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FINSLER STRUCTURES ON HOLOMORPHIC LIE
ALGEBROIDS

Alexandru Ionescul

Abstract. Complex Finsler vector bundles have been studied mainly
by T. Aikou, who defined complex Finsler structures on holomorphic
vector bundles. In this paper, we consider the more general case of a
holomorphic Lie algebroid E and we introduce Finsler structures, partial
and Chern-Finsler connections on it.

First, we recall some basic notions on holomorphic Lie algebroids.
Then, using an idea from E. Martinez, we introduce the concept of com-
plexified prolongation of such an algebroid. Also, we study nonlinear and
linear connections on the tangent bundle Tc E and on the prolongation
TcE and we investigate the relation between their coefficients. The ana-
logue of the classical Chern-Finsler connection is defined and studied in
the paper for the case of the holomorphic Lie algebroid E.
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Introduction

Complex Finsler structures on holomorphic vector bundles have been intro-
duced and studied mainly by T. Aikou ([3, 4} [5]). In this paper, we introduce
Finsler structures, partial and Chern-Finsler connections in the more general
case of a holomorphic Lie algebroid. The setting for the geometrical construc-
tions will be the tangent bundle of the algebroid and the prolongation of the
algebroid, a concept introduced by E. Martinez ([I3], [14]) and studied also by
L. Popescu [17, 18] and E. Peyghan ([16]).

We briefly recall here some general notions and set our notations for the
geometry of holomorphic Lie algebroids. More ideas can be found in [8] [9].

Let M be a complex n-dimensional manifold and E a holomorphic vec-
tor bundle of rank m over M. Denote by @ : E — M the holomorphic
bundle projection, by T'(E) the module of holomorphic sections of 7 and let
TcM =T'M & T"M be the complexified tangent bundle of M, split into the
holomorphic and antiholomorphic tangent bundles.

The holomorphic vector bundle E over M is called anchored if there exists
a holomorphic vector bundle morphism p : E — T'M, called anchor map.

The following definition is known from [6} [7, 10, 12} 20].
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A holomorphic Lie algebroid over M is a triple (E,[-,‘|g, pE), where E is
a holomorphic vector bundle anchored over M, [-,-|g is a Lie bracket on I'(E)
and pg : I'(E) — I'(T"M) is the homomorphism of complex modules induced
by the anchor map p such that

(0.1) [s1, fs2]e = f[s1,82]E + pE(s1)(f)s2

for all s1,s2 € I'(E) and all f € Hol(M).

As a consequence of this definition, we have that pg([s1, s2]r) = [pE(s1),
pe(s2)]rm ([12]), which means that pg : (T'(E), [, ]g) = T(T'M),[]) is a
complex Lie algebra homomorphism.

Locally, if {z¥},_77 is a complex coordinate system on U C M and {eatotm
is a local frame of holomorphic sections of £ on U, then (z*,u®) are local com-
plex coordinates on 7~ 1(U) C E, where u = u®e,(z) € E.

The action of the holomorphic anchor map pg can locally be described by
(02 pi(en) = ph o,

while the Lie bracket [-,-]g is locally given by
(0.3) [easeslE = C ey

The holomorphic functions p¥ = p¥ () and Cos = Cop(2) on M are called the
holomorphic anchor coefficients and the holomorphic structure functions of the
Lie algebroid E, respectively.

Since F is a holomorphic vector bundle, the natural complex structure acts
on its sections by Jg(es) = ie, and Jg(ey,) = —ié,. Hence, the complexified
bundle E¢ of E decomposes into E¢c = E' @ E”. The sections of E¢ are given
as usual by I'(E') = {s —iJgs|s e (E)} and T'(E") = {s+iJgs|s € [(E)},
respectively. The local basis of sections of E’ is {ea},—15;, While for E”, the
basis is represented by their conjugates {é, := ea}azm. Since pg : I'(E) —
['(T'M) is a homomorphism of complex modules, it extends naturally to the
complexified bundle by p'(en) = pr(e.) and p”(es) = pr(es). Thus, we can
write pgp = p’ @ p” on the complexified bundle, and since E is holomorphic, the
functions p(z) are holomorphic, hence p¥ = p% = 0 and pk = p.

As a vector bundle, the holomorphic Lie algebroid E has a natural structure
of complex manifold. If we wish to study a Finsler structure on the manifold £
with coordinates in a local chart (2%, u®), it is of interest to consider the action
of such a structure on the sections of the complexified tangent bundle Tc E.

Two approaches on the tangent bundle of a holomorphic Lie algebroid E
were described in [9]. The first is the classical study of the tangent bundle
of E, while the second is that of the prolongation of E. The latter idea is
due to E. Martinez [13| [I4] based on the work of P. Liberman [I1I] and it
appeared from the need of a formalism for ordinary Lagrangian Mechanics
where equations of motion could be obtained independent of structures on the
dual of the algebroid, a problem raised by Weinstein ([19,20]). For introducing
geometrical objects such as nonlinear connections or sprays which could be
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studied in a similar manner to the tangent bundle of a complex manifold, this
setting seems more attractive for studying the Finsler structure. Further, we
briefly introduce the notion of prolongation of a holomorphic Lie algebroid and
complete the study with some results on its complexification.

1. The prolongation of a holomorphic Lie algebroid

Let us recall from [9] some ideas on the prolongation of the holomorphic
Lie algebroid.

For the holomorphic Lie algebroid E over a complex manifold M, its prolon-
gation will be introduced using the tangent mapping 7, : T'E — T’ M and the
holomorphic anchor map pg : E — T'M. Define the subset 7'E of E x T'E by
T'E = {(e,v) € ExT'E | p(e) = m,(v)} and the mapping 7% : T'E — E, given
by 7%-(e,v) = mg(v), where 7% : T'"E — E is the tangent projection. Then
(T'E,n’-, E) is a holomorphic vector bundle over E, of rank 2m. Moreover, it
is easy to verify that the projection onto the second factor p% : T'E — T'E,
p'+-(e,v) = v, is the anchor of a new holomorphic Lie algebroid over the complex
manifold E (see [13| [14] [I7, [I8] for details in the real case).

The holomorphic Lie algebroid E has a structure of holomorphic vector
bundle with respect to the complex structure Jg. Let E¢ be the complexified
bundle of E and TcF = T'E®T"E, its complexified tangent bundle. A similar
idea to that of Martinez ([I3| [14]) leads to the definition of the complexified
prolongation TcE of E as follows. We extend C-linearly the tangent mapping
mh : T'"E — T'M and the anchor pg : E — T'M to obtain 7, ¢ : TcE — TcM
and pgpc : Ec — TcM, respectively. If mgc : TcE — Eg is the tangent
projection extended to the complexified spaces, then we can define the subset
%E of EC X TcE by

TcE ={(e,v) € Ec X IcE | pgcle) = mc(v)}

and the mapping 77 ¢ : TcE — E¢ by 77 c(e,v) = mg,c(v). Thus, we obtain a
complex vector bundle (TcE, w1 ¢, Ec) over Ec. Also, the projection onto the
second factor,

pr.c:TcE = TcE, prclev) =m0,

is the anchor of a complex Lie algebroid over Eg¢, called the complezified pro-
longation of E. Indeed, T'E = E’ x T'E is a holomorphic product bundle
and, since pg c = p’ + p” and m, ¢ = 7, + )/ are holomorphic mappings with
pec(e) = e c(v), then p'(e) = n,(v) = 0. We conclude that the complexified
prolongation coincides with the complexification of the prolongation 7'F (as a
complex manifold), that is TcE = T'E®T"E, where T"E =T'E = E'"xT"E,
with the required restrictions p;(e) = 7} (v) and its conjugate.

The vertical subbundle of the complexified prolongation is defined using the
projection onto the first factor 71 : T'E — E, 11 (e,v) = e, by

VT'E =kerri = {(e,v) € T'E | m1(e,v) = 0}.

From the construction above, it follows that any element of V7’ E has the form
(0,v) € E x T'E, with 7}, (v) = 0. Then, vertical elements (0,v) € VT'E have
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the property v € ker 7. By conjugation, we obtain V7" E and the complexified
vertical subbundle of the prolongation T¢FE is VIcE =VT'E® VT"E.

The local coordinates on T'E are (¥, u®, v®, w®), obtained as follows. For
an element e = v%e,(z) € F and a vector v tangent at F in u = u®e,(z) € E,
that is, v € T}, E, the identity p’(e) = 7, (v) yields the vector v in the form

v = kvai + w 0
~Pal gk u’
The local basis of holomorphic sections in T'(T'E) is { £, Va }, defined by

0 0
k —
u)’ Va(u) (O’ ou® u)’

200) = (calm(u) ot 55
is the natural frame on 7' E. Therefore, a local basis of sec-

where { —, —
0zF’ Oue

tions in I'(T¢cE) is {24, Va, Za, Va}, where Z5, V5 are obtained by conjugation,
i 0

ic. a0 = (eatr | ). vt = (0., )

For a change of local charts on E given by

=), %= Mgl

the basis of sections on E, {e,}, changes by

(11) ga = Wgeﬂa

the local coefficients of the anchor map, p¥, change as
- ozF

(1.2) Pa=Wiro

0
while the natural frame of fields { from T'E changes by the rules

9 9
0z Que
o _oF o My 0
ozl 0z 0zF T 020 T oue’
0 0
e 2
ouP B oo
see [9] for more details. Obviously, since E is a complex manifold, all of the

above rules can also be conjugated.
The coordinates on 7' E change by the rules

(1.3)

7* = 7%(2),
u* = MguP,
7 = MgP,

oMY
0% = M3w? + pkoP LRyl
B PeY "5k
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Using these, we obtain the rules of change for the local basis of sections
{Z4,Va, 25, Va} from T'(TcE):

~ N OMY
(1.4) EA (za Rt

WJUEVT> ,
Vs =WgV,

together with their conjugates.
By using a complete lift (which can be defined naturally) to the prolongation
T'E, the Liouville vector and an almost tangent structure can be defined:

(1.5) L=u"Y,
and
(1.6) T(Z%) =V, T(VY) =0.

A section S of the holomorphic Lie algebroid 7' F is called complex semispray
on F if

T(S)=L.
The local expression of a semispray on 7'E is
S=uZ, —2G(z,u)V,.

The local coefficients G* of a special complex semispray can be derived
from a Lagrange (in particular, Finsler) function on F, as proved in Theorem
2.1 from [9].

As further notations, we shall use the well-known abbreviations

0 0 . 0 0 .
— =0 = 804; i — ai, - = 6@.
dzk " due ozk M gae
The action of the anchor map p7 on TFE is locally described by

(17) pT(ZOé) = P];ak = aou pT(Va) = 8&,
p7(2a) = pad; = 0ar  p7(Va) = Oa-

Proposition 1.1. The Lie brackets of the basis {24, Va, Za, Va} are

[Zas 28T = C 32y, [Za;VslT =0, [Va,Vsl7 =0,
[Zaa Zi]T = 07 [Zav Vﬁ}T = 01 [VOM Vﬁ]T =0

and the conjugates, for instance [Za, Z5lT = (20, Zpl7 = 6675_2'7’ ete.
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1.1. Nonlinear connections on 7cFE

In [9], we have considered an adapted frame on 7'E given by a complex
nonlinear connection. Our aim in the following is to define a complex nonlin-
ear connection on the holomorphic prolongation 7'E which is induced by a
nonlinear connection on FE.

A complex nonlinear connection on T'E is given by a complex vector sub-
bundle HT'E of T'E such that T'E = HT'E @ VT'E. If I is the horizontal
lift from 7'E to HT'E, then similar considerations as in the real case ([I7])
lead to the following local expression of 1"

I"(Z4) = 24 — NPV, 1"(V,) =0,

where NS = N2 (z,u) are functions defined on E, called the coefficients of the
complex nonlinear connection on 7'FE.

Let us consider that on T"E is given a nonlinear connection with coefficients
N, 5 such that {0y, aa} is the adapted frame of fields on T'E, where

0k = O — NP O
(see also [8,[]). Denote by §, = p~é, and let
k
(1.8) N = piNy.

Then, these are the coefficients of an induced nonlinear connection on the
prolongation 7'F, as we proved in [9].
Denote by

(1.9) Xy = 2o — NPVg

in order to obtain a local frame {X,,V,} on T'E, called the adapted frame
with respect to the induced complex nonlinear connection on 7'E. Then

pT(Za) = 8&7 pT(Va) = aou
hence
p7(Xa) = da-

In [9], locally imposing that the adapted frame must change by the rules
(1.10) b = MP5,
for local changes 2% = z¥(z), u® = Mg (2)u® on E, we have obtained that the
coefficients of the nonlinear connection change by the rule:

ol
oMy
0zF

(1.11) MENY = MINE — pf u”.

From , and we get
/%ioz = (gaaga) = (W5657W555)’
Vo = (0,0a) = (0,WEdp),
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such that the rules of change for the adapted frame {X,, V,} are

(1.12) Xo = WExg,

(e

Vo = WPV,

(e

A significant result in [9] is Theorem 2.15, in which a complex nonlinear
connection is determined from a semispray and hence, together with Theorem
2.8, a special complex nonlinear connection on the prolongation 7'FE can be
obtained if on E is given a Lagrange (Finsler) function.

Obviously, on the complexified prolongation bundle, a complex nonlinear
connection determines the splitting of Tc E as

(1.13) TeE=HTeE® VTeE® HIGE ® VIcE

such that an adapted frame {X,, Va, X5, Va} is obtained on T¢E with respect
to the complex nonlinear connection.

Proposition 1.2. The Lie brackets of the adapted frame { Xy, Va, Xa, Va} are

(X, XB]T = C(]ﬁXV + ngVw

Wi X5l7 = 55NV, — (0aNT)Vs,
(X Vol = (95N2)Vs,

[Xa, Va7 = (05N])V5,

[VmVB]T =0,

[Vouv_]T =0,

where

RJs = CsNI — 6aNJ + 85N,

Proof. We will only prove the first identity, the computations for the others
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are similar. We have:
[Xa,?(g} = [Zoc - N;V"/vzﬂ - NgV‘S]
= [Za, 25] — [Za, N§Vs] — [NVy, Z5] + [NJV,, N§Vs]
=CJsZy = Nj[Za, V5| = p7(2a)(NJ)Vs — NI[Vy, 25
+ pT(Zm(NJ Wy + NINB[V,, Vs + Nopr (Vo) (N§)Vs

— Nipr (V) (N)V,
L ON§ ON. ONj ON,
— ’YZ B h oz N7 6
Ca,B paa Vs + P Chpwn V+ “67V5 8
8N ON 8]\7 an
_ " B h €
—CaﬂZ paa V+ﬁahV+NaaeV Frwe <Y,
=CJyXy +CS5NIV, al ’y, n N
— Lap + CaplVe pa 92k t o8 b
6]\7 N
+ N —= V Nﬁa «

* us dus
= CJyXy + CENIVy — 5aNﬁ V, + 05NV,

2. Complex Finsler structures on a Lie algebroid

The Finsler structure will be considered as a function defined on the com-
plexified tangent bundle of a Lie algebroid F. The motivation for this choice
is the desire to obtain properties that are similar to those from the case of
the holomorphic tangent bundle 7'M ([T, 15]). First, denote by E the open
submanifold of F consisting in the nonzero sections.

Definition 2.1. A complex Finsler structure F on E is a real-valued function
F: F — R satisfying the following conditions:

1) Fis C*>-class on E;
2) F(z,u) >0 and F(z,u) =0iff u=0;
3) F(z,Au) = |M\?F(z,u) for all A € C.

Of course, since F' on F is a real-valued function, it acts with the same rules
on the whole complexified bundle E¢.

As in the case of complex vector bundles (see []), we will say that a Finsler
structure F' is convex if the Hermitian matrix defined in our case by

(2.1) haB = 6a35F
is positive-definite. In the following, we will assume the convexity of F.

Definition 2.2. The pair (F, F) is called the complex Finsler Lie algebroid.
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The tensor h,z defines a Hermitian metric G' on the vertical subbundle
VIcE by G(Z,W) = hogZ“WP, where h,5 = G(da,J5).

The following result contains important properties of the Finsler function
F that are consequences of the third property from its definition, i.e., the
homogeneity of F.

Proposition 2.3. The Finsler function F' on the algebroid E satisfies:
i) (OuF)u® =F , (05F)u™ = F;

i) hogu® = 05F , hogt® = 0o F , F = hogua’;

iii) (Oyhaz)u? =0, (Oyhag)u® =0, (O5hez)u” =0;

iv) hopu® =0, (8'7ha5)715 = Ny , where hop = 0D F .

2.1. The Chern-Finsler connection

The most well-known linear connection in Finsler geometry is the Chern-
Finsler connection. In this section, we introduce such a connection on the Lie
algebroid F.

On a complex vector bundle, the notion of normal complex linear connection
does not make sense, due to the fact that the rules of change of the coefficients
of a distinguished linear connection do not coincide in pairs, such as in the
case of T'M. This is well-known from [I5]. But the classical Chern-Finsler
connection is a normal complex linear connection. Therefore, we shall induce
a Chern-Finsler linear connection on the prolongation 7¢cFE starting from a
vertical connection on F.

As in the case of complex Finsler vector bundles ([2, Bl Bl [15]), we shall
consider the functions N,? (z,u) defined by

(2.2) NP = 88,0, F.
Then, using ) and ., we get
(2.3) NP = hoP p2 9,05 F = h®P 8,0, F,

the coefficients of a nonlinear connection on 7¢cE

Proposition 2.4. The functions N°(z,u) defined by determine a non-
linear connection on TcE, called the Chern-Finsler nonlinear connection of the
Lie algebroid E.

Proof. Tt suffices to check that N/ satisfy the (1.11)) rule of change. First, we
have that

(2.4) N} = h7'5%0;05 F.
Then, from (2.1]) we get
R = M) MER,

which, replaced in the left-hand side of (| - 1.11]) together with ( and (| .7
yields after some basic computations the right-hand side.
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Now, consider a partial linear connection on the vertical subbundle of the
tangent bundle of E, D : TcE X VIgE — VIcE, which preserves the dis-
tributions VIgcE and VIgE and commutes with the conjugation. Its local
coefficients are
(2.5) D5, 0o = L]0, Da-ﬂaa = C(]ﬂ&,,

D(;k(% = L;’ka.;y, Da‘Ba'@ == C’;B(%

and their conjugates. The rules of change for their coefficients are:

TT Tazh 6Wg 6
ok = Mvazk[ oz W“L;h}’
(26) Oy = MWEWIC,
Fr [CLA—

AT _ AT Tk
ap = MzWgWaCys, .
The proof for these identities is very similar to the one for the coefficients of
the linear connection which will be defined in the following, therefore we will

not give these computations here.
As in the case of a complex vector bundle ([3] [15]), we will consider

(2.7) L)y =0 6khas,  CJly=h""0phas

together with their conjugates. It is easy to check that they satisfy the (2.6
rules of change.

Proposition 2.5. The following identity holds:

(2.8) L(;Yk - aaN]Z.
Proof. From h?"h,: = 62, we get
Oh®Y o~ Ohse
= —hETpeT e
ou™ du™

Using also the properties derived from the homogeneity of F', we have:

. B 2
804Nl;y — a<hcf’y 0°F )

ou~ 0zkouc
Oh®Y  9?F — Ohuos
= + h%7Y
Ou® 0zkou° Ozk
__Ohys e - Oh;z O>F
— hoY a0 1 EY}0T TE
h 0zk heh ou® 0zFouc
_ Ohas . Oh e
N as ey TE NTT
h 0zF h Ou® N
_. Oh oh
N Noje') ao _hU'yNoz ao
L Foou
P
= hoY 5o — ;k
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We now introduce an N-complex linear connection on the complexified pro-
longation of E, D : TcE x TcE — TcE, by

(2.9) DxyVo = L;ﬁvﬂ,, Dy, Vo = C"YBVV,
Dx,Va = LJ3V5, Dy,Va=ClVs

and, since D is a normal connection, it must preserve the distributions, that is,
DXBXQ_L &, Dy, a_C Xy,
Dx, Xa _L“’ 545, Dy, Xa C”’

Proposition 2.6. The rules of change for the coefficients of the connection D
are:

LIs=MIWE [pk(@W]) +WiL, ],

(2.10) ogﬁ = MIWEWiC,,
Iy=MIWSWIL)

T 07
op = MIWEWIC, .
Proof. We only prove the first identity. Using (1.12]), we have:

Dy, Xa = Dwgx,(WiXy)

— WE[(prl@ ) W2) X, + WD, X,
= Wﬁ [pa((skw’y)‘)( + W;L'VJXQ}
= WE [p5 (W) + WiL,] X,

On the other hand,
D);ﬁ Xo = LsWJX,,

and identifying the coefficients gives the first rule of change. The others can
be proved in a similar manner. O

The relation between the coefficients of the two linear connections D on
TcE and D on TcF is given by the following

Lemma 2.7. The functions L] 5 given by
(2.11) L)y = p§L,
are the coefficients of a normal complex linear connection on TcE

Proof. It consists of checking that the functions L) 5 satisfy the first rule from
Proposition 2.4, which is immediate. O
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Let T(Z,W) = DzW — DwZ — [Z, W] be the torsion of the connection
D on TcE and denote by hT(Z, W), vT(Z,W), hT(Z,W) and vT (Z,W) its
components with respect to the splitting. A basic computation using
Proposition [I.2] leads to:

T(Xa, Xs) = (Lg, — Los — Cls) Xy — R Vs,

T (Xa, Xp) = =L 54, + Lgm — (05N)Vy + (6aNT)Vs,
T(Xa,vﬂ) —C Xy + (L3, — (9sN])) Vs

T (X, V3) = —C. fx — 9NV, + L] Vs,
T(Va Vs) = (Cgly — Cls) Vs,

T(Vas V) = =C 1V, + CJL Vs

and also their conjugates. In a similar manner we can compute the local
expressions of the curvature of the connection D, defined by R(Z, W)V =
DzDwV —DwDzV — DizwV.

Let us now impose that D is a (1 0)-connection, i.e., L)z = CJ; = 0, and
consider the functions L], from . Using 7 we get the following

Theorem 2.8. The functions L 5 gien by
(2.12) Ly = phLy = h76shas

are the coefficients of a linear connection of (1,0)-type on TcE, called the
Chern-Finsler connection of the algebroid E. It is induced by the vertical con-

nection (2.7)).
Remark 2.9. The theorem can also be proved directly by checking that (2.12)
satisfy the first rule of change in (2.10)).

We can conclude that the Chern-Finsler connection of the Lie algebroid E
is given by

(2.13) NJ =h7P0,05F, L]y =h""0shaz, Cgy=h""0shas

and Lgﬁ = C;B = 0. Also, we note that

Yy
(2.14) C.s=Cg,
and, due to (2.11) and (2.8]),

(2.15) L7, = daN].

The Chern-Finsler connection of E has a similar property to the classical
Chern-Finsler connection on 7" M.

Proposition 2.10. The adapted frame of fields corresponding to the Chern-
Finsler connection (2.3) satisfies the identity

(2.16) o7 (X, X)) = 0.
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Proof. We have pr([Xa, Xs]) = [p7(Xa), pr(X8)] = [0a,ds]. Then, using
h&7h,e = 07, we get 6o (h*7) = —hFTh¥7§,(hrs). We can now compute the
coefficient of index o of the Lie bracket [y, dg]:
00, 0p]7 = 05(NG) = 0a(NG)
0s(Ney) — 9a(N§) + NoOs(N§) — N5 o, (N7)
= 93(h°7)Da05F — 0o (W) D0 F
+ h%%0,0,F {&;(h“")@g@,;FJr h’m@ﬁ(h&ﬁ)]

— W90, F [ay(hga)aaégF + hgaaa(hyg)}
= 1205 (WF) 0005 F 0505 F — h?" 8, (h7°)0305F 0005 F
= NINJhyuds(hP7) — N§Nh. 50, (h%)
= NON [Py (W) = Dy ()]
= NINJ |hoh®™ B0, (he) = hah"" ¥ By (hre)
= NoNjh? [3v(h55) - 35(mé)]
=0.

O

Using (2.15)) and (2.14)), the components of the torsion of the Chern-Finsler
connection on T¢cE become:

T(Xa, Xp) = (Lg, — Las — Cap) Xy — RIVs,
T(Xor X) = —(05N2)Vy + (6aNT) V5,
T(XaaVB) = C(]ﬁXw

T (Xay V) = —(95N)Vs,

T(Vaavﬂ) =0,

TWVa,Vz) =0.

are:

R(Xo, Xg)Xy = [6aLjs — 0sL], + LIgLS, — L7, L] —Cos L], — RI;C T X.
R(Xa, X5)Xy = [ = 05L, = RICJ, | Xx

R(‘)CL;X,B)X’Y == I:(SQL,;—ﬂ - EzﬁC ]

R(Xa, Xg)Vy = [6aLjs — L7, + L BL — L0, Lls—CoL], — R CL| V-,
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R(Xav Xﬁ)v'v = [ - 551": o RSBC’YTU} Vr,

R(Xa, X5)Vy = [0aLys — RCT,|Vr,

R(Xa, V)Vy = [0aC5 — 0sL], + C3 L7, — LI,Cly — LS, CT, ]V,
R(Xa, Va)Vs = [ = 95 L7, — (85N5)C, V.

R(Xa, Vg)Vy = (6aC3)Vr,

R(Va, V) Xy = [30¢ch/3 - 3.5072 + O350 — Cfaca‘rﬂ} A,
R(Va, V3)Xy = (—03C )X,

R(Va, V) Xy = (0aC.J5) X,

R(Va,Va)Vy = [0aC5 — 05C, + C.5C 1, — CL,CT]V
R(Va, V5)Vy = (=05CT,))V-,

R(Va,Vs)Vy = (0:C75)Vx

We shall now analyze the dual of the adapted frame {X,,V,} on T'E.
Denote the dual frame by {Z%,6V*}, where {Z%,V*} is the dual frame of
{Z4,Va} and 6V* = V* + NgZB. Since the dual frame {Z%,V*} changes by
the rules

Zo a =B
20— Mg 2P,

~ oM
V= MEV? 4 ply— w27
we obtain w
5V = MgV’

The differential of a function f on the complexified prolongation TcE is
locally expressible as

df = (0 f)Z% + (0af)SV* + (5af) 2% + (Daf)6V".

With respect to the (1.13) decomposition of the prolongation, the differential
can be written as

df =0"f+0"f+0"f+0"f,

where
of 0 : of
hpe a k _ a8 e’ v _ o «
0'f = uf)2e = (sl - NIgh ) ze oo = @upov = Shove
_ (20 5 0f \ew - e O
he _ a k o _5 « v _ _ o «
a f - (5af)z (pa 82k Na 8a )Z ) a f (8Otf)5v 8,&& 5V ‘

In particular,
1 1 -
a a =zf a ZfB a
dzZ* = fiCﬁ,YZ NZT — 56’572 NZ7, dv® = 0.

The formalism introduced here will be further used in a study of Laplace
type operators on the holomorphic Lie algebroid E.
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2.2. Kahler Finsler algebroids

In order to define the Kahler condition in the case of a Lie algebroid, we
first need to define a metric structure on the prolongation 7¢c F by

(2.17) G =ho 2@ 2 + h,z0V" @ 5V°.

We now check if the Chern-Finsler connection is metric with respect
to the structure G defined above. First, note that, due to the fact that the
components of the metric structure on TE depend only on (zF,u®),
then the action of the vector fields {X,, X, Va, Va} on the components of G is

Xohpy = dahpy,  Xahpy = dahss,
Vahgs = Oahgy,  Vahgy = dahss,
such that the identity
XG(Y, Z) = G(DxY, Z) + (Y, Dx Z)

is easily checked as in the classical case, for Y = V3, Z = V5 and X =
X, or X = X5 ([I5]). This means that the Chern-Finsler connection on the
prolongation is metric with respect to the structure G.

Let us now consider the horizontal 2-form

(2.18) O" = —ih, 52 N 2",
We can define a Kéhler-Finsler algebroid following the idea of Aikou, [2].

Definition 2.11. A holomorphic Lie algebroid is called Kéahler-Finsler alge-
broid if the horizontal Kihler form (2.18)) is h-closed, i.e., d"©" = 0.

The condition from the definition above easily yields
Oyhog = 0ah.z, O5h45 = d5has,
which, due to (2.7)), becomes

(2.19) LS, =LS

Yo

a similar condition to the one from the classical case.
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