
can be written as

df = ∂hf + ∂vf + ∂̄hf + ∂̄vf,

where

∂hf = (δαf)Zα =

(
ρkα

∂f

∂zk
−Nβ

α

∂f

∂uβ

)
Zα, ∂vf = (∂̇αf)δVα =

∂f

∂uα
δVα,

∂̄hf = (δᾱf)Z̄α =

(
ρk̄ᾱ

∂f

∂z̄k
−N β̄

ᾱ

∂f

∂ūβ

)
Z̄α, ∂̄vf = (∂̇ᾱf)δV̄α =

∂f

∂ūα
δV̄α.

In particular,

dZα = −1

2
C α
βγZβ ∧ Zγ −

1

2
C α
β̄γZ̄

β ∧ Zγ , dVα = 0.

The formalism introduced here will be further used in a study of Laplace
type operators on the holomorphic Lie algebroid E.
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2.2. Kähler Finsler algebroids

In order to define the Kähler condition in the case of a Lie algebroid, we
first need to define a metric structure on the prolongation TCE by

(2.17) G = hαβ̄Zα ⊗ Z̄β + hαβ̄δVα ⊗ δV̄β .

We now check if the Chern-Finsler connection (2.13) is metric with respect
to the structure G defined above. First, note that, due to the fact that the
components of the metric structure (2.17) on T E depend only on (zk, uα),
then the action of the vector fields {Xα,Xᾱ,Vα,Vᾱ} on the components of G is

Xαhβγ̄ = δαhβγ̄ , Xᾱhβγ̄ = δᾱhβγ̄ ,

Vαhβγ̄ = ∂̇αhβγ̄ , Vᾱhβγ̄ = ∂̇αhβγ̄ ,

such that the identity

XG(Y, Z) = G(DXY,Z) + G(Y,DXZ)

is easily checked as in the classical case, for Y = Vβ , Z = Vγ̄ and X =
Xα or X = Xᾱ ([15]). This means that the Chern-Finsler connection on the
prolongation is metric with respect to the structure G.

Let us now consider the horizontal 2-form

(2.18) Θh = −ihαβ̄Zα ∧ Z̄β .

We can define a Kähler-Finsler algebroid following the idea of Aikou, [2].

Definition 2.11. A holomorphic Lie algebroid is called Kähler-Finsler alge-
broid if the horizontal Kähler form (2.18) is h-closed, i.e., dhΘh = 0.

The condition from the definition above easily yields

δγhαβ̄ = δαhγβ̄ , δγ̄hαβ̄ = δβ̄hαγ̄ ,

which, due to (2.7), becomes

(2.19) L σ
αγ = L σ

γα,

a similar condition to the one from the classical case.
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