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ON GENERALIZED C(n)-ALMOST PERIODIC
SOLUTIONS OF ABSTRACT VOLTERRA
INTEGRO-DIFFERENTIAL EQUATIONS

Marko Kostić1

Abstract. The main purpose of this paper is to introduce the class
of (equi-) Weyl C(n)-almost periodic functions and the class of asymp-
totically (equi-) Weyl C(n)-almost periodic functions as well as to exam-
ine the existence and uniqueness of solutions of abstract inhomogenous
Volterra integro-differential equations belonging these classes of func-
tions. The Besicovitch-Doss C(n)-almost periodic functions and solutions
of abstract inhomogenous Volterra integro-differential equations belong-
ing this class of functions are also considered.
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1. Introduction and preliminaries

The class of scalar-valued C(n)-almost periodic functions was introduced by
M. Adamczak [1] in 1997, while the class of C(n)-almost periodic functions with
values in Banach spaces and the class of asymptotically C(n)-almost periodic
functions with values in Banach spaces were introduced by D. Bugajewski and
G. M. N’Guérékata [8] in 2004. From then on, the analysis of various generaliza-
tions of (asymptotically) C(n)-almost periodic functions and their applications
to the qualitative analysis of abstract non-degenerate integro-differential equa-
tions in Banach spaces has attracted the attention of a great number of authors
working in this subfield of functional analysis (see e.g. [5], [13]-[12], [16]-[17]
and [25]). For example, J. B. Baillon, J. Blot, G. M. N’Guérékata and D.
Pennequin [5] have analyzed the existence and uniqueness of C(n)-almost peri-
odic solutions to some nonautonomous differential equations in Banach spaces,
while A. Elazzouzi [16] has analyzed C(n)-almost periodic and C(n)-almost au-
tomorphic solutions for a class of partial functional differential equations with
finite delay.

In this paper, we continue our recent research studies [23]-[22] by investigat-
ing the Weyl C(n)-almost periodic solutions, asymptotically Weyl C(n)-almost
periodic solutions and Besicovitch-Doss C(n)-almost periodic solutions of ab-
stract Volterra integro-differential equations and inclusions with multivalued
linear operators (for the theories of abstract degenerate integro-differential
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equations and multivalued linear operators in Banach spaces, we refer the
reader to the monographs [18] by A. Favini, A. Yagi, [10] by R. Cross and
[19] by M. Kostić); in our forthcoming monograph [20], we will analyze similar
concepts within the framework of theory of almost automorphic functions. Our
results seem to be new even for abstract non-degenerate differential equations
of the first order whose solutions are governed by strongly continuous semi-
groups of operators and for abstract non-degenerate differential equations with
almost sectorial operators ([27]). The paper is very simply organized, with
the main results clarified in Section 4, where we investigate the (asymptoti-
cally) Weyl C(n)-almost periodic properties and Besicovitch-Doss C(n)-almost
periodic properties of convolution products as well as the so-called convolution
invariance of introduced function spaces. In conclusion of this, introductory
paragraph,, we only want to note that the classes of Weyl C(n)-almost periodic
functions, asymptotically Weyl C(n)-almost periodic functions and Besicovitch-
Doss C(n)-almost periodic functions seem to be not considered elsewhere even
in scalar-valued case. For the sake of brevity, we will not analyze abstract
semilinear Cauchy inclusions and topologization of introduced function spaces
here.

We use the standard notation throughout the paper. ByX we denote a com-
plex Banach space. If Y is likewise a complex Banach space, then by L(X,Y )
we denote the space consisting of all continuous linear mappings from X into
Y ; L(X) ≡ L(X,X). The symbol Cb([0,∞) : X) stands for the space consisting
of all bounded continuous functions from [0,∞) into X, while C0([0,∞) : X)
denotes the closed subspace of Cb([0,∞) : X) consisting of all such functions
vanishing at infinity. By BUC([0,∞) : X) we designate the space consisting of
all bounded uniformly continuous functions from [0,∞) to X. Equipped with
the sup-norm, any of the above spaces is a Banach one.

Let −∞ < a < b < ∞. Recall, a function f : [a, b] → X is said to be
absolutely continuous iff for every ε > 0 there exists δ > 0 such that for any
finite collection of open subintervals (ai, bi), 1 ≤ i ≤ k of [a, b] with

∑k
i=1(bi −

ai) < δ, the following holds
∑k
i=1 ‖f(bi) − f(ai)‖ < ε. If I = R or I = [0,∞),

and f : I → X, then we say that f(·) is locally absolutely continuous iff f(·) is
absolutely continuous on any compact subinterval of I.

1.1. Asymptotically almost periodic functions and Stepanov gener-
alizations

As it is well known, the notion of an almost periodic function was introduced
by H. Bohr in 1925 and later generalized by many other authors (cf. [11], [26]
and [24] for more details on the subject). Let I = R or I = [0,∞), and let
f : I → X be continuous. Given ε > 0, we call τ > 0 an ε-period for f(·) iff
‖f(t+τ)−f(t)‖ ≤ ε, t ∈ I. The set consisting of all ε-periods for f(·) is denoted
by ϑ(f, ε). We say that f(·) is almost periodic, a.p. for short, iff for each ε > 0
the set ϑ(f, ε) is relatively dense in I, which means that there exists l > 0 such
that any subinterval of I of length l has a non-empty intersection with ϑ(f, ε).
The space consisting of all almost periodic functions from the interval I into
X will be denoted by AP (I : X).
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The notion of an asymptotically almost periodic function was introduced
by M. Fréchet in 1941 (for further information concerning the vector-valued
asymptotically almost periodic functions, see e.g. [9], [11] and [26]). Let us
recall that a function f ∈ Cb([0,∞) : X) is asymptotically almost periodic iff for
every ε > 0 we can find numbers l > 0 and M > 0 such that every subinterval of
[0,∞) of length l contains, at least, one number τ such that ‖f(t+τ)−f(t)‖ ≤
ε for all t ≥ M. The space consisting of all asymptotically almost periodic
functions from [0,∞) into X will be denoted by AAP ([0,∞) : X). It is well
known that f ∈ AAP ([0,∞) : X) iff there exist uniquely determined functions
g ∈ AP ([0,∞) : X) and φ ∈ C0([0,∞) : X) such that f = g + φ.

Let 1 ≤ p < ∞, let l > 0, and let f, g ∈ Lploc(I : X), where I = R or
I = [0,∞). Define the Stepanov ‘metric’ by

Dp
Sl

[
f(·), g(·)

]
:= sup

x∈I

[
1

l

∫ x+l

x

∥∥f(t)− g(t)
∥∥p dt]1/p.

Then, in scalar-valued case, there exists

Dp
W

[
f(·), g(·)

]
:= lim

l→∞
Dp
Sl

[
f(·), g(·)

]
(1.1)

in [0,∞]. The distance appearing in (1.1) is called the Weyl ‘distance’ of f(·)
and g(·). The Stepanov and Weyl ‘norm’ of f(·) are defined by∥∥f∥∥

Sp
l

:= Dp
Sl

[
f(·), 0

]
and

∥∥f∥∥
Wp := Dp

W

[
f(·), 0

]
,

respectively.
It is said that a function f ∈ Lploc(I : X) is Stepanov p-bounded, Sp-

bounded shortly, iff

‖f‖Sp := sup
t∈I

(∫ t+1

t

‖f(s)‖p ds

)1/p

<∞.

The space LpS(I : X) consisting of all Sp-bounded functions is a Banach space
when equipped with the above norm. A function f ∈ LpS(I : X) is said to
be Stepanov p-almost periodic, Sp-almost periodic for short, iff the function
f̂ : I → Lp([0, 1] : X), defined by

f̂(t)(s) := f(t+ s), t ∈ I, s ∈ [0, 1]

is almost periodic (cf. [2] for more details). We say that f ∈ LpS([0,∞) : X) is
asymptotically Stepanov p-almost periodic, asymptotically Sp-almost periodic
for short, iff f̂ : [0,∞)→ Lp([0, 1] : X) is asymptotically almost periodic.

It is a well-known fact that if f(·) is an almost periodic (respectively, a.a.p.)
function then f(·) is also Sp-almost periodic (resp., asymptotically Sp-a.a.p.)
for 1 ≤ p <∞. The converse statement is false, however.

Denote by APSp(I : X) and AAPSp([0,∞) : X) the spaces consisting of
all Sp-almost periodic functions I 7→ X and asymptotically Sp-almost periodic
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functions [0,∞) 7→ X, respectively. By APSpb (I : X) we denote the space
consisting of all essentially bounded functions from APSp(I : X).

Various classes of Stepanov-like C(n)-pseudo almost automorphic functions
have been considered by T. Diagana, V. Nelson and G. M. N’Guérékata in [13]
(see e.g. [13, Definition 2.18]). For our work, the classes of Stepanov C(n)-
almost periodic functions and asymptotically Stepanov C(n)-almost periodic
functions will be general enough (the derivatives appearing below will be taken
in distributional sense).

Definition 1.1. Let 1 ≤ p <∞, let n ∈ N, and let f ∈ Lploc(I : X).

(i) It is said that the function f(·) is Stepanov-p-C(n)-almost periodic, f ∈
C(n) − APSp(I : X) for short, iff for each k = 0, 1, . . . , n, we have that
f (k) ∈ APSp(I : X).

(ii) It is said that the function f(·) is asymptotically Stepanov-p-C(n)-almost
periodic, f ∈ C(n) − AAPSp([0,∞) : X) for short, iff for each k =
0, 1, . . . , n, we have that f (k) ∈ AAPSp([0,∞) : X).

Before proceeding further, we would like to point out that the inclusion
f ∈ C(n) −APSp(I : X) does not imply that f ∈ Cn(I : X), in general, where
Cn(I : X) denotes the space consisted of all n-times continuously differentiable
functions I → X. Speaking-matter-of-factly, the inclusion f ∈ C(n)−APSp(I :
X) or f ∈ C(n) − AAPSp(I : X) implies that f ∈ Cn−1(I : X) as well as
that f (n) ∈ Lploc(I : X) and f (n−1)(·) is locally absolutely continuous; see e.g.
[4, Proposition 1.2.2] and [6, Chapter I, Section 2.2]. This observation also
holds for any (asymptotically) generalized C(n)-almost periodic function space
considered below.

Now we would like to present the following example.

Example 1.2. Let 1 ≤ p <∞, and let X be any non-trivial complex Banach
space. Then, for any Sp-almost periodic function f(·) and for any real number
δ ∈ (0, 1), we define the function

fδ(t) :=
1

δ

∫ t+δ

t

f(s) ds, t ∈ I.

Arguing as in scalar-valued case [7], we can prove that the function fδ(·) is
almost periodic (0 < δ < 1) as well as that ‖fδ − f‖Sp → 0 as δ → 0+.
Assume now that f(·) is Sp-almost periodic but not almost periodic. Then, for
0 < δ < 1, one has:

f ′δ(t) :=
1

δ

[
f(t+ δ)− f(t)

]
for a.e. t ∈ I.

Hence, fδ(·) ∈ C(1) − APSp(I : X) \ C(1) − AP (I : X) for 0 < δ < 1, so
that C(1) − APSp(I : X) is a strict extension of C(1) − AP (I : X); here,
C(1) −AP (I : X) denotes the usually considered space of C(1)-almost periodic
functions I → X.
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We want also to introduce the following function spaces:

Definition 1.3. Let 1 ≤ p <∞, let n ∈ N, and let f ∈ Lploc(I : X).

(i) It is said that the function f(·) is Stepanov-p-C
(n)
b -almost periodic, f ∈

C
(n)
b − APSp(I : X) for short, iff for each k = 0, 1, . . . , n, we have that

f (k) ∈ APSp(I : X) ∩ L∞(I : X).

(ii) Let I = [0,∞). It is said that the function f(·) is asymptotically Stepanov-

p-C
(n)
b -almost periodic, f ∈ C(n)

b − AAPSp([0,∞) : X) for short, iff for

each k = 0, 1, . . . , n, we have that f
(k)
b ∈ AAPSp([0,∞) : X).

Arguing similarly as in the proof of [11, Proposition 3.4, p. 81] and Theorem
4.10 below, we can prove the following result:

Proposition 1.4. Let n ∈ N, and let f ∈ C
(n)
b − APS1(R : X), resp. f ∈

APS1
b (R : X). Then, for every g ∈ L1(R), we have that (g ∗ f)(·) :=

∫
R f(· −

y)g(y) dy ∈ C(n)
b −APS1(R : X), resp. (g ∗ f)(·) ∈ APS1

b (R : X).

2. On Weyl and Besicovitch-Doss generalizations of al-
most periodic functions

Let I = R or I = [0,∞), and let the underlying Banach space be denoted by
X. The notion of an (equi-) Weyl almost periodic function is given as follows.

Definition 2.1. Let 1 ≤ p <∞ and f ∈ Lploc(I : X).

(i) It is said that the function f(·) is equi-Weyl-p-almost periodic, f ∈ e −
W p
ap(I : X) for short, iff for each ε > 0 we can find two real numbers

l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains a
point τ ∈ I ′ such that

sup
x∈I

[
1

l

∫ x+l

x

∥∥f(t+ τ)− f(t)
∥∥p dt]1/p ≤ ε,

i.e., Dp
Sl

[
f(·+ τ), f(·)

]
≤ ε.

(ii) It is said that the function f(·) is Weyl-p-almost periodic, f ∈W p
ap(I : X)

for short, iff for each ε > 0 we can find a real number L > 0 such that
any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such that

lim
l→∞

sup
x∈I

[
1

l

∫ x+l

x

∥∥f(t+ τ)− f(t)
∥∥p dt]1/p ≤ ε,

i.e., lim
l→∞

Dp
Sl

[
f(·+ τ), f(·)

]
≤ ε.
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It is well-known that

APSp(I : X) ⊆ e−W p
ap(I : X) ⊆W p

ap(I : X)

in the set theoretical sense and that any of these two inclusions can be strict
([3]). Denote by W p

ap,b(I : X), resp. e −W p
ap,b(I : X), the space consisting of

all essentially bounded functions from W p
ap(I : X), resp. e−W p

ap(I : X).
Now we will inscribe the basic definitions and results about asymptotically

Weyl almost periodic functions ([23]). For any function q ∈ Lploc([0,∞) : X),
we define q(·, ·) : [0,∞)× [0,∞)→ X by q(t, s) := q(t+ s), t, s ≥ 0.

Definition 2.2. We say that q ∈ Lploc([0,∞) : X) is Weyl-p-vanishing iff

lim
t→∞

∥∥q(t, ·)
∥∥
Wp = 0, i.e., lim

t→∞
lim
l→∞

sup
x≥0

[
1

l

∫ x+l

x

∥∥q(t+ s)
∥∥p ds]1/p = 0.

(2.1)

For any function q ∈ Lploc([0,∞) : X) we can reverse the order of the limits
in (2.1). It is said that q ∈ Lploc([0,∞) : X) is equi-Weyl-p-vanishing iff

lim
l→∞

lim
t→∞

sup
x≥0

[
1

l

∫ x+l

x

∥∥q(t+ s)
∥∥p ds]1/p = 0.

We know that, if q ∈ Lploc([0,∞) : X) and q(·) is equi-Weyl-p-vanishing,
then q(·) is Weyl-p-vanishing. The converse statement does not hold, however.
We also want to note that an equi-Weyl-p-vanishing function q(·) need not be
bounded as t→ +∞.

Denote by W p
0 ([0,∞) : X) and e−W p

0 ([0,∞) : X) the sets consisting of all
Weyl-p-vanishing functions and equi-Weyl-p-vanishing functions, respectively.
The symbol Sp0 ([0,∞) : X) will be used to denote the set of all functions
q ∈ Lploc([0,∞) : X) such that q̂ ∈ C0([0,∞) : Lp([0, 1] : X)). Then the
following inclusions hold

Lp([0,∞) : X) ⊆ Sp0 ([0,∞) : X) ⊆ e−W p
0 ([0,∞) : X) ⊆W p

0 ([0,∞) : X)

and any of them can be strict [23].
In [23], we have introduced the following function spaces:

AAPW p([0,∞) : X) := AP ([0,∞) : X) +W p
0 ([0,∞) : X),

e−AAPW p([0,∞) : X) := AP ([0,∞) : X) + e−W p
0 ([0,∞) : X),

AAPSW p([0,∞) : X) := APSp([0,∞) : X) +W p
0 ([0,∞) : X),

e−AAPSW p([0,∞) : X) := APSp([0,∞) : X) + e−W p
0 ([0,∞) : X),

e−W p
aap([0,∞) : X) := e−W p

ap([0,∞) : X) +W p
0 ([0,∞) : X),

ee−W p
aap([0,∞) : X) := e−W p

ap([0,∞) : X) + e−W p
0 ([0,∞) : X),
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W p
aap([0,∞) : X) := W p

ap([0,∞) : X) +W p
0 ([0,∞) : X),

W p
eaap([0,∞) : X) := W p

ap([0,∞) : X) + e−W p
0 ([0,∞) : X).

Then

AAPW p([0,∞) : X) ⊆ AAPSW p([0,∞) : X)

⊆ e−W p
aap([0,∞) : X) ⊆W p

aap([0,∞) : X)

and

e−AAPW p([0,∞) : X) ⊆ e−AAPSW p([0,∞) : X)

⊆ ee−W p
aap([0,∞) : X) ⊆W p

eaap([0,∞) : X),

with any of these inclusions being strict, in general.
The sums defining e−W p

aap([0,∞) : X), ee−W p
aap([0,∞) : X), W p

aap([0,∞) :
X) and W p

eaap([0,∞) : X) cannot be direct. For the spaces AAPW p([0,∞) :
X), e−AAPW p([0,∞) : X), AAPSW p([0,∞) : X) and e−AAPSW p([0,∞) :
X), the sums in their definitions are direct, which follows from the fact that,
for 1 ≤ p <∞, we have W p

0 ([0,∞) : X) ∩APSp([0,∞) : X) = {0}; see [23].

2.1. Besicovitch-Doss almost periodic functions

The class of Besicovitch almost periodic functions extends the classes of
Stepanov and Weyl almost periodic functions. The standard procedure for the
introducing the notion of Besicovitch almost periodic functions goes as follows.
Assume that 1 ≤ p < ∞. Following A. S. Besicovitch [7], for every function
f ∈ Lploc(R : X), we define

‖f‖Mp := lim sup
t→+∞

[
1

2t

∫ t

−t
‖f(s)‖p ds

]1/p
;

if f ∈ Lploc([0,∞) : X), then

‖f‖Mp := lim sup
t→+∞

[
1

t

∫ t

0

‖f(s)‖p ds

]1/p
.

In both cases, ‖ · ‖Mp is a seminorm on the space Mp(I : X) consisting of
those Lploc(I : X)-functions f(·) for which ‖f‖Mp < ∞. Define Kp(I : X) :=
{f ∈Mp(I : X) : ‖f‖Mp = 0} and

Mp(I : X) :=Mp(I : X)/Kp(I : X).

The seminorm ‖ · ‖Mp on Mp(I : X) induces the norm ‖ · ‖Mp on Mp(I : X)
for which (Mp(I : X), ‖ · ‖Mp) is a Banach space.

Definition 2.3. Let 1 ≤ p <∞. Then it is said that a function f ∈ Lploc(I : X)
is Besicovitch-p-almost periodic iff there exists a sequence of X-valued trigono-
metric polynomials converging to f(·) in (Mp(I : X), ‖ · ‖Mp).
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The vector space consisting of all Besicovitch-p-almost periodic functions
I → X is denoted by Bp(I : X). Then Bp(I : X) is a closed subspace of
Mp(I : X).

The notion of Besicovitch-Doss-p-almost periodic function has been recently
introduced in [22] following the fundamental characterization of scalar-valued
Besicovitch almost periodic functions established by R. Doss in [14]-[15] (cf.
also [3, pp. 160-161]):

Definition 2.4. Assume 1 ≤ p < ∞. We say that f ∈ Lploc(I : X) is
Besicovitch-Doss-p-almost periodic iff the following conditions hold:

(i) (Bp-boundedness) We have ‖f‖Mp <∞.

(ii) (Bp-continuity) We have

lim
τ→0

lim sup
t→+∞

[
1

2t

∫ t

−t
‖f(s+ τ)− f(s)‖p ds

]1/p
= 0,

in the case that I = R, resp.,

lim
τ→0+

lim sup
t→+∞

[
1

t

∫ t

0

‖f(s+ τ)− f(s)‖p ds

]1/p
= 0,

in the case that I = [0,∞).

(iii) (Doss almost periodicity) For every ε > 0, the set of numbers τ ∈ I for
which

lim sup
t→+∞

[
1

2t

∫ t

−t
‖f(s+ τ)− f(s)‖p ds

]1/p
< ε,

in the case that I = R, resp.,

lim sup
t→+∞

[
1

t

∫ t

0

‖f(s+ τ)− f(s)‖p ds

]1/p
< ε,

in the case that I = [0,∞), is relatively dense in I.

(iv) For every λ ∈ R, we have that

lim
l→+∞

lim sup
t→+∞

1

l

[
1

2t

∫ t

−t

∥∥∥∥∥
(∫ x+l

x

−
∫ l

0

)
eiλsf(s) ds

∥∥∥∥∥
p

dx

]1/p
= 0,

in the case that I = R, resp.,

lim
l→+∞

lim sup
t→+∞

1

l

[
1

t

∫ t

0

∥∥∥∥∥
(∫ x+l

x

−
∫ l

0

)
eiλsf(s) ds

∥∥∥∥∥
p

dx

]1/p
= 0,

in the case that I = [0,∞).
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The vector space consisting of all Besicovitch-Doss-p-almost periodic func-
tions I → X is denoted by Bp(I : X). If X = C, then the fundamental result
of R. Doss says that Bp(I : X) = Bp(I : X). In [22], we have raised the fol-
lowing problem: Assume 1 ≤ p <∞, and X is a Banach space. Is it true that
Bp(I : X) = Bp(I : X) in the set theoretical sense?

In the sequel of this paper, we will consider both spaces Bp(I : X) and
Bp(I : X), although in the present situation we do not know whether they
are equal and although our main results will be clarified only for the class of
Besicovitch-Doss C(n)-almost periodic functions.

Definition 2.5. [22] It is said that q ∈ Lploc([0,∞) : X) is Besicovitch-p-
vanishing iff

lim
t→∞

∥∥q(t, ·)
∥∥
Mp = 0, i.e., lim

t→+∞
lim sup
s→+∞

[
1

s

∫ s

0

∥∥q(t+ r)
∥∥p dr]1/p = 0.

The class consisting of all Besicovitch-p-vanishing functions extends the
corresponding class consisting of all Weyl-p-vanishing functions. For the sequel,
it would be very important to note that the class of Besicovitch-p-vanishing
functions is equal to the class of p-locally integrable X-valued functions whose
Besicovitch seminorm is equal to zero. This basically follows from the analysis
of R. Doss [14, p. 478], showing that, for every q ∈ Lploc([0,∞) : X), we have∥∥q(t, ·)

∥∥
Mp = ‖q‖Mp , t ≥ 0. As a simple corollary of this equality, we have the

following result [22]: Let 1 ≤ p <∞, and let q ∈ Lploc([0,∞) : X). Then q(·) is
Besicovitch-p-vanishing iff ‖q‖Mp = 0 iff q ∈ Kp([0,∞) : X) iff

lim
s→+∞

1

s

∫ s

0

∥∥q(r)∥∥p dr = 0.

Denote by Bp0([0,∞) : X) the set consisting of all Besicovitch-p-vanishing
functions. Then Bp0([0,∞) : X) has a linear vector structure. As pointed out
in [22], it is ridiculous to introduce the space of asymptotically Besicovitch
almost periodic functions and asymptotically Besicovitch-Doss almost periodic
functions since the sum of space Bp(I : X) (Bp([0,∞) : X)) and Bp0([0,∞) : X)
is again Bp(I : X) (Bp([0,∞) : X)).

3. Generalized C(n)-almost periodic functions and gener-
alized asymptotically C(n)-almost periodic functions

We start this section by introducing the following notions (as before, the
derivatives appearing below will be taken in distributional sense).

Definition 3.1. Let 1 ≤ p <∞, let n ∈ N, and let f ∈ Lploc(I : X).

(i) It is said that the function f(·) is equi-Weyl-p-C(n)-almost periodic, f ∈
e−C(n) −W p

ap(I : X) for short, iff for each k = 0, 1, . . . , n, we have that

f (k) ∈ e−W p
ap(I : X).
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(ii) It is said that the function f(·) is Weyl-p-C(n)-almost periodic, f ∈ C(n)−
W p
ap(I : X) for short, iff for each k = 0, 1, . . . , n, we have that f (k) ∈

W p
ap(I : X).

The spaces C(n) − AAPW p([0,∞) : X), e − C(n) − AAPW p([0,∞) : X),
C(n) − AAPSW p([0,∞) : X), e − C(n) − AAPSW p([0,∞) : X), e − C(n) −
W p
aap([0,∞) : X), ee− C(n) −W p

aap([0,∞) : X), C(n) −W p
aap([0,∞) : X) and

C(n) −W p
eaap([0,∞) : X) are introduced similarly.

We continue by providing three illustrative examples.

Example 3.2. Define the function f : R→ C by

f(x) := χ(−∞,0](x) + xχ[0,1/2](x) + χ(1/2,∞)(x), x ∈ R.

Then it is easily verified that its first distributional derivative is the locally
integrable function g : R→ C given by g(x) := χ(0,1/2)(x), x ∈ R, which is not
Stepanov almost periodic but equi-Weyl-1-almost periodic (see e.g. [3, Example
4.27]) and therefore Weyl-1-almost periodic. Denote by H(x) := χ(0,∞)(x),
x ∈ R the well known Heaviside function, for which we know that it is Weyl-1-
almost periodic but not equi-Weyl-1-almost periodic [3]. Hence, in order to see
that f ∈ C(1)−W 1

ap(R : X)\e−C(1)−W 1
ap(R : X), we only need to prove that

the function h(x) := xχ[0,1/2](x), x ∈ R is equi-Weyl-1-almost periodic. But,
this simply follows from definition of an equi-Weyl-1-almost periodic function
and the following obvious estimates:

1

l

∫ x+l

x

∥∥h(t+ τ)− h(t)
∥∥ dt

≤ 1

l

∫ x+l

x

∥∥h(t+ τ)
∥∥ dt+

1

l

∫ x+l

x

∥∥h(t)
∥∥ dt

≤ 2

l

∫ 1/2

0

∥∥h(t)
∥∥ dt ≤ 1

2l
, l > 0, τ ∈ R.

It is clear that f /∈ C(2) −W 1
ap(R : X) since the weak derivative of g(·) is not

a regular distribution. At the end of this example, we would like to observe
that we can construct a great number of other function spaces by using a
‘Sobolev type idea’ from Definition 3.1, allowing possibly that the function and
its derivatives belong to different function spaces (here, concretely, f ∈W 1

ap(R :
X) and f ′ ∈ e−W 1

ap(R : X) see also Example 1.2). It would take too long to
consider such spaces here.

Example 3.3. Define

A :=
{
f ∈ L∞(I : X) : supp(f) is compact

}
.

Then the computation used in the former example shows that A ⊆ e−W 1
ap(I :

X). On the other hand, any non-trivial function from A cannot be Stepanov
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almost periodic; if we suppose the contrary, then the identity [4, (4.24)] would
imply

sup
t∈I

∫ t+1

t

‖f(s)‖ ds = sup
t≥t0

∫ t+1

t

‖f(s)‖ ds, t0 ∈ I;

by choosing t0 arbitrarily large, the above would imply supt∈I
∫ t+1

t
‖f(s)‖ ds =

0 for all t ∈ I and therefore f(s) = 0 a.e. s ∈ I. This can be easily employed
for the construction of a function f ∈ e− C(1) −W 1

ap(I : X) \APS1(I : X); a
typical example is given by

f(x) :=χ(−∞,−1)(x) + 2(x+ 1)χ[−1,−1/2)(x) + χ[−1/2,1/2](x)

− 2(x− 1)χ(1/2,1)(x) + χ(1,∞)(x), x ∈ R.

Example 3.4. Let f(·) be defined by the last formula, and let f [1](·) be its
first anti-derivative, defined as usually. Then it can be simply verified that
f [1] ∈ C(2) −W 1

ap(R : X) but f [1] /∈ e−W 1
ap(R : X).

We introduce the notions of a Besicovitch C(n)-almost periodic function
and a Besicovitch-Doss C(n)-almost periodic function similarly as in Definition
3.1.

Definition 3.5. Let 1 ≤ p <∞, let n ∈ N, and let f ∈ Lploc(I : X).

(i) It is said that the function f(·) is Besicovitch-p-C(n)-almost periodic,
f ∈ C(n) − Bp(I : X) for short, iff for each k = 0, 1, . . . , n, we have that
f (k) ∈ Bp(I : X).

(ii) It is said that the function f(·) is Besicovitch-Doss-p-C(n)-almost peri-
odic, f ∈ C(n) − Bp(I : X) for short, iff for each k = 0, 1, . . . , n, we have
that f (k) ∈ Bp(I : X).

A fairly complete analysis of introduced function spaces is outside the scope
of this paper and we deeply believe that this theme could be interesting and
motivating to our readers. Now we would like to illustrate the importance of
such function spaces in the qualitative analysis of solutions of abstract inho-
mogenous Volterra integro-differential equations:

4. Weyl, asymptotically Weyl and Besicovitch-Doss C(n)-
almost periodic properties of convolution products

In this section, we examine the Weyl, asymptotically Weyl and Besicovitch-
Doss C(n)-almost periodic properties of convolution products (Stepanov case
can be considered similarly [21]). It seems that choosing the value p = 1
is almost inevitable for saying anything relevant concerning this subject. In
addition to the above, we analyze the convolution invariance of introduced
function spaces.

For our investigation of Weyl-C(n)-almost periodicity of infinite convolution
products, it will be very important to introduce the following subclasses of
(equi-) Weyl-C(n)-almost periodic functions.



84 M. Kostić

Definition 4.1. Let 1 ≤ p <∞, let n ∈ N, and let f ∈ Lploc(I : X).

(i) It is said that the function f(·) is equi-Weyl-p-C
(n)
b -almost periodic, f ∈

e−C(n)
b −W p

ap(I : X) for short, iff for each k = 0, 1, . . . , n, we have that

f (k) ∈ e−W p
ap(I : X) ∩ L∞(I : X).

(ii) It is said that the function f(·) is Weyl-p-C
(n)
b -almost periodic, f ∈ C(n)

b −
W p
ap(I : X) for short, iff for each k = 0, 1, . . . , n, we have that f (k) ∈

W p
ap(I : X) ∩ L∞(I : X).

Now we are ready to state the following proposition.

Proposition 4.2. (i) Suppose that n ∈ N and (R(t))t>0 ⊆ L(X,Y ) is a
strongly continuous operator family satisfying

∫∞
0
‖R(s)‖ ds < ∞. If g :

R→ X is in the class e− C(n)
b −W 1

ap(R : X), resp. C
(n)
b −W 1

ap(R : X),
then the function G(·), given by

G(t) :=

∫ t

−∞
R(t− s)g(s) ds, t ∈ R,(4.1)

is in the same class, as well.

(ii) Suppose that (R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator fam-
ily satisfying M =

∑∞
k=0 ‖R(·)‖L∞[k,k+1] < ∞. If g : R → X is in the

class C(n) −W 1
ap(I : X), then the function G(·), given by (4.1), is in the

class C
(n)
b −W 1

ap(I : X).

Proof. By [23, Proposition 5.1(i)], we have that G(·) is bounded and belongs
to the class e −W 1

ap(R : X), resp. W 1
ap(R : X). The final conclusion follows

from the fact, for 0 ≤ l ≤ n, we have

G(l)(t) =

∫ ∞
0

R(s)g(l)(t− s) ds, t ∈ R,(4.2)

which can be simply proved by applying the dominated convergence theorem.
To prove the second part, we first observe that [23, Proposition 5.1(ii)] implies
that G(·) is bounded and equi-Weyl-1-almost periodic. Therefore, it suffices to
show that the equation (4.2) holds for 0 ≤ l ≤ n. This follows by induction
and its validity for l = 1, which is a consequence of the following computation
involving the Fubini theorem:

G(t) = G(0) +

∫ ∞
0

R(v)[g(t− v)− g(v)] dv

= G(0) +

∫ ∞
0

∫ t

0

R(v)g′(s− v) ds dv

= G(0) +

∫ t

0

∫ ∞
0

R(v)g′(s− v) ds dv, t ∈ R.
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The following notion is very similar to the corresponding one already intro-
duced in Definition 4.1.

Definition 4.3. Let 1 ≤ p <∞, let n ∈ N, and let f ∈ Lploc(I : X).

(i) It is said that the function f(·) is Besicovitch-p-C
(n)
b -almost periodic,

f ∈ C(n)
b − Bp(I : X) for short, iff for each k = 0, 1, . . . , n, we have that

f (k) ∈ Bp(I : X) ∩ L∞(I : X).

(ii) It is said that the function f(·) is Besicovitch-Doss-p-C
(n)
b -almost peri-

odic, f ∈ C(n)
b − Bp(I : X) for short, iff for each k = 0, 1, . . . , n, we have

that f (k) ∈ Bp(I : X) ∩ L∞(I : X).

Keeping in mind [22, Theorem 3.1] and the proof of the first part of Propo-
sition 4.2, we have the following result:

Proposition 4.4. Suppose that n ∈ N and (R(t))t>0 ⊆ L(X,Y ) is a strongly
continuous operator family satisfying

∫∞
0

(1 + s)‖R(s)‖ ds < ∞. If g : R → X

is in the class C
(n)
b − B1(I : X), then the function G(·), given by (4.1), is in

the same class, as well.

We continue by stating some results about the asymptotical Weyl-C(n)-
almost periodicity of finite convolution product. For this purpose, we need to
recall the following notion from [23]: For any function q ∈ L1

loc(R : X) with
q(k) ∈ L1

loc(R : X) for 0 ≤ k ≤ n, and for any strongly continuous operator
family (R(t))t>0 ⊆ L(X,Y ) satisfying

∫∞
0
‖R(s)‖ ds <∞, we formally set

Jk(t, l) := sup
x≥0

{∫ x+t

0

[
1

l

∫ x+t−r+l

x+t−r

∥∥R(v)
∥∥ dv]∥∥q(k)(r)∥∥ dr},

for t > 0, l > 0, 0 ≤ k ≤ n. The subsequent conditions will play an important
role for us (0 ≤ k ≤ n):

lim
t→∞

lim
l→∞

Jk(t, l) = 0,(4.3)

and

lim
l→∞

lim
t→∞

Jk(t, l) = 0.(4.4)

The main purpose of next proposition is to look into the asymptotically
Weyl-C(n)-almost periodic properties of finite convolution product.

Proposition 4.5. Let n ∈ N.

(i) Suppose that (R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator fam-
ily satisfying

∫∞
0
‖R(s)‖ ds < ∞. If g : R → X is in the class e −

C
(n)
b − W 1

ap(R : X), as well as q(k) ∈ W 1
0 ([0,∞) : X), resp., q(k) ∈
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e−W 1
0 ([0,∞) : X) for 0 ≤ k ≤ n, (4.3), resp., (4.4), holds for 0 ≤ k ≤ n,

then the function F (·), given by

F (t) :=

∫ t

0

R(t− s)[g(s) + q(s)] ds, t ≥ 0,(4.5)

is in the class C(n) −W 1
aap([0,∞) : Y ), resp., C(n) −W 1

eaap([0,∞) : Y ),
provided that

(g + q)(k)(0) = 0, 0 ≤ k ≤ n− 1.(4.6)

(ii) Let the requirements of part (i) hold with g ∈ e − C(n)
b −W 1

ap(R : X) as
well as with the function q(·) satisfying the same conditions as in (i). Let
the condition (4.6) hold. Then the function F (·), given by (4.5), is in the
class e− C(n) −W 1

aap([0,∞) : X), resp., ee− C(n) −W 1
aap([0,∞) : X).

(iii) Suppose that (R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator fam-
ily satisfying M =

∑∞
k=0 ‖R(·)‖L∞[k,k+1] < ∞. If g : R → X is in the

class e − C(n) −W 1
ap(R : X) and the function q(·) satisfying the same

conditions as in (i), then the function F (·), given by (4.5), is in the class
e−C(n)−W 1

aap([0,∞) : X), resp., ee−C(n)−W 1
aap([0,∞) : X), provided

that the condition (4.6) holds.

Proof. The proof of proposition follows almost immediately by applying [23,
Proposition 5.3] and the identity

F (k)(t) :=

∫ t

0

R(t− s)
[
g(k)(s) + q(k)(s)

]
ds, t ≥ 0, 0 ≤ k ≤ n,

which can be proved by using the arguments contained in the proof of [4,
Proposition 1.3.6] and the condition (4.6).

The conditions (4.3) and (4.4) are satisfied for a large class of functions
q(·), provided that (R(t))t>0 is locally integrable at zero and has a certain
polynomial or exponential decaying growth order at infinity; see [23] for further
information.

Appealing to [22, Theorem 3.3] in place of [23, Proposition 5.3] leads us to
the following result:

Proposition 4.6. Suppose that n ∈ N, and (R(t))t>0 ⊆ L(X,Y ) is a strongly
continuous operator family satisfying

∫∞
0

(1+s)‖R(s)‖ ds <∞. If g : R→ X is

in the class C
(n)
b −B1(I : X), as well as q(k) ∈ L1

loc([0,∞) : X) is Besicovitch-
1-vanishing for 0 ≤ k ≤ n, then the function F (·), given by (4.5), is in the class
f ∈ C(n) − B1(I : X), as long as the condition (4.6) holds.

Now we will investigate the situation in which the condition (4.6) is no
longer satisfied, with the integer n ∈ N given in advance. It will be always
assumed that the resolvent (R(t))t>0 ⊆ L(X,Y ) is locally integrable at zero
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and (n − 1)-times continuously differentiable for t > 0. Assuming f, f ′ ∈
L1
loc([0,∞) : X), the proofs of [4, Proposition 1.3.4, Proposition 1.3.6] show that

the function u(t) :=
∫ t
0
R(t−s)f ′(s) ds+R(t)f(0), t ≥ 0 is locally integrable on

[0,∞) and continuous on (0,∞), as well as that (d/dt)
∫ t
0
R(t−s)f(s) ds = u(t)

for all t > 0. Repeating this argument, we obtain inductively that, for every
t > 0,

dk

dtk

∫ t

0

R(t− s)f(s) ds =

∫ t

0

R(t− s)f (k)(s) ds+
k−1∑
j=0

R(k−1−j)(t)g(j)(0),

provided that f, f ′, . . . , f (n) ∈ L1
loc([0,∞) : X) and 0 ≤ k ≤ n. Keeping in

mind this equality and our previous investigation of case in which the condition
(4.6) is satisfied, the following results can be deduced:

Proposition 4.7. Let n ∈ N.

(i) Suppose that (R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator fam-
ily satisfying

∫∞
0
‖R(s)‖ ds < ∞. If g : R → X is in the class e −

C
(n)
b − W 1

ap(R : X), as well as q(k) ∈ W 1
0 ([0,∞) : X), resp., q(k) ∈

e−W 1
0 ([0,∞) : X) for 0 ≤ k ≤ n, (4.3), resp., (4.4), holds for 0 ≤ k ≤ n,

then the function F (·), given by (4.5), is in the class C(n)−W 1
aap([0,∞) :

Y ), resp., C(n) −W 1
eaap([0,∞) : Y ), provided that (R(t))t>0 is (n − 1)-

times continuously differentiable for t > 0 and R(k−1−j)(·) is pointwise in
the class W 1

aap([0,∞) : Y ), resp., W 1
eaap([0,∞) : Y ), for any 0 ≤ k ≤ n

and 0 ≤ j ≤ k − 1 such that (g + q)(j)(0) 6= 0.

(ii) Let the requirements of part (i) hold with g ∈ e − C
(n)
b − W 1

ap(R : X)
as well as with the function q(·) satisfying the same conditions as in (i).
Let (R(t))t>0 be (n − 1)-times continuously differentiable for t > 0, and
let R(k−1−j)(·) be pointwise in the class e − W 1

aap([0,∞) : X), resp.,
ee −W 1

aap([0,∞) : X), for any 0 ≤ k ≤ n and 0 ≤ j ≤ k − 1 such that

(g + q)(j)(0) 6= 0. Then the function F (·), given by (4.5), is in the class
e− C(n) −W 1

aap([0,∞) : X), resp., ee− C(n) −W 1
aap([0,∞) : X).

(iii) Suppose that (R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator fam-
ily satisfying M =

∑∞
k=0 ‖R(·)‖L∞[k,k+1] < ∞. If g : R → X is in the

class e − C(n) −W 1
ap(R : X) and the function q(·) satisfying the same

conditions as in (i), then the function F (·), given by (4.5), is in the class
e − C(n) −W 1

aap([0,∞) : X), resp., ee − C(n) −W 1
aap([0,∞) : X), pro-

vided that (R(t))t>0 is (n− 1)-times continuously differentiable for t > 0
and R(k−1−j)(·) is pointwise in the class e − W 1

aap([0,∞) : Y ), resp.,
ee −W 1

aap([0,∞) : Y ), for any 0 ≤ k ≤ n and 0 ≤ j ≤ k − 1 such that

(g + q)(j)(0) 6= 0.

Proposition 4.8. Suppose that n ∈ N, and (R(t))t>0 ⊆ L(X,Y ) is a strongly
continuous operator family satisfying

∫∞
0

(1+s)‖R(s)‖ ds <∞. If g : R→ X is
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in the class C
(n)
b −B1(I : X), as well as q(k) ∈ L1

loc([0,∞) : X) is Besicovitch-
1-vanishing for 0 ≤ k ≤ n, then the function F (·), given by (4.5), is in the
class f ∈ C(n) − B1(I : X), as long as (R(t))t>0 is (n− 1)-times continuously
differentiable for t > 0 and R(k−1−j)(·) is pointwise in the class B1(I : Y ) for
any 0 ≤ k ≤ n and 0 ≤ j ≤ k − 1 such that (g + q)(j)(0) 6= 0.

Remark 4.9. The condition that (R(t))t>0 ⊆ L(X,Y ) is (n − 1)-times contin-
uously differentiable for t > 0 holds, in particular, if (R(t))t>0 is analytic in a
sector around the positive real axis (or that n = 1). Then we can apply the
Cauchy integral formula to see that all derivatives of R(·) decay polynomially
or exponentially at infinity, so that the conditions stated in the formulations
of the above two propositions hold for a large class of solution operator fami-
lies (R(t))t>0 examined in our previous research studies; see e.g. [20] for more
details.

Concerning applications to abstract Volterra integro-differential equations,
it should be noted that we can apply our results from this section, e.g., in the
analysis of existence and uniqueness of Weyl C(n)−almost periodic solutions
and Besicovitch-Doss C(n)−almost periodic solutions of abstract fractional in-
clusion

Dγ
t,+u(t) ∈ Au(t) + f(t), t ∈ R,

with the Riemann-Liouville derivative of Dγ
t,+ of order γ ∈ (0, 1], as well

as asymptotically Weyl C(n)−almost periodic solutions and Besicovitch-Doss
C(n)−almost periodic solutions of the fractional relaxation inclusion

(DFP)f,γ :

{
Dγ
t u(t) ∈ Au(t) + f(t), t > 0,
u(0) = x0,

where Dγ
t denotes the Caputo fractional derivative of order γ ∈ (0, 1], x0 ∈ X

and the multivalued linear operator A satisfies the condition [18, (P), p. 47]
introduced by A. Favini and A. Yagi:

(P) There exist finite constants c, M > 0 and β ∈ (0, 1] such that

Ψ := Ψc :=
{
λ ∈ C : <λ ≥ −c

(
|=λ|+ 1

)}
⊆ ρ(A)

and
‖R(λ : A)‖ ≤M

(
1 + |λ|

)−β
, λ ∈ Ψ.

In such a way, we can consider the qualitative properties of solutions of the
famous Poisson heat equations [18]{

∂
∂x [m(x)v(t, x)] = (∆− b)v(t, x) + f(t, x), t ∈ R, x ∈ Ω;
v(t, x) = 0, (t, x) ∈ [0,∞)× ∂Ω,

and 
∂
∂x [m(x)v(t, x)] = (∆− b)v(t, x) + f(t, x), t ≥ 0, x ∈ Ω;
v(t, x) = 0, (t, x) ∈ [0,∞)× ∂Ω,
m(x)v(0, x) = u0(x), x ∈ Ω,



On generalized C(n)-almost periodic solutions of... 89

in the space X := Lp(Ω), where Ω is a bounded domain in Rn, b > 0, m(x) ≥ 0
a.e. x ∈ Ω, m ∈ L∞(Ω) and 1 < p < ∞, as well as their fractional analogons
associated with the use of Weyl-Liouville or Caputo derivatives. See [20] for
more details.

The following result on the convolution invariance of introduced function
spaces belonging to the Weyl class holds good:

Theorem 4.10. Let n ∈ N, and let f ∈ C(n)
b −W 1

ap(R : X) (f ∈W 1
ap,b(R : X)),

resp. f ∈ e − C(n)
b −W 1

ap(R : X) (f ∈ e −W 1
ap,b(R : X)). Then, for every

g ∈ L1(R), we have that g ∗ f ∈ C(n)
b −W 1

ap(R : X) (g ∗ f ∈ W 1
ap,b(R : X)),

resp. f ∈ e− C(n)
b −W 1

ap(R : X) (f ∈ e−W 1
ap,b(R : X)).

Proof. The proof is a consequence of the following simple calculation

1

l

∫ x+l

x

∥∥∥∥∥
∫ ∞
−∞

[
f(t+ τ − y)− f(t− y)

]
g(y) dy

∥∥∥∥∥ dt
≤ 1

l

∫ x+l

x

∫ ∞
−∞

∥∥f(t+ τ − y)− f(t− y)
∥∥‖g(y)‖ dy dt

=

∫ ∞
−∞

[
1

l

∫ x+l

x

∥∥f(t+ τ − y)− f(t− y)
∥∥ dt]‖g(y)‖ dy

=

∫ ∞
−∞

[
1

l

∫ x+l−y

x−y

∥∥f(r + τ)− f(r)
∥∥ dr]‖g(y)‖ dy

≤

[∫ ∞
−∞
‖g(y)‖ dy

]
· sup
x∈R

[
1

l

∫ x+l

x

∥∥f(r + τ)− f(r)
∥∥ dr],

the well-known distributional equality (g ∗ f)(n) = g ∗ f (n) and elementary
definitions.

The interested reader may try to examine whether we can transfer the above

assertion to Besicovitch-Doss C
(n)
b -almost periodic classes of functions.
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[19] Kostić, M. Abstract Degenerate Volterra Integro-Differential Equations: Linear
Theory and Applications. Book Manuscript, 2016.
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