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ONE CLASS OF SPECIAL POLYNOMIALS AND
SPECIAL FUNCTIONS IN L*(R) SPACE

Nebojsa Duri(fﬂ and SnjeZana Maksimovi(ﬂ

Abstract. We construct one class of special polynomials and special
functions and give some their interesting propreties. The aim of this
paper is to prove that that these functions form a basis of L?(R) space.
In the end we give some interesting sumation formulas.
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1. Introduction

Spaces LP, 1 < p < oo, and their various subspaces, for example Hardy
spaces H?, 1 < p < oo, are investigated in many papers and books (see [3],
[8], [9], [I0]). Using these subspaces, various very useful bases of L? spaces,
1 < p < o0, were constructed (see [2], [6], [I1]). In this paper we focus only on
L?(R) space. It is proven in [3] that the Hardy space H?(R) is a subspace of
L?(R) and its basis consists of the functions
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Our motivation for this paper is to find an ortonormal basis {¢,(z)}5%, of
L?(R) space which consists of real and imaginary parts of functions in
(multiplied by a constant) which we call special functions and denote them
by d,, n € Ng. In order to construct special functions, d,,, n € Np, we use
polynomials D,,, n € Ny, which we call special polynomials. We proved that
special polynomials D,,, n € Ny, are solutions of the Sturm-Liouville differential
equation (see [I],[4],[5])

(1.2) (% 4+ 1)y () — 4nay'(x) + 2n(2n + Dy(z) = 0

and special functions d,,, n € Ny, are solutions of the Sturm-Liouville differen-
tial equation (see [7])

(1.3) (2 4+ 1% (2) +4z(z® + D)y (z) + 222 + 1+ (2n + 1)H)y(z) = 0.

Using these, we obtain some interesting results and sumation formulas.
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2. Preliminaries

We employ the notation N, R and C for the sets of positive integers, real
and complex numbers, respectively; Ng = N U {0} and C* = {z € C :
Im(z) > 0}. For the Fourier transform of f € L?(R) we use the symbol
F(f) = [ f(z)e"" dx. We use the folowing notation: D = {w € C: |w| < 1}
for the open unit disc, T = {w € C: |w| = 1} for the unit circle and x(g,1) = 1
on (0,1), x(0,1) = 0 otherwise.

2.1. The Hardy space

Following the approach of [3], we introduce Hardy spaces in the following
way: The Hardy space H?(D) ,1 < p < o0, is the space of all analytic functions
f:D — C such that

2w

1 .
up o |f(rew)|pd9, 1<p<oo.
r<l 47T Jo

171 =

0<
Any function in H?(D) has the radial and also the non-tangetial limit on T and,
moreover, the space HP(D) can be identified with the corresponding subspace
HP(T) C LP(T), 1 < p < oo. By [8] the space H?(D) is a Hilbert space with
the orthogonal basis {z"}52, and H*(D) = {f : f = > .°, anz", a, € [*} with
the norm || [l 12() = (S g anl?)1/2.

Definition 2.1. The Hardy space HP(C*), 1 < p < oo, is the space of all
analytic function F : C* — C such that

1/p
IFllaseny =sup ([ 1F@siP) <o
y>0 \JR

Spaces HP(C*), 1 < p < oo, are Banach spaces and H?(C") is the Hilbert
space. An isometric isomorphism between H?(D) and H?(C") is given by

06 = =5/ ()

and ||fllzzmy = IW(f)|lz2c+)- The orthogonal basis of the Hilbert space

H?(CY) is given by
IR
\/7T— (Z + Z)n+1 o .

Definition 2.2. The Hardy space HP(R), 1 < p < 00, is defined by

HP(R) := {f € L’(R) : F(f)(w) = 0,Vw < 0}.

By [3] each function in H?(C*), 1 < p < oo, has non-tangential limits on
the real line and, moreover, spaces H?(CT), 1 < p < oo, can be identified with
the corresponding subspaces HP(R) of LP(R), 1 < p < co. The space H?(R) is
the Hilbert space with the orthogonal basis {e,(z)}52, given by (L.1).
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3. Special polynomials and special functions

3.1. Special polynomials
Definition 3.1. We define polynomials Dy, (x) and Da,y1(x), n € Ny, in the

following way:
- n 2n+1
Doy, () := g (-1) +k+1( ok )x%,

= e (2041
D2n+1(x) — Z(il) +k (Qk N 1)x2k+1.
k=0

First several polynomials are:
Dy(z) = —1, Di(z) =z, Dy(z) = —32% +1,
Ds(z) = 2® — 3z, Dy(z) = —52* +102% — 1, Ds(z) = 2° —102® + =z, ...

Remark 3.2. Polynomials Ds, (x) and Da,11(z), n € Ny, we call special poly-
nomials and they satisfy:

Do(z) = -1, Dj (z) = (2n+ 1)2nDsgy,_o(x),
Dy(z) =z, Dy, 4(z) = (2n+1)2nDap_1(x).

In addition we give some interesting poperties of special polynomials D, (z),
n € Np.

Proposition 3.3. Polynomials Do, (x) and Da,1(x), n € Ny, satisfy:

@) Donir() = £ D (@) 2D
and

(3.2) Doy (x) = f;;%DénH(x) + 2 Doy i1 ().
Proof. Notice that

(3.3) Dapi1 (%) 4+ iDagp(z) = (x —i)*" T,
from which we have

(3.4) Dby, i (x) +1iDh, (z) = 2n+ 1)(x — ).

Multiplying (3.4) by = — ¢ and taking real and imaginary parts we obtain

(3.5) 2D, 41(2) + Dy, (2) = (2n + 1) Doy (v)
and
(3.6) — Diypyy (2) + 2D, () = (21 + 1) Dop(2).

From (3.5) and (3.6) we obtain (3.1)) and (3.2). O
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Corollary 3.4. For Dy, (x) and Doy, 1(x), n € Ny, it holds that

(3.7) D3, 1 (2) + D3, (z) = (z® + 1)>" 1.

Proof. Using we obtain the assertion. O
Theorem 3.5. Polynomials D, (x), n € Ny, are solutions the Sturm-Liouville

differential equation (1.2). Moreover, y,(x) = C1Dapt1(x) + CoDay(x) are the
1.2).

only solutions of |

Proof. We will prove the assertion only for polynomials Ds,,(x), since the proof
for Doy, y1(x), n € Ny, is the same. If we differentiate (3.1), we obtain

(22 + 1), (2) + (—20+ 1)2D}, () = (2 + 1) Doy () + (20 + 1)Dap 1 (2).
From (3.5)), (3.6) and (3.7) we obtain
(z% + 1) DYy, (z) — 4nx D}, (x) + 2n(2n + 1) Doy (z) = 0.

Conversely, it is well known that y;(z) = Dapt1(z) is the particular solution
of (1.2). General solution is of the form y(z) = Ciyi(x) + Caya(z), where

(1,2 + 1)211

dx.
D§n+1 (x)

12(e) = Dania(o) [
On the other hand, using (3.7) we obtain

( Dgn(.’L‘))>/ —(ont 1)(3:2 +1)%

Dayy1(z D3, ()

from which it follows that

SO, y(ﬂ?) = Cngn(Z‘) + 02D2n+1($). ]
3.2. Special functions
Using Definition we define special functions as follows:

Definition 3.6. Special functions da,, and ds, 11, n € Ny, are defined in the
following way:

Dzn(l')
(l‘Q + 1)n+1 ’

Doy y1()

dont1(x) =

Notice that

(3.8) en(@) = dz”“(xz/; idan (7).
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Proposition 3.7. Special functions dop(z) and dap+1(x), n € Ny, are given

by
2n + 1) arctan x)

3.9 don(z) = (1)1 U
(59) 2nl) = (1) e
and

_ »Sin((2n + 1) arctan x)
(310) d2n+1(.’1}) = (—1) xz 1 .
Proof. Tt is well known that

1 . z
cos(arctan ) = sin(arctanz) =

V2 + 1 V2 + 1

so by the using of De Moivire’s formula we obtain

< 1+ix ) et B (Cos(arctan x) + isin(arctan z) ) it

z?+1 241
_cos((2n + 1) arctan ) + isin((2n + 1) arctan x)
- ,712 T 12n+1 :
Taking real and imaginary parts of the previous equation we obtain the desired
conclusion. O

Proposition 3.8. Functions da,(x) and da,y1(x), n € Ny, satisfy:

(3.11) (2 + 1)dh 1 (%) + 2dons1(z) = —(2n + 1)dan (2)
and
(3.12) (2% 4 1)db,, () + zdan(2) = (2n + 1)dapi1 ().
Proof. From ‘

€1 () = nen(2) 0 — (n+ en(x)

we obtain
Ay () + idhy, (2) = n(dons1(2) + idon (2))(2® — 1+ 20)
— (2% + 1)(n + 1) (dang1(z) + idon(x)).

Taking real and imaginary parts in the previous equation we obtain (3.11) and
B12). O

From Corollary [3.4] we obtain the following result
Corollary 3.9. For doy,(x) and dapy1(x), n € Ny, it holds that

1

(3.13) dons(2) + dy(2) = 2577
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Theorem 3.10. Functions d,,(z), n € Ng, are solutions of the Sturm-Liouville

differential equation (1.3). Moreover, y,(x) = Cidani1(x) + Caday(x) are the
only solutions of (1.3).

Proof. We will prove the assertion only for functions ds,11(z), since the proof
for functions dgy, (), n € Ny, is the same. If we derivate (3.11)), we obtain

(3.14) (2% 4+ 1)dg 41 (2) + 3ady, 1 () = doni1(2) — (20 + 1)dan (2).
From (3.11), (3.12) and (8.14) it holds that

(2% + 1)y 11 (2) + d2(2” + Dy, 41 (2) + (227 + 1+ (20 + 1)) dap 1 (2) = 0.
Using a similar proof like in Theorem we obtain the converse part. O
Lemma 3.11. (Orthogonality) Special functions d,,(z), n € Ny, satisfy

° ™

/ dp(z)dp (z)dr = =,

- 2
where 0., n s the Kronecker delta.
Proof. Let m # n. Then fromm (3.9)), (3.10) follows

(oo}

/ (=)™ dy,, (2)d2m (z)dx

—0Q0

/Oo cos((2n + 1) arctan x) cos((2m + 1) arctan x) P
= x
o z2+1

/2
= /_ - cos((2n + 1)x) cos((2m + 1)z)dz = 0.

Similarly

/ d2n+1(x)d2m+1(a:)dz = 0, / d2n($)d2m+1(I)d1 = 0

— 00 — 00

| o= [ @@=

Theorem 3.12. The set {d,,(z)}2°, is a complete orthogonal system in L*(R).

Also
O

Proof. 1t is enough to prove that from

2n+k

it follows that f = 0 almost everywhere. Suppose that f € L?(R) is an even
function and

2n+k
/ f(z m2+1)n+1 =0, ke{0,1}.
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From

F(Z)/ooxf()ez2+l dxfzn'/ .1'2—1—1(3:‘24-1) dxr =0,

n=0

it is obvious that

1 f( =)
o Val=w

where g(u) = \/uiv(llz)x 0,1)(u). From F(g)(t) = 0 follows that g(u) = 0 almost

everywhere, so f(,/7%) = 0 almost everywhere for v € (0,1). Now, f(z) =

u

(9)(®)

almost everywhere for € (0,00), so f = 0 almost everywhere on (—o0, 00),
because f is an even function. The proof is similar when f € L?(R) is an odd
function. N
Corollary 3.13. The set

o0

{ian(o), 00

n=0

is the orthonormal basis for L>(R), where

Yn(x) = \/Zdn(x)~

4. On summation of special polynomials and special func-
tions

Theorem 4.1. Special polynomials Do, (x) and Day,y1(x), n € Ny, are given
by the exponential generating functions:

o Dapppy ()12 :
(4.1) ,;) w = cos(t) sinh(xt)
and

e DQn(z)thJrl )
(4.2) ;} G - — sin(t) cosh(wt).

Proof. If we take the real and the imaginary part in

. . > ($*2)2 e 2n+1 > Dayy1(z) o +1 0, Doy (z) o +1
sinh(t( — 1)) z:: (2n + 1) ;) 2n + 1) T enr )

we obtain and (£.2). O
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Using Cauchy’s integral formula on the closed contour C' encircling the
origin in (4.1) and (4.2) we have
Corollary 4.2. Special polynomials Day,11(z) and Dy, (), n € Ny, satisfy:

(2n+1)!]{ cos(z) sinh(mz)dz
c

Don1(z) = o L2tz

and

(2n+1)! [ —sin(z) cosh(zz)
Dan () = o 2n+2 dz
i c z

Corollary 4.3. Special polynomials Doy, y1(x) and Doy (x), n € N, are given
by:

J2n+1
Dopy1(x) = pTeTEs) <cos(t) sinh(mt))
t=0
and
d2n+1
Do, (z) = pTeTEs) ( — sin(¢) cosh(a;t))
t=0

Proposition 4.4. For |t| < 1, the special functions da,(x) and dapi1(x),
n € Ny, are given by generating functions:

> " T —xt > n —(I+t
> dynga ()" = > dayn ()t = (L+1)
n=0 n=0

a2+ (1102 (z—at)2+ (1102

Proof. The assertion follows by thaking real and imaginary parts in

oo

1 Z x—1 nt"— x — xt . (1+1)
w+i i \w+i S (w—at)2+ (1412 (z—at)2+ (14+1)2

5. Appendix
Theorem 5.1. The mapping A : L?(—m/2,7/2) — L*(R) given by
AP () = f(arctan(x))

x?+1
18 an tsometric isomorphism.

Theorem 5.2. Let fo(z) = ﬁ and, forn € N,

»c0s((2n) arctan z)
x?2+1
na18in((2n) arctan x)

vz +1

The set { 2 fo(@), 1/ 2 fon(2), ifgn_l(m)} is the orthonormal basis in
L?(R).

fan(z) = (=1)

)

fona(@) = (1)
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Proof. The set {\/Ecos(@n)x), \/gsin((Qn)x)} is the orthonormal basis
n=0

in L?(—7/2,7/2). Using Theorem [5.1| we obtain the assertion. O
Remark 5.3. Notice that

Iy () ()

foan—1(z) = @41 fon(z) = @z " eN,
where
= 2n
_ 2y _1\n+k 2k
Fanlo) = R((o = %) = (-1 (51 )a
k=0

and

Foni1(z) = S((z — )>) = Q—l)”*’“*l (kaﬁ 1) .

The following theorems are given without the proof. We are refering same
methods as in Section [Bland Section [

Theorem 5.4. Special functions f,(z), n € Ny, are solutions of the Sturm-
Liouwille differential equation

(5.1) (22 + 1)%y" () + da(2® + 1)y (z) + (222 + 1 + 4n?)y(z) = 0.

Moreover, y,(z) = Cyfon—1(x) + Cafan(z), n € N, are the only solutions of

B-1).

Theorem 5.5. Special polynomials Fs,—1(x) and Fs,(x), n € N, are given by
the exponential generating functions:

(5.2) Z W = —sin(t) sinh(xt)
n=1 :
and
(5.3) i W = cos(t) cosh(xt).
n=0 '

Using Cauchy’s integral formula on the closed contour C' encircling the

origin in (5.2)) and (5.3)) we have

Corollary 5.6. Special polynomials Day11(z) and Doy (), n € Ny, satisfy:

_ (2n)! [ —sin(z)sinh(zz)
F2"+1(x) - 27 o 22n+2

(Zn)!j{ cos(z) cosh(a:z)dz-
c

and

Fon(z) = i S2n+2
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Corollary 5.7. Special polynomials F5,1(x) and Fa,(x), n € Ny, are given

by:

d2n ) )

Foni1(z) = preT < — sin(t) smh(mt))
t=0

and

d2n

By, (z) = pre (cos(t) cosh(mt))
t=0
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