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ON OSCULATING, NORMAL AND RECTIFYING
BI-NULL CURVES IN R}
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Abstract. In this paper we give the necessary and sufficient conditions
for bi-null curves in R to be osculating, normal or rectifying curves in
terms of their curvature functions.
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1. Introduction

In the Euclidean 3-space R? there exist three classes of characterisirc curves,
so called rectifying, normal and osculating curves. Rectifying curves are intro-
duced by B. Y. Chen in [2] as a space curve whose position vector always lies in
its rectifying plane. Here, the rectifying plane is spanned by the tangent vector
T (s) and the binormal vector B (s). Thus, the position vector « of a rectify-
ing curve in R3 satisfies the equation o (s) = A\ (s) T (s) + p (s) B (s) for some
differentiable functions A (s) and p(s). In Minkowski 3-space R, rectifying
curves have similar geometric properties as in R?. Some characterizations of
spacelike, timelike and null rectifying curves, lying fully in R$, are given in [].
Moreover, the definition of a rectifying curve is generalized to 4-dimensional
Euclidean and Minkowski spaces in [IT, G, B].

In analogy with the Euclidean case, a normal curve in R} is defined in
[8] as a curve whose position vector always lies in its normal plane. Some
characterizations of spacelike, timelike and null normal curves, lying fully in
R3, are given in [8, @, 8]. In addition, normal curves in Minkowski space-time
R} are defined in [5] as a curve whose position vector always lies in its normal
space T, which represents the orthogonal complement of the tangent vector
field of the curve.

Similarly, an osculating curve in R is defined in [I] as a curve whose posi-
tion vector always lies in its osculating space, which represents the orthogonal
complement of the first binormal or second binormal vectors field of the curve.
Timelike, spacelike and null osculating curves are studied in [T2] and [
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On the other hand, the second named author (in [I3]) gave the notion of
bi-null curves in semi-Euclidean spaces RY of index 2, together with the unique
Frenet frame and the curvatures. He also discussed some properties of bi-null
curves in terms of the curvatures. Recently in [I4], we study bi-null curves with
constant curvature functions in R3.

In this paper, we characterize osculating bi-null curves in R3. We consider
three types of osculating bi-null curves in R} which we call as "the first kind of
osculating curves”, "the second kind of osculating curves” and ”the third kind
of osculating curves”. Then we give the necessary and sufficient conditions for
bi-null curves in R} to be osculating curves in terms of their curvature functions
for all types of osculating curves. In addition, we study normal bi-null curves
and rectifying bi-null curves in R3.

2. Preliminaries

In this section, following [T3] and [4], we recall the Frenet equations for
bi-null curves in R3. Let R3 be the 5-dimensional semi-Euclidean space of index
2 with standard coordinate system {x1, za, x5, 24, 5} and metric

ds® = dz? + da + dad — da? — da?.

We denote by (, ) the inner product on R3. Recall that a vector v € R3\{0} can
be spacelike if (v,v) > 0, timelike if (v,v) < 0 and null (lightlike) if (v, v) = 0.
In particular, the vector v = 0 is said to be spacelike. The norm of a vector v
is given by ||v|| = /| (v,v)|. Two vectors v and w are said to be orthogonal,
if (v,w) = 0.

We say that a curve v (¢) in R3 is a bi-null curve if span{y’ (¢),7” ()} is an
isotropic 2-plane for all ¢ ([0]). That is,

(O (), (@) = (6),7" (1) = " () ,7" (1) =0,

and {7’ (t),v"” (¢t)} are linearly independent.

We say that a bi-null curve « (t) in RJ is parametrized by the bi-null arc
if (v (t),7® (t)) = 1. As noted in [I3], a bi-null curve 7 () in R} satisfies
<fy(3) (t),+® (t)) = 0. If a bi-null curve v (¢) in R} satisfies <'y(3) (t),y® () >
0, then we can see that

ww=[ (0040 0)"

to

becomes the bi-null arc parameter.
For a bi-null curve v (#) with bi-null arc parameter ¢ in R3, there exists a
unique Frenet frame {L1, Lo, N1, N3, W} such that

,7/ = le Lll = L27 L/2 = W7
(2.1) Ny = kiLo,
NQI = —kiLi— Ny + kW,

W' = —koLy— Na,
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where Ny, Ny are null, (L1, N1) = (Lo, N2) = 1, span{Ly, N1}, span{Lq, N2}
and span{W} are mutually orthogonal, and W is a spacelike unit vector.

The frame {L;, Ly, N1, No, W} is a pseudo-orthonormal frame. We say that
the functions kg and k; are the curvatures of ~.

The following theorem can be shown similarly to the classical fundamental
existence theorem for curves in R3.

Theorem 2.1. Let kg (t) and ky (t) be differentiable functions on (to — €, to + €).
Let po be a point in RS, and {L(l), LY, NY, NJ, WO} be a pseudo-orthonormal ba-
sis of R3. Then there exists a unique bi-null curve v (t) in RS with v (to) = po,

bi-null arc parameter t and curvatures ko, ki, whose Frenet frame
{L1,Ls, N1, No, W} satisfies

Li(tg) =LY Lo(to) =LY, Ni(to)=N?, Ny(tg)=NJ, W (ty)=W".

3. Osculating bi-null curves

In this section, we consider the conditions for a bi-null curve in R to be a
osculating curve.

Let v (t) be a bi-null curve in R with bi-null arc . Then the bi-null
curve 7 is called the first, second or third kind of osculating bi-null curve
if its position vector (with respect to some chosen origin) always lies in the
orthogonal space Nj- =span{Ls, N, No, W}, N3 =span{Li, Ny, No, W} or
W+ =span{Ly, Ly, N1, N2}, respectively. As a result, the position vector of
the first, second or third kind of osculating curve satisfies, respectively, the
following equations

(1) (@) = pa (t) La () + p2 (&) N1 (8) + a3 (8) N2 (8) + pa () W (2)
(3:2) () = pa (t) Ly () + p2 (&) N1 (8) + o3 (8) N2 (8) + pa () W (2),

(3-3) Y (t) = p1 (t) L1 (t) + p2 (t) Lo (t) + pa (t) N1 (t) + pa (t) N2 (1),

for some differentiable functions p; (t).

Let us consider the first kind of osculating bi-null curve in R3. Then, the
position vector «y (t) satisfies (B). Differentiating (B) with respect to ¢, we
get

Ly = —pskiLy + (p) + poks — pako) Lo + (ph — ps) N1+ (uh — pa) No
+ (1) + p + kops) W,

which implies that

=)

. g+ p1+kops =0,
w3 —pa =0, —pzk; =1

(3.4) i+ poky — pako =
Mlz —H3 =

=
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where k1 # 0. Solving the system of these equations, we have

ko 1\” 1 1)
H1 = T + |- y M3 = —7—, g ==\ 7 )
kl kl kl kl

v () () ()
i (o) ()« ())] -

Using above equations, we get the following theorem:

and

Theorem 3.1. Let vy be a bi-null curve in RS with bi-null arc parameter t and
curvatures kg, k1. Then 7 is congruent to a first kind of osculating curve if
and only if

!
1 1Y (k) 1\?
3.5 ki|— kol -— — — =1
o mlg (e () ¢ ()
Proof. Let v be a first kind of osculating bi-null curve in R5 with bi-null arc
parameter t. Then it is clear from above calculations that (833) holds.

Conversely, assume that (83H) holds. Let us consider a vector field X (t) €
R} as follows

B ko 1\ 1 1\ (k) 1\®
X = ’Y(t)_</€1+(kl>>L2+kl<k0(k1)+<k‘1>+<kl> Ny
1 1Y’
—N. — .
+k'1 2+<kl>W

Then we obtain X’ = 0 which implies that 7 is congruent to a first kind of
osculating curve. O

From Theorems Pl and BT, we get the following theorem.
Theorem 3.2. Let ko (t) and ky (t) be differentiable functions which satisfy

!
1 N\ k) 1\®
. — — ) — =1.
(36) b lk (k(k) +(2) + (%)
Then there exists a first kind of osculating bi-null curve ~y (t) in RS with bi-null

arc parameter t and curvatures kg, k.

Example 3.3. The following pairs satisfy the equation (BH).
(i) ko =12/2, ks =1 (i) ko =t/6, k1 = 1/t (i) ko = 0, ky = 120/t*

From Theorem B, we get the following corollary.
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Corollary 3.4. There exists no first kind of osculating bi-null curve in R with
constant curvatures kg, k1.

Let us consider the second kind of osculating bi-null curve in R3. Then, the
position vector v (t) satisfies (B2) . Differentiating (B=2) with respect to ¢, we
get

Ly = (py — psk1) L1+ (p1 + poky — pako) Lo + (py — p3) N1+ (p3 — pa) No
+ (1 + pako) W,
which implies that
1+ poks — pako = 0, pl+ psko =0,
po —pz = 0, py—ps=0, py—psks =1
Solving the system of these equations, we have
p1 = kopy — kipa,  p3 = piy,  pa = py,

and
1S + koph =0, Koy — (2 + k3) iy — Ko = 1.

Using above equations, we get the following theorem:

Theorem 3.5. Let v be a bi-null curve in RS with bi-null arc parameter t and
curvatures kg, k1. Then =y is congruent to a second kind of osculating curve
if and only if there exists a function us satisfying the following simultaneous
equations:

(3.7) s + koph, = 0, Kouy — (2ky + k3) b — kipz = 1.

Proof. Let v be a second kind of osculating bi-null curve in R with bi-null arc
parameter t. Then it is clear from above calculations that (874) holds.

Conversely, assume that (877) holds. Let us consider a vector field X (t) €
R} as follows

X =~ (t) — (kopsy — k1) L1 — pa N1 — iy Ny — iy

Then we obtain X’ = 0 which implies that v is congruent to a second kind of
osculating curve. O

When ph # 0, from the first equation of (B22), we have

3)
[ R

Ho

From the second equation of (B72),

kouy — kgpy — 1= ko + 2k .
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When ps # 0, multiplying by ps, we have

/
(n3kr)" = kopopy — kgpaps — p2,
and .
ky = ?/ (komapsy — kg paph — pz) dt.
2
From the above and Theorem B, we have

Theorem 3.6. For a differentiable function po (t) with us # 0, ph # 0, set

(3)
I 1
(3.8) ko=-"2-, k= / (Kopaps — kgpaph, — pe) dt.
Ko 2%

Then there exists a second kind of osculating bi-null curve + (t) in RS with
bi-null arc parameter t and curvatures ko, k1.

Example 3.7. The following triples satisfy the equation (83).
(7’) pe =1, kO =0, k1= 71/2 (ZZ) H2 = t27 kO =0, k1= 71/ (3t)

Let us consider the third kind of osculating bi-null curve in R3. Then, the
position vector « (t) satisfies (B3) . Differentiating (B33) with respect to ¢, we
get

Ly = (py —Fkupa) L+ (pa 4 ph + krps) Ly + (uy — pa) N1+ pyNo
+ (2 + kopa) W,

which implies that
(3.9) p1 4 py 4 ks = 0, ph—ps =0,
po+kops = 0, py—kipa=1, py=0.
From (Bd), we get
p1 = cakly — k1 (cat +c3), p2 = —cako, pz=cat+cs, pa=cy

and
C4k‘6’ — ki (C4t + Cg) —2¢c4k1 =1

where c3,cq € R.
From the above, we have

Theorem 3.8. Let v be a bi-null curve in RS with bi-null arc parameter t and
curvatures ko, k1. Then ~v is congruent to a third kind of osculating curve if
and only if

(310) C4k6’ — k/l (C4t + Cg) — 2C4k1 =1

where cs,cq € R.
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Proof. Let « be a third kind of osculating bi-null curve in R3 with bi-null arc
parameter t. Then it is clear from above calculations that (810) holds.

Conversely, assume that (BI0) holds. Let us consider a vector field X (¢) €
R} as follows

X = ¥ (t) — (C4k6 — Kk (C4t + 83)) Ly + cqkoLo — (C4t + 63) N1 — c4Ns.

Then we obtain X’ = 0 which implies that ~ is congruent to a third kind of
osculating curve. O

When (c3,cq) # (0,0), multiplying (810) by c4t + c3, we have

/
((C4t +e3)? k:l) = (cat + c3) (cakll — 1),

and
1

kzi/ct—&—c cakll — 1) dt.
L it o) (cat + c3) (caky — 1)

From the above and Theorem B, we get the following theorem.

Theorem 3.9. For a differentiable function ko (t) and real numbers cs, cq with
(c3,cq) #(0,0), set

1
3.11 k :7/ct+c cakl — 1) dt.
(3.11) e ACLALICL SR

Then there exists a third kind of osculating bi-null curve ~y (t) in RS with bi-null
arc parameter t and curvatures kg, k.

Example 3.10. The following satisfy the equation (BTI).
(Z) c3=1,¢4 =0, kg =1t k = —t (ZZ) c3=0,¢c4 =1, kg = (t2+t3) /2,
ki=t.

4. Normal or rectifying bi-null curves

In this section, we consider the conditions for a bi-null curve in R to be a
normal curve or a rectifying curve.

Let 7 (t) be a bi-null curve in R with bi-null arc ¢. Then 7 is called a normal
bi-null curve if its position vector (with respect to some chosen origin) always
lies in its normal space defined as the orthogonal space Li- of the tangent vector
field Li. Since the normal space is a 4-dimensional subspace of R3, spanned
by {L1, L2, No, W}, the position vector v of a normal bi-null curve satisfies the
following equation

(4.1) v (#) = p (8) Lo (8) + p2 (t) L (8) + pus () No (8) + pa (8) W (2)

where p; (t) are some differentiable functions for i € {1, 2, 3,4}.
Next, the bi-null curve v is called a rectifying bi-null curve if its posi-
tion vector (with respect to some chosen origin) always lies in its rectifying
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space defined as the orthogonal space Ly of the principal normal vector field
Ls. Since the rectifying space is a 4-dimensional subspace of R}, spanned by
{L1, Lo, N1, W}, the position vector + of a rectifying bi-null curve satisfies the
following equation

(4.2) v (#) = pa (8) Ly (8) + p2 (8) Lo (£) + ps (8) N (8) + pa (8) W (1)

where p; (t) are some differentiable functions for i € {1,2,3,4}.

Let v be a normal bi-null curve in R5 parametrized by bi-null arc parameter
t and with curvatures kg, k1. Then the position vector satisfies (B0). Differen-
tiating (E) with respect to ¢, we find

Ly = (p) — pskr) Ly + (p1 + ph — pako) Lo + (o + psko + py) W
—p3N1 + (3 — pa) No

which leads to the following system of equations

(4.3)  p1+py—pako = 0, py —psky =1, po+ psko 4+ py =0,
iy —pa = 0, pz=0.

Solving (A=3) , we obtain

(4.4) p1 = pi2 = p3 = pig =0

which is a contradiction. Thus, we have the following theorem:
Theorem 4.1. There exists no normal bi-null curve in R3.

Let us assume that v is a rectifying bi-null curve in R parametrized by
bi-null arc parameter ¢ and with curvatures kg, k1. Then the position vector
satisfies (E72). Differentiating (B=2) with respect to ¢, we find

Ly = py Ly 4 (p + piy + paky — pako) Lo + (p2 + py) W+ p3 N1 — paNa,
which leads to the following system of equations

(4.5) py = 1, ph+ psks — pako = 0,
po+py = 0, py=0, ps=0.

Solving (E33) , we obtain

(4.6) po=ps =0, pz=c3#0, pi+cskyr =0, py=t+cop,
where ¢y and c3 are constant. Thus, we can write the curve ~ as
(4.7) v (t) = (t+co) L1 + c3Ny.

Using the above computations, we obtain the following theorem:
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Theorem 4.2. Let v be a bi-null curve parametrized by bi-null arc parameter
t and with curvatures ko, k1 in R3. Then v is a rectifying curve if and only if
one of the following conditions holds:

(i) the curvature k; of 7 is given by ky (t) = — (t + ¢o) /cs,

(ii) the distance function p = ||| satisfies p?> = |aot + a1|, ao € R/ {0},
a] € R,

(i11) (v, L1) = c3.
Proof. Suppose that ~ is rectifying. Then using (EH), we find
ki (t) = — (t + co) /e3. Tt is clear from (EZ2) that the statements (i7) and (4i7)
hold.

Conversely, let us assume that either (4), (44) or (4i¢) holds in the following.

If (¢) holds, by using Frenet equations, we have

d
% (’y — (t+Co)L1 - C3N1) =0.
So up to parallel translations of R3, it follows that « is a rectifying curve.
If (i7) holds, differentiating the equation (v,v) = =+ (agt + a1) twice with
respect to ¢, we have (v, Ly) = 0, which means that v is a rectifying curve.
If (i47) holds, differentiating it, we conclude that v is a rectifying curve. O

Definition 4.3. The pseudo-sphere of radius 7 > 0 and center pg in RJ is
given by
Sg(r) = {:EGR%‘(zfpo,xpr) :7‘2}.

Finally we give a structure theorem for rectifying bi-null curves in R with
nonzero spacelike position vector.

Theorem 4.4. (i) Let 7 (t) be a bi-null curve in Ry parametrized by bi-null
arc parameter t, and with nonzero spacelike position vector. If the curve 7 is
rectifying, then by changing parameter, it can be written as

(4.8) v(s) =be'y(s), beRT,
where y (s) is a unit speed timelike curve in S5 (1) = {x € R3|(x,z) = 1} with

d?y d?y dy dy

106105
(2 ) gz () =1 (o5 (), 75 () = 64b e

6
)

-1, ag € RT.

(ii) Conversely, let y (s) be a unit speed timelike curve in S (1) which satisfies

d2y d2y d3y d3y 64b10610s
-7 -7 = 1 -7 -7 - - _
(G2 () g O = L (G5 6) g5 (o) =" — 1,
d?y
@(5) # y(s), ao,beRT.

Then the curve 7 (s) = be®y (s) admits a parameter change t such that it be-
comes a rectifying bi-null curve in RS with respect to the bi-null arc parameter
t.
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Proof. (i) Suppose that 7 is a rectifying bi-null curve in R3 parametrized by bi-
null arc parameter ¢, and with nonzero spacelike position vector. By Theorem
A2, the distance function p = ||v|| satisfies p? = agt + a1, ap € R\ {0}, a; € R.
We may choose ag € RT.

Let us define a curve y (t) by y (t) = v (t) /p(t). The curve y lies in the
pseudo-sphere S5 (1). Then, we have

(4.9) v () =y () Vaot + a1.
By differentiating (E9) with respect to ¢, we find

ap ’

4.10 Li(t) = —F———y (¢t t t .
(410) L) = 5oy (1) + ' () VaoT T
From (£10), we have

W ) = ——B oy )] =
’ 4 (aot —+ a1)2 ’ 2 (aot + a,l)
and y is a timelike curve.
Denote the arc length parameter of the curve y by
t
o= [ @ldu= g2 e,

Then apt + a3 = b?e?*. Substituting this in (E9), we get 7 (s) = be®y (s).
Furthermore, differentiating ~y (s) = be®y (s) twice with respect to s and
using dt/ds = 2b%e** Jag, we obtain

(4.11) Ly(t) = 25 -0 (G e -v6).

By (L2 (t), Lo (t)) = 0 and (B—10), we get

(L. Y e) -1

Differentiating (E-I) with respect to s and using dt/ds = 2b%¢?® /ag, we find

a3 2 3
(4.12) W(t) = 81)05 —os <3y (s) — &y (s) — 3% (s)+ % (5)) )

By (W (t),W (¢)) =1 and (E132), we get

d3y d3y 64b106103
<d53(3)7d83(3)> =——F— 1

Qg

(#1) First, by the condition (d*y/ds?) (s) # y(s), we can see that

(6.0}
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are linearly independent. Under these conditions, choosing a new parameter ¢
for v (s) = bey (s) as

1 aot + al

$:§1n PR a; € R,

we have

(4.13) v (t) =y (t) Vaot + ay.

Using the conditions of y (s), we can find that

—a? —3ag
(4.14) (o ).y () = m, <y”(t),y”(t)>W’
(3) (3) = L *4*5 ag
<Z/ (t),y (t)> ~ (apt+a1) 64 (aot +a1)®

Differentiating (B-I3), we can get

[N

Y (8) = 5 (aot +a1)"F y (6) + (aot +ar) Py (1),

Nl

2
Qa _3 _1
7" () = =2 (aot + 1) "* y (£) + ao (ot +a1) " F y' (8) + (aot + 1)y (1),

3 _s 3 _3
YO @) = gag (aot +ay) Q’y(f)—za% (aot +a1)" 2y (t)

N

3 _ f
+500 (aot +a1) "2 y" (t) + (aot + a1)5 Y3 (t).

From these equations and (2T13),

00,70 = 00,7 0) =0, (00,4 OW) =1,

Hence + is a bi-null curve and ¢ is the bi-null arc parameter of . Then since
(v (), (t)) = agt + a1, from Theorem B3, we conclude that v is a rectifying
bi-null curve in R3. O

Remark 1. From Theorem 20 and Theorem B2 (i), we can see the exis-
tence of rectifying bi-null curves in Rj. Furthermore, from Theorem B4, and by
choosing a nonzero spacelike vector pg in the Theorem P, we find the existence
of rectifying bi-null curves in R} with nonzero spacelike position vector.
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