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LOCALLY ¢-QUASICONFORMALLY SYMMETRIC
SASAKIAN FINSLER STRUCTURES ON TANGENT
BUNDLES

Nesrin Caliskan™ and A. Funda Saglamer®

Abstract. In this study, the notion of locally ¢-quasiconformally
symmetric Sasakian Finsler structures on the distributions of tangent
bundles is introduced and its various geometric properties are studied
with an example in dimension 3.
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1. Introduction

Miron [5], used the vector bundle approach in Finsler geometry. Sinha and
Yadav [[@], defined almost contact structures on vector bundles and studied their
integrability condition. In [R], Yaliniz and Caliskan analysed almost contact
and Sasakian Finsler structures on vector bundles and extended their charac-
teristics with curvature properties and some structure theorems. Massamba
and Mbatakou [d], approved pulled-back bundles to construct Sasakian Finsler
structures. In this paper, tangent bundle approach is chosen to clarify locally ¢-
quasiconformal symmetry property of Sasakian Finsler structures. On the other
hand, quasiconformal curvature tensor appears in the literature with Yano and
Sawaki [d]. Also, ¢-quasiconformal flatness and ¢-quasiconformal symmetry
features of several manifolds, like [2, B], are studied quite frequently. Here, we
are interested in locally ¢-quasiconformally symmetric Sasakian Finsler struc-
tures on tangent bundles.

In this section, a brief account of Sasakian Finsler structures on tangent
bundles is given:

Let M be an m = (2n + 1)-dimensional smooth manifold. In this manner,
T M is denoted as the tangent space at z € M where z = (z!,...,2™) are the
local coordinates of M and y = ¥ 8‘2,- € T, M. Then u = (x,y) € TM where
T M is the tangent bundle.
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Definition 1.1. The function F': TM — [0, o[, the Hessian G and the man-
ifold F™ = (M, F') are called ” Finsler norm”, ” Finsler metric” and ” Finsler
manifold”, respectively, if the following relations hold [m]:

1. F is smooth on the slit tangent bundle T'M,
2. F(z,\y) = |\NF(z,y), for A€ Rand u = (x,y) € TM,

3. gij(z,y) = %[%] is positive definite on TM.

Assume that (2%, y°) and {%, a%i} denote the local coordinates of TM
and natural bases of T,,TM, respectively. If = : TM — M is the projection
map, the differential map 7. : T,TM — Ty, M satisties X,, € 7.(X,). So,
ker(m) =VTM . '

The non-linear connection HT'M = (N} (z,y)) is the complementary distri-
bution of VT'M for TTM i.e. TTM = HTM & VTM , where N} = %];] are

. . . . . 2 2 2 ~
obtained via the spray coefficients N7 = igjk(aikgmh yh — g%) [].

For every w € TM and X € T,TM, by using non-linear connections,
X = (X052 — N (0,9) X1 52) + (W (2, 5) X' + X9) 225) = XH + XV unique
decomposition is obtained as the horizontal part and the vertical part of vector
field X where X € THTM and XV € TYTM and THTM and T TM are
spanned by {%} and {%} respectively. In addition, their dual bases are
{dz"} and {6y (= dy’ + N7dz")}, respectively.

Similarly, for n € (T, TM)*, n = f;dz* +n;6y7 = n" +n" is obtained where
n" € (THTM)* and nV € (TYTM)* .

The Sasaki-Finsler metric G on TM is defined as follows:

G = GH + GV in the type of (g 8 ) and (8 (2) yon TM# and TMV,
respectively. Thus, Sasakian Finsler metric structures (¢, ¢H nf GH) and
(¢V,€V,nY,GY) can be constructed on either TM# or TMV, respectively

), € is the structure vector

where; ¢ denotes the tensor field of type (1 1

), n is the 1-form of type ( ), V is the Finsler con-

0 1 1
1 1 0 0
nection with respect to G on T'M, L is the Lie differential operator, R is the

field of type (O

Riemann curvature tensor field of type (:1,) :1,) ), S is the Ricci tensor field of

type (g g ), for XH YH ¢H ¢ THTM and XV YV ¢V € TV TM, respec-

tively. The following relations hold for m-dimensional Sasakian Finsler metric
manifolds (TM ™, ¢" ¢ nf GT) and (TMY, ¢V, £V, 0", GY) [8]:

(1.1) pp=—-T+n" " +n" 0"

(1.2) P! =0,0¢V =0



Locally ¢-quasiconformally symmetric Sasakian Finsler structures...

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(") =1,9"(") =1

" (eX™) =0,7" (6X") =0,n"(¢X") =0

QXY = 2w (YT) = —2(vin) (X
QXY ) = 2w (YT = —2(vifn) (X

GXT YY) =G X", o7y ) + n" (X T )" (Y H)
GXV, YY) =GV XY, YY) + 0V (XY )Y (vY)

Gx", "y =p"(xX™),a(xV, ") =n"(X")

G XM Y = —G(x™, ¢"Y™)
GV X", YY) =-G(XY,¢"Y")

QX YT = G(XT, oY) = dn™ (X7, YT) = QX" , 0V

1.9) XV, YV)=G(XY,oY"V)=dnV (XxV,Y")

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

Q(pXV,0Y")
X" M =axv,¢") =0
GXH, "y ) = an™ (XM, Y™, G(XY, VYY) = dp™ (X", YT
Vi = — 2o X, weY = — gV XV

1

(VoMY =[x,y — gt (v XM

[\]

(V6" = S Y V)EY Y (V)XY

ROXH yH)eH = L (v x i (xy )

RV, YVIEY = 10 ()XY — gV (XV)¥]

=~

ROX €Y = L (V)X - (X, Y )en]

RV, €YY = 10V (V)XY — G(xY, v V)eY]

63
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(1.16) S(xM, €M) = Sn" (XM, S(xV.¢¥) = 50V (xY)

(1.17) S(e". ") = 2, 5(,¢") =

(1.18) S(XH vy =qxH",yH), s(X? vH)=GQxV,Y")
2n+1 2n+1

(119) QXM= REXNENQXY)= )" RE' X")E/

i=1 =1

+
(1.20) Z S(E, Ef) + S(E}, EY))

Above-stated formulas can be used to construct Sasakian Finsler structures
on both TM*# and TMY. But in this paper, in second and third sections,
locally ¢-quasiconformal symmetry of TM* and 3-dimensional TM* is dis-
cussed briefly.

2. Locally ¢-quasiconformally symmetric Sasakian Finsler
structures on T M

Definition 2.1. Let TM*be a Sasakian Finsler manifold, then it is locally
¢-symmetric if and only if

(2.1) P (v R)(XT, YT zM) =0

for all X# YH ZH WH ¢ THTM.

Definition 2.2. Let TMbe a Sasakian Finsler manifold, then it is locally
¢-symmetric if and only if

(2.2) P*(viyer)(xt,ymz"y =0

for all vector fields X, Y ZH WH ¢ THTM and where the quasiconformal
curvature tensor C* is defined by
cr(xH ytyzH =q (XH Yy zH 1 ps(YH, ZzH)xH
—S(XH, ZzZMyYH gy, zZhox! —q(xt, z7)Qy )
G

,
2n+1(2—+2b) (YH ZOXH - q(XH, zH)YH).

(2.3)

for all XH YH zZH WH ¢ TfTM and the constants a, b.
Ifa=1and b=

2n171 , (Z3) can be expressed as follows:
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Cr(XH,yH)zH = R(XH YH)zH + L_[S(YH, ZH)XH —

S(XH, zH)YH + G(YH, zH)QXH — G(XH, zH)QY H] —
e (G, 2T X —G(xX", zM)y!) = c(x", yh)z1

where C'is Weyl conformal curvature tensor.
Calculating the covariant differentiation of (223), the following equality is
obtained:

(vECy(xH yHzH = a(VWR)(XH Yy zH 4 p[(vi S (YH, zH) xH
—(Vip )X, ZY ! Gy, 21 (vip Q)X T — G(x M, 21 (Vi Q)Y ]
dr(WH)

(2:4) 2n+1

(2— +20)(G(YH 2P XH — q(xT, zHyyH).

If SYH W) = \GWH YH) is satisfied, where )\ is a constant and
XH yH ¢ Tf TM, the manifold TM* is called an Einstein manifold, where
QX" =) \XH,

By using (ICT); (272) takes the following form:

—(VipO)X Y ZT (Vi C) (X, Y ) ZH)eH = 0.
By virtue of (24), we obtain

0= —a(VELR)(XH, YT ZH — p(viL§)(YH, 20 X1 4
b(VHS) (X, Z)Y T —bG(YH, Z7) (Vi QLXT 4+ bG (XM, 2 (Vi QYT +
dQ(VE’H (& 4 2m)GYH, ZT)XH — WD (a0 | op)q(x T, ZH)yH 4
an ((V%R)(XHa YY) ZEYeH 1 (Vi S)(YH, ZH ) (XH)eH —
bV, S)(XH, ZH ) (Y ) +bG(YH, ZH )" (Vi Q)X ) (UH) —

bG(XH, 2y (VELQ)YH)eH — &V (o opyq(YH, ZH)pH (X H)gH +

W (8 4 25)G(XH, ZH )y (Y H ),

For U € THT M, the last equality is expressed by

0=—aG((VERY(XT YY) ZH UH) — b(vH.S)(YH, ZT)G(XH,UH) +
b(vE S (XH, ZzH)G(YH, UH) —bG(YH, ZH)G(vEQ)XH, UH) +

bG(XH, ZH)G(VEQYH, UH) + W (o L op)a(vH, zH)q(XH,UH) —

d;ﬁfil (& 4 2b)G(XH, ZH)G(YH U +
anH((V%R)(XHYH)ZH) AU + b(vipS)(YH, ZH) A(xHnH (UH)—
bV S) (X, ZH )y (Y )" (UH) + bG(YH, ZH )" (v, Q) X )n (UH) -

bG(XH, ZH ) (VEQ)Y H)pH (UH) — VD (o

2W)G(YH, ZH )t (XHynH (UH) 4 WD (o yopyq(XH, ZH )nH (v H ) (UH)

Putting X = UH = Ef where {Ef},i=1,2,...,2n+ 1 is an orthonor-
mal basis of THT M, and taking summation over i, we have
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0= (—a—b2n+1)(vViL,S) (Y, Z") + b(vii,S)(EF, zZ")G(Y ", EF)
G, ZM)PpG(Vi QB EfT) + dT(WH)(% +2b)] +bG(VipQ)Y T, ZT)
—dT(WH)(i +20)G(EX, zhG(YH  EH)
2n+1 '2n v T
(2.5) +an™ (Vi R)(E!, Y ™) 2™ (BT
In (238) an (VER)(EE,YH)ZH)n" (EHF) is expressed by
(Vi R) (B, Y™ ZM) = GV (R(B]T, Y T)eM), €M)
_G((ngEiH’YH)fH7§H)
(2.6)  —GR(ES, vip Y™ ) — G(R(ES, YT vy e

Owing to the fact that EX is an orthonormal basis, it is easily seen that
Vi EF =0.
By virtue of (ICId), it is possible to obtain below relation:
0=G(R(E], vipYT)e! ¢f) =
HGVRYH NGB ") — GE, MGV YT eM)
By using these equalities, teh second and third terms of the right part of
(2@) vanish. Thus (Z8) takes this form:
G((viw R) (B, YM)E™, €)= G((vig R) (B, Y ™")e" )
(2.7) ~G(R(Bf!, YT)vi el ef).
Due to G((VH R)(EH, YH)¢H ¢) + G(R(EH, Y H)¢H v ety = 0, (2.7)
can be expressed as follows:
0=G(viyR)(E, YT)eH ef) =
In consequence of these calculations and by putting Z# = ¢# in (23) we
have the following:
(—a—b2n+1))(Vip:S) (Y7, %) + b(vig )", €M (V)
= (VPG Q)E™ ¢7)
(2.8) +dr (W) (5 + 20)] +bG((VHQ)Y T €)= 0
We calculate (Vi,S)(¢,¢H) = 0 and G((VHQ)EH ,¢1) = 0 and addition-
ally G(VELQ)YH ¢H) = 0.
So, (ER) is expressed by
a + 4bn
2n+1)(a+ (2n —1)d)
where a + 4bn # 0. Because if a + 4bn = 0 from (23), we get C* = aC. By
putting Y = ¢ in (239), we find the following:

) (Y)

(2.9) (Vip:S)(Y 7, €M) = dr(WH)(~
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(VipS)(ER, €7) = dr(WH) (— grrryiat o))

0= dr(WH).

This implies r is constant. So we find (V#.9)(YH, ¢H) = 0.
By the virtue of (IH) and (), from (E9) we have

SYH, oWH) = 5GWH, ¢Y'H)

67

By putting ¢W# instead of W we find S(YH W) = %G(WH, YH). If we
get 5 = A this means that a ¢-quasiconformally symmetric manifold 7'M H g

an Einstein manifold. Then it is possible to have the following theorem:

Theorem 2.3. If a Sasakian Finsler manifold TM™ is locally ¢-quasiconfor-

mally symmetric, then it is an Einstein manifold.

If we get S(XH,YH) = \G(XH YH) in (223), the below relation is found.

cH( X, y™yzH = (a + 4bn

(A o R(xH Y ZH

2.10 -
( ) 2n+1"2n

From (232), it is possible to say that TM is locally ¢-quasiconformally
symmetric because C* satisfies ¢?(VH,C* (X YH)ZH) = 0 for all vector fields
XHYH 7H ¢ THTM. Also ¢?(VER)(XH,YH)ZH = 0 implies that TM*

is locally ¢-symmetric. So, it enables to state the following corollary:

Corollary 2.4. Let TMH be locally ¢-quasiconformally symmetric. Then it

18 locally ¢-symmetric.

3. Locally ¢g-quasiconformally symmetric Sasakian Finsler

structures on 3-dimensional T M

In a 3-dimensional TM ¥ due to C' = 0 [6], we have

RXT yHyzH = [s(YH Zz")xH — g(xH ZzH)yyH 4 q(vH, zH)Qx"

(3.1) —G(XH, ZHyQyH] — g(G(YH, ZHVXH _ Gq(xXH, zHyyH)

Putting Z% = ¢# in(B), by the virtue of (@) and (IIH), we find

(5~ I X g (Y] = (e Qv !

(3.2) " (yT)ex").

Changing Y# = ¢H in (B32), we get
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ro 1 3

By using(B3), we have

- S XM,

1
(3:4) XY = (5 = DG, Y™ + (3 = Dy (X (v,
Writing(B3) and (B3) in (B), we get the following:
ROXP Y™ ZT = (0= (G, 27X - (X, 2y ™)

HG DT (2T X (X (27

(35) KGO, 2 (X — GOXT, 2 (v e,
Using (B33), (B3) and (B3F) in (23), we obtain

CH(XH, YHYZH — [(azb)T _ %

G~ D@t BIGO, 2 (XN — XM, 2y (v e

(36) (T (27X (X (2 Y

(a+b)(GYH, ZzXxH —q(xH ZzH)yH)

By calculating covariant differentiation of both sizes of (BM)
(VI C)(XH YH) ZH = (“2)dr(WH)(GYH, 2z X — G(XH, ZH )y H) +
[r(%2) — L(a + 0)VE(GYH, Z2H)X T — (X, ZT)yH) — W) (g 4
DGO, 1Dyt XN — G, 2y (T 4t () (7t
U (XH) T(z™hy ™ + (1 — 5)(a+b)[Viy (G(YHvzH)nH(XH)ﬁH) -
W (G(X™, 2 M) H(y HigH) 4 Vi (" (Y )M (Z27) X ) ~
vir (T (XM (Z7)Y ).

Then we can write the following relation:

(vHOyXH YH)ZH = (¢2)dr(WH)(G(YH, ZH)XH — G(XH, ZzH)YH) +

(2 = 5)a+ )G, 2TV (™ (XT)eH — G(XH, )9l (n (XT))gH].

Because XH YH ZH ¢ THTM are orthogonal to ¢¥, by using (1) we
get 62V C(XH, Y ) 2H) = v L0 (XH Y1) 21 4yl (V0 (X, Y 1) 2H)
from which we have

b
GO, Y ) ZH) = — (S 2)ar (WG, 2 X
(3.7) ~G(XH, ZzH)YH)

Due to ¢?(VH,C(XH YH)ZH) = 0 if we take a+b = 0 and a = —b in (232),

we have C(XH  YH)ZH = oC(XH YH)ZH . Because of C = 0, in (B2)we find

dr(WH) = 0. This means that the curvature r is constant. Then it is possible
to state the following theorem:
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Theorem 3.1. Let TM*H be a 3-dimensional Sasakian Finsler manifold. A
necessary and sufficient condition to be locally ¢-quasiconformally symmetric
s that r is constant.

Corollary 3.2. Let TM* be a 3-dimensional Sasakian Finsler manifold. A
necessary and sufficient condition to be ¢p-symmetric is that v is constant.

Corollary 3.3. Let TM* be a 3-dimensional Sasakian Finsler manifold. A
necessary and sufficient condition to be locally ¢-quasiconformally symmetric
18 to be locally ¢p-symmetric.

Example 3.4. Suppose T(TM) = {TM,w, M} is the tangent bundle with

= R3, where u € TM is defined by (z',2% 2,9y, 42, 9°). Assume the
adapted local frames of THTM and T)Y TM are (527, 52, s25) and (8y1 , 822 , 83 ),
respectively. Then the orthonormal frame of T,, 7'M is

i 8 i 8 _ ol 2 3 1 20 L f3 0
Ej = Eisys + Ej s = Ej 550 + Ej 533 + Ej o5 + B} gor +Ligz B
where
_ & o _H v
El—*m*afyl*EH +Ey,

E2:_($2) e 5;73_(?/2) oyt +y ay E2 +E2’
) 9

Let 1) = iidz" + 140y* = mdw +772d:c +n3d:ﬂ +7715y + 720y + 730y° =
nfl + 0V be defined by n = (IQ)Q

Suppose that ¢ = ¢ + ¢V is a tensor ﬁeld buch that its coefficients are
tensor fields ¢ and ¢ with the type of (1,1). Their matrix forms are:

S G [0~ O
o = | (2?)? 0 0 |ando”=|@*2 0 0
—z! 0 0 —y! 0 0

The Sasaki-Finsler metric is defined by the matrix forms:

10 0 10 0

1,2 1,2 1

G = |0 HEE g | and QY= |0 G ghy
1

0 @ 1 0 @z 1

It is possible to construct Sasakian Finsler manifolds on both horizontal and
vertical distributions. In this example, it is shown that 3-dimensional 7'M
admits the Sasakian Finsler structure (¢, ¢H nff GH).

We calculate

so relation (I72) is satisfied. Similarly, (IZ3) holds. Also it is possible to see
that
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o1 (6" (27) = —ar BY — by Bff = —2" 4y (27)€",

for any Z# = a1 EH + b EY + c1 Ef € THTM. Hence, it is shown that (ICT)
is true.

If nH(¢pZ") = 0, then (IA) is satisfied. Thus, (¢,&H nH) is an almost
contact Finsler structure on TM*.

Due to

nH(zH) =c :GH(ZH,fH)

for any ZH € THT M, thus (I=2) holds.
Because of

GH(¢ZH7 ¢WH) =ajaz + biby = GH(ZHa WH) - WH(ZH)UH(WH)v

it can be seen that (I8) holds. This implies (¢, &H nH GH) is an almost
contact Finsler metric structure.

On the other hand,
[E{{7 Egﬂ = _E§I7 [E{Iﬂ EL{I] =0, [Eglv Ef] =0.

Finsler connection Vv = V¥ 4+ vV of metric G = G# + GV can be expressed
by the Koszul formula:

2GH(VEYH ZzH=XHGH(YH 7)1 YHGH(ZH XH)_ZHGH(XH yH)—
GH(XH [YH 7ZH)) - GH(YH [XH 7))+ GH(ZH [XH YH]). This yields

H H _ 1pH H H _ 1pH H H _
vH Bl = LBl v, Bl = —L1EY vH, Bl <0,

H H __ 1pH H H __ H H _ 1pH
VLB = —1Bf vi. Bl = 0,vE, Efl = {E,

H H __ H H __ 1 H H H _ 1pH
ViR B = 0,98, Bl = LB Vi, Ell = JE.

In consequence of these calculations,
Vg H — —%(—alEf ‘l‘blE{I) = —%¢ZH

is satisfied, so (CI2) holds.
Due to

(VEOWH = Z{—a1cEff — b1 B + (araz + bibg) B4} =

[GH(ZH, WH)eH —pf (W) ZH],

N~ ||

it can be seen that (I"T3) holds.
Because of
Vg??H(WH) = %(ale - b1a2) = %GH(ZHa¢WH)a
(

(A) and (CR) hold. Hence,
on TMH,
We can verify the following results:

H ¢H pH GH) is a Sasakian Finsler structure
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R(E{, ESNE{" = $ B, R(EY, B3 B = —E{,
R(B{, BS) B = 0, R(ES!, B{EY = 3B,
R(E{, E§ES =0, R(E{, Bf) B! = 1E{, R(ES, E5')E{! =0,
R(B3, B BS' = =3B, R(ES, SN B! = 1 B3
and

S(E{{’E{{) = _%7 S(E%{’E%{) = _%a S(E§{7E§{) = %

and also (ITT7) holds and we get r = —1 .

Consequently, the scalar curvature r is constant and by virtue of Corollary
B2 and Corollary B3, TM is locally ¢-quasiconformally symmetric. It is
possible to verify that TMV is locally ¢-quasiconformally symmetric, similarly.
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