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GROUPOIDS DETERMINED BY INVOLUTIVE
AUTOMORPHISMS ON SEMILATTICES OF GROUPS

R. A. R. Monzdl

Abstract. We explore properties of groupoids (.5, -) of the form x -y =
(ax) xy, for all {z,y} C S, where (S, *) is a semigroup and a semilattice
of groups. We require a to be an idempotent-fixed automorphism on
(S, *) whose square is the identity map. Several characterizations of such
groupoids are proved, using analogies of semigroup-theoretic properties
and constructions.
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1. Introduction

Groupoids S of the form zy = (ax) * (By), for all {z,y} C S, where o and
are endomorphisms of a groupoid (S, %) are called in the literature linear over
(S, %) with parameters « and 3 cf. eg. [2]. For example, a groupoid is linear
over a semigroup (S, ) that is a semilattice of abelian groups with parameters
a and 1g if and only if it is a completely inverse AG**-groupoid, where 1g is
the identity mapping on S, « is an idempotent-fixed automorphism on (S, *)
and o? = 15 [3]. The main result of this paper characterizes groupoids that are
linear over a semigroup (S, *) that is a semilattice of (not necessarily abelian)
groups, with these same parameters. In general we call a groupoid determined
by « if it is linear over a groupoid (.S, ) with parameters o and 1g, where « is
an automorphism on (S, *) and a? = 1. We now state the main result. Any
undefined terms will be clarified in Section 2.

Main Theorem. The following statements are equivalent:

(M1) S is determined by a mapping o« € AUT?(S,*) and (S, *) is a semigroup
that is a semilattice of groups;

(M2) S is a completely inverse groupoid, there exists o € AUT?(S) such that
for all a,b,c € S, (ab)c = (ca)(be) and E(S) is a semilattice or (ab)™t =
(@b ) (aa™t) for alla,b € S;

(M3) S is a strongly reqular groupoid, there exists o € AUT?(S) such that for
all a,b,c € S, (ab)e = (aa)(be) and E(S) is a semilattice;
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(M4) S is a completely inverse, generalised right Bol groupoid, o : a — a(aa™!)
satisfies o € AUT?(S) and E(S) is a semilattice or for all a,b € S,
(ab)~t = (ab™)(aa™t);

(M5) S is a disjoint union of groupoids S(e) (e € E), with E a semilattice.
Each S(e) (e € E) is determined by a mapping a. € AUT?G(e), with
each G(e) (e € E) a group with identity e. For each e, f € E with f > e
there exists a homomorphism é¢. : S(f) — S(e) such that

(1) for each e € E, d. ¢ is the identity mapping on S(e),
(2) fore, f,g€e E, g> f > e implies 05,045 = 0g.c,

(3) for every b € S(f) and all e € E with f > e we have a.(d¢,cb) =
Or.e(aypb) and

(4) forae S(e) and b€ S(f), ab= (be,efa)(ds.erb).

(M6) S is a semilattice E(S) of groupoids S(e) (e € E), where each S(e) is
determined by a mapping o € AUT?G(e) and each G(e) is a group with
identity e. Also, for all a,b,c € S, (ab)e = (aa)(be), where a = |J ..

eclE

Note that the characterizations M2, M3 and M4 use analogies of semigroup-
theoretic properties such as inverseness, regularity etc., along with the identity
(ab)e = (aa)(be). The characterization M5 is expressed in terms of a union-of-
subgroupoids construction, inspired by the semigroup construction theorem for
semilattices of groups. We describe this construction theorem for semilattices
of groups in Section 2, along with some well-known properties of semilattices of
groups. Finally, the characterization M6 combines the union-of-subgroupoids
construction with the identity (ab)c = (aa)(bc).

In Section 3 we prove that groupoids determined by idempotent-fixed in-
volutory automorphisms on a semigroup (S, *) that is a semilattice of groups,
have certain properties and we prove a number of interrelationships amongst
these properties. All Lemmas in this Section are used later to prove the Main
Theorem, in Section 5. Two Lemmas are proved in Section 4 that are also
essential to the proof of the Main Theorem. This section is separate to Section
3 because its Lemmas deal with semilattices of groupoids, each of which is
determined by an idempotent-fixed, involutive automorphism on a group.

2. Preliminary Definitions and Results

All mappings will be written on the left including the mappings df,. of
Lemmas 11, 13 and the Main Theorem. The mappings are often written on
the right in previous publications [I}, p.128].

We denote a groupoid with underlying set S as either S or (S, ), where
the mapping * : S x § — S is the groupoid product. As a convention we may
denote the groupoid product as x xy, x oy or xy. As for parentheses, we use (
Y, (N, [ {3, {{ }}and (). The fact that we are dealing with groupoids,
not semigroups, necessitates such notation and hopefully assists the reader.
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Then AUT(S) or AUT(S, %) denotes the collection of automorphisms on S,
AUT?(S, x) denotes the collection of mappings {a € AUT(S, ) : a® = 1g},
where 1g is the identity mapping on S, and AUT?(S, *) denotes all idempotent-
fixed members of AUT?(S, x); that is, by definition, ae = e, for e € E(S) =
{z € S: 2% =z}. A mapping a on a set S is called an involutive mapping if
a? =1g. So AUT?(S, %) is the set of involutive automorphisms on (S, *). If a
mapping [ is an isomorphism of a groupoid S and a groupoid 7' then we write
B:S2=T orsimply S=T.

If S is a disjoint union of sets S(e), with e € E, and a, : S(e) — S(e) for
each e € F | then @« = |J a. : S — S denotes the mapping aa = a.a, for

eckE
a € S(e).
A semilattice E is a groupoid satisfying the identities xy = yx, x
(zy)z = z(yz); that is, F is a commutative, idempotent semigroup.

2 =z and

Definition 1. S is determined by a mapping a € AUT?(S, ) if 2y = (az) *y
for all z,y € S.

Result 1. The following statements are equivalent:
(R1.1) S is determined by a mapping o € AUT?(S, *);
(R1.2) (S, *) is determined by a mapping o € AUT?(S).

Proof. (R1.1 = R1.2) By definition, for all 2,y € S, zy = (ax) *y. Therefore,
a(zy) = a(az) * y] and, since a € AUT?(S, ), a(zy) = o|(az) * y] = (aax)
ay = xxay. But since zy = (ax) xy for all z,y € S, (ax)(ay) = (cazx) xay =
x % ay = a(zy). Hence, a € AUT?(S). Clearly, = * y = (ax)y and so (R1.2) is
valid.

(R1.2 = R1.1) By definition, for all z,y € S, © xy = (ax)y. Therefore,
a(zxy) = af(az)y] and, since a € AUT2(S) (x*y) [(a:r)*y] = (cax)ay =
zay. But since z xy = (ax)y for all z,y € S, (azx) * (ay) = (aaz)ay = zay =
a(z * y). Hence, a € AUT?(S,*). Clearly, zy = (ax) * y and so (R1.1) is
valid. O

Definition 2. S is called a generalized right-Bol groupoid if, for all z,y, z € .5,
[(zy)z]w = z[(yz)w].

Result 2. If S is determined by a mapping o € AUT?(S, *) then
(R2.1) (zy)z = (ax)(yz), for all x,y,z € S if and only if (S, *) is a semigroup,
(R2.2) if (S, *) is a semigroup then S is a generalized right Bol groupoid and
(R2.3) a: (S,%) 2 S if and only if x x y = xy.

Proof. By definition, for all z,y,z € S we have (zy)z = [a(az * y)] * z. Then,
since o € AUT?(S, %), (zy)z = [a(ax*y)]|x2 = (xxay)*z. Then x* (ay*z) =
(az)[(aay)z] = (az)(yz). Soif (S, ) is a semigroup then (zy)z = (x*xay)*xz =
x#* (ay*z) = (ax)(yz). Conversely, (zy)z = (ax)(yz) for all z,y,z € S implies
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(zxay)xz=ax*(ayxz) for all z,y,z € S. For any q € S, setting y — aq gives
(x*xq)*z=x*(¢*z)and so S is a semigroup. Hence, (R2.1) is valid. Then,
using (R2.1) we have [(zy)z]w = [(ax)(y2)]w = (aazx)[(yz)w] = z][(yz)w] and
so S is a generalized right-Bol groupoid. This proves (R2.2).

Suppose « : (S,%x) = S. Then, for any z,y € S, = xy = aax * aay.
Since @ € AUT?(S,*) and o : S =2 (S,%), zxy = aar x aay = ooz *
ay) = (aazx)(aay) = zy. Conversely, if = * y = xy then, since by Result 1
a € AUT?(S), a(x xy) = a(ry) = (ax)(ay) and so a : (S,*) =2 S and (R2.3)
is valid. O

Definition 3. S is an inverse groupoid if for every x € S there exists a unique
element 27! € S such that (zz71)z = x and (z7'z)z™! = 271, An inverse
groupoid S is called a completely inverse groupoid if zz—! = 271z € E(S) for

all z € S.

Definition 4. S is called strongly regular if for all a € S there exists x € S
such that a = (az)a and ax = za € E(S).

Definition 5. If F is a semilattice and {e, f} C E then we define e < f if
e=ef(=fe)ande< f (or f >e)ife< fand e # f.

Definition 6. We say that the groupoid S is a semilattice E = E(S) of sub-
groupoids S(e) (e € E) if S is a disjoint union of the sub-groupoids S(e) (e € F)
and the product S(e)S(f) C S(ef) for all e, f € E. In the case that S is a
semigroup, each S(e) (e € E) is a semigroup.

We now list some properties of semigroups that are semilattices of groups,
properties well-known to semigroup theorists. These semigroups are also de-
scribed as unions of groups in which the idempotents commute, or inverse semi-
groups that are unions of groups [I} page 128]. In these semigroups idempotents
are in the centre; that is, ex = ze for every idempotent e € E(S) and every
x € S [l Lemma 4.8]. Since semilattices of groups are inverse semigroups, each
element has a unique inverse, with which it commutes. Also, (zy)~! =y tz~}
for every x,y € S. Note also that in a semigroup that is a semilattice £ of
groups we can identify F with E(S), the semilattice of idempotents of S [T}
page 127]. These facts will be used in Section 3.

We now state the structure theorem for semigroups S that are a semilattice
E = E(S) of groups for reference later in the paper, as well as for comparison
with M5.

Theorem. [I, Theorem 4.11] A semigroup S is a semilattice E of groups if
and only if there are pairwise disjoint groups G(e) (e € E) and, for each pair
of elements e, f € E with e < f, a homomorphism 07, : G(f) — G(e) such
that e < f < g implies 6.0, 5 = 64, € € E implies 6cc = gy, S =JG(e)
(e € E) and acby = (Oc,efte)(0f,erby) for all a. € G(e) and by € G(f).

3. Groupoids determined by semilattices of groups

Lemma 1. If S is determined by a mapping o € AUTZ(S, ) and (S,*) is a
semigroup that is a semilattice E of groups then:
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(1.1) S is a completely inverse groupoid;
(1.2) E(S) = E(S, %) is a semilattice and
(1.3) o € AUT?S.

Furthermore, for all a,b,c,d € S

1.4) aa = a(a"ta) = a(aa™t),
1.5) (ab)~t = (ab~ 1) (aa™1),
1.6) (ab)c = (aa)(bc),

a’a"t = a,

S is a generalized right-Bol groupoid; that is, a[(be)d] = [(ab)c]d,

e(ab) = (ea)(eb), for all e € E(S5),
(ab)(ab)™t = (aa 1) (b~ 1) = (b~ ta Y (b~ ta= 1)t and
aa~! = (axa™'), where a~! is the (unique) inverse of a in (S, *).

Proof. Let a € S and define a=! = the (unique) inverse of a in (S,*). Then,
[a(ca™)]a = [(aa) * (ca™)]a = {a|(aa) * (ca™1)]} xa = (axa™1) xa = a. Also,
[(ca™1a](aa™?t) = [a(a™t % a)] * (ca™!) and, since o € AUTZ(S, *),

[(ca™Ya](aa™) = [a(a™ xa)] * (@™ ) = af(a ' xa)xa™ '] = aa™t.

1

Hence, a and aa™" are inverses of each other in S. We proceed to show that

aa~! is the unique inverse of @ in S. That is, aa™! = a~*.
Suppose that (ax)a = a and (za)xr = x. Then a = (ax)a = {a[(aa) *
z]} xa = a* (ax) * a. Hence, aa = (aa) *x z * (aa). Also, x = (za)x =

{af(azx) xa]} *x = v *(ca) xx. So x and aa are inverses of each other in (S, ).
Since o € AUT(S,*), ax and a are inverses of each other in (S, ). That is,
ar =a"! and so r = aax = aa~!. So S is an inverse groupoid.

Now, using the fact that axa™! = a~!xa for every a € (S, x), we have aa~! =

(aa)*(ca™t) = alaxa™!) =axa ! =a lxa = (eca™t)*a = (ca™)a = a la.
Finally, (aa=1)(aa™!) = [a(aa™1)] * (aa™1) = [a(a*a™1)]* (a*a~!) and, since
a € AUT?(S,*) and axa~! € E(S, %), (aa ) (aa™) = (axa ) x(axal) =
axa~! =aa™! € E(S). Hence, S is a completely inverse groupoid and (1.1) is
valid.

Suppose that e € E(S). Then e = e = (ae) * e and, since a« € AUT?(S, ),
ae = af(ae)*xe] = ex(ae). This implies e = (ae)*xe = [ex(ae)]|xe = ex[(ae)*xe] =
exe € E(S,*). Hence, E(S) C E(S,*) and, therefore, ae = e. If e € E(S, %)
then ae = e and e? = (ae) xe = exe = e and so E(S,*) C E(S) C E(S, *).
Therefore, E(S) = E(S,*) and ae = ¢ for all e € E(S). If {e, f} C E(S) the

.’:S
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ef =(ae)sf=exf=fre=(af)se=feand (eflg = [alef)] * g =
[a(aex f)] x g = (ex af)xg=ex*(af xg) =ex(fg) = (ae) * (fg) = e(f9g).
Thus, E(S) is a semilattice and (1.2) is valid. Since we have already proved
that ae = e for all e € E(S), by Result [l « € AUT2S and (1.3) is valid.

Now a(aa™?t) = a(a™ta) = (aa)*a=txa = (aa)*a(a=txa) = alaxa™t*a) =
aa and so (1.4) is valid.

Recall that, for a € S, a=! = the (unique) inverse of a in (S,*). Let z
be the inverse of ab in (S,*). Then, from the proof of (1.1), (ab)~! = au,
where z is the inverse of ab in (5, ). Since ab = (aa) * b, the inverse of ab in
(S, %) is equal to b~ ! % (aa)™! = b~ % (aa~!) and so the inverse of ab in S
is alb™! % (aa1)] = (ab™ ) xa~! = b ta~!, which proves that (1.5) is valid.
Note that (1.6) and (1.9) follow from Result|2] (R2.1) and (R2.2), respectively.

Now a’a~! = {a[(aa) xa]} * (aa™!) = a* (aa) * (ea™!) = ax* [a(axa™!)] =

axaxa ! =axa"lxa=a,so (1.7) is valid.

Also, (aa)™t = a(ea™t) =a~! = aa~! and so (1.8) is valid.

Using the fact that idempotents are central in a semilattice of groups [I1
Lemma 4.8], if e € E(S) and a € S then ea = (ce) xa =exa =axe = (aa)e.
Substituting aa for a gives e(aa) = ae, which proves that (1.10) is valid.

If e € E(S) and a,b € S then, using (1.6) and (1.10),

(ea)(eb) = [(aa)e][(ab)e] = {[a(ae)](ab)}e = [(ac)(ab)le =
{[e(aa)l(ad)}e = {(ae)[(aa)(ab)]}e = {e[(aa)(ab)]}e =

(a
elafab)]}te = [(ab)ele = [a(ab)le = e(ab),

{

which proves (1.11).
Now usmg (1.5) and the fact that (a=!)~! = a in any inverse groupoid,
(b~ta"1)"! = (aa)(ab) = a(ab). Now

(ab)(ab)~* = (ab)[(ab~)(aa™1)] = {a[(ab)b~]}(aa"?) =
af[(ab)p™ o'} = af[aab)](b" e )} = a0 a™) T a ).
Since, from (1.1), S is a completely inverse groupoid, and from (1.3), «
AUT?S,
(ab)(ab) "t = a[(0~ra™") T (b7 e Y)] =
(b 1 —1) 1(b 1 —1) (b 1 _1)(1)_1&_1)_1.
Using (1.5) and (1.6),
(ab)(ab) ™" = (ab)~"(ab) = [a(b™"a™")](ab) =
(b6~ *a™N)a]b = {[a(b~")](aa™")}b = b~ ! [(aa™ )0,
which by (1.10) equals
b~ (ab)(aa™ )] = [(ab™ ") (ab)](aa™") =
[a(b™0)](aa™t) = (07'b)(aa™") = (aa™")(b™ D) = (aa™t)(b071),

which proves (1.12).
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Now we have seen in the proof of (1.1) that a=! = aa™!, where a~! is the
(unique) inverse of a in (S,*). Thus, aa=! = (aa) * (ca™!) = afa*xa™!) =

axa~!, which proves (1.13). O

Lemmal[I] has established properties of groupoids that are determined by an
involutive, idempotent-fixed automorphism on a semigroup that is a semilattice
of groups. It will be relied on heavily to prove the Main Theorem in Section 5.

We now prove several inter-relationships among the properties (1.1) through
(1.13). The following Lemmas will also be used in the proof of the Main
Theorem. Lemma 2| establishes conditions under which (1.2) and (1.3) are
equivalent.

Lemma 2. If S is an inverse groupoid determined by a mapping o : S — S
such that « € AUT?(S, %), (S,*) is a semigroup and aa=t € E(S) for alla € S,
then o € AUT2S if and only if aa = a(a™'a) for alla € S.

Proof. (=) For a € S, aa = [(aa)(aa) t](aa). By Result (xy)z = (ax)(yz),
fo[r (alllxﬁ/, z ? §1 a)nd so aa = [(aa)(aa) ™ (aa) = (aca)[(aa) ™ (aa)] =
(<) Let e € E(S) Then ae = e(e~te) = e. Hence, a € AUT?S. O

An inverse groupoid with the generalized right-Bol property and that sat-
isfies (1.3) and (1.5) also satisfies (1.2), as we now prove.

Lemma 3. If S is an inverse, generalized right-Bol groupoid, o € AUT?S and
(ab)~! = (ab™1)(aa™?t) for all {a,b} C S then E(S) is a semilattice.

Proof. Let {e, f,g} C E(S). Then (ef)™! = (af H(ae™ ) = (af)(ae) = fe

and so

(1) (ef)~' = fe.

Since S is a generalized right-Bol groupoid, [(ef)f]f = e[(ff)f] = ef =
[(ce)elf = el(ee)f] = elef) and so

(2) [(ef)f1f = ef = elef).

Also (ef)(fe) = (ef)[(ff)e] = {l(ef) flf}e = (ef)e and so
3) (ef)(fe) = (ef)e.

Also

fe=(ef)™ = le(eN)7! = {allef)Hae™") =
[a(fe)l(ae) = [(af)(ae)l(ae) = (fe)e

and so

(4) fe = (fe)e.
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Using , , and we have

(ef)(ef) = (ef)le(ef)] = (ef)l(ee)(ef)] = {l(ef)ele}(ef) =
{lleN)(fe)le}(ef) = (eN{[(Fe)el(ef)} = (ef)I(fe)(ef)] =
{[ef)fle}(ef) = [ef)el(ef) = [(ef)(fe)l(ef) = ef € E(S).

Hence, ef = (ef)™" = fe. Since [(ef)g] = [g(ef)] = [g(fe)] = gl(ff)e] =
[(9)f]e = (9f)e = e(gf) = e(fg), E(S) is a semilattice. O

If an inverse groupoid S satisfies aa=! € E(S) for all a € S, and if it has
an involutive automorphism « satisfying (1.6), then S satisfies (1.3) and (1.4).
This is proved in Lemmal[d] which also establishes conditions under which (1.2)
is equivalent to (1.5).

Lemma 4. If S is an inverse groupoid, aa~* € E(S) for all a € S, a €
AUT?(S) and (ab)c = (aa)(bc) for all {a,b,c} C S then

(4.1) a € AUT2(S),
(4.2) aa =a(a"ta) for alla € S and
(4.3) E(S) is a semilattice if and only if (ab) ! = (ab~1)(aa™?) for alla,b € S.

Proof. Let e € E(S). Then since ae = [(ae)(ae) t(ae) = e[(ae) Hae)] =

e[(ce™)(ae)] = eale te) = e(ae). Since a € AUT?(S), e = (ae)e. Hence,

[e(ae)le = (ae)e = e and [(ae)e](ae) = e(ae) = ae. Therefore, ae = e~ 1 =¢

and o € AUTZ(S), proving (4.1).
Since o € AUTZ(S),

a(a"ta) = ala(a™ta)] = ala(a™)(aa)] = [(aa)a(a™)](aa) = af(aa™1)a] = aa

and so (4.2) is valid.
Suppose that E(S) is a semilattice. Let a,b € S. So, using (4.1) and the
fact that (ab)c = (aa)(be) for all {a,b,c} C S,

{(ab)[a(b~ a™")]}(ab) = [a(ab)[{[a(b™ a™)](ab)} =
[a(ab){[(b~"a™")alb} = [a(ad)|{[(ad™ ") (a ™ a)]b} =
[(aa)(ab)[{b~ [(a™ a)b]} = al(ab){b~ [(a~"a)b]}] = a{(bb™")[(a™ a)b]} =
a[{[a(®b~")](a™"a)}b] = a{[(007")(a" )b} = a{[(a"a)(bb™)]b} =
a{[a(ata)][(0b" 1]} = a[(ata)b] = [(aa)(ata)]b = [(aa™")a)b = ab. So

(1) {(ab)[a(d™"a™")]}(ab) = ab
Using (4.1), (4.2) and the hypotheses of Lemma [4] we prove that

{la(0™ a™"))(ab)}a(d™ a™h)] = a(db~a™h).
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Firstly,

{[e(®6™

J(ab)}a(b™ a™h)] = (b~ a™){(ab)[a(db~ a )]} =
(b ' *1){( b)[ [ B

)
(ab ™M (aa™! I} = U {(a(ab)
J

(2) {la0 a™)(ab)}Ha (b a™h)] = a{ (b a™"[(ab)b™)a"" }

But

{b e [(@)p™ pa™t = [a(d~ a™"){[(ab)b™a™"} =
[a(v~ o™ {[a(ab)](07 e} = {(07 a7 ) [a(ab)]} (b aTH),
and so by ,

3) {b~ e [(@b)p™ }a™" =0 a".

So and (3) imply {[a(bila’l)](ab)}[ (b=ta"1)] = a(b~ta"'), which,
together with implies that (ab)~! = a(b~ta™ 1) for all a,b € S.
Conversely, if (ab)™* = a(b~ta™!) for all a,b € S then, since (ab)c =
(ava)(be) for all {a,b,c} C S implies that S is a generalized right-Bol groupoid
and since a € AUT?(S), by Lemma (3| E(S) is a semilattice. Therefore (4.3)
is valid. O

The following Lemma gives a characterization of groupoids that are deter-
mined by involutive, idempotent-fixed automorphisms on semigroups that are
semilattices of groups.

Lemma 5. S is determined by a mapping o« € AUTZ2(S,*) and (S, x) is semi-
group that is a semilattice E of groups if and only if

(5.1) S is a completely inverse groupoid,

(5.2) there exists « € AUT?(S) such that for all a,b,c € S, (ab)c = (aa)(bc)
and

(5.3) E(S) is a semilattice or (ab)™! = (ab™1)(aa™t) for all a,b € S.

)

(<) Assume that ( 1), (5.2) and (5.3) are valid. By Lemma 4] E(S) is a
semilattice and (ab)™! = (ab~!)(aa™!) for all a,b € S. We define (S,x*) as
follows: for a,b € S, axb = (aa)b. Then (a xb) *x ¢ = [(aa)b] x ¢ = [a(ab)]c =
(ava)[(ard) ] =ax* (bxc) and so (5, *) is a semigroup. Note that by Lemma
aa = a(a™ta) for all @ € S and so (a * a) * (aa™t) = [(aa)a] * (ea™t) =
[a(@a)](aa™) = (aa)[(aa)(@a)] = (aa)|(aa~")(aa)] = afa(e'a)] = aca =
a. Also, Lemma [4] implies o € AUT?(S) and so (aa™1) * (a x a) = (aa™?) x

[(aa)a] = a=[(aa)a] = [(ea™ ) (aa)]a = [a(a™ta)]a = (a"ta)a = (aa™ )a = a.

(ad)
Proof. (=) (5.1), (5.2) and (5.3) follow from Lemmall]
9.2) a
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So we have proved that a € (S * a?) N (a® * S). By [Il, Theorem 4.3], (.S, *)
is a union of groups.

Suppose that e, f € E(S,*). Then ¢ = e xe = (ae)e and so e™! =
[(ce)e] ! = (ae™)[a(ae) ] = (ce™H]a(ae™)] = (ee™)e™ L. Then

e = (ee Ve = {el(ae™ e ke = {[(ae)(ac™)]e ™ Je =

{[alee™]e e = [(ee e te=[(e te)e e =e"te

and e7! = (e7le)e™! = ee™! = e7le = e. Therefore ee = e~te = e € E(S).
Hence, ae = e. So then ex f = (ae)f = ef = fe = (af)e = f *xe and so
E(S, *) is a semilattice. By [Tl Theorem 4.11], (S, %) is a semilattice of groups.
Also ab = (aa) * b. Using Lemma |4} S is determined by o € AUT?(S, ) and
the semigroup (.5, *) is a semilattice of groups. O

The next Lemma shows that a strongly regular groupoid satisfying (1.2),
(1.3) and (1.6) is completely inverse. This allow us to prove a different charac-
terization in Lemmal7] of groupoids determined by idempotent-fixed, involutive
automorphisms on semigroups that are semilattices of groups, with condition
(5.1) weakened from completely inverse to strongly regular, as long as « is
idempotent-fixed.

Lemma 6. Suppose that in a strongly reqular groupoid S in which E(S) is a
semilattice and there exists « € AUT?(S) such that for all x,y,z € S, (vy)z =
(ax)(yz). Then S is a completely inverse groupoid.

Proof. Note that, as in the proof of Result} (zy)z = (az)(yz) for all z,y, 2 € S
implies that S is a right-Bol groupoid. For each a € S there exists x € S such
that @ = (az)a and ax = za € E(S). Now, a[(za)z] = [(az)alz = ax = xa =
z[(azx)a] = [(za)z]a. Then {a[(za)z]}a = (ax)a = a and {[(za)z]a}[(za)z] =
(za)[(za)z] = {[(za)z]a}r = (zva)z.

So we have proved that a and (za)r are inverses and that a[(za)x] =
[(za)r]a = ax = xa € E(S). We need only therefore show that (ra)x is
the unique inverse of a. Suppose that y is an inverse of a. We prove that
y = (za)z.

We have (ya)y = y and (ay)a = a. Now, az = [(ay)alz = [a(ay)](az) and
ay = ((az)aly = [a(az))(ay) = (az)(ay). But then (ay)* = (ay)|(az)(ay)] =
{[(ay)a}rHay) = (az)(ay) = ay € F(S) and 0 az = [a(ay)](ez) = (ay)(cz).
Since E(S) is a semilattice, za = ax = (ay)(az) = (az)(ay) = ay.

Since S is strongly regular we can choose w € S such that y = (yw)y and
yw = wy € E(S). Then ya = [(yw)yla = [a(yw)](ya) = (yw)(ya) and so
(ya)? = (ya)l(yw)(ya)] = {[a(ya)](yw)}(ya) = {{(ya)ylw}(ya) = (yw)(ya) =
ya and so ya € E(S) and a(ya) = ya. Then za = z[(ay)a] = [(za)yla =
(a(za))(ya) = (va)(ya) and ya = yl(az)a] = yl(aa)(za)] = [(ay)(ca)](za) =
[a(ya)|(za) = (ya)(za) = (va)(ya) = za = ax = ay = ya. Then, y = (ya)y =
(ay)(ay) = (ay)(ax) = (ya)x = (xa)z, which is what we needed to prove. [

Lemma 7. S is determined by a mapping o € AUTZ?(S,*) and (S,*) is a
semigroup that is a semilattice E of groups if and only if
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(7.1) S is a strongly regular groupoid,
(7.2) there exists a € AUT?(S) such that (ab)c = (aa)(be) for all a,b,c € S

and
(7.3) E(S) is a semilattice.

Proof. (=) (7.1), (7.2) and (7.3) follow from Lemma [1} (1.1), (1.2), (1.3) and
(1.6).

(<) Assume that (7.1), (7.2) and (7.3) are valid. By Lemma [6 S is
completely inverse. Then, by Lemma [B] S is determined by a mapping a €
AUT?(S, %) and (S, *) is semigroup that is a semilattice E of groups. O

Lemma 8. If S is a completely inverse groupoid satisfying
(A) a:arsalaa™t) satisfies a € AUT?(S) and
(B) E(S) is a semilattice or (ab)™! = (ab™1)(aa™?t) for all a,b € S

then (ab)c = (awa)(be) for all a,b,c € S, if and only if S is a generalized right-
Bol groupoid.

Proof. (=) 1If (ab)c = (aa)(bc) for all a, b, ¢ € S then, as in the proof of Result 2]
S is a generalized right-Bol groupoid.

(<) Note that for e € E(S), ae = e(ee™) = e and so a € AUT?(S).
Also, if (ab)™! = (ab™!)(aa™!) for all a,b € S then, by Lemma 3] E(S) is a
semilattice. So (B) implies that E(S) is a semilattice.

By hypothesis, S is a generalized right-Bol groupoid and we will use that
fact, and the fact that E(S) is a semilattice, without mention throughout the
remainder of the proof. We now prove that (ab)™! = (ab™!)(aa™?!) for all
a,b € S. Firstly,

{(ab) [(ad™")(aa™)]} (ab) =
[

[ (ab) {1 (07'0)] [~ (e a)]} ] (ab) =
({l(ab)dp="] (b'0)} [a~(a""a)] ) (ab) =
[(ab)b™] [{( 'b) [a (@ a)]} (ab) | =

[(ab)b~ ] { [ (b~} ) {[(a”'a)a™"] (@ ta)} ] (ab) } =

[(ab)o™ ] ([[{[(0~ D) (@™ a)la™"} (a™ta) ]] (ab) ) =

= [(ab)p~ '] ([(b7'0) (™ a)] {[a™ " (a""a)] (ab)} )
SO
(1) {(ab) [(ab™ ) (aa™ )]} (ab) = [(ab)b~ '] ([(b~ D) (a" a)] {[a~ " (a " a)](ab)})
fNote that a = aca = afa(aa™')] = (aa)[a(aa™)] = [a(aa™t)](aa™t). There-

(2) a ' =la(a " a)](a " a).
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Then
(ab) = [a™ (a" @) {[(aa™)a]b} =

[{{(a" (@ a)] (aa™)}allb= (a"'a)b = (a”'a)®b.
So
(3) o~ (a~"a))(ab) = (a~"a)b = (a~"a)?
By (3),

o~ (@ a))(ab) = (a~"a)b = (a~"a)[(bb™")%b] =

{[(a™ ) (6™ B)] (b~ )} = [(a™ a) (b~ D)]b, so

(4) [a=(a""a))(ab) = [(a""a)(b™"b)]b

By (@B) and (4)), we get
[(b7"0)(a™ )] {[a™" (a™ a)}(ab)}*[( “'b)(a" )] [(a™Ma)?b] =
[(b~0) (@™ a)]b = [(a™ a) (b~ D)]b.

Using (1)), (@) and (5)) we have that
{(ab)[(ab~")(aa™")]}(a ) [(ab)b™"] {[(a™"a)] (b

al[(0b71) {{(a™ a)](b~"D)]b} |
a{(a™ ab} a[ )2]

and so, by (2), { b)[(ab ) (aa™1)]}H(ab) = ab.
Note that (a=ta)[a" (a7 ta)] = [a(a™ta)](aa™t) = al(ata)a™ ] = aa™! =
a~(a"ta) and so

(5)

(6) (a™a)[a™ (e a)] = a" (a " a)

Note that

(™ a)b = (a™ a)[(b70)%B] = {[(a™a)(b~"B))(67"0)}b = [(a™'a) (0™ "D)]b
and so
(7) (@™ta)b = [(a™a)(b~'0))b = [(b7'b)(a™"a)]b.

N We wish to show that {[(ab™!)(aa™1)](ab) }[(ab™ 1) (a™1)] = (ab™1)(aa™1).

{[(ab™")(aa™")](ab)} [(ab™")(aa 1)]:

(b~ (7)) [ (a 1a>1}{[< “alb} ) {[b” 1( )] o™ (0]} =
LR O] o @ )]} (aa™) )a o) {72 070)] o o a)]} =
L™ 07'0)] [{lo™ (@ ) (aa")}a] } b) { [bl )] o~ (@ a)]}
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which by equals

({7 7'0)] (e a)} b)) {p~ ' (07D)] [a™ (e )]} =
(oI 'B) (e a)]b} ) { ,

which by equals

{v~ (e a)b]}
([{o7 (e a)D)
(b [{l(a"a)b]b™
(b~ {(a” )[(
(b7 [(0710)* (a
({p' @~ D)I(07')} (a
B O DI b) (e )] [a (0 )]
B O] ((b710)* {(a'a)® [a™ (o a)]
({71 (0~'0)} (b770) ) {(a™"a)* [a™ (a a)]}

which by and @ equals

B (070)]) [a7 (a7 a)] = (ab~ ) (aa™h).

b™ )][ Hala)]} =

) o (0 a)] =

Lt
J @
(®7'0)]) [a (a7 a)] =
b™
-1

{
pot
B
D)D)} ) [a7 (e )] =
a)l} [a™' (0™ a)] =
“la)) [a” (a fa)] =

(

So we have proved that (ab)™! = [b(b=1b)][a(a™ta)]
a,b € S and so E(S) is a semilattice and (ab)~!
a,bes.

We now want to prove that (ab)c = (aa)(bc) for all a,b,c € S. Recall that,
fl\rrom and (), a = [a(aa™)](aa™?) = (aa)(aa™") and (aa™!)(aa) = aa.
(aa)(be) = (aa){[(ab)(bb~")]c} = {[(aa)(ab)](bb~")}c =
{[(0a) (b))} = {al(ab) (0]}

So we need only prove that (ab)(bb~!) = a(ab), for then (aa)(be) = [aa(ab)]c =
(ab)e. To prove this we now use the facts that F(S) is a semilattice and
(ab)~! = (ab™1)(aa™?) for all a,b € S. We have that

[(ab) ™" (ab)](bb~") = (bb~)[(ab) " (ab)] = (bb~ " ){[(eb™")(aa™")](ab)} =
{[(Bb~H) (b~ H)](aa™H)]}Hab) = [(ab™")(aa™")](ab) = (ab)~*

Therefore,
(ab)(0b~) = {[(ab)(ab)~'](ab)}(bb~) = (ab){[(ab) ™} (ab)](bb~ 1)} =
(ab)[(ab) ™" (ab)] = (ab)[(ab)(ab)™'] = a(ab).

This completes the proof of (<) and therefore completes the proof of Lemma
O

(ab™ Y (aa™t) for all
(ab™1)(aa™t) for all
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Lemma 9. S is determined by a mapping o € AUT?(S,*) and (S,*) is a
semigroup that is a semilattice E of groups if and only if

(9.1) S is a completely inverse, generalized right-Bol groupoid,
(9.2) a:avws alaa™?) satisfies o € AUT?(S) and
(9.3) E(S) is a semilattice or (ab)™! = (ab™1)(aa™t) for all a,b € S.

Proof. (=) This follows from Lemma

(<) Assume that (9.1), (9.2) and (9.3) are valid. It follows from Lemma [3]
that (ab)c = (aa)(be) for all a,b,c € S. Also, (9.2) implies that ae = e(ee™t) =
e and so o € AUT?(S). Then it follows from Lemma [7|that S is determined
by a € AUT?(S,*), with (S,*) a semilattice of groups. This completes the
proof of Lemma 9. O

The next Lemma establishes conditions under which (1.4) and (1.6) are
equivalent.

Lemma 10. If S is a completely inverse, generalized right-Bol groupoid, o €
AUTZ(S) and either E(S) is a semilattice or (ab)™! = (ab™1)(ca™t) for all
a,b € S then o : a > a(aa™') for all a € S if and only if (ab)c = (aa)(bc) for
all a,b,c € S.

Proof. (=) Lemma |§| implies that S is determined by o € AUT?(S,*) and
the semigroup (S, ) is a semilattice of groups. Then Lemma [I| implies that
(ab)e = (aa)(be) for all a,b, cS.

(<) Lemma [4] implies that E(S) is a semilattice. So Lemma/[7]implies that
S is determined by o € AUT?(S, %), with the semigroup (5, *) a semilattice of
groups. Then Lemma implies that a : @+ a(aa™?!) for all a € S. O

4. Semilattices of groupoids determined by groups

Lemma 11. Let E be any semilattice, and to each e € E assign a groupoid
S(e), where S(e) is determined by an involutive, idempotent-fized mapping o
on G(e), with each G(e) (e € E) a group and such that G(e) and G(f) are
disjoint if e # f in E. To each pair of elements f,e of E such that f > e,
assign a homomorphism &y . : S(f) = S(e) such that if g > f > e then

(A) 5f,e5g>f = 5978

Assume that e e is the identity automorphism of S(e). Assume also that,
forbe S(f) and all e € E such that e < f,

(B) e(d5,eb) = 0f.(asb)

Let S be the union of all the S(e), (e € E), and define the product of any
two elements a € S(e) and b € S(f) as

(®) ab = (be,era)(dy.erb).
Then
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(11.1) Each dy. is a group homomorphism from G(f) to G(e);

(11.2) The union G of all the groups G(e), (e € E), is a semilattice E of groups
if we define a product * of any two elements a € G(e) and b € G(f) as

(D) a*xb= (0cefa)o (6ferb),
where the product o is the product in the group G(ef);

(11.3) S is determined by the mapping o € AUT?(G, %), where « = |J ., that
ecE
is, aa = aea, (a € G(e)), and (G, *) is a semilattice E of groups.

Proof. Let f > e for some e, f € E. By definition, G(f) = S(f), G(ef)
S(ef) = G(e) and 05, : S(f) = S(e). Hence, 65 : G(f) = G(ef) = G(e). Le
+ denote the product in G(f) and let o denote the product in G(ef) = G(e
and let a,b € G(f). Then dyc(a+b) = dye[(afa)b] = [0f.c(ara)](df,ed)
{0e5s.e(aga)]} o (7.cb). Using (B), dpe(a+b) = {aeldpe(aya)]} o (57b) =
Ofe(arara)] o (dfeb) = (6f,ea) 0 (0f.cb) and so df. : G(f) — G(e) is a homo-
morphism. This proves (11.1).

Now (11.2) is a consequence of (11.1), (A) and [I, Theorem 4.11].

Let a € S(e) and b € S(f), for any e, f € E. Let o denote the product
in G(ef). Then, by the definition of the product in S and using , ab =
(Oc,er@)(05.erb) = [ates(Oe,cra)l © (Of,erb) = [Oe.ef(cea))] o (65.erb) = (qea) x b=
(aa) * b. We need only prove that o € AUT?(G,*). We have that a(a *b) =
0[(6es@) 0 (Bpesb)] = es((Feresa) © (01.esh)] = [aes (Bera)] © [ (Og.esb)] =
[0c,er(aca)] o [0f.ep(apb)] = [Oc.er(aa)] o [6f.er(ab)] = (aa) * (ab) and so « is

&

~—

a homomorphism. Finally, aaa = a(aea) = ac(aea) = a and so « is an
automorphism. Clearly it is E-fixed. Hence, a € AUT?(G,*). This proves
(11.3) and completes the proof of Lemma 11. O

Note that in Lemma [T1]if a = aa in S, where S has the product defined in
, then a is an identity element of a group G(e) for some e € E. Conversely,
every identity of a group G(e) (e € E) is an idempotent of the groupoid S.
Hence, there is a natural bijection between E and E(S) under which, in fact,
E = E(S). Therefore, we have proved the first part of Corollary

Corollary 12. The groupoid S in Lemma with product defined as in ,
is a semilattice of groupoids S(e) e € E(S), each of which is determined by an
involutive, idempotent-fized mapping e on a group G(e).

S itself is determined by the involutive, idempotent-fired mapping o =

U  «e on the semigroup (G, *) of Lemma|11}, which is a semilattice of groups.
e€E(S)
S satisfies the identity (ab)c = (aa)(be).

Proof. The second part of the Corollary follows from (11.3) and Result O

Lemma 13. If S is determined by a mapping o € AUT?(S,®) and (S, ®) is
a semigroup that is a semilattice E of groups then S can be constructed as in
Lemma [l above.
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Proof. Let the groupoid S be determined by a mapping o € AUT?(S, ®), with
(S,®) a semigroup and a semilattice E of groups. So (1.1) through (1.13)
apply. Recall that we can consider E = E(S5).

First we define, for e € E, S(e) = {a € S : aa~! = e} where juxtaposition
denotes product in the groupoid S and where, as in the proof of (1.1), a=! =
a1, where a=! is the (unique) inverse of a in (S, ®). Define G(e) to be the
maximal subgroup of (S,®) with identity element e cf. [I, Theorem 1.11].
Thus, G(e) ={a € S:a®a ! =e}. By (1.13), S(e) = G(e), for e € E.

We show that S(e) is determined by (G(e), ®) and a. = a|g(e), the restric-
tion of a to G(e). Since, for a,b € S(e) = G(e), ab = (aa) @b = (aea) ® b.
Clearly, o, € AUT2G(e). Therefore

(1)  Each S(e) is determined by (G(e), ®) and a. = a|g() € AUTZG(e).

Note that since for a € S(e), (aa)(aa)™! = (aa)(aa™t) = a(aa™t) =
aa”!l = e, aa € S(e) and so aS(e) C S(e). Also, a = aaa € S(e), so
aS(e) € S(e) C aS(e) and hence we have proved that

(2) aS(e) = S(e). Also a € S(e) if and only if aa € S(e).

Note also that for a € S(e), ea = (aa™')a = a and, by (1.10), ae = e(aa) =
a(ea) = aa. We have proved

(3) if a € S(e) then ea = a and ae = aa.

Now let a € S(e) and b € S(f), for some e, f € E. Then, using (3)), (1.6)
and (1.10), we have that

(af)(be) = [f(aa)lle(ad)] = (af){(aa)[e(ab)]} = f{(aa)[e(ad)]} =
fl(ae)(ad)] = fl(aa)(ab)] = fla(ab)] = (ab) f = (aa)(bf) = (aa)(ad) = a(ab).

Therefore,

ab = aa(ab) = a(af)(be)] = [a(af)][e(be)] =
[(aa)(af)][(ab)(ae)] = [(aa)fl[(ab)e] = (fa)(eb).

We have proved that

if a € S(e) and b € S(f), for some e, f € E then
ab = (fa)(ed).

To each pair {f,e} C E such that f > e, define é¢. : S(f) — S(e) as
drcb =eb (b€ S(f)). Then o5, is well defined, as a consequence of (1.12),
since (eb)(eb)™1 = (ee 1) (bb~1) = ef € S(ef) = S(e).

Now if a € S(f) and b € S(f) then, by (1.11), for any e € E such that
f > e, (ea)(eb) = e(ab) and so, (df,a)(0sb) = (ea)(eb) = e(ab) = &y (abd).
We have proved that

(4)

(5) Each d¢. : S(f) — S(e) is a homomorphism.



Groupoids determined by inv. automorphisms on semilattices of groups 17

Ifg>f>e(e, f,g€ E)and a€ S(g) then 704 ra =6 c(fa) =e(fa) =
[(ce)fla = (ef)a = ea = 4 ca and so

(6) if g>f>e(e, f,g€FE)then 0504 = 0g.e.

Also, from and (), if a € S(e) and b € S(f), for some e, f € E then
ab = (fa)(edb). But (ef)a = (fe)a = (af)(ea) = fa and (ef)b = (ce)(fb) = eb
and so, ab = (d¢cra)(dy,erb); that is,

if a € S(e) and b € S(f), for some e, f € E then

(7)
ab = (5e,efa)(5f,efb).

In addition, if b € S(f) and f > e for some e, f € E then «.(dcb) =

ac(eb) = a(eb) = (ae)(ab) = e(ab) = df.(ab) = df(ayb), which proves that

if be S(f) and f > e for some e, f € E then

(8) ae(df,eb) = 6f’e(afb).

Now, consider the groupoids S(e) (e € E), each of which - by (1)) - is
determined by o = a|g(e) € AUT2G(e). As a consequence of (5)), (6)), (7) and
(8), we also have a collection of homomorphisms &7, : S(f) = S(e) (f > e in
E) that satisfy , (B) and of the first part of Lemma Therefore, as
in the proof of Lemma (11.1), (11.2), (D) and (11.3) are valid. Hence, the
union S of the S(e) (e € E), with product

ab = (be,era)(Of,efb) = [(be,cra)l o (O,erb) = [de,e(cea))](6.erb)
for a € S(e) and b € S(f),

is determined by a € AUT?(G, %), with the semigroup (G, *) a semilattice E of
the groups G(e) (e € E), and where a b = (d¢,efa) o (05erb) and o = |J .
ecE
That is, ab = (aea) * b = (aa) * b.
Now, by the hypothesis of Lemma a®b= (aa)b = ax*b. This assures
that the groupoid S in Lemma [L3| can be constructed as required. O

Lemma 14. If S is a semilattice E of groupoids S(e) (e € E), where each
S(e) is determined by a mapping a. € AUT2G(e) and each G(e) (e € E) is a
group with identity e, then S is a completely inverse groupoid.

Proof. Let e € E(S) and a € S(e). Then, as in the proof of Lemma r=caa!
is the unique inverse of a in the completely inverse groupoid S(e), where a=! is
the unique inverse of @ in the group G(e). If y € S(f) is an inverse of a in S then,
since S is a semilattice E(S) of groupoids S(e) (e € E), {a,y} C S(ef) = S(e)
and so y = x. Then, since by Lemma (1| each S(e) is completely inverse, so is
S. O
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5. Proof of the Main Theorem

Proof. As a consequence of Lemma |1} (M1) implies (M2), (M3) and (M4).
By Lemma [5| (M2) implies (M1). By Lemma (7} (M3) implies (M1). By
Lemma@ (M4) implies (M1). Hence, conditions (M1), (M2), (M3) and (M4)
are equivalent.

By Lemmas [11] and (M1) and (M5) are equivalent. By Lemma [13| and
the proof of Lemma [I1] and Corollary (M1) implies (M6).

We now prove that (M6) implies (M1). Using Lemma S in (M6) is
completely inverse. Since (M1) and (M2) are equivalent statements, we need
only prove that a € AUT?(S), as the hypotheses of (M6) state that E(S) is
a semilattice. Firstly, we prove that ae = e, for all e € E(S). Since e =
(ee)e = (ae)(ee) = (ae)e and since ae = ace € S(e), ae = ace = a[(ae)e] =

ge[(aee)e] = Jac(ace)](ace) = e(ae) = [(ae)e](ae) and [e(ae)le = (ae)e = e.
(1) ac=e ' =e.

Then for any a € S(e), a = (aa™1)a = (aa)(a™ta) = (aa)(e) = (aa)(ee) =
(ae)e and so

(2) a = (aa)e = (ae)e, for any a € S(e).

Then from ,

aa = ag[(ae)e] = [ae(ae)](ace) = [(aea)(ace)]e = [(aea)e)le = [(aa)ele = ae
and so
3) aa = ae.

Now let a € S(e) and b € S(f) for any e, f € E(S). Then, using
and (@), (aa)(ab) = (aa)(bf) = (ab)S = acsacs(@b)]f = {[(ab)(e](ef)}Hf =
{la(ab)](ef)}f = (ab)[(ef)f] = (ab)(ef) = a(ab), proving that v € AUT(S).

Hence, (M6) implies (M1) and the proof of the Main Theorem is complete.

O

Acknowledgement

The author is grateful for the referees close scrutiny of the original version
of this paper and for suggestions that greatly improved its presentation. He
also thanks the editors, in particular Dr. Petar Markovi¢, for their abundant
patience and assistance.

References

[1] CLIFFORD, A. H., AND PRESTON, G. B. The algebraic theory of semigroups. Vol.
1. Mathematical Surveys, No. 7. American Mathematical Society, Providence,
R.I., 1961.



Groupoids determined by inv. automorphisms on semilattices of groups 19

[2] JEZEK, J., AND KEPKA, T. Linear equational theories and semimodule represen-
tations. Internat. J. Algebra Comput. 8, 5 (1998), 599-615.

ONZO, R. n the structure of completely inverse ag™™*-groupoids. rXiv e-
3] M R. On th f letely i ok ids. ArXi
prints, arXiv:1502.06516v1.

Received by the editors November 16, 2015
First published online October 22, 2016



	Introduction
	Preliminary Definitions and Results
	Groupoids determined by semilattices of groups
	Semilattices of groupoids determined by groups
	Proof of the Main Theorem

