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LYAPUNOV-TYPE INEQUALITY FOR NONLINEAR
SYSTEMS WITH RIEMANN-LIOUVILLE
FRACTIONAL DERIVATIVES

Alireza Ansari{f] Shiva Eshagh{’| and Reza Khoshsiar Ghaziani]]

Abstract. In this paper, we introduce a fractional nonlinear system
of differential equations including the Riemann-Liouville derivatives. We
present some new Lyapunov-type inequalities for this fractional nonlin-
ear system and its special cases. A study of the boundedness and the
behavior of oscillatory solutions is also given.
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1. Introduction

The well-known Lyapunov inequality

b
(11) [ latwldn > .

was introduced by Aleksandr Mikhailovich Lyapunov [26] in 1893 for the fol-
lowing boundary value problem

(1.2) Y +ayt) =0, a<t<b,

y(a) = y(b) =0,

where ¢(t) is a real and continuous function. In recent years, with developments
in the theory of fractional calculus (see for example [7], [8 12 [T6], 13, 14} [15]),
many authors have studied the associated inequalities of the fractional differ-
ential equations, for example see [2, [ [19] 2T] 27, 36, 37]. In this sense, for the
differential equation 7 some authors generalized it as the fractional bound-
ary value problems and obtained the associated Lyapunov inequalities with the
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fractional Riemann-Liouville, Caputo and Prabhakar derivatives [13| [17, [1§],
[23, 24].

In view of the nonlinear differential equations, several authors generalized also
the classical Lyapunov inequality for the half-linear and nonlinear differ-
ential equation [B] [6l [TT] 20, 22 29, 30} 32} 33}, 34, B5]. For example, Lyapunov-
type inequalities can be found in [28)] for the Emden-Fowler type equations and
were obtained for the first time by Elbert [I0] for the half-linear equation. Also,
the proof of its extension can be found in the book of Dosly and Rehék [9]. In
[32], the authors obtained the Lyapunov inequality for the nonlinear system (a
generalization of the Emden-Fowler-type and half-linear equations)

{ '(t) = en(t)x(t) + Sr()[u(t) " ?ult), v >1,
u'(t) = =P2(t)|z()|° 2z (t) — en (t)u(t), B> 1,

with initial conditions

(1.3)

z(a) = z(b) =0, a,beR, a<b.

Furthermore, in [I5] authors study the nonlinear system including the
Prabhakar fractional derivative and present some new Lyapunov-type inequal-
ities for this system and consider some special cases of the system.

In this work, as fractionalization of the nonlinear system 7 we study the
following fractional nonlinear system with the Riemann-Liouville derivative of
order p (0 < pp < 1)

Dta(t) = on(B)a(t) + fr(®)|u®)"2u(®), ~v>1,
4 {D“U(t) = —Bo(t)|z ()| ?x(t) — en (t)ult), B> 1,

where the functions aq, 51 and 5 are continuous functions such that 51 (¢) > 0
for ¢ € [ty, 00) and initial conditions are

z(a)=z(b) =0,  (I'7*u)(b) = (I, "u)(a) =0, a,beR (a<b).

We intend to obtain some new Lyapunov-type inequalities for the fractional
nonlinear system and some special cases. For this purpose, we suppose
that the nontrivial solution (z(t),u(t)) of the fractional nonlinear system
exists.

The plan of the paper is the following. In the next section, we recall some def-
initions and properties of the fractional calculus. In Section 3, we state funda-
mental theorems about the Lyapunov-type inequalities for fractional nonlinear
system and in some special cases we reduce the obtained inequalities. In
Section 4, we discuss the boundedness of solution (z(t),u(t)) and behavior of
ZEros.

2. Definitions

Definition 2.1. For m —1 < u < m, m € N and f € L'(a,b), the left-sided
and right-sided Riemann-Liouville fractional integral and derivative are defined
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as follows [31]

(2.1)

t b
<If;+f><t>=ﬁ [ a-or 1 repe. (Igtfxt):ﬁ / (—ty 1 F(E)de,
(2.2)

(DL (0 = ST )0, 1> 0, (D)) = — o (P (), 1<

Also, the left-sided and right-sided Caputo fractional derivative are defined as
131]

(2.3)
CDE D) = (7 G D) = s [ (e=m G e, > a
(2.4)
™m b ™m
CDE ) =~ G D) = s [ (e e, <

Proposition 2.2. The Riemann-Liouville fractional derivative of a constant
is not equal to zero for 0 < p <1, [25]

(t—a)* (b—t)=#
I'(l—p)’ Tl —p)
Proposition 2.3. Letm—1<pu<m, meN, p>1 ¢g>1 and%—k% <

w+1(p+#1,q# 1 in the case %—i—% =pu+1). If f(t) € I, (Ly(a,b)) and
g(t) € 15-%— (Lq(a»b)); then [2?7 4/

(2.5) (D, 1)(t) = (D 1)(t) =

(26) + (_1)kf(k) (%)Dm_k_llg_ﬂg(x) b

(27) + 3 ()R O @)D g ()

ey  f(0) Dk, o0yt = / g f(ti
Lemma 2.4. If f(t) € C(a,b) N L(a,b), we have [25]
(DI = FO), (P I = £,
CDEI PO = £1), (DI F) = £,



20 Shiva Eshaghi, Alireza Ansari, Reza Khoshsiar Ghaziani

and if f(t) and its fractional derivative of order p belongs to C(a,b) N L(a,b),
then for c; € R and m —1 < p < 'm, we have

(29) (1.2, e i (t - a,
(2.10) (I D" f Em: T
j=1
m—1
(2.11) (I".C D", f)(t) =Y et —a)
=0
m—1 ) )
(2.12) (LD f)(8) = f(1) = D (1) e;(b—t)7.
j=0

3. Main results

In this section, we consider a fractional nonlinear system including the
Riemann-Liouville derivative of order p and present some new Lyapunov-type
inequalities for it. In the case = 1, we reduce the Lyapunov-type inequality of
a fractional nonlinear system to the Lyapunov-type inequalities of a nonlinear
system of integer order.

Definition 3.1. We consider the following fractional Emden-Fowler-type equa-
tions in the sense of Riemann-Liouville fractional derivative of order

Dta(t) = on(B)x(t) + fL(®)|u®)"2u(t), ~v>1,
(3 {D“U(t) = —B2(t)|z()|° 2z (t) — en (t)ult), B> 1,

with initial conditions

z(a) = z(b) =0, (I;+“u)(b):(lsf“u)(a):0, a,b €R (a < b),

and assume that the following hypotheses hold:

i) 81,02 : [to,0) C R — R are continuous functions such that 51(¢) > 0 for
te [to, OO)

ii) aj : [tp,00) — R is a continuous function.

iii) There exists a real solution (z(t);u(t)) of the fractional nonlinear system

such that z(a) = 2(b) =0 (a < b) and z(t) # 0 for ¢ € (a,b).
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We define a nontrivial solution (z(t), u(t)) of the system (3.1]) on some infinite
interval [tg,00) as a proper solution if

sup{|z(s)| + Ju(s)| : t < s < o0} >0, t>1.

A proper solution (x(t), u(t)) of the system is called weakly oscillatory if at
least one component has a sequence of zeros tending to infinity. This solution
is said to be oscillatory if both components have sequences of zeros tending
to infinity. If both components (at least one component) are different from
zero for large ¢, then the solution (z(t),u(t)) is called nonoscillatory (weakly
nonoscillatory). The system is said to be oscillatory if all of its solutions
are oscillatory.

Theorem 3.2. The following inequality holds for the fractional nonlinear sys-

tem (3.1))
b
/ £ — 7 o (1))t

where % + 1 =1, M =max|z(t)|,.,., and B3 (t) = max{Ba(t),0}.

Proof. Since xz(a) = z(b) = 0 and z(¢) # 0 for t € (a,b), there exists 7 € (a, b)
such that M = |z(7)| = max|z(t)|,_,., > 0. Separating the interval [a, b]
into two subintervals [a, 7] and [r, b] and applying the left-sided and right-sided
Riemann-Liouville fractional integral operator I (‘l‘ + and [, é‘, on both sides of the
first equation of the system in the subintervals [a, 7] and [r, b], respectively,
we have

(22 D)) () = (22 [on (D2(0) + B O]~ u(0)] ) 7).

(1;, D;;,x(o) (r) = (I;t [ar(®)a(t) + 1 (t)\u(t>|”‘2u(t)])(f)~

By employing the relations (2.9) and (2.10) for some real constants ¢; and dj,
we obtain

—c Tfa“*l:—l TT* FM o (t u(t)]"u

olr) = ea(r =y = i [ =0 o @halt) + AP uto)]
H= 1 ’ n— y—

w(r) —di(b—7) IZF(u)/T (t = 1) [ (O(t) + Br (0)u(t) "~ 2u(t) .

Because of z(a) = z(b) = 0 and 0 < g < 1, the coefficients ¢; and d; have to
be zero. At this point, by using the triangle inequality we get

1 ’ p—1 L TT_ p—1 w71
o)< gy [ =t O lle@ldt+ s [t Aot
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1 ’ p—1 L ’ — 7wt w1
o)1 < gy [ M= e Ol + s [ = ol

and then, by summing up two above inequalities, we have

(3.2)

i ’ —¢|r 1y T L bT_ p—1 w(t)7 1
2a(r) < o [ =t o @@t s [ lr—t B (o)

Now, by using Holder inequality for the second integral (3.2)), we obtain

b
R Ol
= [t st oo
/|T 0 gy (¢ dt% /61 Yuu(t) > 1>dt)i

(33) = / fr— e, (ar)” / AOTORON
where L 4+ % = 1. Substituting the relation (3.3) into (3.2)), we get

2] < oy [ 17— 1 a0l

(3.4) s / = D 0)at) / Byt dr)

Q=

Without loss of generality, if in the interval [a, ¢], we multiply the first equation
of the system (3.1)) by u(¢) and the second one by x(t), respectively, and then
add the results, we find that

/80

u(t) Dy a(t) + x(t) D) u(t) = Bi(t)[u(t)]” — Ba(t)|2(t)

From the above equation, we integrate on the interval [a, b] and use the relations
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and for 0 < <1 and 7,s € (a,b) to obtain

/ a0 ) et — / o0 e1) Pt = / " u(t) D (1)t + / D"ty
- / " ut)DP (it + / " u(t)DL (t)dt

= /a ' u(t) [Dj;+a:(t) + D;:_a:(t)} dt

slbu<t>[nf_m;[lt [t — 5| ~|a(s)lds
+F(11_th/tb|st|w<s>ds]dt

</ bu@[ml_mjt / o — sl e fa(s) s

+ ﬁ% /b |s — ¢/~ max |x(s)|ds] dt

=/b (O)latr >|[ dt/ | s dt/ s — t]~+ds]d
(1) “M/ + (DI 1)t )}dt,

where M = |z(7)| = max|z(s)|,.,;- Using the relations (2.5) and (2.1)) and
taking into account (Ii;“u)(b) = (I;f”u)(a) =0, gives

(+1) ”M/ + (D 1)(t )}dt
_ (il)_“M{ﬁ / b(t—a)—#u(t)dHF(ll_m / b(b—t)—wt)dt}
)

= (£1) M | (7 ) (@) + (1T ) (5)] =0,

b b
/ Ba(®)|u(t)dt < / B )| (t) P .

Therefore, from (3.4) we get

SO

()| < /IT—t\” !ouy () (8)|
(3.5) /\T YNy (¢t dt% /52 )z (t) \Bdt

Since M = |z(7)| = max|z(t)|,.,., and B3 (t) = max{Ba(t),0}, thus
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yields
b
2/ (r)| < 'ifi)' [ — t]# Y (1) dt
()| = 3 :
+ () /|T t|v(u 151 dt K /52 t)dt a,
and finally
1 1
2< T ). \T — ¢ aa (t)|dt
B _ 1 1
Ma ? )
+ / |7 — DBy (¢ dt / By (t dt )

Next, we state some illustrative consequences of Theorem [3.2}

Corollary 3.3. Let the hypotheses of Definition hold and o,y and Bg’ (t)
are defined as before. In particular case 8 = «, for the fractional nonlinear
system (3.1) the following inequality holds

2_F /|t o (Bldt+ s /|t 1 8y (1)t /52 e

Corollary 3.4. In the special cases 8 = o = 2 and v = 2, for the following
fractional linear system

{ Dt (t) = aq(t)x(t) + Bi(t)u(t)
tu(t

Dru(t) = —Ba(t)x(t) — o (t)u( 7%

with initial conditions

z(a) = z(b) = 0, (I'TFu)(b) = (Ibl,_”u)(a) =0, a,b € R (a <b),

a

the following inequality holds

1
/|t o (Bt /|t P05, (1t //32 fdt)”.

Theorem 3.5. In the special case of the system (3.1), for the following frac-
tional nonlinear system

Dra(t) = Bi(t)u(t)~?u(t),
(36) { Dot = et o-nis
with initial conditions

z(a) = z(b) =0, (IiJr“u)(b) = (I;f”u)(a) =0, a,b €R (a <b),
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the following inequalities hold for 0 < u < 1 and 7 € (a,b)

B—a
(3.7) 1gé47 / [t — 77D (¢t dt /52 dt

/|t T[Nt dt /,82 dt

B—a
(3.9) 2“§é4 /|t TP =D By (¢ dt /52 dt

B—a
68 1< M

where % + 1 =1, M =max|z(t)|,.,., and B3 (t) = max{B(t),0}.

Proof. Since z(a) = z(b) = 0 and z is not identically zero on [a, b], there exists
7 € (a,b) such that M = |z(7)| = max|z(t)|,.,., > 0. Using the relation
and applying the left-sided Riemann-Liouville fractional integral operator I",
on both sides of the first equation of the system in the interval [a, 7] and
taking into account z(a) = 0, we get

fi TT, p—1 w( " 2u
o) = 7 [ 7= 0" B OOt

and so
1 T
3.10 x(T g—/ T — 1B (1) [u(t) Y Ldt.
(3.10) |z(7) F(u)a| | 1(8)[u(?)]
Now, by using Holder inequality on the right hand side of (3.10]), we obtain
| i = s @or
/ r — 165 (1)8F (1) u(t) Pt
1 T 1
([ = s0a) ([ souoro-a)”
a a

= (/QT Ir — =D, (t)dt) g (/L: ﬂl(t)|u(t)|7dt) é,

where i + % = 1. Therefore, the relation (3.10]) implies that

a1 i< s (- ([ sowpora)*

Without loss of generality, if in the interval [a, ¢], we multiply the first equation
of the system (3.6)) by u(¢) and the second one by x(t), respectively, and then
add the results, we get

u(t) Dy a(t) + x(t) Dl ult) = Bi () u(®)|” — B2 (t)]a(t)]”.



26 Shiva Eshaghi, Alireza Ansari, Reza Khoshsiar Ghaziani

From the above equation, we integrate on the interval [a, 7] and use the relations

(2.8) and (2.2)) for y € (a, ) to obtain

/51 Yu(t)|Ydt — /ﬁz Ya(t)|Pdt = /u(t)DZ+z(t)dt+/aT:c(t)D;‘Jru(t)dt
= [ uop s+ [ uo s

a a

:/T ()[ngx()JrD” (1))t

/ | Py eI

b dt/ [y — 4|y
/ Oy [ 1ol ma el
+7dt/ ly —t|~* max |z(y )|dy}dt

= [ u@latz dt/ 6=yl dy + dt/ ly—tl” de}
< [ [ [ s [l
= (1) / u(t) [(D2, 1)(0) + (thn(t)]dt,

where M = |2(7)| = max [z(y)|,., <, Using the relations ) and (2.1)),
and taking into account (I;:“u)(b) = (I;, “u)(a) = 0, we get

b
(0 [ a0 )00 + (0f V(o)
b b
:(il)l_“M{ﬁ/ (t—a)_“u(t)dt—i—ﬁ/ (b —t) Pu(t)dt
)

- (il)l’“M{(Iblf”u)(a + (I;:“u)(b)} =0,

[ souora < [ sosopa.

Therefore, from the relation (3.11)) we get

(3.12) |()§F— / =tV @) ( /52 ) (t Wt)

Since M = |z(7)| = max|z(t)],.,., and B3 (t) = max{B(t),0}, thus the

SO
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relation (3.12]) yields

o) < O ([ = vsma) ([ st oar)”.

and we have

Q\u

,_1 L 1
3.13 1< =t DB (¢ dt ! 6 dt ..
2

Taking the a-th power of both sides of the inequality (3.13]), we get

B—a
13(];4— /I — DBy (t dt /ﬁz dt

At this point, using the relation (2.10)) and applying the right-sided Riemann-
Liouville fractional integral operator Ij on both sides of the first equation of
the system (3.6)) in the interval [, b] and taking into account x(b) = 0, we have

1< / [t =7/ By Olu(t) .

from which in a similar procedure to the previous process, we conclude (3.8]).
Since for t > 0, the function J(t) = t'=% is convex, so according to the Jensen
inequality

y+z J(y) + J(z)
<
with y = [7 |7 =t~V (t)dt and z = fTb |t — 7|71 B, (t)dt, we obtain

/ st (at
_ / "B (bt + / st (at
> %Z)&l;([ |r—t|”“‘”61(t)dt+/f It—Tl”“‘”ﬁl“)dt)ra

- S / T RN

and accordingly

B—a
2a§ M /|77|W REAC dt /52 dt

Thus, we easily arrive at the following consequence of Theorem O
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Corollary 3.6. In the particular case 8 = «, the following inequalities hold

1sm(/ [t — 7P By (1) /Bz f)dt),

1§ /| — "=y (¢ dt /52 dt

2“3 /I — =g (¢ dt /62 dt

Corollary 3.7. In the special case = a =2 and v = 2, we get the following

inequalities
) 2 /|t 2N By (4)dt /52 dt,
1

1< (w))Q(/T |t77|2(ﬂ71)51(t)dt)(/T 81 (t)at),

4< (F(;))Q(/b =2 (2)at) (/b B (t)dt).

Corollary 3.8. In the special case p =1, we can immediately deduce that the
fractional nonlinear system with the Riemann-Liouville derivative (3.1)) has the
Lyapunov inequality

1
o

2 [ttt [Cmoa) ([ s oa)

Remark 3.9. Let us consider the fractional nonlinear system with the
fractional Caputo derivative “ D*,0 < p < 1, (defined in and . ) and
boundary conditions

z(a)=2() =0, ula)=u)=0,  (I;"u)d) = (I, "u)(a) =0,

a

where a,b € R (a < b). Then, by using the relations (2.11)), (2.12), (2.6

and (2.7 and repeating the previous procedures for each mentioned theorems
and corollaries, we obtain exactly similar Lyapunov-type inequalities to the
fractional nonlinear system with the Caputo derivative.

4. Boundedness of Solutions

Theorem 4.1. For |B2(t)| € LP[tg,00) and 1 < p < oo, if

/ Bi(t)dt < oo, / |B2(t)|dt < oo,

then every weakly oscillatory proper solution of (3.6]) is bounded on I = [tg, 00).
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Proof. Let (z(t),u(t)) be any nontrivial weakly oscillatory proper solution of
the fractional nonlinear system on I such that z(t) has a sequence of
zeros tending to infinity. If we assume that the conclusion is wrong and
lim sup |z(t)| = oo, then

VM, >0, 30<T=T(M): Vt>T, |a(t)]> M.

Since x is an oscillatory solution, there exists an interval (¢1,t) with ¢t > T
such that x(t1) = z(t2) = 0 and |x(¢)| > 0 on (¢1,t2). Therefore

7€ (t1,t2) 0 My < max|x(t)|t, <t<t, = |2(T)| =M

According to the inequalities in Theorem for every t; > T, we let

o0
(4.1) [ 1ateyae <1
t1
(4.2) Br(dt < (MR ()6 7)™,
ty
where § = 6= s ;:E;HT +‘ilpw o . By employing the Hoélder inequality on

the right hand side of (3.9)) with indices p and v, we get

< e

F(u a(/ |t — 7|Pr e 1>dt " /,Bl"(t)dt

|b— T|/W(u D+ ‘7- _ a‘w(u H+1
‘u )0‘ ( — 1) +1

L%Wt A@Wﬁ

Substituting (4.1)) and (4.2) into the inequality (4.3, we obtain

) MB—« |b _ 7-|p'y(u—1)+1 + |7- _ a|p'y(u—1)+1
o < (
(L)) py(p—1)+1

(t”wma)”(:%ﬂm@

B—a _ Alpy(p—1)+1 _ Alpy(p—1)+1 o=t
M <|b 7| + |7 —q] ) 7
py(p—1)+1

([ arwan) T ([ i) <1,

so |z(t)| is bounded on I. Thus

/%ﬂm@

X

Viel, 3IK>0: |z(t) < K.
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Now, we show that |u(¢)] is bounded. For this purpose, we apply the left-sided
Riemann-Liouville fractional integral operator I f + on both sides of the second
equation of the system (3.6) in the interval [7,t] (7 <t < t3),

L
['(p)

u(t) —cy(t — )Pt = —

/ (t— 5)“71ﬂ2(s)|x(s)|572:17(s)d5.
So . .
) < g [ =P Bl s + e - 71

which by using the Hélder inequality, we get
1 ! 1 B—1 1
t) < t—s|t™ . t— 7|t
lu(t)] < ) / [t — [ ]B2(s)[|2(s)|" ds + |ea[[t — 7

(s st . 1
P P P |
o / Ba(s)Pla(s) PO Vds)” + ferft — 7

1 (‘Tf5|q(u 1)+1 l

L)\ alu —1)+1 /lﬂz Ipds) e[t — 7]t

1 g|r—slae=DHIN T o , )
F(N)( gp—1)+1 ) K" 1(/t |52(8)|pd8) + |||t = 7* L

1

)

IN

IN

Since |B2(t)| € LP[to, 00), thus

([ mtorar)” <o

1

which implies that |u(t)| is bounded on I and

lu(t)] < oo.

O

Theorem 4.2. For 35 (t) € LP[ty,00) and 1 < p < oo, if (2(t),u(t)) is any
weakly oscillatory proper solution of the fractional nonlinear system with
B1(t) = 1, then the distance between consecutive zeros of the first component of
(z(t),u(t)) tends to infinity as t — +o0.

Proof. We suppose that (z(t),u(t)) is a nontrivial weakly oscillatory proper
solution of the fractional nonlinear system with £1(t) = 1 on I such that
z(t) has a sequence of zeros tending to 400 and the conclusion is wrong. Then
the sequence {t,} of zeros of z(t) has a subsequence {t,, } such that

AN >0 Vm |t to | < N.

Nm4+1

Let

Vm sy, € (tnrerlatnm) o max|x(t)| = [2(sy,, )| = M

)
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then Vm |s,,, —tn,,| < N. Suppose

i — amwﬂ) T

(4.4) (/OO (B2 (s))"ds )}L < M= B(F("‘))a( qy(p—1)+1

t,

nm

Applying the Holder inequality for the right hand side of (3.7) with indices p
and ¢, we have

oy (L =) ([ o)

(]];4(2);; /T It — 7-|‘”(“’1)dt = /T ,Bf(t)dt) 7 (/aT ,BJ(t)dt)

< G ) ™ ([ )™ ([ s

from which by using the fact that 51 (t) = 1, we get

MB—a T — a|qv(u*1)+1 -1 asl pSnm

(45 1< ( ) (s ot m) / B (t)dt
T\ gy(p—1)+1 e b

Now, by employing the Holder inequality for the right hand side of (4.5) with
indices p and ¢, we have

MB—« |7- _ a|qv(u—1)+1 =1 el prsnp,
1< ( ) (sn ¢, ) / +(t)dt
TF\ a1 w Tl ) ) )

nm

- MPB—a |7 — a|q'y(u—1)+1 =L (];in;n (ﬁ;(t))f’dt) ’ (ﬂinmm dt>%
- (F(u))‘“( y(p—1)+1 ) (Sn ¢ )

—
IN

IN

11—
P

B-a | _ glav(p=1)+1 e=L iy s, .
= T o) (o) ([ 0y a)
(4.6)
B=a 1p _ glav(p=1)+1 o=t asiy1 oo .
= (]1\“4(/1))“ <| qw(u|— 1)+1 ) (S”m _t”m) (/t (B (t ))pdt)

Substituting the inequality (4.4) into (4.6]), we get

B=a 1p _ glavp=1)41 o=t asiya oo
v e oo nar) Gonmtn) 7 (f rora)

_ MP—e (|T— a|‘”(“_1)+1>a7_1

=

a-1,1 a— «
NF MO (T ()

C)>\ gy(p—1)+1

(|T—a|q"(“71)+1)177u a1
_— P q = .
qy(p—1)+1

This contradiction completes the proof. O
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