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ASYMPTOTIC ESTIMATES OF ENTIRE FUNCTIONS
OF BOUNDED L-INDEX IN JOINT VARIABLES

Andriy Bandura™ and Oleh Skaskiv®

Abstract. In this paper growth estimates of entire in C™ function
of bounded L-index in joint variables are obtained. They describe the
behavior of maximum modulus of an entire function on a skeleton in
a polydisc by behavior of the function L(z) = (I1(z),...,In(z)), where
for every j € {1,...,n} I : C® — Ry is a continuous function. We
generalized known results of W. K. Hayman, M. M. Sheremeta, A. D.
Kuzyk and M. T. Borduyak to a wider class of functions L. One of our
estimates is sharper even for entire in C functions of bounded Il-index
than Sheremeta’s estimate.
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1. Introduction

Let I : C — R4 be a fixed positive continuous function, where R} =

(0, 400). An entire function f is said to be of bounded !—index [I3] if there
@

exists an integer m, independent of z, such that for all pand all z € C L@l <

> ip(z)p! =
max{ |{((;§§?I : 0 < s < m}. The least such integer m is called the {—index of

f(2) and is denoted by N(f,I). If [(z) = 1 then we obtain the definition of
function of bounded indez [[4] and in this case we denote N(f) := N(f,1).

In 1970, W. J. Pugh and S. M. Shah [I8] posed some questions about
properties of entire functions of bounded index. One of those questions is
following: 1. What are the growth properties of functions of bounded index: (c)
is it possible to derive the boundedness (or the unboundedness) of the index
from the asymptotic properties of the logarithm of the maximum modulus of
f(z), ice., mM(r, f)?

W. K. Hayman [I7] proved that entire function of bounded index has expo-
nential type which is not greater than N(f)+ 1. Later A. D. Kuzyk and M. M.
Sheremeta [3] obtained growth estimate of entire function of bounded /—index.
It is known [0] that for every entire function f with bounded multiplicities of
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zeros there exists a positive function I(r) (r = |z|), continuous on [0; +00), such
that f is of bounded I-index. Thus, the concept of bounded I-index allows one
to study growth properties of any entire functions with bounded multiplicities
of zeros. The similar result was also obtained [[@] for entire functions of sev-
eral variables. M. M. Sheremeta [Z1] deduced analogous growth estimates for
functions of bounded Il-index which are analytic in a unit disc or in arbitrary
complex domain.

Clearly, the question of Shah and Pugh can be formulated for entire func-
tions in C™:  What are the growth properties of functions of bounded L-index in
joint variables? Is it possible to derive the boundedness (or the unboundedness)
of the L-indez in joint variables from the asymptotic properties of the logarithm
of the mazimum modulus of F(z) on a skeleton in a polydisc?

M. T. Bordulyak and M. M. Sheremeta [IT]] gave an answer to the question

if L(z) = (Lu()z1])s ---, ln(J2nl])), and for every j € {1,...,n} the function
l; : Ry — Ry is continuous. In this paper we extend their results for L(z) =
(l1(2),...,ln(2)), where I; : C* — Ry is a continuous function for every

jeA{l,...,n}. We remark [§] that the entire function f(z) =e**"*: C" — C
is of unbounded L-index in joint variables for any function L(z) = (I1(|z1]),

.y In(Jzn])). But it has bounded L-index in joint variables for the function
L(z) = (li(2),...,1n(2)), where 1j(z) = |21---2j—12j41---2n| + 1. In a some
sense our results are new even in one-dimensional case (see below Corollaries
I3 and B). Note the obtained estimates are not direct analogs of the results
of M. T. Bordulyak and M. M. Sheremeta. They are sharper (see Remark £79).
Besides, we show that inequality (B213) is exact (see the example at the end of
the paper).

Note that there exists another approach to consider bounded index in C™ —
so-called functions of bounded L-index in direction [@, B, 2], where L : C™ — Ry
is a continuous function.

The concepts of bounded L-index in a direction and bounded L-index in
joint variables have a few advantages in comparison with the traditional ap-
proaches to the study of the properties of entire solutions of partial differential
equations. In particular, if an entire solution has bounded index [d, P] then it
immediately yields its growth estimates, an uniform distribution of its zeros in
some sense, a certain regular behavior of the solution and etc.

2. Notations, definitions and main result
We need some standard notations. Let Ry = (0, +00). Denote
0=(0,...,00€R", 1=(1,...,1) €R", 2=(2,...,2) € R",

1,=(0,...,0, _1_,0,...,0)€R" [0,27]" =1[0,27] x --- x [0,27].

j*th place n—th times
For R = (ri,...,m) € R}, © = (01,...,0,) € [0,27]" and K = (k1,...,ky) €
Z1 let us to denote ||K|| = ki 4 -+ + ky, Re'® = (rie'®, .. rpet), KI =
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kqyl- ...kl For A = (a1,...,a,) € C*, B = (b1,...,b,) € C", we will use
formal notations without violation of the existence of these expressions

n 1/2
A= (1) A% B = (@ £bir. e 0y £b,). AB = (@br.o- anby),
j=1

arg A= (argay,...,argay), A/B = (a1/bi,... ,an/by), AP =ab a2 ... alr,

n

and the notation A < B means that a; < b; for all j € {1,...,n}; the relation
A < B is defined similarly. For z € C"™ and w € C" we define

(z,w) = 2101 + -+ + 2, Wp,

where wy, is the complex conjugate of wy.

The polydisc {z € C"* : [z — 29| < rj, j € {1,...,n}} is denoted by
D™(2", R), its skeleton {z € C" : |z; — 29| =7, j € {1,...,n}} is denoted by
T"(2°, R), and the closed polydisc {z € C" : [z; — 29| <rj, j € {1,...,n}}
is denoted by D"[2% R]. For a partial derivative of entire function F(z) =
F(z1,...,2,) we will use the notation

AIEIE  ghkittkn p

(K)
F(2) 02K ﬁz’fl D2k

where K = (ki,...,k,) € Z1.

Let L(z) = (I1(2),...,1n(2)), where [;(z) are positive continuous functions
of variable z € C"*, j € {1,2,...,n}.

An entire function F(z) is called a function of bounded L-index in joint
variables, [@, B, B] if there exists a number m € Z; such that for all z € C"
and J = (j1>j27~-~7jn) EZi

FO (2 FE) (2
(2.1) ngax{K!U{((z);: KeZ, ||K||§m}.

If I; = 1;(|z;]) then we obtain the concept of entire functions of bounded
L-index in sense of definition in the paper [I0]. If [;(z;) =1, j € {1,2,...,n},
then the entire function is called a function of bounded index in joint variables
[0, 05, 06, 7, 20]. Also there are papers about analytic functions of bounded
L-index in joint variables [i, B, 0.

The least integer m for which inequality holds is called L-index in joint
variables of the function F and is denoted by N(F,L).

For Re R%, j€{l,...,n} and L(z) = (l1(2),...,l,(2)) we define

A1,j (%0, R) = inf {lj(z)/lj(zo): z € D" [ZO, R/L(zo)]} ,
A2,j (20, R) = sup {lj(z)/lj(zo): ze D" [zO,R/L(zO)]} ,
Mg(R) = inf Aij(zo,R) Aoy(R) = sup. A2,j(20, R),

Ap(R) = (M j(R), ..., Aen(R)) (ke {1,2}).



106 A. Bandura and Oleh Skaskiv

By Q" we denote the class of functions L(z) which for every R € R} satisfy
the condition

(22) 0< Al(R) < AQ(R) < +00.

Here we suppose that L(z) = L(R), R = (r1,...,7), 2 = (21,.--,2n),
rr = |2k (1 <k <n). Let us to denote r* = maxi<g<p -
Our main result is the following

Theorem 2.1 (Main Theorem). Let L(R) = (I1(R),...,ln(R)), I;(R) be a
positive continuously differentiable mon-decreasing function in each variable
rp € [0,+00), k,j € {1,...,n}. If an entire function F has bounded L-index
N = N(F,L) in joint variables then

i Inmax{|F(z)|: z€T"(0,R)}

I <N +1.
|R|—+o00 fo (R,L(TR))dr

This statement is a consequence of Theorem ET@, which is obtained for a
more general function L.

3. Auxiliary propositions

Lemma 3.1. Let L(z) = (l1(2),...,l.(2)), ; : C” D
functions in C™ for all j, m € {1,2,...,n}. If there exist numbers P > 0 and
¢ > 0 such that for all z € C" and every jym € {1,2,...,n}

(3.1) <P

e+ 5 | 0z

then L* € Q™, where L*(z) = (¢ + |l1(2)], ..., c+ [ln(2)]).

Proof. Clearly, the function L*(z) is positive and continuous. For given z € C",
20 € C" we define an analytic curve ¢ : [0,1] — C®

w0, (1) = z;) +7(z — z})), je{1,2,...,n},

where 7 € [0, 1]. It is known that for every continuously differentiable function g
of real variable 7 the inequality % lg(7)] < |¢'(7)] holds except the points where
g’ (1) = 0. Using restrictions of this lemma, we establish the upper estimate of
)\27]' (207 R) :

e+l o R
)\27j(ZO’R):SuP{C_|_|l].J(Z())|:Z€D z (0 =
= sup {exp {In(c+ |1;(2)[) = In(c+ |[;(z°))}} =

zeD" [zo’iLIZO)

o SR e [ i}
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¢ ol et )

20 i (z0)

o fe{[ S

zeDn [z ,m

- Pr; P&
< - J < - .
e ha ]{e"p{%cﬂlm@%l}}e""(%”)

L1 (z9)

Hence, for all R > 0 Xy ;(R) = sup X2 ;(2%,n) < exp <IZ > rj> < oo.

z0eCn m=1
Using 4|g(t)| > —|g'(t)| it can be proved that for every n > 0 A\ ;(R) >
exp (—Iz > rj) > 0. Therefore, L* € Q. O
m=1

To estimate the growth of entire functions of bounded L-index in joint
variables we will use the following theorem which describes local behavior of
these entire functions.

Theorem 3.2 ([5,2]). Let L € Q™. An entire function F is of bounded L-index
in joint variables if and only if there exist numbers R', R", 0 < R' <1 < R",
and p; = p1(R',R") > 1 such that for every 2° € C"

(3.2)

maX{F(z)|: zeT™ (zO,LZ;))}Spl max{|F(z)|: zeT" (ZOI&)}

Recently, Theorem B2 was slightly improved [3]. The condition 0 < R’ <
1 < R” was replaced by the condtion 0 < R’ < R”.
At first, we prove the following lemma.

Lemma 3.3. If L € Q", then for every j € {1,...,n} and for every fized
z* € C", |z|lj(2* + z;1;) = o0 as |z;| — oo.

Proof. Assumen not. Then there exist a number C' > 0 and a sequence z](.m)

oo such that |z§m)|lj(z* +z;m)1j) =k, <C,| i e |z§m)| = m Then

—

(m) (m)
1 m k 7.argz . 2\
(m) lj 2 + ZJ( )13 - m© (m) : = ‘ ; |l](z*) — +00,
lj(Z*+Zj 1]) lj(2*+Zj ]_J) km
as zj(m) — 00, m — 400, that is Ag ;(C'1;) = +o0 and L ¢ Q. O

4. Estimates of growth of entire functions

By K™ we denote a class of positive continuous functions L(z) for which
there exists ¢ > 0 such that for every R € R and j € {1,...,n}

©1,02€(0,27]" [;(Re?®1) —
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If L(z) = (LL(zls---s12nl)s -5 (21, - - -, |2n])) then L € K™ It is easy to
prove that |e*|+1 € Q'\ K, but e ¢ K'\Q', z € C. Besides, if L, Ly € K™
then Ly + Ly € K™ and L;Ly, € K. For simplicity, let us to write K = K
and M (F, R) = max{|F(z)|: z € T"(0,R)}.

Theorem 4.1. Let L € Q"N K". If an entire function F has bounded L-index
in joint variables, then
(4.1)

n T )
InM(F,R)=0 aineign @er[%,igrr]";/o i(R(j,on,t)e®)dt | as |R| — oo,

where o, is a permutation of {1,...,n}, S, is a set of all permutations of
7"27 Zfa'n(k) < J,

{1,...,n}, R(j,on,t)=(r,...,71), m,= < t, if k=7, ke {l1,...,n},
Tk, ZfO'n(k) > j7

R = (r9,...,7%) is sufficiently large radius.

Proof. Let R > 0, © € [0,27]™ and a point z* € T"(0, R + ﬁ) be a such

that
2
Denote 2° = W&eie) Then for every j € {1,...,n}
0 % 225 /1;(Re™®) 2
|20 — 2¥| = = _ = —— and
7o rj +2/1;(Re’®) r; + 2/1;(Re'®) ;(Re™®)

*R (R+ 2/L(Re'®))eter9%" R R
LG =L( 5 ) = : =L(Re'“97"),
=) (R+2/L(Rez@)> ( R+ 2/L(Re®) (Re™9%)
Since L € K™ we have that cL(z°) = cL(Re'®9%") > L(Re'®) > L1L(2°). We
consider two skeletons 77 (2, L(lzo)) and T"(2°, L(zz()))- By Theorem B3 there
exists p; :pl(%,c2) > 1 such that (B2) holds with R’ = %, R’ =¢2, i.e.

max{|F(z): ceTm (O,R+ L(Ri@))} 1P| <
< max{|F(z): ceTm (ZO, L(Ri@))} <
< max{F(z)|: seTm <z07 Li@)) } <

<m max{|F(z)|: e <20, cL(1z0)>} <

(4.2) <1 max{|F(z)| zeT" (o,R + L(;e@)) }
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A function InT max{|F(z)|: z € T"(0, R)} is a convex function of the variables
Inry, ..., Inr, (see [IU, p. 84]). Hence, the function admits a representation

Int max{|F(2)|: z € T"(0,R)}—
—In" max{|F(z)|: 2 € T"(0, R+ (9 — r;)1;)} =

(43) :/rj Aj(Tl,...,’)"j,l,t,rj+1,...,’f'n)dt

0 t
for arbitrary 0 < 7".? < r; < 400, where the functions A;(r1,...,7-1,t,rj41,
...,Ty) are positive non-decreasing in variable t € (0;4+00), j € {1,...,n}.

Using (E2) we deduce

Inp, > lnmax{|F(Z)|: zeT” (0,R+ I:(I:izei@)))}

mn 1 j—
_lnmax{|F(z):z€T <0’R+L(Rei9)>}_
- . 14+3,1
:jz_:llnmax{|F(z)|: zeT <0,R+L(R:ie)k>}_

1+>,_..,1
—lnmax{|F(z)|: zefdm" <0,R—|— I—%)} =

n

Z/rjﬂ/lj(ﬁ,ei@) 1A < 1 1
= — A4 7"1—&—*, ,...7T'_1+7. ,t,
71/ (Rei®) t ll(Rele) I ljfl(Rele)

j=1
Tj+1+ ml(;ei@),...,rn+ ln(RQei@)> dtz;ln <1+ M) X
X A; (r1+ll(]%1(ei@)),...,rj1+lj;l(§%ei(9),rj,rj+1 + Mzei@),...,
(4.4) T"+ln(R2ei@)>

By Lemma B3 the function r;l;(Re®) — 400 (r; — +00). Hence, for j €
{1,...,n} and r; > 9

1 1 1
1 14+ - ~ - > ——
. < ’I"jlj(Re'L@) + 1) rjlj(ReZ@) + 1~ 27’jlj(R€Z®)
Thus, for every j € {1,...,n} inequality (E4) implies that

A: |l r +# r +¥ riors +#
7 1 ll(Reie)wu’ i—1 lj_l(Re,L-@)v g lj+1 lj_H(Rei@),...,
2

" (Re®)

) S 2111]?1 lej(Rei@).
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Let R® = (r{,...,r)), where every r} is above chosen. Applying (E3) n times
consequently we obtain

Inmax{|F(z)|: 2 € T"(0,R)} =

At
= Inmax{|F(2)|: z € T"(0, R+ (r{ —r1)11)} +/ o

0 t
1

) gy —

= Inmax{|F(2)|: 2 € T"(0, R+ (1] —r1)11 + (1) — 72)12)}+

" At e, " Ao (rf, t,rs .
+/ 1( 77"2{7; ’Tn)dt—F/ 2(r1a , T3 7rn)dt:

0 0 t
1 2

=Inmax{|F(z)|: z € T"(0, R°) }—|—Z/

0
rl,...,Tj_l,t,rj+1,...,rn)
t

dt<
< Inmax{|F(z)|: z € T"(0, R°)}+

n rj
+2Inp; E / L, r9 e 4l et ey dt <
0
— /0

2
< Inmax{|F(z)|: z € T"(0, R%)}+

n Tj
+2Inpy E / l; (rfe'r, ... ,7";-)_16191*1,tezef,rjﬂezej“, o rpetfnydt <
n j ‘
< C(R") E / lj(r?ewl,...,r? et et pi el et dt,
— Jo
=1

where C(RY) is some constant. The function Inmax{|F(z)|: z € T"(0, R)} is
independent of ©. Thus, the following estimate holds

Inmax{|F(z)|: 2 € T"(0,R)} =

061[1512n » E / Li(r9e ... ,r?_lewj‘l,telgf,rjﬂemj“, ettt
us

as |R| — +oo. It is obviously that similar equality can be proved for arbitrary
permutation o, of the set {1,2,...,n}. Thus, estimate (Z) holds. Theorem
B is proved. O

Corollary 4.2. If L € Q"N K", o r[nin] 1;(Re™®) is non-decreasing in each
€[0,2x]™
variable r, k, j € {1,...,n}, k # j and an entire function F has bounded

L-indez in joint variables then

1 F(2)]: 2z € T"(0,R)} = (1))
nmax{|F(z)|: z€ T"(0,R)} = O @Er[%l;lTr Z/ i(RYe

as |R| — oo, where RU) = (r1,...,1j 1,6, 7415+, Tn)-
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Note that Theorem B0 is new too for n = 1 because we replace the condition
I =1(|z]) by the condition | € K, i.e. there exists ¢ > 0 such that for every

6
l(riwjg < c¢. Particularly, the following proposition is valid.

r>0 max

91,926[0,271’] l(T
Corollary 4.3. Ifl € QNK and an entire in C function f has bounded l-index
then

Inmax{|f(z)|: |z| =7} =0 ( min / l(teig)dt) as r — oo.
0¢€l0,27] Jo

W. K. Hayman, A. D. Kuzyk, M M. Sheremeta [I2, 3] improved estimate
(B1) by other conditions on the function [ for a case n = 1. M. T. Bordulyak and
M. M. Sheremeta [I0] deduced similar results for entire functions of bounded
L-index in joint variables, if I; = 1,(|z;]), j € {1,...,n}. Using their method
we will generalize the estimate for [; : C* — R_.

Let us to denote a™ = max{a,0}, u;(t) = u;(t,R,0) = ;(LEe'®), where
aeR teRy,je{l,...,n}, r =maxi<j<n ;.

Theorem 4.4. Let L(Re'®) be a positive continuously differentiable function in
each variable r, € [0,400), k € {1,...,n}, © € [0,27]". If an entire function F
has bounded Li-index N = N (F, L) in joint variables then for every © € [0, 27]"
and for every R € R and S € Z7}

(S)( 12,10 (S)
1nmax{|F(Re)|' |S||<N}<lnmax{|F(0)|: |S||<N}+

SILS(Re®) SILS(0)

(4.5)
" T T pet® k()
—(k;j+1 l-(fR ) — dr.
o, s e ) s S T ey | )
j=1 j=1 T
Proof. Let R € R™\ {0}, © € [0,2n]". Denote a; = £, j € {1,...,n} and
A= (ai,...,a,). We consider the function
|F5) (Ate'©))|
4.6 t) = — ||S|| <N
(15 ott) =mox { il Isi < v
where At = (ayt, ..., ant), Ate’® = (ayte’®, ... a,te?).
|F5) (Ate™®)|

Since the function KILF (A7) is continuously differentiable by real t €

[0, +00), outside the zero set of function |F(%)(Ate®)|, the function g(t) is a
continuously differentiable function on [0, 4+00), except, perhaps, for a count-
able set of points.

Therefore, using the inequality -|g(r)| < |¢'(r)| which holds except for the
points r = ¢ such that g(¢) = 0, we deduce

|F) (Ate’®)|+

d (|[FS(Ae®)]\ 1 d
dt \ S'LS(Atei®) ) SILS(Atei®) dt
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n

ov @ 1 1 ) )
F(S) i© F(S+1;) 10y il | _
+ (Ate™) dt SIL5(Atei®) = SILS (Atei®) z; (At )age™
]:

[F) (A |Z —|[FSTL) (AL
SILS( Atez@ I Ate’e (S+1,)IL5; (Atei®)

(s +1)1;(Ate™© )

+

|F (5)(Ate'®)| s;(—uj
4.
(47) S'LS Atez@ 2:: Ateze
For absolutely continuous functions hq, he, ..., hy and h(z) := max{h;(z) :

1<j <k} W(z)<max{hj(z):1<j <k} x€lab] (see [ZI, Lemma 4.1,
p. 81]). The function g is absolutely continuous, therefore, from (B21) it follows

that
|F(S)(Atele)|
<m _ | : < <
g (t) ax{dt (S!LS( 1) IS < N; <

< max {zn: aj(sj + 1)l(Ate’®) | F ST (Ate’©))|

~siEN | & (S + 1)L (Atei®)

|F(S) Ateze | SJ ] + _
+S'LS Atei®) Z Ate’e =

<0 | max 4> aslsy + DA b+ ma iw _
- Isi<v o= 7 Isi<n 1;(Atei®)
=9 (B() + (1)),

Thus, <4 2 Ing(t) < B(t) +~(t) and

(48) g(t) < 9(0) exp / (B(r) +~(r))dr,

because ¢g(0) # 0. But 7*A = R. Substituting ¢ = r* in (E3) and taking into
account (B8), we deduce

[F5) (Re'®)| [FS)(0)]
_—— < < —_ <
lnmax{ SIS (Re®) IIS]| < N ¢ < Inmax SIL5(0) IIS]| < N+

" s ()
+/0 <S|<N {ZOZJ Sj ATe )}+|gn|a§}§\f {; lj(ATeie) }) dr,

i.e. (EA) is proved. O
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Theorem 4.5. Let L(Re™®) be a positive continuously differentiable function
in each variable vy, € [0,+00), k € {1,...,n}, © € [0,27]™. If an entire function
F' has bounded L-index N = N(F,L) in joint variables and there exists C > 0
such that the function L satisfies inequalities

—(u;(t, R,©))))*
GO g o, 2 T <O
(4.10) 66%?2);}" /01 (R,L (7Re™®))dr — +00 as |R| — 400
then
(4.11) o In max{|F(z)|: z € T"(0, R>}§(C’+1)N+1.

| R|—-+o0 (R,L (TRe™®))dr
OG%az};]nfo (TRe®))

Proof. Denote f(t) = > i1 a;l;(Ate'®). If, in addition, (E29)-(E=I0) hold then
for some S*, ||S*|| < N and S, ||S|| < N,

no 8 ( wj ()t n

V() _ L= ey L) .
B(t) Z] 1 ajlj(Atei®) Zsj o l2 Ate’e - zz: j ¢ =NCand

@ _ Zj:l aj(sj + 1) j(Atele) — 14 Zj:l Olij j(Atele) <

B(t) Z;'Lzl ajlj (Atei@) 27:1 ijlj (Atei@) -

<1+) 5 <1+N.
j=1

In view of (&), we have |F(Ate’®)| < g(t) < g(0)exp [} (B(r) + »(r))dr

and r*A = R. Then we put ¢t = r* and obtain

1 F(z)]: z€¢T"(0,R)} =1 F(Re®)| <1 ) <
nmax{|F(2)]: 2 € T"(0.R)) =In max |F(RE®)|<In_max () <

<o)+ mux [ (30)+5(r)ar <

<1 0 NC + N
<Ing(0) + (NC + N +1 egféa;;]n/ B(r

=1 0 NC+ N 1 A
ng(0) + ( + N+ @erf(l)a;; / Za] Te'®

=Ing(0)+ (NC+N+1) max / erl. )dT:

0c[0,27]|"

=Ing(0) + (NC + N +1) (TRe'™®) dr.
ng(0) + (NC + N + Oenéaz};]n/ Z?‘J TRe™) dr

Thus, we conclude that (E11) holds. Theorem B3 is proved. O



114 A. Bandura and Oleh Skaskiv

Theorem 4.6. Let L(Re™®) be a positive continuously differentiable function
in each variable vy, € [0,+00), k € {1,...,n}, © € [0,27]™. If an entire function
F' has bounded L-index N = N(F,L) in joint variables and

(4.12) (= (u;(t, R, ©))i—p-)* /(1503 (Re'®)) — 0

uniformly for all © € [0,2x]™, j € {1,...,n}, and (B0) holds as |R| — +00
then

— 1 F : ™
(4.13) T nmax{|F(z)|: z€T"(0,R)}

| Rj—>+oo (R, L (TRei®))d
oluax Jo (B.L(Re€))dr

< N+1.

Estimate (E13) can be deduced by analogy to the proof of Theorem E3.
If L(z) = L(R) then (1) and (E2) can be written in a more simplified
form.

Corollary 4.7. Let L(R) be a positive continuously differentiable function in
each variable ri, € [0,+00), k € {1,...,n}. If an entire function F has bounded
L-index N = N(F,L) in joint variables and for every j € {1,...,n}

l; 1
M — 0, / (R,L(TR))dr — 400 as |R| = 400
then | - .
m nmax{|l(z)|. z e T(0, )}§N+1,
where VI;(R) = (algiﬁf),“_,aliiim).

We will write u(r,0) = I(re'?). Theorem B3 implies the following proposi-
tion for n = 1.

Corollary 4.8. Let I(re'?) be a positive continuously differentiable function in
variable r € [0, +00) for every 6 € [0, 27]. If an entire function f has bounded I-

index N = N(f,l) and there exists C > 0 such that lim max (7;;(% =
r—+00 0€[0,27] (re*®)
C' then

e nmax{|f(2): |2| = r}

f—— "1 (rei?) d
° Dmax Jo L(ret®)dr

<(C+1)N+1.

Remark 4.9. Our result is sharper than Sheremeta’s result which is obtained
in a case n =1, C # 0 and I(]z]). Indeed, corresponding theorem [, p. 83]
claims that
im lnmax{\rf(z): |z| =r}
r—r-+oo Jo Ur)dT

Obviously, that NC+ N +1 < (C+1)(N +1) for C # 0 and N # 0.

Estimate (B13) is sharp. It is easy to check for these functions F'(z1, z2) =
exp(z122), l1(21,22) = |22| + 1, la(21,22) = |z1] + 1. Then N(F,L) = 0 and
Inmax{|F(z)|: z € T*(0,R)} = ri72.

< (C+1)(N+1).
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