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C—CLASS FUNCTIONS ON SOME FIXED POINT
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Arslan Hojat Ansari?, Tatjana Dosenovié®, Stojan Radenovié?®9,

Naeem Saleem?, Vesna Sesum-Cavié¢® and Jelena Vujakovié®

Abstract. In this paper, we generalized the results presented in the pa-
per W. Long, S. Khaleghizadeh, P. Salimi, S. Radenovi¢ and S. Shukla,
Some new fixed point results in partially ordered metric spaces via ad-
missible mappings, Fixed Point Theory Appl. (2014), 2014:117, in the
framework of partial metric spaces by using C'—class function in ordered
structure. Also, we provide an example to support our theoretical re-
sults and shows that obtained results are potential generalization of the
already existing results in literature.
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1. Introduction and mathematical preliminaries

Fixed point theory has been extensively used as a very powerful tool in the
study of nonlinear analysis and related branches of sciences. Particularly, fixed
point results has been used in pure and applied analysis, topology, geometry
and computer sciences rapidly. A well known and fundamental result of this
theory is Banach contraction principle. During last couple of years, the Banach
contraction principle has been extensively studied and generalized in many
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settings (see [B]). In 1994, Matthews [d] introduced the notion of partial metric
space which generalized the already existing ordinary metric space as a part of
the study of denotational semantics of dataflow networks and showed that the
Banach contraction principle can be generalized to the partial metric context
for applications in program verification. Afterwards, many researchers studied
various fixed point results in partial metric spaces. For more details, the reader
can see ([A], [5], [8], [9], [13], [xa]).

First, we start by recalling some basic definitions and properties of partial
metric spaces.

Definition 1.1. [0] A partial metric on a nonempty set X is an operator
p: X x X — [0,400) such that for all z,y,z € X :

(P z=yep(r,z)=py) =pYYy)),

(p2) p(z,2) <p(x,y),

(p3) p(z,y) =p(y,2),

(p4) p(2,2) <p(z,y) +p(y,2) —p (Y, ).

A partial metric space is the pair (X, p) such that X is a nonempty set and
p is a partial metric on X.

For a partial metric p on X, the operator p° : X x X — [0,400) given by

p*(z,y) =2p(z,y) —p(z,2) —p(y,y)

is a (standard) metric on X. Each partial metric p on X generates a Ty topology
T, on X with a base of the family of open p—balls {B), (z,¢) : z € X,e > 0},
where By, (z,e) ={y € X :p(z,y) <p(z,x) + e} for all z € X and € > 0.

Definition 1.2. ([6]) Let (X, p) be a partial metric space. Then

(a) a sequence {z,} in (X,p) converges to x € X if and only if p (z,z) =
liy o0 p (2, 7)

(b) a sequence {z,} in (X,p) is called a Cauchy sequence if and only if
there exists (and is finite) limy, pm—o0 D (Tn, Tm) ;

(c) a partial metric space (X,p) is said to be complete if every Cauchy
sequence {z, } in X converges, with respect to 7,, to a point € X such that
p (.’E, m) = lim, 00 p (xru !L‘) 5

(d) a sequence {z,} in (X,p) is called 0—Cauchy if lim,, ;1,00 P (Zn, Tm) =
0. We say that (X, p) is 0—complete if every 0—Cauchy sequence in X converges,
with respect to 7,, to a point € X such that p (z,z) = 0.

(e) A mapping f : X — X is said to be continuous at xzg € X, if for every
€ > 0, there exists ¢ > 0 such that f (B, (x0,9)) C B, (x0,¢).

Proposition 1.3. [d] Let (X, p) be a partial metric space. Then

1) sequence {x,} is Cauchy in a partial metric space (X, p) if and only if {zn}
is Cauchy in metric space (X,p®);

2) partial metric space (X,p) is complete if and only if metric space (X, p®) is
complete; moreover, lim,_, p® (xn, ) = 0 if and only if

p(r,x) = nll_{gop(wm x) = n”}?llrr_l}oop(mn,xm) -



(C'—Class functions on some fixed point results ... 103

Remark 1.4. [5]

A limit of a sequence in a partial metric space need not be unique. Moreover,
the function p (.,.) need not be continuous in the sense that

zn, =z and y, = y implies p (v,, yn) = (2, y)

Example 1.5. If X = [0,400) and p (z,y) = max {x,y} for x,y € X, then
for {z,} =1, p(zn,z) =z = p(z,z) for each z > 1 e.g., z, > 2 and z,, > 3
when n — oo.

2) However, if
p(Xn,x) = p(x,2) =0
then
p(Tn,y) = p(x,y) foralye X.

3) It is worth noting that the notions p—continuous and p®—continuous of
any function in the context of partial metric spaces are incomparable, in
general.

Example 1.6. If X = [0,400), p(z,y) = max{z,y}, p°(z,y) = |z —yl,
f(0) =1 and fz = 22 for all z > 0, gr = |[sinz|, then f is p—continuous and
p°®—discontinuous at the point x = 0, while g is p—discontinuous and p®—conti-
nuous at x = .

In this paper, we say that f : X — X is continuous if both f: (X,p) — (X,p)
and f: (X, p®) — (X, p®) are continuous.

Definition 1.7. Let (X, <) be a partially ordered set. Then
a) elements x,y € X are comparable if either x <y or y <z ,

b) a subset A of X is said to be totally ordered if every two elements of A are
comparable,

c) a mapping f : X — X is nondecreasing with respect to < if < y implies

fz = fy.

Definition 1.8. [IZ] Let f: X — X and v: X X X — [0,400) then f is a
~vy—admissible mapping if

v (z,y) > 1 implies v (fz, fy) > 1, for z,y € X.

Definition 1.9. [00] Let f: X — X and p: X x X — [0,+00) then f is a
p—subadmissible mapping if

w(z,y) < 1implies u (fz, fy) <1, for z,y € X.

Assertions similar to the following lemma were used (and proved) in the
course of proofs of several fixed point results in various papers [d].
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Lemma 1.10. Let (X,p) be a partial metric space and let {x,} be a sequence
in X such that

Jim_p (25, 241) = 0.

If {z,} is not a 0— Cauchy sequence in (X,p), then there exist € > 0 and two
sequences {m (k)} and {n(k)} of positive integers such that n (k) > m (k) > k
and the following sequences tend to €T when k — oo;

p (xm(k)y xn(k)) y P (xm(k:)a xn(k:)+1) y D ($m(k)71a mn(k)) )

p (xm(k)—la xn(k)-{-l) y P (xm(k)—&-la xn(k)—f—l) .

In the sequel, consider the following classes of functions from [0, 4+00) into
itself:

1. U = {4 : 1 is nondecreasing and lower semicontinuous} ,

2. &) = {a: « is upper semicontinuous},

3. &, = {fB: [ is lower semicontinuous} .

It is well known that 1 is lower semicontinuous if

o (lim @) <tim inf v (),

n— oo n— o0
while « is upper semicontinuous if lim sup,, . @ (z,) < a (limy, 00 ) -

Definition 1.11. [2] A mapping F : [0,00)? — R is called C-class function if
it is continuous and satisfies the following axioms:

(1) F(s,t) <s;

(2) F(s,t) = s implies that either s =0 or ¢t = 0; for all s,¢ € [0, 00).

We denote the set of all C-class functions as C.

Example 1.12. [2] The following functions F : [0,00)? — R are elements of
C, for all s,t € [0, 00):

(1) F(s,t) =s—t; (2) F(s,t) =ms, 0<m<1,;

(3) F(s,t) = {/In(l1 4 sm); (4) F(s,t) = ¢(s),here ¢ : [0,00) = [0,00) is a
upper semicontinuous function such that ¢(0) = 0, and ¢(t) < ¢ for ¢t > 0,

(5) F(s,t) =9(s); ¥ : Rt x RT — R is a generalized Mizoguchi-Takahashi
type function;

(6) F(s,t) = O] I %it dz, where I' is the Euler Gamma function.

The concept of pair (F, h), was introduced in [{] which was further reformed
in [3]

Definition 1.13. [, [8] Let 2 : Rt x R* x RT™ — R is a subclass of type—I1,
if o,y > 1= h(1,1,2) < h(z,y,z2) for all z € RT.

Example 1.14. [1],[8] Define h: Rt x R* x R™ — R by;
(a) h(z,y,2)=(z+D™, 1> 1;
(b) h(z,y,2) = (xy +1)%, 1> 1;
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(©) h(z,9,2) = 2
(d) h(z,y,z) =x™y"zP, where m,n,p € N;
(e) h(z,y,2z) = Wzk, where m,n,p,q, k € N
for all z,7,2 € RT. Then h is a function of subclass of type—I1.

Definition 1.15. [1], [8] Let h: Rt x RT x RT — R and F : R* x Rt — R,
then the pair (F, h) is an upper class of type—I1, if h is a subclass of type—IT
and also the following conditions hold,

(i) 0<s<1= F(s,t) < F(L,1),
(i) h(1,1,2) < F(s,t) = z < st for all s,t,z € RT.

Example 1.16. [1], [3] Define h: R* x Rt x R* - Rand F: Rt x R* - R
by:

z,y,2) = (z+ 1), 1> 1,F(s,t) = st + I

,9,2) = (zy + 7,1 > 1, F(s,8) = (1+ )

(
(

(¢) h(z,y,2) =z, F(s,t) = st;
(

)
(d) h(x,y,z) =a™y"zP, where m,n,p € N, F(s,t) = sPt?

e) h(z,y,z :wzk,wherem,n,p,q,keN, F(s,t) = sktF
Y 3
for all z,y,2,s,t € RT. Then the pair (F,h) is an upper class of type—1I1.

Denote by ®; the family of continuous functions ¢ : [0,00) — [0,00) such
that ¢(t) = 0 if and only if ¢ = 0 and let ®3 be the family of continuous
functions ¢ : [0, 00) — [0, 00) such that ¢(0) > 0.Note that ®; C ®,,.

2. Main Results

In this section, we state and prove some fixed point results in the framework
of partially ordered 0—complete partial metric spaces, which generalize already
existing results in [[@], [R] and [IT].

Our first main result is as follows:

Theorem 2.1. Let (X,p, =) be a partially ordered partial metric space such
that (X,p) is 0—complete. Assume f: X — X and let v, p: X x X — [0,00)
are two mappings such that f is a mondecreasing and ~y-admissible mapping
and p-subadmissible mapping. Also assume that there exist ¥ € ¥, a € §;
and B € ®5 such that

(2.1) t>0and (s=t or s=0) implies Y(t) — F(a(s),B(s)) > 0,
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for allt,s >0, and

(2.2) v(@, fe)y(y, fy) > 1 and p(z, fr)uy, fy) <1

>
=
h(v(x,2),v(y,y), ¥ (p(fx, fy))) < Flu(z,2)u(y,y), Fla(p(z,y)), B (p(z,y)))

for all comparable x,y € X, where pair (F,h) is an upclass of type-II and
F € C. Suppose that either

(i) f is continuous, or

(i) If there exists a nondecreasing sequence {x,} such that

Tn D xasn — 00, Y(Tn, Tn) > 1, p(zn, ) <1 for all n,

then
Y(z,x) > 1, p(zn,2,) <1 and x, < x for alln € N.

If there exists xg € X such that
Y(xo,z0) > 1, v (20, fzo) > 1, p(ze,x0) <1, p(x0, fro) <1 and xo X fxo,
then f has a fixed point.
Proof. Let xg € X be such that
Y(xo,x0) > 1, (o, fzo) > 1 and p(xe,zo) < 1, w(xo, fro) < 1.

Then there exists x; = fxg such that vy(zg,z1) > 1, u(xo,z1) < 1. Since the
mapping f is a y—admissible and p-subadmissible mapping, we have

Y(fn-1, frn) 21, p(frn—1, fzn) <1

So, we can define a sequence {z,} such that x,, = fz,_1, and

Y(Xpy Trg1) > 1, w(@p, xpe1) <1, for all m € N.
Since f is nondecreasing and xy < fxzo, we have

To X1 2. T 241 o
Since f is y-admissible and p-subadmissible, we conclude that
V(@0 2n) 2 1,y (@, fon) =7 (20, Tni1) = 1
and
w(@n, ) < 1, p(Tn, frn) = p(zh, 2ne1) < 1 for all n € NU{0}.

If z, = 2,11 for some n € NU {0}, a fixed point of f is found. Suppose that
Ty # Tpg for all n € NU {0}, that is p (xy,zp41) > 0 for all n € NU {0}.
Hence

To<T1 < ... XTp < Tpyp1 < ...
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for all n e NU {0} .
Now, we will show that {p (2, zp+1)} is nonincreasing sequence. Indeed, if

P (Th—1, k) < p(Th, Trt1)

for some k € N then

Y (p(Tr-1,7%)) <P (p(Th, Thr1))

and taking x = z,_1 and y = zy in (E32), we obtain

h(1, 1,9 (p (z, Th+1)))
= A1, 1,9 (p(frr-1, fr)))
h(y (@g—1,26-1) 7 (@k, Tk) (P (p (fTR—1, f2K)) +1)
(-1, Tp—1) Tk, v8), F(a (p (zr-1,21)) , B (P (Th=1, T1)))
L F(a(p(zr-1,2x)), B (p (TK-1,7k))),

ININ N
5

(
(
that is

(2.3)
Y (p(Tk—1,2%)) <Y (P (T, Th41)) < Fla(p(xr-1,28)), B (p (Th-1,7k))) 5

a contradiction. Therefore, we proved that {p (z,,z,+1)} is a nonincreasing
sequence of positive real numbers. Hence, there exists p* > 0 such that

lim p(xn, xni1) =p".
n— o0

If p* > 0 then by the following condition

Y (P (Tnt1,20)) < Fla(p(@n, n-1)), B 0 (xn, Tn-1))),

together with the properties of ¥, «, 8, we have

Y (p*) < liminfy) (p(2n, Tni1))
< limsup ¢ (p (zn, Tnt1))
< limsup F(a(p (zn-1,2n)) , B (P (Tn-1,2n)))
= limsup F(a (p (zp—1,2x)),liminf 8 (p (xn—1,%,)))
< Fla(p®),8(p")),

which is a contradiction to (2), where ¢ = s = p* > 0. Hence,

lim p (xn7 anrl) =0.
n—oo

Now, suppose, on contrary that {z,} is not a 0—Cauchy sequence. Then
according to Lemma II0, we obtain the contradiction. Indeed, taking z =
Tp(k), Y = Tk in (E22), we have

(2:4) ¥ (0 (@m)+10 Ta)+1)) < Fla (P (Zmw)s Taw))) s B (0 (Tmw) Tnwy)))-
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Then by (234) together with the properties of ¥, «, 3, we have

Y (e) Lminf o (p (@ (k)41 Tn(k)+1))

limsupd}( (xm(k)-‘rl?xn(k)"l‘l))

lim sup F (o (p (Zm(e)s Zn(e))) + B (0 Tan(rys Tniiy)))

lim sup F(or (p (Zm(rys Za(ry)) > Hmink B (5 (2m(eys Tniy))))
F(a(e), B ().

Hence, 9 (¢) < F(a(e),(€)) a contradiction with (20), where t = s =
e>0.
Hence the sequence {z,,} is a 0—Cauchy sequence in the 0—complete partial

ININIA

IN

metric space (X, p). Then there exists u € X such that z, 2.
Suppose that (i) holds. Then

u= nlLH;O Tpy1 = f (nﬁ_)m xn) = f(u),

oo

implies that u is a fixed point of f in X and p(u,u) = 0 because p (u,u) <
p(u, fu) =0.

Now, suppose that (ii) holds.

In this case

v (wu) 21,7 (u, fu) 2 1, p(u,u) p(u, fu) <1 and 2, <,

for all NU {0} . We claim that w is a fixed point of f, that is, p (u, fu) = 0. Let
p (u, fu) > 0. However, according to Remark [ (2) we have

p(u, fu) = lim p(znir. fu).
Due to the condition (E), we have

(v (u, fu)y (@n, fon) > 1, p(u, fu) p (2, fr,) < 1);
So,

h(1, 1,9 (p (znt1, fu)))
h(1, 1,9 (p (fan, fu)))
(7 (u, u),
u)p

>

Y (s w) Y (T, 2n) Y (0 (fn, fu)))
a(p(wp-1,71)), B (p (Th—1,71)))
B (Tp—1,71)))s

/1'(“ (mnvxn)
L F(a(p(Tk—1,2k)

IAIA A
i

( (
( )

—
7/}(17 ($n+17fu)) < F(a (p (u,xn)),ﬁ(p (u,xn)))
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Again using the properties of the functions 1, a, 8 in the above inequality, we
obtain

Y (p (u, fu))

IN

liminf ¢ (p (2p11, fu))

liminf ¢ (p (f2,, fu))

limsup ¢ (p (fan, fu))

limsup F(a (p (u,x4,)), 8 (p (u,z,)))
limsup F(a (p (u,x,)), liminf 8 (p (u, z,)))
F(a(0),6(0)),

a contradiction with (270), where t = p (u, fu), s = 0. Hence,

VAN VAR VAN VAN

im p (241, fu) =p(u, fu) =0 as u = fu.

n— oo
It is clear that p (u,u) = 0. The proof of the theorem is complete. O

Choosing F(s,t) = s —t and h(z,y,2) = (z + 1), h(z,y,2) = (xy +
D* h(z,y,z) = zyz, h(x,y,z) = z in Theorem P70 we have the following corol-
laries:

Corollary 2.2. Let (X,p, =) be a partially ordered partial metric space such
that (X, p) is 0—complete. Assume that f : X — X and v: X x X — [0,00)
are two mappings such that f is a nondecreasing and ~y-admissible mapping.
Assume that there exist Y € U, a € ®1 and § € o such that

t>0and (s=t or s=0) implies (t) — a(s) + B(s) >0
forallt,s >0, and

¥z, fx)y(y, fy) > 1
= ((p(fz, fy)) + 0" YY) < o (p(a,y)) - B (p(x,y)) + £

for all comparable x,y € X, where | > 1. Suppose that either
(i) f is continuous, or
(i) if there exists a nondecreasing sequence {x,} such that

Tn D xasn — 00, Y(Tn, fn) > 1 and y(xp, x,) > 1,

for all n, then
v(x,2) > 1,v(x, fz) > 1 and z,, = x,

for all n € N.
If there exists xy € X such that

Y(xo,z0) > 1,v(x0, fro) > 1 and xo X fxo,

then f has a fixed point v in X and p(u,u) = 0.
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Corollary 2.3. Let (X,p, =) be a partially ordered partial metric space such
that (X,p) is 0—complete. Assume that f : X = X and v: X x X — [0,00)
are two mappings such that f is a nondecreasing and ~y-admissible mapping.
Assume that there exist Y € U, a € ®1 and B € o such that for allt,s > 0,

t>0and (s=1t ors=0) implies P(t) — a(s) + B(s) >0
and
V(. oy, fy) 2 1= @p(fx, fy)) + 1)1 < g0l =St

for all comparable x,y € X. Suppose that either
(i) f is continuous, or
(ii) if there exists a nondecreasing sequence {x,} such that

Tn B asn — 00, y(zn, fr,) > 1 and y(zn, z,) > 1,

for alln, then y(x,z) > 1, y(z, fz) > 1 and x,, <X x for all n € N.
If there exists xy € X such that

Y(z0,0) > 1,7(0, fro) > 1 and z¢ = fxo,
then f has a fixed point w in X and p(u,u) = 0.

Corollary 2.4. Let (X,p, =) be a partially ordered partial metric space such
that (X, p) is 0—complete. Assume f : X — X and~y: X x X — [0,00) are two
mappings such that f is a nondecreasing and y-admissible mapping. Assume
that there exist v € ¥, o € 1 and B € ®o such that for allt,s > 0,

t>0and (s=1t ors=0) implies P(t) — a(s) + B(s) >0
and

Y, fe(y, fy) 2 1 = y(@,2)y(y, )P (p(fz, fy) < a(p(z,y)) — B (p(z,y))

for all comparable x,y € X. Suppose that either
(i) f is continuous, or
(ii) if there exists a nondecreasing sequence {x,} such that

Ty D x asn — 00, Y(Tn, fn) > 1 and y(xp,xn) > 1

for all n, then
v(x,2) > 1,v(x, fz) > 1 and z, = x,

for all n € N.
If there exists xg € X such that

Y(xo,x0) > 1,7v(x0, fro) > 1 and xo < fxo,

then f has a fixed point in X, say u such that p (u,u) = 0.
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Corollary 2.5. Let (X,p, =) be a partially ordered partial metric space such
that (X,p) is 0—complete. Assume that f : X — X and v: X x X — [0,00)
are two mappings such that f is a nondecreasing and ~y-admissible mapping.
Assume that there exist v € U, o € ®1 and f € Py such that

t>0and (s=t ors=0) implies P(t) —a(s)+ F(s) >0
for allt,s >0, and

(2.5) vz, fe)v(y, fy) = Y(p(fz, fy)) < a(p(z,y)) — B (p(z,y)),

for all comparable x,y € X. Suppose that either
(i) f is continuous, or
(ii) if there exists a nondecreasing sequence {x,} such that

Ty Bz asn — 00, Y(Tn, fr,) > 1 and y(z,, z,) > 1,
for all n, then
v(z, ) > 1,7(z, fr) > 1 and z, <,
for all n € N.
If there exists xo € X such that

’7($07I0) > 17’)/(I0,f1‘0) > 1 and Zo = fl’o,
then f has a fixed point u in X and p(u,u) = 0.

Corollary 2.6. Let (X,p,=) be a partially ordered partial metric space such
that (X,p) is 0—complete. Assume that f : X — X and v: X x X — [0,00)
are two mappings such that f is a nondecreasing and ~y-admissible mapping.
Assume that there exist ¢ € U, a € ®1 and B € $y such that

a(s)

RN IOR

t>0and (s=t ors=0) implies (t)
for allt,s >0, and

y(z,x)y(y,y) a(p(z,y))
(2.6)  y(z, fe)y(y, fy) = ((p(fz, fy)) + ) < 1180 y)

for all comparable x,y € X. Suppose that either
(i) f is continuous, or
(ii) if there exists a nondecreasing sequence {x,} such that

Tn Bz oasn — 00, Y(Tn, fxn) > 1 and y(xp, xn) > 1,

for all n, then
Y(z,z) > 1,v(z, fx) > 1 and =, = x,

for all n € N.
If there exists xy € X such that

Y(xo,20) > 1,7(x0, fro) > 1 and xo < fxo,

then f has a fixed point v in X and p(u,u) = 0.
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According to the Theorem BT, we provide the following corollary:

Corollary 2.7. Let (X,p,=) be a partially ordered partial metric space such
that (X,p) is 0—complete. Assume that f : X — X and v: X x X — [0,00)
are two mappings such that f is a nondecreasing and ~y-admissible mapping.
Assume that there exist ¢ € U, a € &1 and 5 € P such that

t>0and (s=t or s=0) implies ¥(t) — F(a(s),B(s)) > 0,
forallt,s >0, and

vz, fo)v(y, fy)h(y(z, ), 7(y, v), Y (p(fz, fy)))
(2.7) < Fu(z, z)u(y, y), Fa(p(z,y)), 8 (p(z,y)))

for all comparable x,y € X, where pair (F,h) is an upclass of type-II and
F € C. Suppose that either

(i) f is continuous, or

(i) if there exists a nondecreasing sequence {x,} such that

Tn D xasn — 00, Y(Tn, f2n) > 1 and y(xp, x,) > 1,

for all n, then
Y(z,z) > 1,v(z, fx) > 1 and =, = x,

for all n € N.
If there exists xy € X such that

P)/(x()vx()) 2 17’7(270,f$0) Z 1 and Zo j fx()v
then f has a fixed point.

Proof. Let y(z, fx)y(y, fy) > 1. In this case, we have by (271)

h(v(x,2),v(y,y), ¥(p(fz, fy)))
v(@, f2)v(y, fy)h(y(z,2),7(y,y), v (p(fz, fy)))
F(u(z, o)y, y), Fla(p(z,y)), B (p(z,y)))

/\

IAIA

that is,

v(z, fx)y(y, fy)

NIV

h(y(z,2),v(y,y), ¥ (p(fz, fy))) < Flulz,2)u(y,y), Fla(p(z,y)), B (p(z,y)))

Hence, all the conditions of theorem P71 hold and therefore f has a fixed point.
O

Corollary 2.8. Let (X,p, =) be a partially ordered partial metric space such
that (X,p) is O-complete. Assume that f: X — X and v: X x X — [0,00)
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are two mappings such that f is a nondecreasing and ~y-admissible mapping.
Assume that there exist ¢ € U, a € ®1 and € Oy such that for allt,s > 0,

t>0and (s=t or s=0) implies P(t) — as) + B(s) >0
and
(2.8)
Y, f)1(w, fy) @, f1) + 070 < a(p(a,y) = B (o)) + ¢

for all comparable x,y € X where | > 1. Suppose that either

(i) f is continuous, or

(i) if a nondecreasing sequence {x,} is such that x, Bozasn = oo,
Y(@p, f2n) > 1 and y(zp, ) > 1 for all n, then y(x,2) > 1, y(x, fx) > 1 and
T, =X x for allm € N.

If there exists xg € X such that v(xo,z0) > 1, v(xo, fro) > 1 and 29 = fxo,
then f has a fized point.

Corollary 2.9. Let (X,p, =) be a partially ordered partial metric space such
that (X,p) is 0—complete. Assume that f: X — X and v: X x X — [0,00)
are two mappings such that f is a nondecreasing and ~y-admissible mapping.
Assume that there exist v € U, a € 1 and § € Py such that for allt,s > 0,

t>0and (s=t or s=0) implies (t) — a(s) + B(s) > 0
and

V(@ f)y(y, fy) (p(Fr, fy)) + 1)1 0D < gelen) =S

for all comparable x,y € X where £ > 1. Suppose that either
(i) f is continuous, or
(#i) if there exists a nondecreasing sequence {x,} such that

Tn S xasn — 00, Y(Tp, f2n) > 1 and y(xp, xn) > 1,

for all n, then y(z,x) > 1, v(x, fx) > 1 and x,, < x for alln € N.
If there exists xy € X such that

PY(xOva) 2 17’}/(1'0,f$0) 2 1 and Zo j fx07
then f has a fixed point.

Corollary 2.10. Let (X,p, =) be a partially ordered partial metric space such
that (X,p) is 0—complete. Assume that f : X — X and v: X x X — [0,00)
are two mappings such that f is a nondecreasing and ~y-admissible mapping.
Assume that there exist ¢ € U, a € &1 and € Oy such that for allt,s > 0,

t>0and (s=t ors=0) implies Y(t) — a(s) + B(s) >0
and

vz, fo)v(y, fy)v(z, 2)v(y, ) (p(fz, fy) < a(p(z,y)) — B (p(z,y))
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for all comparable x,y € X where £ > 1. Suppose that either
(i) [ is continuous, or
(i) if there exists a nondecreasing sequence {x,} such that

T Bz asn— 00, Y(Tn, f2n) =1 and y(xn,z,) > 1

for all n, then
v(z,x) > 1,v(z, fr) > 1 and x, <,

for all n € N.
If there exists xy € X such that

Y(wo,20) > 1,7(20, fro) > 1 and xo X fxo,
then f has a fized point.

Example 2.11. Let X = [0, +00) be endowed with the partial metric p (z,y) =
max {z,y} for all z,y € X and f: X — X be defined by

fa = L (1+2?) ifz€0,1],
] 5t ifz e (1, +0).

Define 7 : X x X — [0,4+00), ¥ : [0,400) — [0,400) and 3 : [0,+00) —
[0, 4+00) by

1if z,y €]0,1]

0 otherwise

v(wvy)={

w(t):tﬁ—i, a(t):t+%and6(t):1.

We have to show that this example supports our Corollary ZZ3

Obviously (X, p) is a 0—complete partially ordered metric space. Now, we
have to show that f is a y—admissible mapping. Let vy(z,y) > 1 for x,y € [0, 1],
then fz, fy € [0, 1], such that v(fz, fy) > 1. Now we will show that condition
D is satisfied. Let ¢ > 0 and s =¢. Then
alt) t

_1+B(t)_2>0'

¥(t)

Also, for t > 0 and s = 0 we have (t) — lf:(ﬁo()o) =1t > 0. It remains to prove
that condition (E7) is satisfied. Let v(x, fa)y(y, fy) > 1. This is possible only

if x,y € [0,1]. Let max{x,y} = x. Therefore max{fz, fy} = fz. Then

Y(p(fz, fy) = Z(1+2%)+-

IN
8 |8 00l

IN
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Now, we have to show that condition (ii) in Corollary P8 is also satisfied.

Let v(zy,x,) > 1, then z, € [0,1]. Since z, — z, we have x € [0,1] and
therefore we have y(z,z) > 1, and x,, < x. Let xg = 4—+/15. Then ~(zq, o) >
0, and fxo € [0,1], we have y(zo, fzo) > 1. Also zo < f(20). So 4 — /15 is a
fixed point.
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