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GENERALIZED KANTOROVICH SAMPLING TYPE
SERIES ON HYPERGROUPS
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Abstract. In this article, we introduce and study a family of inte-
gral operators in the Kantorovich sense acting on functions defined on
hypergroups. We obtain the pointwise and uniform convergence results
for these operators in the setting of Orlicz spaces with respect to the
modular convergence.
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1. Introduction and preliminaries

The theory of generalized sampling series have been introduced by P. L.
Butzer and his school [7] and [8] (see also [13, 11]). Recently, it is an attractive
topic in approximation theory due to its wide range of applications, especially in
signal and image processing (see [9, 10, 1]). For w > 0, a generalized sampling
series of a function f : R → R is defined by

(Tφ
wf)(x) =

∞∑
k=−∞

φ(wx− k)f

(
k

w

)
, x ∈ R,

where φ is a kernel function on R. The Kantorovich type generalizations of
approximation operators is an important subject in approximation theory and
they are the method to approximate Lebesgue integrable functions. The Kan-
torovich type generalizations of the generalized sampling operators were intro-
duced by P. L. Butzer and his school (see, e.g. [7, 6, 14, 19]).

In [4], the authors have introduced the sampling Kantorovich operators and
studied their rate of convergence in the general settings of Orlicz spaces. Also,
the nonlinear version of sampling Kantorovich operators has been studied in
[12] and [20]. A Voronovskaja type theorem and their quantitative estimate
in terms of modulus of smoothness for multivariate extension of Kantorovich
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generalized sampling series were studied in [2]. The approximation properties
of multivariate Kantorovich-Kotelnikov type operators generated by different
band-limited functions are studied in [16]. In particular, the authors [16] con-
sidered a wide class of functions with discontinuous Fourier transform. They
have also given the Lp-rate of convergence for these operators in terms of the
classical moduli of smoothness.

Recently, Vinti and Zampogni introduced and studied the family of inte-
gral operators in the Kantorovich sense for functions acting on locally com-
pact topological groups in [21]. They also obtain the convergence results for
these operators with respect to the point-wise and uniform convergence and
in the setting of Orlicz spaces with respect to the modular convergence. In
this paper, we extend the main results in [21] to locally compact hypergroups.
Hypergroups, as extensions of locally compact groups, were introduced in the
70’s and from that time many researches have worked on harmonic analysis on
hypergroups. For convenience of readers, we recall the basic concepts of locally
compact hypergroups and Orlicz spaces. For more details about hypergroups
we refer to [5] and [15].

1.1. Locally compact hypergroups

Let K be a locally compact Hausdorff space. We denote by M(K) the
space of all regular complex Borel measures on K, by M+(K) the space of all
nonnegative measures in M(K), and by δx the Dirac measure at the point x.
The support of a measure µ ∈ M(K) is denoted by supp(µ). We denote by
C(K) the set of all complex-valued continuous functions on K and by C+

c (K)
the set of all nonnegative compact supported elements of C(K). The cone
topology on M(K) is the weakest topology such that the mapping µ 7→ µ(K)
and for each f ∈ C+

c (K), the mapping µ 7→
∫
K
f dµ is continuous.

Definition 1.1. A locally compact Hausdorff space,K, together with a bilinear
mapping (µ, ν) 7→ µ ∗ ν from M(K)×M(K) into M(K) (called convolution),
and an involutive homeomorphism x 7→ x− on K (called involution) is called a
hypergroup if:

(i) for each µ, ν ∈ M+(K), µ∗ν ∈ M+(K). Also, the mapping (µ, ν) 7→ µ∗ν
from M+(K) × M+(K) into M+(K) is continuous, where M+(K) is
equipped with the cone topology.

(ii) M(K) with ∗ is a complex associative algebra, and for all µ, ν ∈ M(K)
we have ∫

K

fd(µ ∗ ν) =
∫
K

∫
K

∫
K

fd(δx ∗ δy)dµ(x)dν(y),

where f ∈ C0(K);

(iii) for all x, y ∈ K, δx ∗ δy is a compact supported probability measure;

(iv) there exists an element e ∈ K (called identity) such that for all x ∈ K,
δx ∗ δe = δe ∗ δx = δx;
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(v) for all x, y ∈ K, (δx ∗ δy)− = δy− ∗ δx− , where for each µ ∈ M(K),

µ−(f) :=

∫
K

f(x−)dµ(x), (f ∈ C0(K)).

Also, e ∈ supp(δx ∗ δy) if and only if x = y−;

(vi) the mapping (x, y) 7→ supp(δx ∗ δy) from K×K into C(K) is continuous,
where C(K) is the space of all non-empty compact subsets of K equipped
with Michael topology in which the subbasis is given by

{CU (V ) : U and V are open subsets of K},

where CU (V ) := {A ∈ C(K) : A ∩ U ̸= ∅ and A ⊆ V }.

Throughout this paper, K is a hypergroup with a left invariant measure m.
For each A,B ⊆ K and x ∈ K, we denote

A ∗B :=
∪

a∈A,b∈B

supp(δa ∗ δb), x ∗A := {x} ∗A and A ∗ x := A ∗ {x}.

Also, for each measurable function f : K → C and x, y ∈ K, we denote

f(x ∗ y) :=
∫
K

f d(δx ∗ δy).

1.2. Orlicz spaces

A non-decreasing continuous function ϕ : [0,∞) → [0,∞) is called a Young
function if ϕ(0) = 0, ϕ((0,∞)) ⊆ (0,∞), and limx→+∞ ϕ(x) = +∞.

Let ϕ be a Young function and B(K) denote the set of all bounded Borel
measurable complex-valued functions on K. Then, the Orlicz space Lϕ(K) is
defined by

Lϕ(K) := {f ∈ B(K) :

∫
K

ϕ(λ|f(x)|) dm(x) < +∞ for some λ > 0}.

The vector space Lϕ(K) equipped with the Luxemburg norm

∥f∥ϕ := inf{λ > 0 :

∫
K

ϕ(
1

λ
|f(x)|) dm(x) < λ}

is a Banach space.
We say that a Young function ϕ satisfies in ∆2-condition whenever for each

f ∈ B(K), f ∈ Lϕ(K) if and only if
∫
K
ϕ(λ|f(x)|) dm(x) < +∞ for every

λ > 0. If ϕ satisfies in ∆2-condition, then for each sequence (fn) ⊆ Lϕ(K) and
f ∈ Lϕ(K), fn converges to f with ∥.∥ϕ-norm if and only if for some λ > 0,

lim
n→∞

∫
K

ϕ (λ|fn(t)− f(t)|) dm(t) = 0.
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2. Kantorovich Type Operators on Hypergroups

Let H be a hypergroup and K be a commutative hypergroup with left Haar
measures m and σ, respectively. Let B be a (symmetric) neighborhood basis of
e in K such that for each U ∈ B there exists a set V ∈ B such that V ∗V ⊆ U .

Let, for each w > 0, there exist a homeomorphism hw : H → hw(H) ⊆ K.
We assume that for each w > 0, there exists a family Uw = {Uw(t)}t∈H of

open nonempty subsets of K such that

• (i) 0 < m(Uw(t)) < ∞ for each t ∈ H and w > 0;

• (ii) for each w > 0 and t ∈ H, hw(t) ∈ Uw(t).

• (iii) if B ∈ B, there exists a number w0 > 0 such that for every w > w0

we have {hw(t)} ∗ Uw(t)
− ⊆ B, for every t ∈ H.

Let {χw}w>0 be a family of measurable kernel functionals; i.e., χw : K → R,
χw ∈ L1(K) and is bounded in a neighborhood of e (w > 0). We assume that

1. the map t 7→ χw(z∗hw(t)
−) belongs to L1(H) for every z ∈ K and w > 0;

2. for every w > 0 and z ∈ K,∫
H

χw(z ∗ hw(t)
−) dσ(t) = 1;

3. there exists a constant M > 0 such that

sup
z∈K

∫
H

∣∣χw(z ∗ hw(t)
−)
∣∣ dσ(t) < M < ∞;

for every w > 0; if w > 0, z ∈ K and B ∈ B, set

Bz,w := {t ∈ H|{z} ∗ {hw(t)
−} ⊆ B}.

Then,

lim
w→∞

∫
H\Bz,w

∣∣χw(z ∗ hw(t)
−)
∣∣ dσ(t) = 0,

uniformly with respect to z ∈ K;

4. for every ε > 0 and compact set E ⊆ K, there exists a symmetric compact
set C ⊆ K containing e with m(C) < ∞ and such that∫

K\C
σ(Ew)

∣∣χw(z ∗ hw(t)
−)
∣∣ dm(z) < ε,

for every sufficiently large w > 0 and hw(t) ∈ E, where

Ew := {t ∈ H : hw(t) ∈ E} (w > 0).
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Let w > 0. For each f ∈ B(K) we define

Swf(x) :=

∫
H

∫
Uw(t)

1

m(Uw(t))
χw(x ∗ hw(t)

−)f(u) dm(u) dσ(t), (x ∈ K).

Theorem 2.1. If f ∈ Cu(K), then

lim
w→∞

∥Swf − f∥∞ = 0.

Proof. Since f ∈ Cu(K), for each ε > 0, there is a compact set Uε ∈ B such
that for each z, u ∈ K, if supp(δz ∗ δu−)

∩
Uε ̸= ∅, then |f(z) − f(u)| < ε.

There is a symmetric open set V ∈ B such that V ∗ V ⊂ Uε.
There exists w0 > 0 such that for all w > w0, {hw(t)} ∗ Uw(t)

− ⊆ V , for
every t ∈ H. Put

Bz,w := {t ∈ H|{z} ∗ {hw(t)
−} ⊆ V }.

For each t ∈ Bz,w and u ∈ Uw(t) we have

supp(δz ∗ δu−) ⊆ {z} ∗ {hw(t)
−} ∗ {hw(t)} ∗ Uw(t) ⊆ V ∗ V ⊆ Uε,

and so, |f(z)− f(u)| < ε. Thus, for each w > w0,

|Swf(z)− f(z)| =

∣∣∣∣∣
∫
H

∫
Uw(t)

χw(z ∗ hw(t)
−)(f(u)− f(z)) dm(u) dσ(t)

∣∣∣∣∣
≤
∫
H

∫
Uw(t)

|χw(z ∗ hw(t)
−)| |f(u)− f(z)| dm(u) dσ(t)

=

∫
Bz,w

∫
Uw(t)

|χw(z ∗ hw(t)
−)| |f(u)− f(z)| dm(u) dσ(t)

+

∫
H\Bz,w

∫
Uw(t)

|χw(z ∗ hw(t)
−)| |f(u)− f(z)| dm(u) dσ(t)

≤ ε

∫
Bz,w

|χw(z ∗ hw(t)
−)| dσ(t)

+ ∥f∥∞
∫
H\Bz,w

|χw(z ∗ hw(t)
−)| dσ(t)

≤ εM + ∥f∥∞
∫
H\Bz,w

|χw(z ∗ hw(t)
−)| dσ(t) → 0

uniformly with respect to z, as w → ∞.

Theorem 2.2. Let ϕ : R0 → R0 be a convex Young function and f ∈ Cc(K).
Then

lim
w→∞

∥Swf − f∥ϕ = 0.
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Proof. Let λ > 0, and for each w > 0 and z ∈ K, put gw(z) := ϕ(λ|Swf(z) −
f(z)|). We show that ∫

K

gw(z) dm(z) → 0,

as w → ∞.
By Theorem 2.1, limw→∞ gw(z) = 0, uniformly with respect to z.
Let E1 := supp(f). Choose a symmetric relatively compact set B ∈ B, and

put E := B− ∗ E1. So, E is compact, and there is w0 > 0 such that for each
w > w0, hw(t) ∗ Uw(t)

− ⊆ B. Hence, Uw(t) ∗ hw(t)
− ⊆ B− = B. This implies

that if hw(t) /∈ E, then

Uw(t) ⊆ Uw(t) ∗ hw(t)
− ∗ hw(t) ⊆ B ∗ hw(t) ⊆ B ∗ (K − E).

But,

[B ∗ (K − E)]
∩

E1 =
[
B− ∗ (K − E)

]∩
E1 ⊆ B− ∗

[
(K − E)

∩
(B− ∗ E1)

]
= ∅.

So, Uw(t)
∩
E1 = ∅, for each w > w0, and we have (for w > w0)∫

Uw(t)

f(u) dm(u) = 0.

Now, fix λ > 0, ε > 0 and put

Ew := {t ∈ H|hw(t) ∈ E} (w > 0)

. There exists a symmetric compact set C ⊆ K containing e such that∫
K\C

σ(Ew)
∣∣χw(z ∗ hw(t)

−)
∣∣ dm(z) < ε,

for every sufficiently large w > 0 and hw(t) ∈ E. We have

|Swf(z)− f(z)| =

∣∣∣∣∣
∫
H

∫
Uw(t)

1

m(Uw(t))
χw(z ∗ hw(t)

−)f(u) dm(u) dσ(t)− f(z)

∣∣∣∣∣
=

∣∣∣∣∣
∫
Ew

∫
Uw(t)

1

m(Uw(t))
χw(z ∗ hw(t)

−)f(u) dm(u) dσ(t)− f(z)

∣∣∣∣∣
≤ 2∥f∥∞

∫
Ew

|χw(z ∗ hw(t)
−)| dσ(t)

There exists a constant M > 0 such that

sup
z∈K

∫
H

∣∣χw(z ∗ hw(t)
−)
∣∣ dσ(t) < M < ∞,
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for every w > 0. Setting

k :=
1

M

∫
Ew

|χw(z ∗ hw(t)
−)| dσ(t),

since ϕ is convex we have

ϕ(2λ∥f∥∞
∫
Ew

|χw(z ∗ hw(t)
−)| dσ(t)) = ϕ(kM2λ∥f∥∞ + (1− k)0)

≤ kϕ(M2λ∥f∥∞) + (1− k)ϕ(0)

= ϕ(M2λ∥f∥∞)
1

M

∫
Ew

|χw(z ∗ hw(t)
−)| dσ(t).

So,∫
K\C

gw(z) dm(z) =

∫
K\C

ϕ(λ|Swf(z)− f(z)|) dm(z)

≤
∫
K\C

ϕ

(
2λ∥f∥∞

∫
Ew

|χw(z ∗ hw(t)
−)| dσ(t)

)
dm(z)

≤
∫
K\C

1

σ(Ew)M

∫
Ew

σ(Ew)
(
ϕ(2λM∥f∥∞)|χw(z ∗ hw(t)

−)| dσ(t)
)
dm(z)

≤ 1

σ(Ew)M

∫
Ew

(
ϕ(2λM∥f∥∞)

∫
K\C

σ(Ew)|χw(z ∗ hw(t)
−)| dm(z)

)
dσ(t)

≤ ε

σ(Ew)M

∫
Ew

ϕ(2λM∥f∥∞) dσ(t) =
εϕ(2λM∥f∥∞)

M
< ∞.

Since C is compact, we have m(C) < ∞. Also, for every measurable set
A ⊆ C we have∫
A

ϕ(λ|Swf(z)− f(z)|) dm(z) ≤
∫
A

ϕ(2λM∥f∥∞) dσ(t) = ϕ(2λM∥f∥∞)m(A).

So, for fixed ε > 0, it suffices to take δ < ε
ϕ(2λM∥f∥∞) , to obtain∫

A

ϕ(λ|Swf(z)− f(z)|) dm(z) ≤ ε,

for every measurable set A ⊆ C with m(A) < δ. Finally, applying the Vitali
convergence Theorem on C for family (gw)w>0, the proof will be completed.

For a Young function ϕ : K → C we denote

IKϕ (f) :=

∫
K

ϕ(|f(t)|) dm(t),
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where f : K → C is a measurable bounded function.
Under the following condition, we prove the next result. We assume that

there exists a vector subspace Y ⊆ Lϕ(K) such that for every g ∈ Y,

lim
w→∞

sup ∥χw∥L1(K)I
H
ϕ

(∫
Bw(.)

g(z)dm(z)

)
≤ CIKϕ (g),

for some C > 0.

Theorem 2.3. Let ϕ be a convex ϕ-function and f ∈ Y. Then, for some λ > 0
such that

IKϕ (λSwf) ≤
C

M
IKϕ (λMf),

for sufficiently large w > 0.

Proof. Let λ > 0 be such that the quantity IKϕ (λMf) < ∞. Then, we have

IKϕ (λSwf) =

∫
K

ϕ(λ|Swf(z)|) dm(z)

≤
∫
K

ϕ

(
λ

∫
H

|χw(z ∗ hw(t)
−)|

(∣∣∣∣∣
∫
Bw(t)

f(u)dm(u)

∣∣∣∣∣
)
dσ(t)

)
dm(z)

≤ 1

M

∫
K

(∫
H

ϕ

(
λM

∣∣∣∣∣
∫
Bw(t)

f(u)dm(u)

∣∣∣∣∣
)
|χw(z ∗ hw(t)

−)|dσ(t)

)
dm(z)

≤ 1

M

(∫
H

ϕ

(
λM

∣∣∣∣∣
∫
Bw(t)

f(u)dm(u)

∣∣∣∣∣
)(∫

K

|χw(z ∗ hw(t)
−)|dσ(t)

))
dm(z)

≤ 1

M
∥χw∥L1(K)I

H
ϕ

(
λM

∣∣∣∣∣
∫
Bw(t)

f(u)dm(u)

∣∣∣∣∣
)

≤ C

M
IKϕ (λMf),

for sufficiently large w > 0. This completes the proof.

Next, we prove the convergence result in the Orlicz space Lϕ(K).

Theorem 2.4. Let ϕ be a convex ϕ-function and f ∈ Y. Then there is some
λ > 0, we have

IKϕ [λ(Swf − f)] = 0.

Proof. Let f ∈ Lϕ(K). By a density result (see, e.g.,[3]), there exists µ > 0 such
that for every ϵ > 0 there is a function g ∈ Cu(K) such that IKϕ (µ(f − g)) < ϵ.
Choose λ > 0 such that 3λ(1 +M) < µ.
Now, we have

IKϕ [λ(Swf − f)] ≤ IKϕ [3λ(Swf − Swg)] + IKϕ [3λ(Swg − g)] + IKϕ [3λ(f − g)]

≤
(
1 +

C

M

)
ϵ+ IKϕ [3λ(Swg − g)],

and the proof follows from the Theorem 2.1, since ϵ is arbitrarily chosen.
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3. Examples

3.1. Orlicz spaces

Assume that the function ϕp is defined by

ϕp(u) := |u|p(c+ | log |u||), (u ∈ R).

Then, ϕp is a Young function for c ≥ 2p−1
p(p−1) . Therefore, Lϕp(R) is an Orlicz

space. Suppose that p ≥ 2, and the function Mp is defined by

Mp(u) :=
|u|p

log(e+ |u|)
, (u ∈ R).

Then, Mp is a Young function with ∆2-condition. Also, for each 1 < p < ∞,
if the function Np is defined by Np(u) := |u|p/p, then the Orlicz space LNp(R)
is same as the usual Lebesgue space Lp(R). See [17, 18] for more examples.

3.2. Kantorovich type operator

Ler H and K be the real line. Put hw(t) = t/w, and

Uw(t) :=

(
t− 1

w
,
t+ 1

w

)
, (w > 0).

Fix a function χ ∈ L1(R), and for each w > 0 define χw(t) := χ(wt). Then by
[21], {χw}w>0 are kernel functions and we have

Swf(z) =
w

2

∫
R

∫ t+1
w

t−1
w

χ(wz − t)f(u)du dt.
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