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ON SPLIT EQUALITY MINIMIZATION AND FIXED
POINT PROBLEMS

Oluwatosin Temitope Mewomo™, Ferdinard Udochukwu Ogbuisi®
and Chibueze Christian Okeke”

Abstract. In this paper, iterative algorithm for approximating a so-
lution of a split equality minimization problem and split equality fixed
point problem for demi-contractive mappings is introduced. Using our
iterative algorithm, we state and prove a strong convergence theorem
for approximating an element in the intersection of the solution set of a
split equality minimization problem (SEMP) and the solution set of split
equality fixed point problem (SEFP) for demicontractive maps. Our re-
sult do not require any compactness assumption and does not require
the prior knowledge of the operator norm. Our result complements and
extends some recent results in literature.
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1. Introduction

In this paper, we let H be a Hilbert space endowed with inner product (., .)
and induced norm ||.|| and R be the set of real numbers.

Definition 1.1. Let H be a real Hilbert space and ) a nonempty, closed and
convex subset of H. A mapping T : Q — @ is said to be L-Lipschitzian (see
[74], and some of the references therein) if there exists a constant L > 0 such
that

(11) [Tz =Tyl < Lz —yl, VazyeQ.
If L =1, we say that T is nonexpansive, i.e
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A mapping T : Q — Q is said to be k-strictly pseudo-contractive if there exists
a constant k € (0, 1) such that

T~ Tyl < l|e — yl> + KII(I - T)a — (I~ Tyl > ¥ 2,y € Q.

A mapping T : Q — Q@ is said to be demi-contractive if F(T) # () and there
exists a constant k € (0,1) such that

(13) I Tz —yl* < llz =yl + kllz = T2l]?, ¥V 2€Q, ye F(I).
In a real Hilbert space H, it is known that (I33) is equivalent to

1-k
2

(1.4) (Tz—y.x—y) <|lz—yl” - lz — T
A point x € Q is called a fized point of T if Tx = x. It is well known that if T
is demicontractive and F(T) # (), then F(T) is closed and convex.

Definition 1.2. Let h: H — R be a proper, convex and lower semi-continuous
function, then the proximal map Proxj, associated with h is the function
Proxy, : H— H defined by

1
Proxy(z) = argmin(h(y) + -z — yH2)7 (x € H),
yeH 2
and the proximal operator of the scaled function 7h, where 7 > 0, is given
as .
Prow.p(z) = argmin(h(y) e — y||2), (z € H).
yeH 2T
Let f: H— Rand g: H — R be two convex and lower semi-continuous
functions such that f is differentiable with L-Lipschitz continuous gradient and
g is ”simple” meaning that its ” proximal mapping”

2
xr — argmin(g(y) + 7Hx y|| )
yEH 2T

can easily be computed. In this paper, we shall consider the minimization
problem of the form

(1.5) minF(z) = f(z) + g(x),
r€H

and assume the solution of (ITH) exists, we denote this solution set by I'. For

more on minimization problem see [IX].

The proximal mapping defined in Definition 1.2 is uniquely defined and
generalizes the projection on a closed convex set to convex functions. The
proximal-gradient method [I0] has been employed in solving (ICH), by generat-
ing a sequence {x,} via the following algorithm: For an initial point x; € H,

(1.6) Tpt1 = (proxy, go(I — AV f))xn,
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where V f is the gradient of f and {\,} is a sequence of positive real numbers.
If T # () and the following conditions are satisfied

(L.7) IVf(@) =Vl <Llz—yl, Vo,yeH
and
.. . 2
(1.8) 0 < liminfA,, <limsupA, < —,
n—00 n— 00 L
then the sequence {x,}, (see, [0, B0]) converges weakly to a point in I". This

proximal gradient algorithm can also be interpreted as a fixed point iteration.
A point z* is a solution to the problem (I73) that is z* is a minimizer of
f(z)+ g(x), if and only if 0 € Vf(z*) + dg(z*). For any v > 0 this optimality
condition holds if and only if the following equivalent statements hold:

0 €V f(2") +~9g(z");
0€Vf(z™) — " +z* +~v9g(z™);
(1.9) (I +0g)(x") € (I =V f)(a");

a* = (I+~09) " (I -V f)(z*);
z* = Proz.g(x* —yV f(z*)).

The last two expressions in (IT9) hold with equality and not just containment
because the proximal operator is single valued. The final statement says that
z* minimizes f + ¢ if and only if it is a fixed point of the forward-backward
operator (I +~9g) (I —~Vf).

The proximal gradient method repeatedly applies this operator to obtain a
fixed point and thus a solution to original problem. The condition v € (0, %],
where L is the Lipschitz constant of V f guarantees that the forward-backward
operator is averaged and thus the iteration converges to a fixed point (if it
exists).

The Split Feasibility Problem (SFP) introduced in 1994 by Censor and Elfving
[5] is to find a point

(1.10) x € C such that Az € Q,

where C' and @) are nonempty closed convex sets in R™ and R™ respectively,
and A is an m X n real matrix. The SFP has wide applications in many fields,
such as phase retrieval, medical image reconstruction, signal processing, and
radiation therapy treatment planning (for example see [3, 4, B, B, [T, 32] and
the references therein).

The SFP has also been studied by numerous authors in both finite and
infinite dimensional Hilbert spaces (for examples see [2, B, [, 2, 04, 05, 16, 21,
22, 23, PO, P, 25, 27, PR, &1, B3]). It has been shown (see [29]) that if the SFP
(M) has a solution, then z* € C solves SFP (M) if and only if it solves the

fixed point equation

(1.11) z* = Po(I —vyA*(I — Pg)A)z™,
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where Pc and Pg are the metric projections onto C' and @) respectively, 7 is
any positive real number, A is a bounded linear operator and A* is the adjoint
of A.

Byrne [?] applied the forward-backward method, a type of projected gradi-
ent method, to introduce the so-called CQ-iterative procedure for approximat-
ing a solution of (M), which is defined by

(1.12) Tptl = Pc(I — ’yA*(I — PQ)A).’EH, n €N,

where v € (0, %) with A being the spectral radius of the operator A*A.
In 2009, Censor and Segal [7] introduced an important form of the SFP
called Split Common Fixed Point Problem (SCFPP), which is to find a point

(1.13) x* € F(T) such that Az* € F(S5),

where T" and S are some nonlinear operators on R™ and R™ respectively, A
is a real m x n matrix. Based on the properties of the operators T and S,
called directed operators, they presented the following algorithm for solving
the SCFPP:

(1.14) Tpy1 = T(x, +vAT(S — I)Az,), Vn>1, 21 € R",

where v € (0, W) They also obtained a convergence result for this algorithm.

Motivated by the work of Censor and Segal [id], Moudafi [T5] presented the
following iterative scheme which does not involve the metric projections Po
and Pgy:

(1.15)
Tyl = (1 —ay) (zn + YA (S — I)Az,) + T (zp + vyA* (S — I)Axz,) , n €N,

for approximating a solution of the SCFPP (II3) and obtained a weak con-
vergence results when 7" and S are demi-contractive.

Recently, Moudafi and Al-Shemas [I'7] introduced the following Split Equal-
ity Fixed Point Problem (SEFPP) which generalizes the SFP (C10):

(1.16) Find x € C:=F(T), y € Q:=F(S) such that Az = By,

where A : Hy — H3, B : Hy — Hj are two bounded linear operators, F(T)
and F(S) denotes the sets of fixed points of operators 7" and S defined on
H; and Hs respectively. Note that if Hy = Hs and B = I (where [ is the
identity map on Hy) in (ICI8), then problem (IIH) reduces to problem (CI).
Further, Moudafi and Al-Shemas presented the following algorithm for solving
the SEFPP

(1 17) Tnt+1 = T(xn - ’YHA*(A"E” - By”))’
Yn+1 = S(yn + 1 B*(Az, — Byn)), Vn >1;

where T : Hy — H;y, S : Hy — Hs are two firmly quasi-nonexpansive map-
pings, A: Hy — H3, B : Hy — Hj3 are two bounded linear operators, A* and
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B* are the adjoints of A and B respectively, {v,} C (e, m — e) , Aasa
and Ap~p denote the spectral radius of A*A and B* B, respectively. Moudafi
established the weak convergence result for problem (IIH) using algorithm
(T2).

Yaun-Fang et al. [I3] presented the following algorithm for solving problem
(Im):

Va, € Hy, Y1 € Hy;
(118) Tnt+1 = (1 - an)xn + anT(xn - VnA*(Axn - Byn))7
Ynt1 = (1 = @n)yn + anS(Yn + 1 B*(Az, — Byn)), YVn>1;

where T : Hy — H1,S : Ho — H, are two firmly quasi-nonexpansive mappings,
A: Hy — H3,B: Hy — Hs are two bounded linear operators, A* and B*

are the adjoints of A and B respectively, {vy,} C (e, m - e) (for €

small enough), As+4 and Ap«p denote the spectral radius of A*A and B*B
respectively and a, € [a,1] ( for some a > 0) and established a strong and
weak convergence results. Based on the work of Moudafi and Al-Shemas [I7],
Chidume et al. [d] proposed the following algorithm for solving the SEFPP for
demi-contractive mappings:

Vry € Hy, Vy1 € Ho;

Fnr = (1 a) (0 — VA" (Azs — Byy))
(1.19) +aT (z, — yA*(Ax,, — Byn));
Yn4+1 = (1 - Oé) ( ’YB*(AJ:TL - Byn))
+as (yn + ’YB*(Axn Byn)) , Vn>1;

where T : Hy — Hy, S : Hy — H> are two demi-contractive mappings.
Chidume et al. [d] proved weak and strong convergence theorems of the iterative
scheme (1Y) to a solution of the SEFPP in a real Hilbert spaces.

We now consider the following Split Equality Minimization and Fixed Point
Problem (SEMFPP).

Let Hi, Hy and Hj3 be real Hilbert spaces, A : Hy — Hs and B : Hy, — Hj
be bounded linear maps. Let f; : H; — R and f; : Hy — R be differentiable
maps with L; and Ls-Lipschitz continuous gradients respectively. Let g; :
H; - R (i =1,2) be "simple” maps. The (SEMFPP) is to find z* € F(T)
and y* € F(S) such that

Hi(@) +g1(z") = min[fi(z) + g1(z)],
(1.20) . § veth

f2(y") + 92(y") = min[fa(x) + g2(2)],

reHs

and Az* = By*. where T': Hy — H; and S : Hy — Hy are two nonlinear
mappings. Assume that this problem has a solution, let’s denote the solution
set of (20) by Y. Furthermore, we propose an iterative scheme and using
the iterative scheme, we state and prove a strong convergence result for the
approximation of a solution of problem ([20).
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2. Preliminaries

We state some important results that will be needed in the proof of the
main result of this paper.

Lemma 2.1. Let H be a Hilbert space, then
2(z,y) = ||zl + lyll* — [l = yl* = lla + yl1* = l2l]* = |ly[]*, ¥ z,ye H

Lemma 2.2. [8] Let H be a Hilbert space, then ¥ z,y € H and o € (0,1), we
have

loz + (1 = )yll* = allz]* + (1 = ) lyl* — a1l = a)[lz — y]|*.

Lemma 2.3. (Demi-closed principle), Let C be a nonempty closed and convex
subset of a real Hilbert space H. Let T : C' — C be a monexpansive mapping,
then I —T is demi-closed on C' i.e, if x, = x € C and x,, — Tx, — 0, then
r="Tz.

Lemma 2.4. [Z8] Assume that {ay} is a sequence of nonnegative real numbers
such that
ant1 < (L= n)an +nbn, n >0,

where {vn} is a sequence in (0,1) and {0,} is a sequence in R such that
(Z) E?zo:(ﬂn = 00,
(11) limsup,, , .o 6n < 0 or 22 |6,7n| < oo.
Then lim,,_,s a, = 0.

3. Main Result

Theorem 3.1. Let Hy, H,, and Hs be real Hilbert spaces. Let T : Hy —
H,, S : Hy — Hs be demicontractive mappings with constants ki and ks
respectively, such that I —S and I —T are demi-closed at 0. Let f; and g; (i =
1,2) be two convex and lower semicontinuous functions such that fi : Hi — R
and fo : Ho — R are differentiable with L, and Lo- Lipschitz continuous
gradient, g1 : Hy — R and go : Ho — R be simple maps and A : Hi — Hs, B :
Hy — Hs be bounded linear operators. Assume that the solution set T # ()
and let the step-size 7, € (6 2| Aty —Bra||® — e) ,n € Q.

A% (Atn—Brn)[[P+[|B* (Atn —Bry)[[?
Otherwise, v, = 7 (v being any nonnegative value), where the set of indezes
Q={n: At, — Br, #0}.
Let u,x0 € Q1 and v,yo € Q2 be arbitrary and the sequences {(zn, yn)} be
generated by

tn = (1 — an)x, + any;

T = (1 — an)yn + anv;

Un, = Proxs, g, (I — 6,V f1)(tn — 1nA*(At, — Bry,));
Uy, = Proxs, g,(I — 0,V f2)(rn + vnB*(At,, — Bry));
Tpg1 = (1 = Go)tn + G Tup;

Yn+1 = (1 = Pn)vn + PnSvy;
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where {0,} is a sequence of positive real numbers and {a,}, {¢.} and {in}
are sequences in (0,1), with conditions

i limy ooy =0, D07 vy = 00,
it ¢n € (a,1 — k1) C€(0,1) for some a >0,
it P € (b,1 —kg) C (0,1) for some b > 0.
Then {(Zn,yn)} converges strongly to (Z,y) in Y.

Proof. Clearly v, is well defined since for any (z,y) € T, we have

(3.2) (A*(At,, — Bry), t, — x) = (At,, — Br,, At,, — Azx)
and
(3.3) (B*(Aty,, — Bry),y — ) = (At,, — Bry,, By — Bry,).

Adding (B2) and (B3) and taking into account the fact that Az = By, we
obtain Vn € 2,

||At, — Br,||*> = (A*(At, — Bry),t, —x) + (B*(At, — Bry,),y — )

1A% (Aty, = Bro)|l[[tn — || + [|B*(Atn = Bro)l[|ly = rall.

IN

Therefore, for n € Q, that is, ||At, — Bry|| > 0, we have ||A*(At,, — Br,)|| #0
or ||B*(At, — Bry)|| # 0. Thus 7, is well defined.
Let (p,q) € T, we have from (BI) that

(3.4)
un —pl|* = || Prozs, g, (I — 6,V f1)(tn — YnA*(Aty, — Bry)) — pl|®
< th - ’YnA*(Atn - Brn) - p”2
= [|tn — sz = 29 (tn — p, A" (At,, — Bry,)) + '772z||A*(Atn - Brn)||2.

From Lemma P71 and noting that A* is adjoint of A, we have

(3.5)
_2<tn - D, A*(Atn - Brn)> = _2<Atn — Ap, At,, — Brn>

= —[|At, — Ap|* = | Aty — Bra|® + || Bry, — Apl|*.
From (832) and (B3), we obtain

2 2 2 2
”un _pH < ||tn _p” - ’Yn”Atn - ApH - 'Yn”Atn - BTnH

(3.6)
+ | Br, — Ap|” + 72| A*(At,, — Br,)|>.

Similarly, from (BI), we have

2 2 2 2
lvn —qll” < llrn — all” = Yl Brn — Bqll” — vnl|Atn — Bry||

(3.7)
+ Vnll Aty — BQH2 + 7721||B*(Atn - BTn)||2-
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Adding inequality (B8) and (B=), and using the fact that Ap = Bgq, we obtain

un = pI* + lvn = qll® < [t = plI* + 70 — all* — W [2]| Aty — Bro||?
(3-8) — (| A*(At, — Bry)|” + || B*(At,, — Bry)|*)]
< th _pH2 + ||Tn - QHQ'

From (B) and the fact that T is demi-contractive, we obtain

|21 —pl®
= (X ¢a)un + Ty — p|
= (1= ¢)(un = p) + Cu(Tun — )|
= (1= Co)?llun = pl* + GllTun — plI* + 260 (1 = o) (un — p, Tty — p)

< (1= G)?llun = plI* + Clllun — plI* + ki llun — Tua ]
1—-k&

+2¢n (1 = Cn) [llun *pH2 T -

(1= 260 + )llun — plI* + Cllun — plI* + ki llun — Tun )]

2 [|un — p”2 -2 72L||“n _pH2 = Cn(1 = Gn)(1 = k) llupn — Tun”2

= lun = pl* = Ga(1 = G = k) [[un — Ty |
(3.9)<  lun —pl*.

lln *TunHQ

Similarly, we have that
(3.10) lyns1 = all* < llvn — qll*.
Adding (B) and (B1M), and using (BX), we have

2 2 2 2

[#nt1 = 2" + lynta —all” < llun = pl” + [Jon — 4l
(3.11) < ltw = pl* + Irn —al®.
From (B), (B11) and Lemma 22 we obtain

2 2
Zn+1 = pI” + [yn+1 — 4l
< [T =an)(zn —p) + an(u—p)
+||(1 - an)(yn - Q) + Oén(v - Q)

2
|

2
I

< (1= an)llzn —plI* + anllu —pl* + (1 — ) lyn — all”
2
+ap|lv —q||
2 2 2 2
= (I—an)lllzn —2lI° + llyn — alI”] + an[llu — pl|” + [[v — ¢|7]
2 2 2 2
< max{||z, —p|I” + [lyn —all”, [lu — p||” + [[v — ||}
2 2 2 2
< max{|[|zo — pl|” + [lyo — gl [lu —plI” + [[v —qlI"}.
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Hence, {||z, — p||2 + ||yn — ¢||*} is bounded. Consequently {z,,}, {yn}, {tn},
{rn}, {un}, {vn}, {Azn}, {Byn} are bounded. From (B3), we obtain

lznt1 =2l + lynt1 — gl
< itn —p||2 + lrn — C]||2 — Yn[2[| At — BrnH?
— ([ A" (Atn = Bry)|* + | B* (Atn — Bry)|*)]
(1= an)llen = plI* + llyn — al*] + anlllu = pI* + o = q’
—Yn[2]|Atn — BrnHZ — (A" (Atn, — Brn)HQ
+[|B* (At — Bra)[*)],

IN

which implies

e (||A*(At,, — Bry)||” + || B*(At,, — Bry)|?)
< (1 =an) [llzn = pl* +[lyn — all’]
+a [|lu—pl[* + |lv - ql?]
(3.12) ~[llznts = pl® + llyn+1 — all?]-
We divided the remaining part of the proof into two cases to establish strong
convergernce.

Case 1: Assume that {|[z, — p||* + |lyn — ¢||*} is monotone decreasing,
then {||z,, — p||*> + [|lyn — ¢|[*} is convergent, thus

Hm [([[ens1 = plI? + lyns1 — all?) = (len — 2II° + llyn — ql*)] = 0.

n—oo

It follows from (B2) that (||A*(At, — Bry)||> + ||B*(At, — Bry)|?) — 0, as
n — 00.
Since At,, — Br, =0, if n ¢ Q, we have
(3.13)  lim ||A*(At, — Br,)||* = lim ||B*(At, — Br,)||> = 0.
n— o0 n—r00
From (B), we have

[t — xn||2 = [|(1 — an)rn + apu — mn||2

= AZllu—z,|* =0, as n — oo.

(3.14) — ILm l|tn — anQ =0.

Similarly, we have

(3.15) Jim [y, — ynl|? = 0.
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Also, from (B), Lemma B0 and Lemma P72, we have that

|un — pl[?
= ||P7"0x6n91 (I =6V f1)(tn — v A*(Aty, — Bry)) — p||2
< <un —pytn — 'YnA*(Atn - Brn) _p>
= Sllun *p||2 +[[tn — mA*(Aty, — Bry,) *p||2
—[|un —p— (tn — A" (At, — Bry) — p)||2]
1 *
< §[||un —p||2 + [[tn —p||2 + '7721HA (At — Brn)||2
+27n|[tn — pl|[|A"(At, — Bry)||
—(lun — th2 + 'YZHA*(Atn - Brn)HQ — 290 (upn — tn, A" (At — Brn»])

= %[Ilunfpllulltnfpllz+2vn||tn—pI\I\A*(AtnfBrn)H
—[|tn — tnll? + 275 (un — tn, A*(At, — Bry))]

< %[Ilun—pllzﬂltn—p||2+2vn||tn—pI\I\A*(Atn—Brn)H
—[[un = tnl|* + 27nJun — to||[|A* (Atn, — Bry)]]

< %[Ilun—p||2+(1—ozn)l\xn—pl\%ranllu—pll2

+279n It — pIl[| A" (Aty, — Bro)|| — [|lun — tn||2
+29n[|un — tal[||A*(At, — Bry)||]

1
< Slllwn = plP + llzn = pII* + anllu — pl|?

+2mmlltn — pl|[|A*(Atn — Bry)|
(3.16) —llun — tull* + 2ynllun — toll[|A*(Atn — Bra)][],

which implies

lun —pl> < lzn = plI* + anllu = pl|* + 29n||lwn — pll||A* (AL, — Bry)||
(3.17) —|Jun — thQ + 29nl|un — tol[l|[A*(At, — Bry)||.

From (8d) and (BT4), we have

l2nsr =2l < llzn = plI* + anllu = plI? + 29nltn — 2*[[[|A*(Atn — Bry)]|

(3.18) —|Jun — th2 + 29 |un — tal[||A*(At, — Bry)|.
Similarly, we have

lynt1 —all?> < lyn —dall? + anllv = al? + 2yallrn — qll||B*(Atn, — Bry,)||
(3.19) ~|vn — rn||2 + 29n|[vn — rall||B* (Atn, — Bry)||.
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Adding (BIR) and (BT9), we have

01 = I* + lynsr — al®
< Nlwn =2l + My — al® + anllfu = p|[* + [Jo = q[|?]
+27n[|[tn — 2"(|[| A" (Atn, — Bry)|
+lrn = y*[[[|B*(Atn, — Brn)l]]
—[lfun — thQ + |lvn — 7‘n||2]
+27n[|[un — tal|[|A (At — Bry)||
(3:20) +|vn = rall||B* (At — Bry)|[].

Using (B13) together with the fact that o, — 0, as n — oo in (B20), we have
Hm [|Jun, — tn|]* + |Jon — al?] =0,
n—oo

which implies

. _ 2 _
(3.21) nh_g)l() [|tn — o] 0
and
(3.22) lim {[[o, — | = 0.

Observe that since T' is demicontractive and p € F(T'), so we have

ITo—plP < o= plf? + Jylfo — T
— (Tx—p,Te—p) < (x—p,x—p)+kl|lz—Tz|?
— (Tz —p,Tx—a)+ (Tx —p,x—p) < (z—p,x—p)+ki|lz - Tz
— (Tex—p,Tex—z) < (x—Tx,x—p)+ k|jz — Tzl
— (Tz—z, Tz —z)+(x—p,Tz—1z) < (v—Tx,x—p)+ki||x—Tx|?
[Tz —z|]* < (x—p,x—Tz)— (x—pTe—x)
2 — Tl
(3.23) = (1—-k)||Tz —z|* < 2(z —p,x—Tx)

From (B) and (B=23), we have

|[Zn+1 _pH2

[[(1 = Cn)un + G Tun 7p||2

[un —p+ Gu(Tupn — un)‘|2

[[un —p||2 + CrQLHTun - unH2 — 2Ga (tn — sty — Tup)
[[tn _pH2 + <721‘|T“n - UnH2 = (L = k1)l Tuy — un”2
[un = PP + Ga(Cn = (1 = k1)) |[un — T[>

IN

(3.24)

Similarly, we have that

(3.25) 1yn+1 = all® < llon = gl + ¥n(Wn — (1 = k2))lJon — Sval[*.
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Adding (B724) and (B24), we have

Znt1 — pI° + l[yns1 — gl?

(3.26)

<

<

<

[lun = pI[? + [Jon = all* + Ga(Gn = (1= k)| Tup — unl|?
‘H/)n(wn(l - k2))||vn - S'UnH2

It =Pl + [lrn = all* + GG — (1 = k)| Tup — unl|?

o (Pn = (1 = k2))[[on — Svpl[?

(1= an)[lfzn = pII* + [lyn — dll?] + an[llu = p|[* + |Jv — q||?]
+Cn (G — (1= k1)) Jup — Tuy|®

+'(/)n(¢n - (1 - kQ))HUn - S'UTLHQ'

Let K = Cu((1 — k1) — Go)l[un — TUnHQ +Pn((1 = k2) — ¥n)||vn — Svn||27

then

K,
< (L—a) [[len =l + llyn — dll?]
~[llzns1 = l* + l[yn+1 — al*]
+au [[lu—p|]* +|lv—q|’] =0, as n — oo,

which implies

That is
(3.27)

and

(3.28)

[t — Tun||* + |[vn — Sva|]* = 0, n — oco.
lim [[u, — Tu,||* =0,
n—roo

lim |[v, — Sv,|[* = 0.
n— oo

From (BZZ1), we have

(3.29)

n—00 n—00

Similarly, from (B28), we have

(3.30)

Im ||ypt1 —vn|| = lm ¥y|lv, — Svp|| = 0.
n—oo n— oo

From (BTd) and (B=20), we have ||z, —un|| < ||2n —tn||+]|]tn — un|| — 0, which

implies that

(3.31)

lim ||, —u,|| = 0.
n— oo

Similarly, from (BTH) and (B=22), we have

(3.32)

lim ||y, — v,|| = 0.
n—oo
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Also, from (B=29) and (8=31), we have
[Zn+1 = Znll < [[Tnt1 — unll + [|lun — 20|l = 0, as n — oo,
which implies that
(3.33) nh_)ngc l|Zn+1 — xnl] = 0.
Similarly, from (B330) and (B=32), we have
(3.34) Tim [y — il = 0.

Since {x,} is bounded, there exists a subsequence {zy,, } of {z,} such that
{Zn, } converges weakly to & € H;. By (B331) and (BTd), we have that {u,} and
{tn} converges weakly to Z and by the demi-closeness of I—T at 0 and (B=Z2), we
have that z € F(T). Since {y,} is bounded, there exists a subsequence {yy,, }
of {yn} such that {y,, } converges weakly to § € Hy. By (B332) and (B1H), we
have that {v,} and {r,} converges weakly to § and by the demi-closeness of
I — S at 0 and (B228), we have that § € F(S).

Also, since A and B are bounded linear operators, we have that {At,}
converges weakly to AZ and {Br,} converges weakly to BY.

Next, we show that Az = By.

|14z — By||?

Az — By, Az — By + At,, — At, + Br,, — Bry,)
Az — By, Az — At,) + (Ax — By, At,, — Bry,) + (Az — By, Br,, — BY)
AZ — By, AT — At,) + (AZ, At, — Br,) — (Bg, At,, — Bry,)
+(Az — By, Br,, — By)
= (Az — By, Az — At,,) + (z, A*(At,, — Bry)) — (y, B*(At,, — Bry))
+(Az — By, Br, — BY)
< (A7 - By, AT — Aty) + [[5|[|A" (At — Bro)l| + IgllI1B* (At — Bro)]|
+ (Az — By, Br, — By) — 0,n — o0,

(Az
(
(
(

which implies that ||AZ — Bg|| = 0. Hence Az = Bj.
Let p,, = tn, — Y A*(At, — Bry,).
Then ||p, — tn]|> = 72| A*(At,, — Br,)||> = 0 as n — oo, and

(3.35) lun — pnll < JJlun —tol] + ltn —pull = 0 as n — oco.
We get from (B333) that

(3.36) [proxs, g, (pn — 0nV f1(Pn)) — pull — 0.
Similarly, if we let a,, = r, + 7, B*(At,, — Br,), we obtain

(3.37) |lproxs, g, (an — 0,V fa(an)) — an|| — 0.
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Hence by Lemma P23 (demiclosedness principle) we have wy,(pn) = we(x,) C
Y. There exists a subsequence {z,,} of {z,} such that z,, — Z, for some
Z € Y. By similar argument, we get § € Y. Hence (Z,7) € T.

Next, we show that ({x,}, {yn}) converges strongly to (Z, ).

From (B1), we have

lenss = 2l + llynrr — 712
ltn = 2| + |lrn — 311

= (1—an)’llzn — 2l + oplu — 7|

+2(1 — ap)an (T, — T,u — T)
+(1 = an)llyn — 9lI> + a3 lJo — 9|

+2(1 — ap)an(yn — J,v — 7)
< 1_0‘712[|xn_5f”2+”yn_§”2}+an[an||u_§c||2
+2(1 = an) (@0 — Z,u — Z) + v — g2
(3.38) +2(1 — an){yn — g,v — gjﬂ
Applymg Lemma (24) to (B538), we have that ({z,}, {yn}) converges strongly

to (7, 7).

Case 2. Assume that {||z, —p||* + ||y — ¢||*} is not monotone decreasing.
Set Ty, = ||, — p||> + ||lyn — ¢||? and let 7 : N — N be a mapping defined for
all n > ng (for some large ng) by

7(n) :=max{k € N: k <n,T) <Tpi1}.
Clearly, 7 is a non-decreasing sequence such that 7(n) — oo, as n — oo and
Lrn) < Trgnyg1, V0 2 ng.
From (B12), we have
([[A*(Atr(ny — Brom)I® + [|B*(Atr(n) — Bre(n)||?

< (1= ar)lllermy —pll?
Hlyrny = allP’) = Ner@y+1 = pII”
Hlyrmy+1 = all’] + oy [llu = pI* + [Jo = pl|?]
(3.39) < ar(llu = plPP + v — gl ?]-
Therefore,

(||A*(At7'(n) - BTT(n))||2 + ||B*(At7'(n) - BTT(n))||2) — 0, as n — oo.
Note that Aty — Brr(n) =0, if 7(n) ¢ Q. Hence,

and
(3.41) lim ||B*(At,(n) — Brym)||* = 0.

n—oo
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Using the same argument as in case 1, we have ({Z;(,)}, {¥rn)}) converges
weakly to (Z,7y) € I
Now for all n > ng,

lzrmysr =PI+ yrmyr1 = all?) = llzr@my =PI + yr(n) — all?]

(1= ar@)lll@rmy = I + yrm) — 0112 = 127y = 21> + Yy — all?]
+armylormlllu = Z|* + (v = §l17] + 2(1 = arm) ((@rn) — T, u — I)
HYrn) — v — )],

INIA

which implies

2y = ZI1 + [Yr(m) — 9l
< arllfu =zl + |lv = gI[*)
+2(1 = ar () ({27(n)
—Z,u —Z) + (Yr(n) —¥,v — 7)) — 0.

Hence

lim (Hx'r(n) - j||2 + ||y'r(n) - 37”2) =0.

n—oo

Therefore,

Jim oy = lim ooy 1 =0.
Moreover, for n > ng, it is clear that I'v(,y < T'rnyq1 if n # 7(n) (that is
7(n) < n) because I'; > T'j 1 for 7(n) +1 < j <n.

Consequently for all n > ny,

0 <Ty <max{T'rm), [rn)+1} = Trn)+1-

Thus, lim,, . I';, = 0. That is {(zn, yn)} converges strongly to (Z, 7). O

Corollary 3.2. Let Hy, Hs, and Hs be real Hilbert spaces Let T : Hy —
H,, S:Hy; — Hs be two nonexpansive mappings such that I —S and I — T
are demi-closed at 0. Let f; and g; (i = 1,2) be two conver and lower semi-
continuous functions such that fi : Hi — R and fo : Hy — R are differ-
entiable with Li- and Lo- Lipschitz continuous gradient, g1 : Hi — R and
go : Hy — R be simple maps and A : Hi — Hs, B : Hy — Hj3 be bounded

linear operators. Assume that the solution set T # () and let the step-size
2||Atn,—Bra||? 19
Tn € \& AL =Br) B (AL, —Brl? ~ €)" €

q otherwise, v, = v (v being any nonegative value), where the set of indexes
Q={n: At, — Br, #0}.

Let u,xo € Q1 and v,y € Q2 be arbitrary and the sequences {(xy,,yn)} be
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generated by

tn = (1 — an)x, + anu

Tn = (1 — n)yn + nv

Up, = Proxs, g, (I — 8,V f1)(tn — ynA*(At,, — Bry))
vy, = Proxs, ¢,(I — 0,V f2)(rn + ynB*(At, — Bry))
Tp+1 = ( gn)un + ¢ Tup

Ynt1 = (1 = Yn)vn + nSvy

where {0, } is a sequence of positive real numbers and {on}, {Cn} and {¢Yn}
are sequences in (0,1), with conditions

(3.42)

1—
1—

i limy oo =0, D07y = 00,
it ¢ € (a,1 — k1) C(0,1) for some a >0,
i Yy € (b,1 —ka) € (0,1) for some b > 0.
Then {(Zn,yn)} converges strongly to (Z,y) in Y.

Corollary 3.3. Let Hy, Hs, and Hj3 be real Hilbert spaces. Let T : Hy —
H,, S :Hy — Hy be ky-strictly pseudocontractive and ko-strictly pseudocon-
tractive mappings respectively such that I—S and I =T are demi-closed at 0. Let
fi and g; (i =1,2) be two convex and lower semicontinuous functions such that
fi1: H — R and fo : Ho — R are differentiable with L1- and Lo- Lipschitz con-
tinuous gradient, g1 : Hi — R and g2 : Ho — R be simple maps and A : H —
Hs, B : Hy — Hjs be bounded linear operators. Assume that the solution set

; 2||At,,—Bro||2
Y # 0 and let the step-size v, € (e, A= (At =Bro)ET B (A6 =B~ e) ,nE

0. Otherwise, v, = v(y being any nonegative value), where the set of indexes
Q={n:At, — Br, #0}.

Let u,xo € Q1 and v,yo € Q2 be arbitrary and the sequences ({xn}, {yn})
be generated by

tn = (1 — an)a, + anu

rn = (1 — n)yn + nv

Up, = Proxs, g, (I — 8,V f1)(tn — ynA*(At,, — Bry))
vy, = Proxs, ¢,(I — 0,V f2)(rn + ynB*(At, — Bry,))
Tny1 = (1= G)tn + G Tup

Ynt1 = (1 — ¥p) v, + ¥pSv,

where {0, } is a sequence of positive real numbers and {on}, {Cn} and {¢Yn}
are sequences in (0,1), with conditions

(3.43)

. . o0
i limy, ooy =0, D7 @, = 00,

it ¢ € (a,1 — k1) € (0,1) for some a >0,
it Yy € (b,1 —ka) € (0,1) for some b > 0.
Then {(Zn,yn)} converges strongly to (Z,y) in Y.
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3.1. Application to the split equality monotone variational inclusion
problem

Let Hy, Hy and Hj3 be real Hilbert spaces, A: Hy — H3 and B : H, — Hj
be two bounded linear operators. Let f; : Hy — Hy, fo : Hy — Hs be aq,
(respectively, ag)-inverse strongly monotone mappings and M; : H; — 2H1
M, : Hy — 2H2 be maximal monotone mappings. The split equality monotone
variational inclusion problem (SEMVIP) is to find z* € H; and y* € Hy such
that

(3.44) 0€ fi(z") + My(z"),

(3.45) 0 € fo(y*) + Ma(y*), and Az* = By*.

Let SOL(f;, M;), (¢ = 1,2) be the solution set of SEMVIP. The operator
JMi(I — \¢) (i = 1,2) is an averaged nonexpansive operator and F(JMi (I —
Afi)) =SOL(f;, M;), i = 1,2, where 0 > 0, A € (0,2a) and JM: (I — \¢) is the
resolvent of M; with parameter o (see for example [, T9]).

Since every averaged nonexpansive mapping with nonempty fixed point set
is quasi-nonexpansive, in Corollary B2, if we let T = JM1 (I — \f;) and S =
JMz(T — \fy), then we obtain a strong convergence result for approximating a
common solution of SEMVIP and SEMFPP.
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