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Abstract. In this paper, we define a new class of analytic functions
Mm

q (η, γ, λ) involving Ruscheweyh-type q difference operator Dq(R
m
q f).

Subordination results and Fekete-Szegö problem for this generalized func-
tion class are investigated. Sufficient conditions for a function to be in
the class Mm

q (η, γ, λ) are also provided.
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1. Introduction

Let A denote the class of functions f of the form

(1.1) f(z) = z +

∞∑
n=2

anz
n

which are analytic in the open unit disk U = {z ∈ C : |z| < 1} . Also let S
denote the subclass of A consisting of functions that are univalent in U.

A function f ∈ A is said to be in the class of γ-spirallike functions of order
λ in U, denoted by S∗(γ, λ) if

(1.2) ℜ
(
eiγ

zf ′(z)

f(z)

)
> λ cos γ, z ∈ U

for 0 ≤ λ < 1 and some real γ with |γ| < π
2 . The class S∗(γ, λ) was studied

by Libera [5] and Keogh and Merkes [4]. Note that S∗(γ, 0) is the class of
spirallike functions introduced by Špaček [14], S∗(0, λ) = S∗(λ) is the class of
starlike functions of order λ and S∗(0, 0) = S∗ is the familiar class of starlike
functions.
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For the constants λ, γ with 0 ≤ λ < 1 and |γ| < π

2
denote

(1.3) pλ,γ(z) =
1 + e−iγ(e−iγ − 2λ cos γ)z

1− z
, z ∈ U.

The function pλ,γ(z) maps the open unit disk onto the half-plane

Hλ,γ =
{
z ∈ C : ℜ(eiγz) > λ cos γ

}
.

If

pλ,γ(z) = 1 +

∞∑
n=1

pnz
n

then it is easy to check that

(1.4) pn = 2e−iγ(1− λ) cos γ, for all n ≥ 1.

The convolution or Hadamard product of two functions f, g ∈ A, denoted
by f ∗ g, is defined by

(f ∗ g)(z) = z +

∞∑
n=2

anbnz
n, z ∈ U,

where f is given by (1.1) and g is given by

g(z) =

∞∑
n=2

bnz
n.

Denote by B the family of all analytic functions w(z) that satisfy the conditions
w(0) = 0 and |w(z)| < 1, z ∈ U.

A function f ∈ A is said to be subordinate to a function g ∈ A, written
f ≺ g, if there exists a function w ∈ B such that f(z) = g(w(z)), z ∈ U.

We briefly recall here the notion of q-operators i.e. q-difference operators
that play vital role in the theory of hypergeometric series, quantum physics and
in the operator theory. The application of q-calculus was initiated by Jackson
[2] (also see [1, 3, 11] ). Kanas and Răducanu [3] have used the fractional q-
calculus operators to investigate certain classes of functions which are analytic
in U.

Consider 0 < q < 1 and a non-negative integer n. The q-integer number or
basic number n is defined by

[n]q =
1− qn

1− q
= 1 + q + q2 + . . .+ qn−1, [0]q = 0.

For a non-integer number t we will denote [t]q =
1− qt

1− q
.

The q-shifted factorial is defined as follows

[0]q! = 1, [n]q! = [1]q[2]q . . . [n]q.



A class of spirallike functions... 61

Note that lim
q→1−

[n]q = n and lim
q→1−

[n]q! = n!.

The Jackson’s q-derivative operator or q-difference operator for a function
f ∈ A is defined by

(1.5) Dqf(z) =


f(qz)− f(z)

z(q − 1)
, z ̸= 0

f ′(0) , z = 0.

Note that for n ∈ N = {1, 2, . . .} and z ∈ U

Dqz
n = [n]qz

n−1.

Further, we define the operator Dm
q f(z),m ∈ N as follows

D0
qf(z) = f(z) and Dm

q f(z) = Dq(Dm−1
q f(z)).

For t ∈ R and n ∈ N, the q-generalized Pochhammer symbol is defined by

[t]n = [t]q[t+ 1]q[t+ 2]q . . . [t+ n− 1]q.

Moreover, for t > 0 the q-Gamma function is given by

Γq(t+ 1) = [t]qΓq(t) and Γq(1) = 1.

Using the definition of Ruscheweyh differential operator [12], in [3] Kanas
and Răducanu introduced the Ruscheweyh q-differential operator defined by

(1.6) Rm
q f(z) = f(z) ∗ Fq,m+1(z) z ∈ U, m > −1,

where f ∈ A and

(1.7) Fq,m+1(z) = z +

∞∑
n=2

Γq(n+m)

[n− 1]q!Γq(1 +m)
zn.

From (1.6) we have

R0
qf(z) = f(z), R1

qf(z) = zDqf(z)

and

Rn
q f(z) =

zDn
q

(
zn−1f(z)

)
[n]q!

n ∈ N.

For f ∈ A given by (1.1), in view of (1.6) and (1.7), we obtain

(1.8) Rm
q f(z) = z +

∞∑
n=2

Γq(n+m)

[n− 1]q!Γq(1 +m)
anz

n, z ∈ U.

Note that
lim

q→1−
Fq,m+1(z) =

z

(1− z)m+1
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and
lim

q→1−
Rm

q f(z) = f(z) ∗ z

(1− z)m+1
.

Moreover,

(1.9) Dq(Rm
q f(z)) = 1 +

∞∑
n=2

[n]qΦq(n,m)anz
n−1,

where

(1.10) Φq(n,m) =
Γq(n+m)

[n− 1]q!Γq(1 +m)
.

Using Ruscheweyh differential operator various new classes of convex and
starlike functions have been defined. Therefore it seems natural to use Rusche-
weyh q-differential operator to introduce the following class of functions.

Definition 1.1. For 0 ≤ η < 1, 0 ≤ λ < 1, |γ| < π

2
denote by Mm

q (η, γ, λ) the

class of functions f ∈ A which satisfy the condition

(1.11) ℜ
(
eiγ

zDq(Rm
q f(z))

(1− η)Rm
q f(z) + ηzDq(Rm

q f(z))

)
> λ cos γ, z ∈ U.

When q → 1 the class M0
q(η, γ, λ) ≡ S(η, γ, λ) consists of functions f ∈ A

satisfying the inequality

ℜ
(
eiγ

zf ′(z)

(1− η)f(z) + ηzf ′(z)

)
> λ cos γ, z ∈ U

which have been studied by Murugusundaramoorthy [7] and Orhan et al., [10]
defined by various integral and differential operators.

The main object of this paper is to obtain sharp upper-bounds for the
Fekete-Szegö problem and subordination results for the class Mm

q (η, γ, λ). We
also find sufficient conditions for a function to be in this class.

2. Membership characterizations

In this section we obtain several sufficient conditions for a function f ∈ A
to be in the class Mm

q (η, γ, λ).

Theorem 2.1. Let f ∈ A and let δ be a real number with 0 ≤ δ < 1. If

(2.1)

∣∣∣∣ zDq(R
m
q f(z))

(1− η)Rm
q f(z) + ηzDq(Rm

q f(z))
− 1

∣∣∣∣ ≤ 1− δ, z ∈ U

then f ∈ Mm
q (η, γ, λ) provided that

|γ| ≤ cos−1

(
1− δ

1− λ

)
.
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Proof. From (2.1) it follows that

zDq(R
m
q f(z))

(1− η)Rm
q f(z) + ηzDq(Rm

q f(z))
= 1 + (1− δ)w(z),

where w(z) ∈ B. We have

ℜ
(
eiγ

zDq(R
m
q f(z))

(1− η)Rm
q f(z) + ηzDq(Rm

q f(z))

)
= ℜ[eiγ(1 + (1− δ)w(z))]

= cos γ+(1−δ)ℜ(eiγw(z)) ≥ cos γ−(1−δ)|eiγw(z)| > cos γ−(1−δ) ≥ λ cos γ,

provided that |γ| ≤ cos−1
(

1−δ
1−λ

)
. Thus, the proof is completed.

If in Theorem 2.1 we take δ = 1 − (1 − λ) cos γ we obtain the following
result.

Corollary 2.2. Let f ∈ A. If

(2.2)

∣∣∣∣ zDq(R
m
q f(z))

(1− η)Rm
q f(z) + ηzDq(Rm

q f(z))
− 1

∣∣∣∣ ≤ (1− λ) cos γ, z ∈ U

then f ∈ Mm
q (η, γ, λ).

A sufficient condition for a function f ∈ A to be in the class Mm
q (η, γ, λ),

in terms of coefficients inequality is obtained in the next theorem.

Theorem 2.3. If a function f ∈ A given by (1.1) satisfies the inequality

∞∑
n=2

[(1− η)([n]q − 1) sec γ + (1− λ)(1 + η([n]q − 1))]Φq(n,m)|an| ≤ 1− λ,

where 0 ≤ η < 1, 0 ≤ λ < 1, |γ| < π
2 , and Φq(n,m) is defined by (1.6), then it

belongs to the class Mm
q (η, γ, λ).

Proof. By the virtue of Corollary 2.2, it suffices to show that the condition
(2.2) is satisfied. We have∣∣∣∣ zDq(R

m
q f(z))

(1− η)Rm
q f(z) + ηzDq(Rm

q f(z))
− 1

∣∣∣∣

= (1− η)

∣∣∣∣∣∣∣∣∣∣

∞∑
n=2

([n]q − 1)Φq(n,m)anz
n−1

1 +

∞∑
n=2

(1− η + [n]qη)Φq(n,m)anz
n−1

∣∣∣∣∣∣∣∣∣∣
< (1− η)

∞∑
n=2

(n− 1)Φq(n,m)|an|

1−
∞∑

n=2

(1− η + η[n]q)Φq(n,m)|an|
.
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The last expression is bounded above by (1− λ) cos γ, if

∞∑
n=2

(1− η)([n]q − 1)Φq(n,m)|an|

≤ (1− λ) cos γ

(
1−

∞∑
n=2

(1− η + η[n]q)Φq(n,m)|an|

)
,

which is equivalent to

∞∑
n=2

[(1− η)([n]q − 1) sec γ + (1− λ)(1 + η([n]q − 1))]Φq(n,m)|an| ≤ 1− λ.

3. Subordination Result

In this section, we obtain subordination results for the class Mm
q (η, γ, λ).

To prove our results we need the following definition and lemmas.

Definition 3.1. A sequence {bn}∞n=1 of complex numbers is said to be a sub-

ordinating sequence if, whenever f(z) =
∞∑

n=1
anz

n, a1 = 1 is regular, univalent

and convex in U, we have

(3.1)

∞∑
n=1

bnanz
n ≺ f(z), z ∈ U.

In 1961, Wilf [15] proved the following subordinating factor sequence.

Lemma 3.2. The sequence {bn}∞n=1 is a subordinating factor sequence if and
only if

(3.2) ℜ

{
1 + 2

∞∑
n=1

bnz
n

}
> 0, z ∈ U.

Theorem 3.3. Let f ∈ Mm
q (η, γ, λ) and g(z) be any function in the usual

class of convex functions C, then

(3.3)
((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

2[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
(f ∗ g)(z) ≺ g(z),

where |η| < π
2 , 0 ≤ γ < 1; 0 ≤ λ < 1, with

(3.4) Φq(2,m) =
Γq(2 +m)

Γq(1 +m)
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and
(3.5)

ℜ{f(z)} > − [1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]

((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)
, z ∈ U.

The constant factor
((1−η)q sec γ+(1−λ)(1+qη))Φq(2,m)

2[1−λ+((1−η)q sec γ+(1−λ)(1+qη))Φq(2,m)] in (3.3) cannot be

replaced by a larger number.

Proof. Let f ∈ Mm
q (η, γ, λ) and suppose that g(z) = z +

∞∑
n=2

cnz
n ∈ C. Then

(3.6)
((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

2[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
(f ∗ g)(z)

=
((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

2[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]

(
z +

∞∑
n=2

cnanz
n

)
.

Thus, by Definition 3.1, the subordination result holds true if

{
((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

2[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
an

}∞

n=1

is a subordinating factor sequence, with a1 = 1. In view of Lemma 3.2, this is
equivalent to the following inequality
(3.7)

ℜ

{
1 +

∞∑
n=1

((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
anz

n

}
> 0.

By noting the fact that
[(1−η)([n]q−1) sec γ+(1−λ)(1+η([n]q−1))]Φq(n,m)

1−λ is an increas-
ing function for n ≥ 2 and in particular

(3.8)
((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

(1− λ)
≤

[(1− η)([n]q − 1) sec γ + (1− λ)(1 + η([n]q − 1))]Φq(n,m)

1− λ
,
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for n ≥ 2, |η| < π
2 . Therefore, for |z| = r < 1, we have

ℜ

{
1 +

∞∑
n=1

((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]

∞∑
n=1

anz
n

}

= ℜ
{
1 +

((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
z

+

∞∑
n=2

((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)anz
n

[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]


≥ 1− ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
r

−

∞∑
n=2

((1− η)q sec γ + (1− λ)(1 + qη)|an|rn

[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]

≥ 1− (((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
r

− 1− γ

[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
r2

> 0, |z| = r < 1,

where we have also made use of the assertion (2.1) of Theorem 2.1. This evidently
proves the inequality (3.7) and hence also the subordination result (3.3) asserted by
Theorem 3.3. The inequality (3.5) follows from (3.3) by taking

g(z) =
z

1− z
= z +

∞∑
n=2

zn ∈ C.

Next we consider the function

F (z) := z − 1− γ

[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
z2

where |η| < π
2
, 0 ≤ γ < 1, 0 ≤ λ < 1 and Φq(2,m)] is given by (3.4). Clearly

F ∈ Mm
q (η, γ, λ). For this function (3.3) becomes

((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

2[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
F (z) ≺ z

1− z
.

It is easily verified that

min

{
ℜ
(

((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)

2[1− λ+ ((1− η)q sec γ + (1− λ)(1 + qη))Φq(2,m)]
F (z)

)}
= −1

2
, z ∈ U.

This shows that the constant
((1−η)q sec γ+(1−λ)(1+qη))Φq(2,m)

2[1−λ+((1−η)q sec γ+(1−λ)(1+qη))Φq(2,m)]
cannot be re-

placed by any larger one.

4. The Fekete-Szegö problem

The problem of finding sharp upper-bounds for the functional |a3−µa22| for
different subclasses of A is known as the Fekete-Szegö problem. Over the years
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this problem has been investigated by many authors including [6], [9], [13] etc.
In order to obtain sharp upper-bounds for the Fekete-Szegö functional for the
class Mm

q (η, γ, λ) the following lemma is required (see, e.g., [8], p.108).

Lemma 4.1. Let the function w ∈ B be given by w(z) =
∑∞

n=1 wnz
n, z ∈ U.

Then

(4.1) |w1| ≤ 1 and |w2| ≤ 1− |w1|2

and

(4.2) |w2 − sw2
1| ≤ max {1, |s|} for any complex number s.

The functions w(z) = z and w(z) = z2, or one of their rotations show that both
inequalities (4.1) and (4.2) are sharp.

First we obtain sharp upper-bounds for the Fekete-Szegö functional |a3 −
µa22|, with µ a real parameter.

Theorem 4.2. Let f ∈ Mm
q (η, γ, λ) be given by (1.1) and let µ be a real

number. Then

(4.3)
∣∣a3 − µa22

∣∣ ≤

2(1− λ) cos γ

q2(1 + q)(1− η)2Φq(3,m)
×

×
[
2 + q(1 + η)− 2λ(1 + qη)− µ(1 + q)

2(1− λ)Φq(3,m)

Φ2
q(2,m)

]
,

if µ ≤ σ1

2(1− λ) cos γ

q(1 + q)(1− η)Φq(3,m)
,

if σ1 ≤ µ ≤ σ2

2(1− λ) cos γ

q2(1 + q)(1− η)2Φq(3,m)
×

×
[
µ(1 + q)

2(1− λ)Φq(3,m)

Φ2
q(2,m)

+ 2λ(1 + qη)− q(1 + η)− 2

]
,

if µ ≥ σ2

,

where

(4.4) σ1 =
1 + qη

1 + q

Φ2
q(2,m)

Φq(3,m)
and

(4.5) σ2 =
1 + q − λ(1 + qη)

(1 + q)(1− λ)

Φ2
q(2,m)

Φq(3,m)
,
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with Φq(2,m), is given by (3.4) and Φq(3,m) =
Γq(3 +m)

(1 + q)Γq(1 +m)
.

All estimates are sharp.

Proof. Let f ∈ Mm
q (η, γ, λ) be given by (1.1). From the definition of the class

Mm
q (η, γ, λ), there exists w ∈ B, w(z) = w1z + w2z

2 + w3z
3 + . . . such that

(4.6)
zDq(R

m
q f(z))

(1− η)Rm
q f(z) + ηzDq(Rm

q f(z))
= pλ,γ(w(z)), z ∈ U.

Set pλ,γ(z) = 1+ p1z+ p2z
2 + p3z

3 + . . .. Equating the coefficients of z and z2

on both sides of (4.6) we obtain

a2 =
p1w1

q(1− η)Φ2(2,m)

and

a3 =
1

q(1 + q)(1− η)Φq(3,m)

[(
1 + qη

q(1− η)
p21 + p2

)
w2

1 + p1w2

]
.

From (1.4) we have p1 = p2 = 2e−iγ(1− λ) cos γ and thus we obtain

(4.7) a2 =
2e−iγ(1− λ) cos γ

q(1− η)Φq(2,m)
w1

and
(4.8)

a3 =
2e−iγ(1− λ) cos γ

q(1 + q)(1− η)Φq(3,m)

[(
2e−iγ(1− λ) cos γ

1 + qη

q(1− η)
+ 1

)
w2

1 + w2

]
.

Then, it follows

∣∣a3 − µa22
∣∣ ≤ 2(1− λ) cos γ

q(1 + q)(1− η)Φq(3,m)
×{∣∣∣∣2e−iγ(1− λ) cos γ

q(1− η)

(
1 + qη − µ(1 + q)

Φq(3,m)

Φ2
2(2,m)

)
+ 1

∣∣∣∣ |w1|2 + |w2|
}
.

In view of Lemma 4.1(4.1) we have

∣∣a3 − µa22
∣∣ ≤ 2(1− λ) cos γ

q(1 + q)(1− η)Φq(3,m)
×{

1 +

[∣∣∣∣2e−iγ(1− λ) cos γ

q(1− η)

(
1 + qη − µ(1 + q)

Φq(3,m)

Φ2
2(2,m)

)
+ 1

∣∣∣∣− 1

]
|w1|2

}
or

(4.9)
∣∣a3 − µa22

∣∣ ≤
2(1− λ) cos γ

q(1 + q)(1− η)Φq(3,m)

[
1 +

(√
1 +M(2 +M) cos2 γ − 1

)
|w1|2

]
,
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where

(4.10) M =
2(1− λ)

q(1− η)

(
1 + qη − µ(1 + q)

Φq(3,m)

Φ2
q(2,m)

)
.

Denote by

F (x, y) = 1 +
(√

1 +M(2 +M)x2 − 1
)
y2,

where x = cos γ, y = |w1| and (x, y) ∈ [0, 1]× [0, 1].
Simple calculation shows that the function F (x, y) does not have a local

maximum at any interior point of the open rectangle (0, 1)× (0, 1). Thus, the
maximum must be attained at a boundary point. Since F (x, 0) = 1, F (0, y) = 1
and F (1, 1) = |1 + M |, it follows that the maximal value of F (x, y) may be
F (0, 0) = 1 or F (1, 1) = |1 +M |.

Therefore, from (4.9) we obtain

(4.11)
∣∣a3 − µa22

∣∣ ≤ 2(1− λ) cos γ

q(1 + q)(1− η)Φq(3,m)
max {1, |1 +M |} ,

where M is given by (4.10).
Consider first the case |1 +M | ≥ 1. If µ ≤ σ1, where σ1 is given by (4.4),

then M ≥ 0 and from (4.11) we obtain

∣∣a3 − µa22
∣∣ ≤ 2(1− λ) cos γ

q(1 + q)(1− η)2Φq(3,m)
×[

2 + q(1 + η)− 2λ(1 + qη)− µ(1 + q)
2(1− λ)Φq(3,m)

Φ2
q(2,m)

]
,

which is the first part of the inequality (4.3). If µ ≥ σ2, where σ2 is given by
(4.5), then M ≤ −2 and it follows from (4.11) that

∣∣a3 − µa22
∣∣ ≤ 2(1− λ) cos γ

q(1 + q)(1− η)2Φq(3,m)
×[

µ(1 + q)
2(1− λ)Φq(3,m)

Φ2
q(2,m)

+ 2λ(1 + qη)− q(1 + η)− 2

]
and this is the third part of (4.3).

Now, suppose σ1 ≤ µ ≤ σ2. Then |1 + M | ≤ 1 and thus, from (4.11) we
obtain ∣∣a3 − µa22

∣∣ ≤ 2(1− λ) cos γ

q(1 + q)(1− η)Φq(3,m)
,

which is the second part of the inequality (4.3).
In view of Lemma 4.1, the results are sharp for w(z) = z and w(z) = z2 or

one of their rotations.

Next, we consider the Fekete-Szegö problem for the class Mm
q (η, γ, λ) with

complex parameter µ.
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Theorem 4.3. Let f ∈ Mm
q (η, γ, λ) be given by (1.1) and let µ be a complex

number. Then,

(4.12)
∣∣a3 − µa22

∣∣ ≤ 2(1− λ) cos γ

q(1 + q)(1− η)Φq(3,m)
×

max

{
1,

∣∣∣∣2(1− λ) cos γ

q(1− η)

(
µ(1 + q)

Φq(3,m)

Φ2
q(2,m)

− 1− qη

)
− eiγ

∣∣∣∣} .

Proof. Assume that f ∈ Mm
q (η, γ, λ). Making use of (4.7) and (4.8) we obtain

∣∣a3 − µa22
∣∣ ≤ 2(1− λ) cos γ

q(1 + q)(1− η)Φq(3,m)
×∣∣∣∣w2 −

[
2e−iγ(1− λ) cos γ

q(1− η)

(
µ(1 + q)

Φq(3,m)

Φ2
q(2,m)

− 1− qη

)
− 1

]
w2

1

∣∣∣∣ .
The inequality (4.12) follows as an application of Lemma 4.1(4.2) with

s =
2e−iγ(1− λ) cos γ

q(1− η)

(
µ(1 + q)

Φq(3,m)

Φ2
q(2,m)

− 1− qη

)
− 1.
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