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AN ITERATIVE METHOD FOR SOLUTION OF
FINITE FAMILIES OF SPLIT MINIMIZATION
PROBLEMS AND FIXED POINT PROBLEMS

Hammed Anuoluwapo Abasg', Chinedu Izuchukwu?, Oluwatosin
Temitope Mewomdﬁ and Ferdinard Udochukwu Ogbuisfﬂ

Abstract

The purpose of this paper is to introduce a proximal iterative algo-
rithm for the approximation of a common solution of finite families of
split minimization problem and a fixed point problem in the framework
of Hilbert space. Using our iterative algorithm, we prove a strong con-
vergence theorem for approximating a common solution of finite families
of split minimization problem and a fixed point problem of nonexpansive
mapping. Moreover, our result complements and extends some related
results in literature.
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1 Introduction

Let H be a real Hilbert space with inner product and norm as (.,.) and ||.||
respectively. Let C' be a nonempty, closed and convex subset of H. A mapping
T:C — C is said to be

(i) a contraction, if there exists a constant k € (0,1) such that

[Tz =Tyl <kl —yll, V 2,y €C;
(i) nonexpansive, if
| Te =Tyl < |lz—yl|, Vz,y € C.

A point p € C is called a fixed point of T if Tp = p. We denote by F(T) the
set of all fixed points of T
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The iterative approximation of fixed points for nonexpansive mapping have
been studied extensively by many authors (see, for example, [5, 8, [@ 12] and
the references therein).

For any point u € H, there exists a unique point Pcu € C such that

[lu = Poul| < lu—yll, VyeC.

Pc is called the metric projection of H onto C'. It is also well known that P
satisfies

(x —y, Pcx — Pcy) > ||Pcx — Poyl|[>.

Definition 1.1. A mapping T : H — H is said to be firmly nonexpansive
if and only if 27 — I is nonexpansive, where I is the identity mapping, or
equivalently

(x —y,Tx —Ty) > ||Tz — Ty||?, ¥V =,y € H.
Alternatively, T' is firmly nonexpansive if and only if T' can be expressed as
1
where S : H — H is nonexpansive. The metric projection is an example of a
firmly nonexpansive mapping.

Definition 1.2. A mapping T : H — H is said to be an averaged mapping if
and only if it can be written as the average of the identity mapping I and a
nonexpansive mapping, that is,

(1.1) T=(1-a)l+as,
where @ € (0,1) and S : H — H is nonexpansive. When (1.1) holds, we say
that T is a- averaged.
Definition 1.3. A mapping T : C' — C is said to be
(i) monotone, if
<T$—Ty,$—y> 2 Oavxay € Ca
(ii) a-inverse strongly monotone, if there exists a constant o > 0 such that
(Tx — Ty, x —y) > a|[Tx — Ty||*,V 2,y € C.

Definition 1.4. Let Q be a convex subset of a vector space X and f : Q —
R U {400} be a map. Then,
(i) f is convex if for each A € [0,1] and z,y € @, we have

fOz 4+ (1= Ny) <Af(z) + 1 =N f(y);
(ii) f is called proper if there exists at least one x € @) such that

f(@) # +o0;

(iii) f is lower semi-continuous at o € Q if

f(x0) < liminf f(z).
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The Split Feasibility Problem (SFP) was first introduced in [3] by Censor and
Elfving. Let C' and @ be nonempty closed convex subsets of real Hilbert spaces
H, and H, respectively and A : H; — H> be a bounded linear operator. The
SFP is defined as follows:

(1.2) Find z* € C such that Az* € Q.

The SFP arises in many fields in the real world, such as signal processing, image
reconstruction and intesity-modulated radiation therapy problems. Since its
origin, several iterative algorithms have been proposed and analysed to solve
it (see [7, 13 15, [16] (18, [20] and the references therein).

One of the most important problems in optimization theory and non-linear
analysis is the problem of approximating solution of Minimization Problem
(MP) which is to find € H such that

(1.3) f(z) = ggg (),

where f : H — (—o00,00] is a proper and convex function. We denote by
argminyep f(y) the set of all minimizers of f on H.
Recently, Moudafi and Thakur [I3] considered the following MP,

(1.4) min{g(z) + fa(Az) : z € Hy};

where g : Hi — R U {400} is a proper, convex and lower semi-continuous
function, and fy(y) = minuem, {f(uv) + 5x|lu — y[|*} is the Moreau-Yosida
approximate of the function f of parameter A also called the proximal operator
of f of order A and A : Hy — Hs is a bounded linear operator. For A > 0, the
Moreau-Yosida resolvent of f in Hilbert space is defined as follows:

(15) (@) = Prousf(a) = argmingen{f(s) + 55 lly — |}, Vo € I,

where argmin f:={T € H: f(T) < f(z) forallx € H} .

Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H;
and Hy g : Hi — RU {400} and f : Ho — R U {400} be two proper and
lower semi-continuous convex functions. Let A : H; — Hy be a bounded linear
operator, then the Split Minimization Problem (SMP) is to find

(1.6) x* € C such that * = argmingccg(x),

and such that

(1.7) the point y* = Az™ € @ solves y* = argminyeq f(y).

In this paper, we consider the finite families of SMP, which is to find
(1.8) z* € C such that z* = N argmingccgi(z),

and such that

(1.9) the point y* = Az™ € Q solves y* = NJL argminyeq f;(y)-
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We denote the solution set of problem (1.8] . 11.9) by ©
For A > 0, x € Hy, we define

(1.10) h(z) := %H(I — Prozyy)Az||*;
1 2

(1.11) I(x):= §||(I — Proxyg)z||*;

(1.12) 0(z) = VIIVR(@)I]? + [[Vi(2)]%;

and

(1.13) v i gy M) H @)

02(xn)

where 0 < p, < 4. Then the gradients Vh and VI of h and [, respectively, are

(1.14) Vh(z) := A*(I — Proxxys)Aux;
and
(1.15) Vi(z) := (I — Proxyg)z.

Using (L.10)-(L.13), Moudafi and Thakur [I3] studied the following proximal
point algorithm and proved a weak convergence theorem for the sequence gen-
erated by their algorithm to a solution of SMP —:

Given an initial point 1 € Hy, assume that xz,, has been constructed and
6(xy,) # 0, then compute z,41 as follows:

(1.16) Znt1 = Proxag(x, — unA*(I — Proxas)Az,), ¥V n > 1.

If (x,) = 0, then x,,.1 = x,, is a solution of MP and the iterative process
stops, otherwise, we set n:= n+1 and go to .

Very Recently, Abbas et. al. [I] proposed two iterative algorithms which
generate sequences that converge strongly to a solution of SMP . .
Using (1.10] -7 they proposed the following modified split proximal point
algorlthm and proved that the sequence generated by their iterative scheme
converges strongly to a solution of SMP (L.6)-(L.7):

Given an initial point z; € Hi, assume that z,, has been constructed and
O(x,) # 0, then compute x,1 by the following iterative scheme;

(1.17)  zpg1 = Prozag((1 — ep)zn, — v A" (I — Prozyyp)Axy,); for n > 1;

where stepsize v, = pn% with 0 < p, < 4. If 8(x,) = 0, then
Tpy1 = Xn is a solution of SMP . 1.7) and the iterative process stops,
otherwise, we set n :=n + 1 and go to 1_’

They proved the following theorem.
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Theorem 1.5. [1] Let Hy and Hy be real Hilbert spaces, A : Hy — Hy be a
bounded linear operator with its adjoint operator A* : Hy — Hy. Assume that
g: H — RU{+o00} and f : Hy = RU {400} are proper, conver and lower
semi-continuous functions, and that SMP (L.6)-(1.7) is consistent. Let {e,} be
a sequence in (0,1) such that the following conditions hold:

(a) lim,_ o €, = 0;

(b) Yoy €n = 00;

(c)a<p, < %—aforsomea>0.

Then the sequence {x,} generated by converges strongly to a solution x*

of SMP (T6)-(T7).

The proximal point algorithm have been used extensively by many authors
to solve the SFP and MP (see [13] [I5] and the references therein).
In 2017, Shehu and Iyiola [I5] proposed the following modified proximal
point split feasibility iterative scheme:
Algorithm (1.1)
(1) Given the initial points z1,u € Hy;
2) Set n :=1 and compute;
) Yn = ant+ (1 — o) zy;
) 6(yn) = ||A*(I = prowas) Ay + (I = prowxg)yal |
5) Zn = Yn — Pn (yé;)a;i()yn)a
6) Tp+1 = ( ﬂn)yn +ﬂnzn’
7) If A*(I —proxzaf)Ayn, = 0 = (I — proxyg)yn and zn41 = Z,, then stop,
otherwise;
(8) Set n:=n+ 1 and repeat step(3)-(6).
They proved that Algorithm (1.1) converges strongly to a solution of .

Remark 1.6. We observe that the method of proof used in [I] is divided into
two cases, but we were able to prove our strong convergence theorem without
dividing our method of proof into two cases. The method of proof in this paper
looks shorter and easier to read.

In Theorem they imposed a < p, < %
their iterative scheme to prove a strong convergence theorem. We were able to
prove a strong convergence result without imposing this condition.

Most authors working in this direction have considered either the SMP or MP
(see [II, 2, [10] and the references therein), but in this paper, we considered the
finite families of SMP.

Motivated by the works of Shehu and Iyiola [14] [15], Yao et. al. [20] and other
researchers working in this direction, we introduce a proximal point iterative
algorithm for approximating the common solution of finite family of SMP and
fixed point problem in the framework of Hilbert space. Using our iterative algo-
rithm, we prove a strong convergence theorem for approximating the common
solution of split minimization problem and fixed point problem of nonexpansive
mapping. Our method of proof is quite different from others working in this
direction, see( [13| [20] and others therein).

— a for some a > 0 on



122 H. A. Abass, C. Izuchukwu, O. T. Mewomo and F. U. Ogbuisi
2 Preliminaries

In this section, we state some well known results which will be used in the
sequel. Throughout this paper, we denote the weak and strong convergence of
a sequence {z,} to a point x € H by z, — z and x,, — x, respectively. We
also denote by H?:1JZ$ = Jﬁ o Jg o---J) the composition of our resolvents.

Lemma 2.1. [J] Let H be a real Hilbert space. Then the following identities
hold:

(1) 2(z,y) = ||z||? +2||y||2 ~llz - yl[> = [ +2y||2 —[J]* - Hy||272\7 z,y € H.
M) llox + (1 = a)y|* = af|z[* + (1 = a)||y[|* — a(l — o)z —y||*.

Lemma 2.2. [T9] Let H be a real Hilbert space and T : H — H be a nonlinear
mapping, then the following hold:

(i) f is nonexpansive if and only if the complement I — f is %—ism,

(i) If f is v-ism and v > 0, then v f is %-ism.

(iii) f is averaged if and only if the complement I — f is v-ism for some v > %
Indeed, for B8 € (0,1), f is B-averaged if and only if I — f is %-ism.

() If f1 is Br-averaged and fo is Ba-averaged, where Py, Bo € (0,1), then the
composite f1 fo is B-averaged, where 8 = (1 + B2 — 51 52.

Lemma 2.3. [16] Let Hy and Hy be real Hilbert spaces. Let A : Hy — Hy be
a bounded linear operator with A # 0, and S : Hy — Hy be a nonexpansive
mapping. Then A*(I — S)A is m—ism.

Lemma 2.4. [T7] Let H, and H be real Hilbert spaces. Let C be a nonempty,
closed and conver subset of Hy. Let S : Hy — Hy be a nonexpansive mapping
and let A : Hy — Hy be a bounded linear operator. Suppose that CNATIF(S) #
(0. Let v > 0 and z* € Hy. Then the following are equivalent.

(i) * = Po(I —vA*(I — S)A)z*;
(i) 0 € A*(I — S)Ax* + Noz*;
(iii) z* € CNATLF(S).

Lemma 2.5. [2]] Let C be a nonempty, closed and convex subset of a real
Hilbert space H and S : C — C be a nonexpansive mapping. Then I — T
is demiclosed at 0 (i.e., if {x,} converges weakly to x € C and {x, — Txp}
converges strongly to 0, then x = Tx).

Lemma 2.6. [6]. Let H be a real Hilbert space and f : H — (—o0,00] be a
proper convex and lower semi-continuous function. Then, for all z,y € H and
A >0, we have

1 2 1 2 1 2
— —yl? = =z - — ||z — < .
1 =yl = Sxlle =yl + xlle = Taal P + £(aa) < £()
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Lemma 2.7. [T1] Let {a,} be a sequence of non-negative real numbers such
that

Ap+1 S (]- - an)an + QnTn,

where {r,} is a sequence of real numbers bounded from above and {a,} C [0,1]
satisfies > o, = 00. Then

limsup a,, < limsupr,.
n—oo n—oo

3 Main Result

Throughout this paper, we shall denote by J ){ , A > 0, the resolvent of a proper
convex and lower semi-continuous function f.

Lemma 3.1. Let H be a real Hilbert space and f : H — (—00,00] be a proper
convex and lower semi-continuous function. Then, for 0 < A < p and z € H,
we have ||Jyx — z|| < ||z — ]|

Proof. For x,y € H, we obtain from the definition of the resolvent of f that
1 2 1 2
ﬂ%ﬁ%+zﬂ#$—ﬂ|§f@%+zﬁy—ﬂk
In particular, we have that
1 2 1 2
(3.1) f@ﬂﬁ+iﬁ%$*ﬂlSfUﬂ0+ZﬂA$*ﬂM
Similarly, we obtain
1 2 1 2
(32)  f(a)+ gellire — ol < F(Tur) + o5l — ol
Adding (3.1)) and (3.2)), we obtain that

A A
Hhx—ﬂﬁ—;th—ﬂFSH%x—ﬂﬁ—ﬁwhw—ﬂﬁ

A A
(1-2) e =l < (1= 3 ) e = .
I 7

Since 0 < A < u, we obtain that

That is,

[z =zl < [l Tz — =]
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Lemma 3.2. Let H be a real Hilbert space and f; : H — (—00,00], j

1,2,...,m be proper convex and lower semi-continuous functions. LetT : H —
H be a nonexpansive mapping, then for 0 < A < u, we have that

T | < (o (o (42))

Proof. For z € F (THT:lJ,Sj)) and y € (F(T) N (ﬂ}":lF (pr))), we have
that

e —yll* = IITI_[J,S")SC—THJ,Ej)yH2
< ||HJ<J>:c—HJ<J‘>y\|2
Jj=1
(3.3) = IIHJ,Sj)w—yIIZ-
j=1

Furthermore, we obtain from Lemma [2.6] that

m

1 LI
7 Iz —ylI? - III_[J,(B)%‘—yH2 HHJ x—HJ(”xHQ
j=2

i

Since f(y) < f(H;ilJ,(f)x), we obtain from (3.3) that

IT[79= - [[79=1 < N[][/9=—wl® = I][79 = — vII?
=2 i=1 =2 joi
< =yl = ][/ — vl
j=1
<

ITT79 e = ll? =T T/9 = — yIP?,
j=1 j=1

which implies

(3.4) HJ;% = HJISj)x.
j=1 j=2
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Similarly, we obtain from Lemma and (3.3 that

T/ = [[79=1P < IT[J9 —yll> = IT[/9 - vlI?
j=3 j=2 j=3 j=2
< e =yl = (IT[7Pz - ylI?
j=2
< NT79= =wll> = IT[79= = wll?,
j=1 j=1
which implies
(3.5) [[70z=]]79 .
j=2 j=3

Continuing in this manner, we obtain that

m m

(3.6) HJP(Lj)x:HJP(Lj)x:--~: H Jéj)x:J,Sm)xzw.
Ml

j=3 j=4 j 1
From ({3.6]), we have
(3.7) z=J"Mz.

From (3.6) and (3.7, we obtain

(3.8) v= ] JPz=Jm"DIMe =g Va,
Jj=m-—1

Continuing in this manner, we obtain from (3.4)-(3.8)) that

_ —-2) .. _ _ 2),.. 1
(3.9) e=J" V== JPz=JVa.
That is,
(3.10) JVr=JPz = =Jm Vg =JMz =2z

Furthermore, we get from ({3.4)-(3.6) that

(3.11) z=T[[J? =Tz
j=1

Now, since 0 < A < pu, we obtain from Lemma and (3.10) that

lz = S|l < |le = JPal| =0, j = 1,2,...,m,

125



126 H. A. Abass, C. Izuchukwu, O. T. Mewomo and F. U. Ogbuisi

which implies that x € F(J(j)) j =1,2,...,m. This together with (
implies that x € (F (T) < (J ij ) ) Therefore, we conclude that

(L) < (ren e (1))

O

Theorem 3.3. Let Hy and Hs be two real Hilbert spaces and C' be a nonempty
closed and convex subset of Hi. Let A : Hy — Hy be a bounded linear operator
such that A # 0 and 0 a contraction mapping with coefficient T € (0,1). Let
T:Hy — Hy and S : Hy — Hs be two nonexpansive mappings. Fori=1,2,..n
and j =1,2,..m, let g; : Hi — (—00,+0o0] and f; : Hy — (—00,+00] be two
families of proper, conver and lower semi continuous functions. Assume that
I':={z€ F(T):2zen argmingengi(y) and Az € F(S) such that Az €
NLargminger fi(y)} # 0 and the sequence {x,} is generated for arbitrary
z1,u € Hy by

Tn+1 = (1 - 6n)yn + ﬁnzny .

2n = (1= t)ym + taTTT 1J@(yn)-

yn = Pe (un =70 A" (1= ST, JY) Aug ) 5
up = (1 — ap)zy, + anb(zy), n>1;

(3.12)

where {v,} C [a,b] for some a,b € (O7 W),O <A< A\, and {an}, {Bn}, {tn}
are sequences in (0,1) satisfying the following conditions:

(i) im0 i, = 0,577 1 = 00;

(i) 0 < liminf,, o B, < limsup,,_,.. Bn < 1;

(i) 0 < liminf, o ¢, < limsup,,_, tn < 1.

Then, the sequence {x,} converges strongly to z € ', where z = Prf(z).

Proof. Let z = Prf(z), then z = Tval Jii)(z) and Az = ST[J, J/(\J)(Az)

Also, we know that the comp051t10n ST, J 4) is nonexpansive. Thus, it
follows from Lemma [2.2] (ii), (iii), (iv) and Lemma-that

Pe|I—yaA* [1-ST[7Y) | 4
j=1

14+, || A2 .
%M—avcragcd. Hence y,, can be written as

is
(3.13) Yn = (1 — pn)un + pn Trtin,

2
where T, is nonexpansive and u, = %' Thus, from (3.13]) and Lemma
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(IT), we obtain that

= (1 = pn)[|un, — Z||2 + pn || Trun, — Z||2

— (L = )|t — Tnun||2
(3.14) = [Jun = 2[[* = pn (1 = pi) [t — T |*.
From (3.12) and Lemma (IT), we obtain that

||xn+1 - ZHZ = H(l - 6n)yn + Bnzn — ZH2
= (1= Bu)llyn — 2[1> + Bullzn — 2|7

(315) _/Bn(l_ﬁn)||yn_zn”2

Also, we obtain from (3.12) that

2 — 2l =I1(1 — ta)yn + ta T, T () — 2|2
=(1— tn)llyn — 2l + tul [T T () — 211
— (1 = to)llyn — TT I ()12
<(1 = ta)lym — 212
+tallyn — 2117 = ta(1 = t) [y — TI, T ()2
(3.16) <llyn — =12

Again from (3.12)), we have that

1

(3.17) Zn — Yn = B—(xm_l — Yn).
Similarly, we have from (3.13) that

1
(3.18) Tl — Uy, = M—(yn — Up).

Now, from (3.14)), (3.4), (3.17) and (3.18]), we have that

|Zns1 = 2I* < (1= Bo)llyn — 2II° + Bullyn — 217
- ﬁn(l - ﬂn)”yn - Zn||2

1
= |lyn — 2* — 5, (1= Bu)llznia — all?

1
< = 2| = — (1 = p)[[yn — unl
fin
1

(3.19) -5

(1= Bu)llTns1 — yn”zv
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which implies that

lzn+1 — 2| < [Jun — 2|
=||(1 = an)zn + anb(z,) — 2||
< apl|0(zn) — 2| + (1 — an)|lzn — 2|
< anTllzn — 2l] + an||0(2) — 2[4+ (1 — an)|lzn — 2|
=1 —an(l = 7))l[zn = 2|[ + anl|0(z) — 2]|
2, H@ ZH}

< max {||z, —

H9

< max {||z1 —

Therefore, {z,} is bounded and consequently, {u,},{y,} and {z,} are also
bounded.

From (3.17)), we have that

1
120 = ynll* = 15 (@nta —yn)ll?
n

1
= @”xnﬂ—l _ynH2
n

e | yn|2>
(3.20) = ﬂn( e :

Also, from ([3.18)), we obtain

_ 2
(3.21) |t — Toun|? = <2 (”yn“"”> .
Hn Qi fbn

From Lemma [2.]1] n ) and (| -7 we have

(lun = 2[[* = [l (8(z0) = 2) + (1 = an)(zn — 2)I?
=a2||0(x,) — 2||* + 200 (1 — @ ){0(zy) — 2,2, — 2)
+(1- O‘n)2”xn - Z||2
< A2|0(zn) — 2|]* — 200 (1 — ) (0(20) — 2,2 — 21)
(3.22) + (1 — an)l|zn — 2%
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Substituting (3.22)) into (3.19)), we obtain
llzn1 = 2l1* < agll0(an) — 21" — 200 (1 — an){O(xn) — 2,2 — x0)
1
F(l = Bo)ll#ns1 — yall®
1
= — (1= pa)llyn — unH2
7

n

+ (1= an)llen — 2l ~

= (1 — an)||lzn — Z||2 - an( — an|[0(z,) — Z||2
+2(1 — an)(@(zn) — 2,2 — zp)

1
+ nfn (1= Bu)llTny1 — yn||2
1
2 1-— —unl?).
(3:29 41 )l wal?)
Let
T, :=—a,||f(z,) — z||2 +2(1 — ap)(b(zn) — 2,2 — zp)
1
(3.24) + (1= Bu)llzns1 — ynll* + (1= ) lyn — un >

o fn Qi
Thus, ([3.23]) becomes
|01 = 2[1* < (1= an)l|zn — 2]|* = an Ty

Since {x,} is bounded, it is bounded below. Hence, {Y),} is bounded below.
Furthermore, using Lemma and condition (i) in (3.12)), we obtain

limsup ||z, — 2z||* < limsup(—=T,)
n—oQ n—
(3.25) = —liminf 1,,.
n—
Therefore, liminf,, o, T, is finite. We have from (3.24)) that
liminf Y, = liminf (2(0(z,) — 2,2 — zn)

n— oo n— oo

1

+ on b (1= Bu)llTns1 — yn‘|2
1

b (U ol — ).

Since {x,} is bounded, there exists a subsequence {zy,, } of {z,} such that
ZTp, — ¢ € H and

liminf Y, = liminf (2(0(zy,) — 2,2 — @y,

n— o0 k—o0
1
1 - Mn n - Ynyg 2
+ g (= Bl — v
1
(3.26) + (1 = )Y = wn|?)-

Cny ony
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Since {x,} is bounded and liminf, . Y, is finite, we have that

Bnk)'lxnkJrl - ynk||2 and
- 1u (1 = )| |Yny — Un,||? are bounded. Also, by assumption (ii), we have
”'Lk 7L

that there exists b € (0, 1) such that 3,, < b < 1 and this implies that — ,8 (1-
’Ilk
Bry) = = ﬂ (1-b) > 0 and we have that { —>— B |Zn+1—Yn || }1s bounded
nk ’Vl ’V'L
Now, observe “from assumptions (i) and (ii) that there exists € (0,1) such that

—L(1-

g By

Qp,, < Qp,,

By ~

Following the same argument as in above, and using assumption (i) and the
definition of ~,, we obtain that

0< — 0,k — oo.

0< S < @m0k — oo

Hony
Therefore, we obtain from (3.20]) that
(3.27) lim [z, — yn, || = 0.

k—o0
Similarly, we obtain that
(3.28) lim ||}, — un, || = 0.

k—o0
From (3.17) and (3.27)), we obtain that
(3'29) Hxn-i-l - ynk” = /BnkHan - ynk” - 0) k — oo.
Also, from and -, we obtain
(330) ||ynk — Uny, || = :unkHTnkunk — Uny, || — 0,k — oco.

Furthermore, from (3.12)) and condition (i), we obtain that

(3'31) Hunk - mnk” = ankHe(‘rnk) - xnk” - O7k — Q.
Hence,

Now, set v(l) J(z) (1) ,t = 1,2,....N, where v(N+1) Yn, V¥ > 1. Then,
N N N-— N— i

o = I, o = NI ). 2 = T T ), oA

Yy, JQ (yn). Thus, from (3.16) and (3.27), we obtain that

N
b (1= ta) g, =TT @dIP < Ny = 212 = 120, — 2112
i=1

< lyn. — zn, I
+2/yni = znellllzn, = 2ll-
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Thus, by condition (iii), we obtain that
(3.33) lim ||y, —Tol)|| = 0.

k—oc0

Now, using Lemma we obtain for ¢ = 1 that

1 1
(1) 2 _ — @2
1
g I oI+ s 0) < (o)

Since f(z) < f(vnk) we obtain from ([3.33)) that

05 —o2I? < lz =@ = |2 = oI
<l = gl = llz = oD
< e =yl = ll2 = Tl
(3.34) < e = ToNP + 211z = Tof llyn, — o)l = 0,
as k — oo.

Following similar argument as above, we obtain that

2 3)112 2 2)112
I =2 < Jlz=v@|P =[]z — o2
< Hz—ynkll"’—Hz—vﬁf,fll2
(3.35) < e =yl = 12 = ToV[)2 =0, k — co.

Continuing in the same manner, we can show that

lim (o) — o] = = T flor ) = ol =
(3.36) limy o0 |[05Y) — 0¥V = 0
From (3.33))-(3.36), we obtain that
105 = gmell < (080 = 021 + (1052 — oS24+ + [[08)) — wnll
(3.37) = @) — oD+ [[08) = v + -+ [0l = oV =0,
as k — oo.

Also, using Lemma [2.6] we obtain for each ¢ = 1,2,...N that

1

Iz = vQI* =
2,

o ||Z v(z+1)||2 2/\ ||U(z+1) (12|‘2+f(v7(ll;3) < f(Z)
n

Since f(z) < f( ) we obtain that

[l = oSV < M1z = o1 — 1]z = o2,
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Taking sum in the above inequality from ¢ = 1 to i = N, we obtain from (3.37))
that

N
Z||U7(1213_ z+1)”2 < |‘Z—U£L]Z+1)H2—||Z ,U(1H2
i=1
= Iz = ynull> = llz = 0{2I> = 0 as n — oc.
This implies that
(3.38) lim (o) — o) =0,i=1,2,...,N.

From ({3.38]), and applying triangle inequality, we obtain for each i = 1,2, ..., N
that

(3.39) Jim o) — g, || = Jim [[of) — o) =0

Also from (3.38) and (3.39)), we obtain

1Ty, = T 0D < |y, — 0G|

nk

(3.40) < gy, = v+ [l — 0§D =0, k — 0.

Furthermore, since A, > A > 0 for all n > 1, we obtain from Lemma [3.1] and

(3.38) that

(3.41)
[ — DN < (oD = I o) =0, k=00, i =1,2,...,N.

From (3.38)), (3.39), (3.40) and (3.41]), we obtain

3 ms = g < I3 e = OGN 0 = o)
(3.42) + [0l — 0@+ [[08) = yn, ]l = 0, n = 00, i =1,2,...,N.

Again, we obtain from and - that

||ynk _TynkH < ||y n _Tv(l ||+||TU Tynk”
(3.43) < Ny = ToS + |05 = g, || = 0, k — oo.

Moreover, since {x,, } converges weakly to ¢ € Hy, it follows from (3.32]) that
the subsequence {yn, } of {y,} converges weakly to ¢ € H;. Hence, by Lemma

and , we obtain that ¢ € F(J/(\i)ynk) foreachi=1,2,..., N. Similarly,
we obtain from that ¢ € F(T). Thus, q € (F(T) N (ﬂfilF (Ji“))) .
Furthermore, we may assume without loss of generality that the subsequence
{Yn,} of {7} converges to a point ¥ € (0, W) . By Lemma AT —
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SH;"ZIJ/(\j) )A is inverse strongly monotone, thus {A* (I— SH;"_IJ/(\j) )Aunk}
7Lk - 7Lk
is bounded. It then follows from the nonexpansivity of Po that

I1Pe T = 7 A(1 = STTI ) A, = PoT = 5AT(1 = ST I ) A, |
j=1 j=1

< e = ANATT = STTIE ) Aun | = 0, as b — o,

Jj=1

That is,

. e T 700 _
kli)H;o ||ynk - PC(I - rYA (I - SHJ)\,%)A)UMC H =0,

J=1

which implies from (3.30) that

: . T 0) _
(344)  lim [jun, — Po(I = 7A"(I — Sl_IIJ)\nk)A)unk | =o0.
J:
It then follows from Lemmathat g € F(Po(I=3A*(I= I (1= Ay, f2)) A)).
Thus, from Lemma we obtain that ¢ € CNA™IF (SH;"ZIJ)(\QC) . Hence,

from Lemma |3.2] we obtain that

Age F sﬁjgﬁk C (F(S) N (m;f;lF (J§j>))) .

j=1

Therefore, we conclude that ¢ € T'.

Finally, we show that {z,} converges strongly to z, where z = Pru.

Now, from ([3.26]), (3.29)), (3.30) and the characteristic property of the metric
projection, we obtain that

1
hnnilogf Tn = th_l)gf (2<u —Z 7 ‘rnk> + ankﬂnk (1 - /Bnk)||xnk+1 - ynkHZ
1
+ 1 — pn Yny — Un 2
(U i, — )
= 2u—z,2—4q)
(3.45) > 0,

which implies from (3.25)) that lim sup||z, — 2||? < 0. Hence, we conclude that
n—oo

T, } converges strongly to z. O
{an} g gly

Setting i, j = 1 in Theorem (3.3]), we have the following result.
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Corollary 3.4. Let Hy and Hy be two real Hilbert spaces and C' be a nonempty
closed and convex subset of Hi. Let A: Hy — Hy be a bounded linear operator
such that A # 0 and 0 be contraction mapping with coefficient 7 € (0,1).
Let T : HH — Hy and S : Hy — Hs be two nonexpansive mappings, and
g: H — (—o0,+00], f: Hy = (—00,+00] be two proper, conver and lower
semi continuous functions. Assume thatI' := {z € F(T): z € argmingcug(y)
and Az € F(S) such that Az € argminycn f(y)} # 0 and the sequence {x,} is
generated for arbitrary x1,u € Hy by

= (1= Bn)yn + Bnzn;
Zn = (1 tn)Yn + tn TN, (Yn);
Yn = Po (up — v A* (I = SJy,) Auy,) ;
Up = (1 — an)Tpn + @nb(xy,), n>1;

(3.46)

where {v,} C [a,b] for some a,b € (0, HAHQ) 0< A<, and {an}, {Bn}, {tn}
are sequences in (0,1) satisfying the following conditions:

(i) im0, = 0,07 ) = o0

(i) 0 < liminf,, o B, < limsup, . Bn < 1;

(i) 0 < liminf, o ¢, < limsup,_, tn < 1.

Then, the sequence {x,} converges strongly to z € I', where z = Pr(z).

Remark 3.5. The problem solved in Corollary is problem —, while

Theorem solves problem (1.8])- (|1.9).

4 Application to SFP

Let the solution set of problem be denoted by Q. If g = d¢(z) [defined
as 0¢(z) = 0 if z € C and 400 otherwise] and f = dg, the indicator functions
of nonempty, closed and convex subsets of H; and Hs respectively. Then SMP
reduces to (1.2). Thus, applying Corollary we have the following
result.

Theorem 4.1. Let C and Q be nonempty, closed and convexr subsets of real
Hilbert spaces Hy and Ho respectively. Let A : Hy — Hs be a bounded linear
operator such that A # 0 and 0 be contraction mapping with coefficient T €
(0,1). LetT : H — Hy and S : Hy — Hy be two nonexpansive mappings,
assume that T' := {F(T) N Q} # 0 and the sequence {x,} is generated for
arbitrary x1,u € Hy by

Tp+1 = (1 - 6n)yn + ﬁnzn;

2p = (1 = tn)yn + tn TPo(yn);

Yn = Po(un — mA*(I — SPg)Au,);
Up = (1 — apn)Tn + @nb(ay,), n>1;

(4.1)

where {v,} C [a,b] for some a,b € (0, HAHz) 0< A<, and {an}, {Bn}, {tn}
are sequences in (0,1) satisfying the following conditions:
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(1) limy, o0 vy = 0,30 ) = 00;

(#) 0 < liminf, o By < limsup,,_, ., fn < 1;

(111) 0 < liminf, o0 t, < limsup,,_, . t, < 1.

Then the sequence {x,} converges strongly to z € T', where z = Pr(z).
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