Novi SAD J. MATH. VoL. 48, No. 2, 2018, 57-82
https://doi.org/10.30755/NSJOM. 06365

INVARIANT, ANTI-INVARIANT AND SLANT
SUBMANIFOLDS OF A METALLIC RIMANNIAN
MANIFOLD

Adara M. Blaga™ and Cristina E. Hretcanu®

Abstract. Properties of invariant, anti-invariant and slant isometri-
cally immersed submanifolds of metallic Riemannian manifolds are given
with a special view towards the induced X-structure. Examples of such
metallic manifolds are also given.
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1. Introduction

The theory of submanifolds has the origin in the study of the geometry of
plane curves initiated by Fermat. Since then it has been evolving in different
directions of differential geometry and mechanics, especially. It is still an active
and vast research field playing an important role in the development of mod-
ern differential geometry. The modeling spaces of dynamical systems always
carry different canonical geometrical objects: affine connections, differential
forms, tensor fields etc. A natural question arising is when the submanifold
inherits the geometrical structures of the ambient manifold. In this spirit, we
shall consider a certain kind of isometrically immersed submanifolds of metallic
Riemannian manifolds, namely, slant submanifolds. The notion of slant sub-
manifold appeared for complex manifolds in Chen’s book [d] and later in his
works ([8], [B], [@], [I¥]). Remark that the slant submanifolds have been studied
in different contexts: contact [I3], LP-contact [I2], K-contact (4], Kahler [3],
Sasakian [?], Lorentzian [16], Kenmotsu [8], para-Kenmotsu [[], almost product
Riemannian manifolds [['7], almost paracontact metric manifolds [].

We shall begin recalling the basic properties of a metallic Riemannian struc-
ture and prove some immediate consequences of the Gauss and Weingarten
equations for an isometrically immersed submanifold in a metallic Riemannian
manifold (M, J,g). We also consider the Y-structure induced by a metallic
Riemannian structure on its submanifolds and establish a kind of inheritance
property to the submanifolds of isometrically immersed submanifolds of M. In
the main section we characterize the invariant, anti-invariant and slant sub-
manifolds of M.
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2. Metallic Riemannian manifolds revisited

Definition 2.1. [I1] A (1,1)-tensor field J is called a metallic structure on M
if it satisfies the equation:

(2.1) J? = pJ + qIr(r ),

for p, ¢ € N*, where Ip(ryy) is the identity operator on I'(T'M). The pair
(M, J) is a metallic manifold. Moreover, if a Riemannian metric g on M is
compatible with J, that is ¢(JX,Y) = g(X,JY), for any X, Y € I'(TM), we
call the pair (J,g) a metallic Riemannian structure and the triple (M, J,g) a
metallic Riemannian manifold.

It was shown [I] that the powers of J satisfy:

(2.2) J" = gnd + qgn—11r(Tar),

where {g,}nen+ is the generalized secondary Fibonacci sequence defined by
In+1 = Dgn + qgn—1, n > 1 with go = 0, g1 = 1 and p, g real numbers.

Remark 2.2. Concerning the inheritance of this kind of structure on subman-
ifolds, Hretcanu and Crasmareanu proved in [I1] that a metallic structure on
a metallic Riemannian manifold M induced a metallic structure on every in-
variant submanifold of M and illustrate this on a product of spheres in an
Euclidian space.

Fix now J a metallic structure on M and define the associated linear con-
nections as follows:

Definition 2.3. i) A linear connection V on M is called a J-connection if J
is covariant constant with respect to V, namely VJ = 0.

ii) If the Levi-Civita connection V with respect to a Riemannian metric
g on M compatible with J is J-connection, then (M, J, g) is called a locally
metallic Riemannian manifold.

The concept of integrability is defined in the classical manner:

Definition 2.4. A metallic structure J is called integrable if its Nijenhuis
tensor field N;(X,Y) := [JX,JY] - J[JX,Y] - J[X, JY]+ J?[X, Y] vanishes.

Necessary and sufficient conditions for the integrability of a polynomial
structure J whose characteristic polynomial has only simple roots were given by
Vanzura in [[9] who proved that if there exists a symmetric linear J-connection
V, then the structure J is integrable.

3. Submanifolds of metallic Riemannian manifolds

3.1. Isometrically immersed submanifolds

We shall focus on a certain kind of isometrically immersed submanifolds of
metallic Riemannian manifolds, namely, slant submanifolds.
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Let M be an n-dimensional submanifold of codimension r isometrically
immersed in an (n + r)-dimensional metallic Riemannian manifold (M, J, g)
(n, r € N*). Then for each x € M, the tangent space T, M of M decomposes
into the direct sum:

T.M =T,M & T, M-=.

Denote by:

(3.1) T:T(TM) - I(TM), TX :=(JX)",

(3.2) N:T(TM) - T(TM™*), NX :=(JX)*,
(3.3) t:T(TM*Y) - I(TM), tU:=(JU)T,

(3.4) n:T(TM*) = T(TM*), nU:=(JU)*.

Remark that the maps T and n are g-symmetric:

(3.5) g(TX,Y)=g(X,TY), X,Y e (TM),

(3.6) g(nU, V) = g(U,nV), UV eT(TM?")

and

(3.7) g(NX,U) = g(X,tU), X € T(TM),U € T(TM™).

Denoting also by g the Riemannian metric induced on M, by V and V the
Levi-Civita connections on (M, g) and (M, g), respectively and by {Ny, ..., N,.}
an orthonormal basis for the normal space, the Gauss and Weingarten formulas
corresponding to M are given by:

(3.8) VxY =VxV + > ho(X,Y)N,,
a=1
(39) ?XN = —ANQX + Z)\aﬁ(X)N@,
B=1

where h,, 1 < a < r, are the (symmetric) second fundamental tensors corre-
sponding to Ny, i.e. h(X,Y) =" _ ho(X,Y)N,, for X, Y € T(T'M), An,
is the shape operator (or the Weingarten map) in the direction of the nor-
mal vector field N, defined by g(An,X,Y) = ho(X,Y), for X, Y € (T M),
1<a<rand Agg = —Aga, 1 <o, <7, the 1-forms on M corresponding to
the normal connection V1, i.e. V%N, = > p—1 Map(X)Np.

Also from g(JX,Y) = g(X,JY) follows g((VxJ)Y,Z) = g(Y,(VxJ)Z),

forany X, Y, Z e T(TM).
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Proposition 3.1. If M is an isometrically immersed submanifold of the metal-
lic Riemannian manifold (M, J,g), then g(VxT)Y,Z) = g(Y,(VxT)Z), for
any X, Y, ZeT(TM).

Proof.

(VxJ)Y = VxTY +VxNY = J(VxY + ) ha(X,Y)N,)

a=1

= (VxT)Y =) g(NY,No)An, X = > ha(X,Y)tN,

a=1 a=1

+ Z ha(X,TY)Na + Z X(g(NY,Ny))Ng

a=1 a=1

+ ). g(NY,Np)Aga(X)Ng — Z ho(X,Y)nN, — N(VxY).

1<a,8<r a=1

Since NY =37 _ g(NY,N,)N, and g(NY,N,) = g(Y, JN,), we get:

9(Vx Y, Z) = g(VxT)Y,Z) =) g(NY,Na)g(An X, Z)

a=1

- Z ha(X,Y)g(tNy, Z)

_ (VAT)Y.2)

- i[g(KJNa)hoz(sz)+g(JNavz)ho¢(X7Y)]'

a=1
O

Proposition 3.2. If M is an isometrically immersed submanifold of the locally
metallic Riemannian manifold (M, J,g), then:

1. for any X, Y e I'(T'M), we have:

(a') (VXT)Y = Zgzl Q(NYa Na)ANaX —+ Z;:I hOé(X’ Y)thw
(b)

> g(NY,Na)Vx Na
a=1

= N(VyY)+ Z ho(X,Y)nN,

a=1

- Z ho(X, TY)N,, — Z X (g(NY, No))Na:

a=1 a=1
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2. for any X € T(TM), U € T(TM*), we have:

(a)
VxtU = Z (nU, No)[An, X = T(An, X))
AL
Z UvNﬁ)Aﬁa(X)] Na,
=1
(b)

> g(nlU, No)Vx N,

—i—Z[X
a=1

+ZQ(U7 Np)Aga(X)|nNq
B=1

- Zg (nU, No)N(Ay, X).

Proof. 1. For X,Y e I'(TM):

NY =3 g(NY,No)Na

a=1

VxNY = Y X(g(NY,No))No— Y g(NY,No)Ay, X

a=1 a=1

+ Z g(NY, No)Aap(X)Npg
1<a,B<r

J(VxY) = J(VxY)+ Z ha(X,Y)(tNa + nNy)

a=1

= T(VxY)+N(VxY)+ Z ha(X,Y)(tNa + niNy).

a=1

—~ Z g(nU, N,)) + ho(X,tU)]N,

61
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It follows:

0 = (VxJ)Y =VxTY +VxNY — J(VxY)
= [VxTY = > g(NY,N)An, X —=T(VxY) = Y ha(X,Y)tNa]

a=1 a=1

+ [i ha (X, TY ) No + ET: X(9(NY,Nq))Na

+ Y g(NY No)Xap(X)Ng = N(VxY) = 3 ha(X,Y)nN,].

1<a,B<r a=1

2. For X e I(TM), U € T(TM*"):

U= ZgUN 0, nU = ZgnUN)

a=1

VxU = Y X(g(U,Na))Na — > g(U No)Ay, X
a=1

+ Y 9(U,Na)Aap(X)Ng

1<a,B<r

VxnU = iX(g(nU,N Z (nU, N,)An. X

+ > g(nU, Na)Aas(X)Ng

1<a,B<r

J(VxU) = Z X(g(U, Na))(tNo + nNa)

- ZgUN T(An.X)+ N(An. X))

+ Z 9(U, No)Aas(X)(tN5 + nNp).
1<a,B<r
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It follows:

0 (va)UZ VxtU 4+ VxnU — J(va)

= [VxtU ) g(nU,No)An, X = ) X(g(U, Na))tNa

a=1 a=1

+ Y g(UNIT(AN,X) = > g(U,No)rap(X)tNg]

1<a,B<r

b R (XN, + Y X (g, Vo),

a=1 a=1

+ Y g(lU, Na)Aas(X)Ng — Y X(g(U, No))nNy
1<a,B<r a=1

+ Y g(UNo)N(An, X) = > g(U Na)ap(X)nNg).

1<a,B<r

O

Remark 3.3. From the previous computations, we obtain for any X, Y €
N(TM):

(VxJ)Y

= [VXTY - i:g(NK Na)ANaX - T(VXY) - 27: ha(X? Y)tNoc]

a=1 a=1

b haXTY )N, + 3 X(g(VY. NN
a=1 a=1

T

+ 3 gINY, No)das(X)Ng — N(VxY) = > ha(X,Y)nN,].

1<a,B<r a=1

We remark that, for X € T, M, the vector fields JX and JN, decompose
into the tangential and the normal components:

(3.10) JX =TX + Z Na(X) Ny,
a=1
(3.11) INo =&a+ Y aapNg,
B=1

where T is a tensor field of (1, 1)-type on M (which associates to tangent vector
field X on M the tangential part of JX), £, are vector fields and 7, are 1-forms
on M (1 <a<r)and (ans)i1<a,p<r IS an r x r matrix of smooth real functions
on M, whose properties are stated in the next Proposition:
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Proposition 3.4. [I1] If M is an isometrically immersed n-dimensional sub-
manifold of codimension r of the (n + r)-dimensional metallic Riemannian
manifold (M, J, g), then the induced structure ¥ := (T, g, Na, £as (ap))1<a.p<r
on M satisfies:

1. T? = pT + qIv(rar) — Yoney o @ Ea;

2. Mo o T = Plla — 2p_ Qaplp;

3. B = ABa;

4- n5(€a) = @0ap + Paap — D21 Ganyp;

5. T&q = p&a — 22:1 aapép;

6. 10(X) = ig,9(X);

7. g(TX,Y) = g(X,TY);

8. g(TX,TY) = pg(X,TY) + q9(X,Y) = 321 1 (X)1a(Y),
forany X, Y e IN(TM), 1 < a, B <r, where 03 is the Kronecker delta.

Notice that in our notations, 7,(X) = g(NX,N,), for X € I'(T'M) and
&a =tN, and anp = g(nNy, N3).

Proposition 3.5. Let M be an isometrically immersed n-dimensional subman-
ifold of codimension r of the (n + r)-dimensional locally metallic Riemannian

manifold (M, J, g) and ¥ := (T, g, M, €as (@ap))1<a.p<r 8 the induced structure
on M. Then for any X, Y e T(TM) and 1 < o, 8 < r:

1 (VxT)Y =3 [ (V) AN X + ha(X,Y)&0]:
2. (Vxna)Y = =ha(X,TY) + 35 1 [aashs(X,Y) +15(Y) Xap(X)];
3. ngoc = _T(ANQX) + 22:1[%4314%)( + )\aﬁ(X)gﬁ];

4. X(aap) = —[ha(X,&5) + hp(X,&a)] — 22:1[‘1&7)‘76()() + agyAya (X))
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Proof.
0 = (?XJ)Y = ?XJY - J(?XY)
= VxJ(TY)+ Zna )V x Na + Zx (Na(Y))Ny — J(VxY)
a=1 a=1
- Zha(X,Y)JN
= (VXTY+Zh (X, TY)N, Z% VAN, X+2Xna Y))N,
a=1 a=1
- Zna(vXY)Na - Z ha(X,Y)&a + Z Aap(X)1a(Y )N
a=1 a=1 1<a,B<r
= ) aapha(X,Y)Ng
1<a,B<r
= (VxT)Y - Zna )An, X — Zh X,Y)a
a=1 a=1
+ D (V)Y +ha(X,TY) + > Xap(X)np(Y)
a=1 B=1
— Y aphs(X,Y)| Ny,

B=1

from where we deduce that the tangential and the normal components should
both vanish.
Also:

(Vx1a)Y = X(1a(Y))=1a(VxY) = X(9(8a, Y ))=9(8a; VxY) = 9(Vx&a, Y)
and from the second relation we get:
Vixéa = —T(An,X)+ Y [aapAn, X — g(Vx N, Na)és].
B=1
For the last relation we have:

X(aas) = X(Q(JNa,NB))=g(v§JNmN5)+g(Jva§Nﬁ)
= g((VXJ)Na,Ng)+g(VXNa,JNg)+g(JNa,VxN5)

and replacing Vx N, and Vy Ng from (B9) we get the required relation. [

From Proposition B2, if (M, J, g) is a locally Riemannian metallic manifold,
then we can express the Nijenhuis tensor field of T' as follows.
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Proposition 3.6. [A] If M is an isometrically immersed n-dimensional sub-
manifold of codimension r of the (n + r)-dimensional locally metallic Rieman-
nian manifold (M, J,g) and ¥ = (T, 9, N, &a; (ap))1<a.p<r is the induced
structure on M, then:

Nr(X)Y) = =3 g(TAn, — AN, T)X,Y )&

a=1

= D 0a(V)(TAy, — ANT)X + Y 1a(X)(TAn, — AN, T)Y,
a=1 a=1

forany X, Y e I(TM).

Following [5], we can compute the components NO N NG and N@® of
the Nijenhuis tensor field of T for the induced structure
Y = (T, 9,7, (@ap))1<a,p<r On the n-dimensional submanifold of codi-
mension 7 of the (n 4 r)-dimensional metallic Riemannian manifold (M, J, g):

L NO(X,Y) = Np(X,Y) =230 dna(X, Y)éa;
2. NP (X,Y) = (Lrxna)Y — (Lryna)X;

3. NY(X) = (L, T)X;

4. NG (X) = (Le,mp)X,

for any X, Y € T'(TM) and 1 < «,8 < r, where Nr is the Nijenhuis tensor
field of T" and Lx denoted the Lie derivative with respect to X.

3.2. Y-structures induced on submanifolds

Let M be an isometrically immersed (n + r)-dimensional submanifold of
codimension 1 of the (n 4 r + 1)-dimensional metallic Riemannian manifold
(M, J,g), M an isometrically immersed n-dimensional submanifold of codi-
mension 7 of M and denote also by g the induced Riemannian metrics on M
and M. Let N be a unit vector field on M normal to M and {Ny,...,N,} be
an orthonormal basis for the normal space to M in M. Also, {N, Ny,...,N,}
is an orthonormal basis for the normal space to M in M. Thus, M is an n-
dimensional submanifold of codimension 7 4+ 1 of M and we have the following
immersions between the Riemannian manifolds:

(M,g) = (M, g) = (M, g).
Then for any X € I'(TM) we have:

(3.12) JX =TX +7(X)N,

(3.13) JN = £ +aN,
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where T is a tensor field of (1, 1)-type on M (which associates to tangent vector

field X on M the tangential part of JX), € is a vector field and 7 is a 1-form

on M and @ is a smooth real function on M, and for any X € I'(T'M) we have:

(3.14) JX =TX + Y 1a(X)Na +n(X)N,
a=1
(3.15) JNo =&a+ Y aapNs +aNl,
B=1
(3.16) JN =&+ baNa +aN,
a=1

where T is a tensor field of (1, 1)-type on M (which associates to tangent vector
field X on M the tangential part of JX), &,, £ are vector fields and 7,, n are
1-forms on M (1 < a < 71), (aag)i<a,p<r i an r X r matrix of smooth real
functions on M and a = a| .

t
Let A:= ((aaﬁ)f%ﬁf’“ ;4) where A := (g(JN1,N),...,g(JN,, N)).

Lemma 3.7. The structure ¥ = (T,g,7,&,a) induced on the submanifold
(M, g) of codimension 1 of the (n + r + 1)-dimensional metallic Riemannian
manifold (M, J,g) also induces on the submanifold (M,g) of codimension r of
M a structure ¥ := (T, 9, M0, My s §3 A)1<a<r which has the following proper-
ties:

1. T?=pT + qlreray = Yooi Na ®&a —1®&;
2. Mo T = Plla — 2oy Qapfp — bal;
3. moT =(p—ay;
4. Qo = GBa;
5. 15(6a) = @0ap + Paas +bs — 301 (aay +by)(ays +by);
6. Ma(€) = (p — a)ba — 35— Gapbs;
7. 0(€) = g+ pa — a?;
8. Téa = pa — g1 Gapép + (1 = ba)E;
9. T¢ = (p— a)é — X5 bpép;
10. no(X) =g, 9(X);

11. n(X) =igg(X);
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12. g(TX,Y) = g(X,TY);

13. g(TX,TY) = pg(X,TY) 4+ q9(X,Y) = >\ a(X)na(Y) = n(X)n(Y),

forany X, Y e T(TM), 1 < «,B <r, where 0,3 is the Kronecker delta.
Also:

1. T? = pT + qly(ryn — T &;
noT = (p—a)i;

(&) = ¢+ pa — a*;

TE = (p—a)§;

N(X) =igg(X);
g(TX,Y)=g(X,TY);

A T R

9(TX,TY) = pg(X,TY) + q9(X,Y) — i(X)7(Y),
for any X, Y € D(TM).

From the above considerations, we obtain that if M is an isometrically im-
mersed n-dimensional submanifold of codimension 7 of the (n + r)-dimensional
Riemannian manifold (M, §) which is an isometrically immersed (n+7)-dimen-
sional submanifold of codimension 1 of the (n+7+ 1)-dimensional metallic Rie-
mannian manifold (M, J,3), then the induced structure
Y= (T,9,M0:M ¢, & A)1<a<r o1 M by the metallic Riemannian structure
(J,g) on M is the same as the one induced on M by the structure
(T,g,7,€, a) induced on M by the metallic Riemannian structure (.J, )

Let M, be an n-dimensional submanifold of codimension r (r > 2) of the
(n + r)-dimensional metallic Riemannian manifold (M,.J,g). We make the
following notations: M := My, g := go, J := Ty, so we have the sequence of
Riemannian immersions:

(M, g;) = (My_1,gr—1) < -+ = (M1, 1) = (M, g) := (Mo, go),

where g; is the induced metric on M; by the metric g;—1 on M; 1,1 < <r
and each of the manifolds (M;, g;) is an isometrically immersed submanifold
of codimension 1 of the Riemannian manifold (M;_1,¢g;-1), 1 < i < r. Let
1< q;,pB; <iforany 1 <¢ <r. In this setting, we obtain:

Proposition 3.8. The structure ¥, := (T, g,,n7,,&5,, Ar)i<a,<r 0n the n-
dimensional submanifold M, of codimension v (r > 2) of the metallic Rie-
mannian manifold (M, g, J) induced on M, by the metallic Riemannian struc-
ture (J,g) is the same as the one induced on M, by the structure ¥; :=
(n7gi,néi7£éi7v4i)1§aigi (with i < r, 1 < a; < i) induced on M; by the
metallic Riemannian structure (J,g), where T, is the tangential component
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of Ty on M,, the vector fields &, are the tangential components on M, of
the vector fields f}x on M;, the 1-forms n(,_ are the restrictions on M, of
the 1-forms 1, on M; and the matriz A, = (aa,8,)1<a,.8,<r is defined by
Ao = Agra, = Gr(Tr—1Na,, Ng,).

3.3. Invariant and anti-invariant submanifolds

3.3.1. Invariant submanifolds

A submanifold M of M is called invariant if J(T,M) C T, M, for any z € M.
It follows J(T,M*) C T,M*, for any x € M, because for any U € T'(TM*),
9(X,JU) =g(JX,U) =0, for any X € T'(TM).

Proposition 3.9. [T1] An isometrically immersed submanifold M of a metallic
Riemannian manifold (M,J,g) is invariant with respect to J if and only if
(M, T, g) is metallic Riemannian manifold whenever T is non-trivial.

Proposition 3.10. If M is an isometrically immersed invariant submanifold
of the locally metallic Riemannian manifold (M, J,g), then for any X, Y €
I(TM):

(3.17) VJ =0,
(3.18) Z ho(X,JY )N, = Z ho(X,Y)JN, = Z ha(JX,Y)N,,
a=1 a=1 a=1

(3.19) ha(JX,JY) = pho(X, JY) + qho(X,Y), forany 1l <a<r.

Proof. Let X, Y € I'(TM). Then VxY, JX, JY, J(VxY) € I'(T'M) and
JN, € T(TM*), for any 1 < o < r. If V.J = 0, using Proposition B2:

(VxJ)Y i=VxJY — J(VxY) = VxTY — T(VxY) = (VxT)Y = 0.

Also:
Zh (X,Y)nN, Zh (X, TY)Ny =0
a=1
which implies:
Y ha(X,JY)Na = > ha(X,Y)INa =Y ha(Y, X)JN,

a=1 a=1
= Y ha(Y,JX)Ny =Y ha(JX,Y)N,
a=1 a=1

and
ha(JX,JY) = ha(X, J?Y) = pha(X, JY) 4 qha(X,Y).
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Remark 3.11. If M is an isometrically immersed invariant n-dimensional sub-
manifold of codimension r of the (n+r)-dimensional metallic Riemannian man-
ifold (M, J,g) and ¥ := (T, g, o> o, (@ap))1<a.p<r is the induced structure on
M, then &, are zero vector fields and the 1-forms 7, vanish identically on M,
for any 1 < o < r. In this case, for any X € I'(T'M), (B10) and (BT) become:

3.20 JX=TX, JN, = aapNg, foranyl<a<r.
BVB
B=1

Also, the Y-structure satisfies:

L. T? = pT + qIr (7

2. anBg = aa;

3. 2201 Gaylys = ¢Oap + Plags;

4. X(aap) = 9((VxJ)Nas Np) = 327 [aay Ays(X) + apy Aa (X)];
5. g(TX,Y) = g(X,TY);

6. g(TX,TY) = pg(X,TY) + qg(X,Y),

forany X, Y e I'(TM) and 1 < o, B <'7.
Denoting by J := V.J, from Remark B=3 we obtain:

Proposition 3.12. Let M be an isometrically immersed invariant n-dimen-
stonal submanifold of codimension r of the (n + r)-dimensional metallic Rie-
mannian manifold (M, J,g) and ¥ = (T, g,na = 0,€0 = 0, (ans))1<a.p<r 08
the induced structure on M. Then:

J(X, V)" =(VxT)Y,
~7( V)t =30 ha (X TY)Na = ha(X,Y)nNol;
2. J(X,No)"' =T(An, X) = Y5 aapAn, X

j(X, No)t = 25:1[ (aap) + 22:1(‘1&“/)‘75()() + agy A (X))|Ns,
forany X, Y e N(TM) and 1 <a <.
From Proposition B33 and Proposition B2 we deduce that:

Corollary 3.13. If M is an isometrically immersed invariant n-dimensio-
nal submanifold of codimension r of the (n + r)-dimensional locally metallic
Riemannian manifold (M,J,g), ¥ = (T, 9,10 = 0,&x = 0,(aap))1<a,p<r s
the induced structure on M, then:

1. VT =0,
S [ha(X, TY )Ny — ho(X,Y)nN,] = 0;

2. T(ANQX) - 22:1 aagANﬁX = O,
X(aap) + 2221@&7)‘76()() + agyAya(X)] =0,
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forany X, Y e (TM) and 1 <, <.

From
dno(X,Y) = —g(TAn, — AN,T)X,Y) 4 Y Pap(X)ns(Y) = Xap(Y)ns(X)),
=1

for any X, Y € T'(T'M), we obtain that:

Proposition 3.14. Let M be an isometrically immersed invariant n-dimen-
sional submanifold of codimension r of the (n+ r)-dimensional locally metallic
Riemannian manifold (M, J,g) and ¥ := (T, g,1a = 0,&0 = 0, (@ap))1<a.p<r
is the induced structure on M. Then

TAy, = AN, T

for any 1 < a < r and the Nijenhuis tensor field of T vanishes identically on
M (i.e. Np(X,Y) =0, forany X,Y e T(TM)).

Proposition 3.15. Let M be an isometrically immersed invariant n-dimen-
stonal submanifold of codimension r of the (n + r)-dimensional metallic Rie-
mannian manifold (M, J,g) and ¥ = (T, g,1a = 0,€0 = 0,(ans))1<a.p<r 8
the induced structure on M. Then the components N, N® and N® van-
ish identically on M. Moreover, if Np = 0, then N vanishes, too, on M.
In particular, this happens if the normal connection V+ on the normal bundle
vanishes identically (i.e. Aog =0, for every 1 <o, 8 <r).

3.3.2. Anti-invariant submanifolds

A submanifold M of M is called anti-invariant if J(T,M) C T,M*, for any
ze M.

Proposition 3.16. If M is an isometrically immersed anti-invariant subman-
ifold of the locally metallic Riemannian manifold (M,J,g), then for any X,
Y eI'(TM):

(3.21) D ha (X, V)N, ==Y g(JY,No)An, X
a=1 a=1
(3.22)
Zh (X,Y)n Z (JY,N,)V%N, +ZX (JY,No)) — J(VxY).

Proof. Let X, Y € I(TM). Then VxY € I'(TM), JX, JY,
J(VxY)eT'(TM*). If V.J = 0, using Proposition B2:

> g(NY,No)An, X + ) ha(X,Y)tN, = 0.

a=1 a=1
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Also:

ZT: g(NY,Ny)VEN, = N(VxY)+ Z ha(X,Y)nNy — Z X(9(NY,Nq))Na.

a=1 a=1 a=1
O

Remark 3.17. If M is an isometrically immersed anti-invariant n-dimensional
submanifold of codimension r of the (n + r)-dimensional metallic Riemannian
manifold (M, J, g) and ¥ := (T, g, Na, a, (Aap))1<a,p<r is the induced structure
on M, then T vanishes identically on M. In this case, for any X € I'(T'M),
(B1M) becomes:

(3.23) JX = Z N (X) N,

Also, the Y-structure satisfies:
L Y170 ® € = qIpermy;
2. 351 Gapns(X) = pia(X);
3. GnB = ABa;

4. 775(504) = q(saﬁ + Paag — 22:1 QarnQryB;

ot

. Z;:l aaﬁgﬁ = pfa;

- X(aap) = g((vXJ)NowNB) = [ha(X,€p) + hp(X,&)] —
22:1 [@ay Ay (X) + agy Aya(X))];

7. na(X) =i, 9(X),
forany X, Y e T(TM) and 1 < o, B < 7.
Denoting by J := V.J, from Remark B=3 we obtain:

=]

Proposition 3.18. Let M be an isometrically immersed anti-invariant n-
dimensional submanifold of codimension r of the (n + r)-dimensional metallic
Riemannian manifold (M, J,g) and ¥ := (T =0, ¢, N, s (@ap))1<a,p<r s the
induced structure on M. Then:

1.

TXY) == " na(Y)An, X =) ha(X,Y)Ea,
a=1

a=1

J(X, Y)J_ = Z X(na(Y))Na — Z Aap(X)ns(Y)Na
a=1 1<a,B<r

— i ho(X,Y)nN, — N(VxY);

a=1
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2.

J(X,No)" =Vx&0 — ZaaﬁANBX Zm )5,
B=1 p=1

r

T (X, Na)* =Y [X(aap) + hs(X. €a)
p=1

+ ) (@ayAyp(X) + apyAya(X))INg + N(Ax, X),

forany X, Y e N(TM) and 1 <a <.
From Proposition B3 and Proposition BI8 we deduce that:

Corollary 3.19. If M be an isometrically immersed anti-invariant n-dimen-
sional submanifold of codimension r of the (n+r)-dimensional locally metallic

Riemannian manifold (M, J,g), ¥ = (T = 0,9,Ma:&a» (@ap))1<a,p<r is the
induced structure on M, then:

1.
Z"a )An. X+Zh (X,Y)éq =0,
a=1
Z XMa(Y)Na = Y Xap(X)ms(Y)Na
a=1 1<a,B<r
=Y ha(X,Y)nNe = N(VxY) = 0;
a=1
2.

foa ZaaﬂANgX Z)\aﬁ §5 = O

X(aap) + ha(X,&p) + hp(X, &a) + Z[aa'yAvﬁ(X) + agyAya(X)] =0,

=1

D ha(X,65)Ng = N(An, X),
B=1

forany X, Y €eT(TM) and 1 < a <r.

Proposition 3.20. Let M be an isometrically immersed anti-invariant n-
dimensional submanifold of codimension r of the (n + r)-dimensional metallic
Riemannian manifold (M, J,g) and ¥ := (T =0, ¢, N, as (@ap))1<a,p<r s the
induced structure on M. Then the components N and N®) vanish identi-
cally on M. Moreover, if &, are parallel with respect to a symmetric linear
connection, for any 1 < o < r, then NV and N wanish, too, on M.
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3.4. Slant submanifolds

The operator T' will essentially be involved in characterizing the slant sub-
manifolds.

We say that M is slant submanifold if for any x € M and X, € T, M, the
angle 0(X,) between JX, and T,, M (which agrees with the angle between JX,
and T'X,,) is constant. In this case, we call § =: 0(X,) the slant angle. Invariant
and anti-invariant submanifolds are particular cases of slant submanifolds with
the slant angle § = 0 and 6 = 7, respectively. A slant immersion which is not
invariant nor anti-invariant is called proper slant.

For any nonzero tangent vector X, of T, M, the cosine of the slant angle 0
can be expressed as:

(3.24) cos(0(X,)) == 9 Xe, TX,) _ Xl
VITX, TX )N 9(TX,, TX,) 1T Xl

Properties of slant submanifolds will be stated in the next Propositions.

Proposition 3.21. Let M be an isometrically immersed submanifold of the
metallic Riemannian manifold (M, J,g). If M is slant with the slant angle 0,
then:

(3.25) g(TX,TY) = cos?(0)[pg(X,JY) + qg(X,Y)]
and
(3.26) g(NX,NY) = sin?(0)[pg(X, JY) + qg(X,Y)],

forany X, Y e I(TM).

Proof. Taking X + Y in g(TX,TX) = cos?(0)g(JX,JX) we easily obtain
g(TX, TY) = cos*(0)g(JX,JY) = cos?()[pg(X,JY) + qg(X,Y)]. Also,
9(NX,NY) = g(JX, JY) = g(TX,TY) = sin®(0)[pg(X, JY) + qg(X,V)]. D

A characterization in terms of the T-operator of a slant submanifold of a
metallic Riemannian manifold is now given:

Proposition 3.22. Let M be an isometrically immersed submanifold of the
metallic Riemannian manifold (M, J,g). Then M is slant if and only if there
exists a real number X € [0,1] such that

(3.27) T? = AT + qlIr(rarn)-
Proof. If M is slant, 8 is constant and using the Proposition B0 we get:

g(T2X)Y) = g(J(TX),Y)=g(TX,JY)=g(TX,TY)
= cos’(0)[pg(X, JY) +q9(X,Y)] = cos*()g(pJ X +¢X,Y),
for any X, Y e T'(T'M).

Conversely, if there exists a real number A € [0, 1] such that 7% = \(pT +
qIr(rary), it follows that cos?(0(X)) = A, so 6(X) does not depend on X. O
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Proposition 3.23. Let M be an isometrically immersed submanifold of the
metallic Riemannian manifold (M, J,g). If M is slant with the slant angle 0,
then:

(3.28) (VxT2)Y = peos?(0)(VxT)Y,
forany X, Y e T(TM).
Proof. We have:
T*(VxY) = cos’(0)[pT(VxY) +qVxY]
and
VxT?Y = cos®(0)[pVxTY +qVxY].
It follows:

(VxT?)Y := VxT?Y —T?(VxY) = pcos?(0)(VxT)Y.

We deduce that:

Corollary 3.24. If M is an isometrically immersed slant submanifold of the
metallic Riemannian manifold (M, J,g) with the slant angle 0, then VT? = 0
if and only if M is anti-invariant or (M, T, g) is locally metallic Riemannian
manifold.

Proposition 3.25. Let M be an isometrically immersed n-dimensional sub-
manifold of codimension r of the (n + r)-dimensional locally metallic Rieman-
nian manifold (M, J,g) and £ := (T, 9,Ma,8q, (@aB))1<a,8<r 1S the induced
structure on M. Then:
(3.29) (VxT?)Y =pcos®(0) Y [na(Y)An, X + ha(X,Y)é0],
a=1

forany X, Y e I(TM).

Moreover, if T? is Codazzi, then on M:

r

(3.30) > (e ® Ay, — An, @1a) = 0.

a=1

From Proposition 84 and Proposition B222, we can characterize T2 in terms
of the Y-structure induced on M as follows.

Proposition 3.26. Let M be an isometrically immersed n-dimensional sub-
manifold of codimension r of the (n + r)-dimensional metallic Riemannian
manifold (M, J,g) and ¥ := (T, g,Na,a, (@ap))1<a,p<r s the induced struc-
ture on M. If M is proper slant submanifold with the slant angle 0, then:

r

1
2 _
(3.31) T° = tan?(d) a§:1na ® &a-
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Remark 3.27. Denote by D = N,,_,;D, the intersection of the distributions
Dy :=kern,, 1 < o < r and by D+ its orthogonal complement in M. Then:
i) D, is integrable if and only if 7, is closed;
it) T?|r(py = 0 (from (B3T));
iii) &, € D+, for any 1 < o < r;
iv) the distribution D is T-invariant because

9(JX, &) = 9(X, JE€) = g(X, JN,) — Zaaﬂg(xv Nﬂ)
B=1

g(TX, ga)

= g(X>§a) =0,

for any X € I'(D);

v) it (M,J,g) is a locally metallic Riemannian manifold, then for
X,Y € I'(D) we have (VxT)Y = Y.! _ | ha(X,Y)é € I(DF) and T is Co-
dazzi.

4. Examples

Example 4.1. Consider the Euclidean space E2¢*? of dimension (2a + b), a
b € N*. For an almost product structure F : B2+t — p2a+b p(Xi yi 77) =
(X%, Y Z7), let Jy : E?t° — E29+b be the (1,1)-tensor field defined by:

(4.1) INXL Y Z7) = g(xaw,zn + A%F(XZ,Y%Z]),
for A € {~1,1}, (X1, Y* Z9) = (X',..., XY ... ,Yye Z' ... Z% from
E?%tb e {1,...,a}, j € {1,...,b}, where 0 = 0,, = ’Hg/z is a metallic

number, ¢ = p — o0 = % and A = p? + 4q, for p and ¢ positive integer
numbers.

For A = 1:
(4.2) N(XLYE Z9) = (6 X', 5Y 0 Z7)
and for A = —1:
(4.3) J (XL Y 79 = (56X, oY, 527).

Jq is a metallic structure on F2¢*® because:
RXLYLZ) = (X3 0220
= (po+9)X (pU+Q)Yi,(pa+q)Zj)
= ploX',aY' 0Z7) +q(X Y, 7Z7)
= (ph+a)(X, Y, Z7).

In the same manner we can find that J2, = pJ_; + ¢I, which implies that
J_1 is a metallic structure on E2et?.
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In the following, we denote by Jy := J, where A\ € {—1,1}.
For any (X, Y, Z9), (X", Y", Z"7) € T(TE?**?), we have:

(J(X' Y4, Z29), (XY 29y = (X0, Y, Z7), J(X", Y, Z'7)).

Thus the scalar product (-,-) on E?¢*® is J-compatible and
(E2a+b (..}, ) is a metallic Riemannian manifold.
Starting from the equation of the sphere S2¢+*=1(R):

a a b
S+ Y+ () = B
i=1 i=1 j=1

where R is the radius of the sphere and

(':Z:lﬁ"'7xa’y1""7ya7zl""’Zb) = (xz’yl7zj)7

i€{l,...,a}, j €{1,...,b}, are the coordinates of a point of S2¢+*~1(R), we
use the following notations:

N2 _ 2 .2 .2 2 .2, .2 2
(1) =r5, ri+ry =1, r"4+r; =R".
1

Z(xi)z = T%a Z(yi)Q - T%a

a a b
=1 i=1 j=

Remark that $2%71(r) x S*~1(r3) is a submanifold of codimension 1 in
S2e+t5=1(R) and we have the successive embeddings:

SZa—l(,r> % Sb_l(rg) N 52a+b—1(R) N E2a+b-

The tangent space in a point (x% 3% 27) at the product of spheres
S2a=1(r) x SO~ 1(ry) is:

.....

T‘(xl,...,m“,yl,...,y“,O7 A ,O)SQa_l(T) S2) T(O, cee, 0,21
——
b 2a
A vector (X1',..., X% Y .. Y% from T(J;l7__.7xa7y17___7ya)E2a is tangent to

S2a=1(r) if and only if > 7 | (' X" + y'Y") = 0 and it can be identified with
(X', X% Y',...,Y%0,...,0) from E2*+0,
——

b
A vector (Z*,...,2%) from T, . E" is tangent to S°~!(r3) if and only if

Z§=1 2777 = 0 and it can be identified with (0,...,0, 2, ..., Z?) from E?3+?,
——
2a
Consequently, for any point (2%, 3%, 27) € S22=1(r) x S*~1(r3), we have:

(Xi, Yi, Zj) € T(wlr._’mn,’yl7”.)ya,’z1)“.7zb)(520171(7‘) X Sbil(’f‘g))

if and only if Y7 (' X" 4+ y'Y") = 0 and 2?21 277 =0.
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Using the unit normal vector fields on the sphere S2?t°~1(R) and
S2a=1(r) x §P=1(r3), respectively, given by:

1, . . . 1 (rs . r3 ro.
Ny = —(zt. 4% 27), No= — | =2 2¢* ——27
1 R(waywz)a 2 R(Txvry7 7’3Z>’

for any ie€{l,...,a},j€{1,...,b}, we obtain an orthonormal basis { Ny, Na}
of T(xl 2y (8297 (r) % Sb=1(r3)), for N; the unit vector field normal at

G2atb= 1(R) and also, normal at $271(7) x S®=1(r3).
For J .= Jy:

JN; = ﬁ(ox’,ﬁy’,ozj).
From the decomposition of JNy = & +ar1 N1 +agaNa, k € {1,2}, into the

tangential and normal components at S2?T°~1(R) and from ay; = (J Ny, N;),
k, t € {1,2}, we obtain:

(4.4)
or? +ori + or? (0 —)rar3 r3(or? +or3 + or?)
ay = —————, a1 = ag = — 2, agy = 5
R rR rR
and the matrix A := (aqp)2 is given by:
(4.5) A= r(or? +ar3 + or3) (G — o)rar3
’ o rR2 (G — o)rsr3 r3(or? +or3 +or?)) "

The tangential components &, = JNg — ag1 N1 — agaNo of JNg, k € {1,2},
at the sphere S?¢+t*=1(R) are given by:

(c—o)yi , (o—o)t ;
(4.6) & = ( 2 T, — 3 y',0
and
(4.7)
1 2,2\ ‘
Co=—|(rs7— prar3 ot [ rar — prar3 S \FT2T3 TR AW ’
rR3 r r 3
fori€ {1,...,a} and j € {1,...,b}, where T = 7% + 573 + or3.

If we decompose J (X, Y, ZJ) into the tangential and normal components
at the sphere S?*+0~1 where (X', Y", Z7) is a tangent vector field at S****~1(R),
we obtain:

JXUYE29) =T(X, Y, Z9) + (XY Z9)Ny + (X5, Y Z9)Ny.
From (X, Y4 Z7) = (X4, Y, Z7), &), k € {1,2}, we obtain:

(4.8) m(X4, Y, Z7) AZx X' (XL YL Z9)=0.
Moreover, we have:

S , A , A - A
(49 T(X,Y'Z')= <<7XZ — gsxl,ﬁ}” — gsyl,aZj — gszj> ,
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where s = > 2 X? = —>" ¢V and (X', Y, Z7) is a tangent vector at
S§2a=1(r) x §=1(r3) in any point (2%,%,27).

Therefore, the induced structure (7T, (-,-),&1,&2, 11,72, A) by the metallic
structure .J := J; from E2%*? on the product of spheres S2¢~1(r) x S*=1(r3) in
the Euclidean space E22%? is given by the equations (E9), (E8), (E7), (E=) and
(EH). Similarly, we can find the induced structure by the metallic structure
J := Jy from E?**’ on the product of spheres S2%~1(r) x S®~!(r3) in the
Euclidean space E2et?,

Example 4.2. Like in the Golden case [[0], we construct an invariant sub-
manifold of a metallic Riemannian manifold.

Consider the Euclidean space E%** of dimension (a +b), a, b € N*. Let
J : Botb — B+t be the (1,1)-tensor field defined by:

(4.10) JXY XY YY) = (6XY, . 0X0 Y, YY),

for (X',..., XYL ... )Y®) = (X,Y9) from E*t* i € {1,...,a},
je{l,...,b}, whereo =0, , = p+2\/Z is a metallic number, @ = p—0o = #

and A = p? 4 4q, for p and ¢ positive integer numbers.
J is a metallic structure on E**? because:

JHXLYT) = (02X, 02X 7Y YY)
= ploXt,...,0X%5YL ... GY") +q(X .. XY YY)
= (pJ +ql)(X",Y9).

For any (X*,Y7), (X', Y") € ['(TE**?), we have:
<J(Xi7Yj)’ (X/ivy/j» = <(Xiij)a J(X/i’ Y/j)>'

Thus, the scalar product (-,-) on E4*? is J-compatible and (E%+ (. .), J)
is a metallic Riemannian manifold.

From E%t® = E% x E in each of the spaces E* and E® we can get the
hyperspheres:

a

S ) = {0 € B Y (2') =11,

i=1

b
S¥(ry) ={(y',....y") € EY, Z(yj)2 =3}

respectively. Thus, we can construct the product manifold S~ (ry) x S~ (ry).
Let (zt,..., 2%yl ..., yb) == (2%,97), i € {1,...,a}, j € {1,...,b}, be the
coordinates of a point of S*~1(r1) x S*~1(ry) so that:

(P =rt 4 =1,

a b
=1

i=1 J
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Remark that S%~!(r1) x S®~1(ry) is a submanifold of codimension 2 in £+t
82 1(ry) x §P~I(ry) is a submanifold of codimension 1 in S*+*~1(r) and we
have the successive embeddings:

S“fl(rl) X Sbil(rg) — S‘”b*l(r) s BTl

The tangent space in a point (z!,..., 2% y*, ..., y°) := (2%,97) at the prod-
uct of spheres S~ 1(ry) x S*~1(ry) is:

..........

A vector (X1,...,X?) from Tar,... 00y B (respectively (Y1,...,Y?) from
Tiyr ... EP) is tangent to S~(ry) (respectively to S°~!(ry)) if and only if
Yo 2 Xt = 0 (respectively Z?-:l y/Y7 = 0) and it can be identified with
(X1,...,X%0,...,0) from E%*° (respectively with (0,...,0,Y1, ..., Y?) from
— ~——
Ea-i—b)' ’ ¢
Consequently, for any point (2%, y7) € S~ 1(r;) x S*~1(ry), we have:

(XlaYJ) S T(wi,yj)(sail('f'l) X Sbil(TZ)) C T(xi,yj)5a+b71(T)

if and only if Y7 | 2/ X" = Z;?:l YT =0.
We  consider a  local  orthonormal  basis  {Ny,Na}  of

T(J;i y]-)(S“_l(rl) x S*~L(ry)) in a point (z,y7) € S471(r1) x S*~1(ra), given
" 1 1
lef(mivyj)v Ny =~ (mxi7_ﬁyj>7
r r\r T2

for any i € {1,...,a}, 7 € {1,...,b}.

From the decomposition of JN = & + ar1 N1 + apaNoy, k€ {1,2},
into the tangential and normal components at S 1(r;) x S*~!(ry) and from
axt = (JNg, Ny¢), k, t € {1,2}, we obtain:

or? +ar2 rire(oc —0) ar? + or?
1 2 _ _ _on 2
— s (12= 021 = ———5——, (22 = ——5——

4.11 =
( ) an r2 r r

and the matrix A := (aqp)2 is given by:

(412) Aol ((ar§+ar3) m(a_o—)).

r2 \rira(c —3) ori+ors
‘We obtain:
(4.13) L=6&=(0,...,0)
—_———
a-+b
therefore:

J(T5 (S 1) x §"7(r2))) C T (87 (1) x $°7H(r2)).
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From n, (X%, Y7) = (X%, Y7), &), k € {1,2} and (BL3), we obtain:
(4.14) m(X4Y7) = (X, YI) =0,

for any tangent vector (X?,Y7) on the product of spheres S¢~1(r;) x S*=1(ry)
in a point (2%, y7) € S¢71(ry) x S*~L(ry).

From the decomposition of J(X!, ..., X% Y! ... YY) = J(X* Y7) into
the tangential and normal components at S¢~1(r1) x S®~1(ry) we obtain:

(4.15) T(XLY7) = J(X', YY).
Thus, we have J(T, (S (r1) x S*=1(ra))) C Tw(S*1(r1) x S*~1(rp)) and
T2(X',Y7) = pT(X', Y7) + q(X*,Y7)

and we obtain the induced structure (7, (:,-),0,0,0,0,.4) on the product of
spheres S~ 1(r1) x S~1(ry) by the metallic structure (J, (-,-)) on E4**. Also,
(T, {-,-)) is a metallic Riemannian structure on S*~!(r;) x S®~1(r;) and we re-
mark that S%~1(ry) x S®~1(ry) is an invariant manifold in the (a+b)-dimensional
manifold E%t?, a, b € N*.
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