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BOUNDED INDEX AND FOUR DIMENSIONAL
SUMMABILITY METHODS

Fatih Nuray1

Abstract. In this paper, we present a necessary and sufficient con-
ditions on four dimensional matrix transformations that preserve entire-
ness, bounded index and absolute convergence of double sequences. We
begin this analysis with the following observation: The four dimensional
Taylor matrix T transforms the set of double sequences of bounded index
into itself. After this observation, we present general characterizations
for four dimensional RH-regular matrix transformations for the space of
entire, bounded index, and absolutely summable double sequences.
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1. Introduction

Lepson [15] presented the following notion of bounded index of an entire
function. An entire function f(z) is of bounded index if there exists an integer
N independent of z, such that

max
{l:0≤l≤N}

{
|f (l)(z)|

l!

}
≥ |f (n)(z)|

n!
for all n.

The least such integer N is called the index of f(z). The reader may refer to
the papers [5, 3, 4, 6, 7, 8, 9, 10, 13, 14, 18, 22] for the notion of bounded index
of an entire function. The main goal of this paper is to extend this notion to
two-dimensional space. To accomplish this we begin with the presentation of
the following notion. If f(z1, z2) is a holomorphic function in the bicylinder

{|z1 − a| < r1, |z2 − b| < r2}

then at all point of the bicylinder

f(z1, z2) =

∞,∞∑
k,l=0,0

ck,l(z1 − a)k(z2 − b)l
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where

ck,l =
1

k!l!

[
∂k+lf(z1, z2)

∂zk1∂z
l
2

]
z1=a;z2=b

=
1

k!l!
f (k,l)(a, b).

Using this notion we present in [16, 17, 21] the following notion of a bounded
index for a holomorphic bivariate function. A holomorphic bivariate function
f(z1, z2) is of bounded index if there exist integers M and N independent of
z1 and z2, respectively, such that

max
{(k,l):0,0≤k,l≤M,N}

{
|f (k,l)(z1, z2)|

k!l!

}
≥ |f (m,n)(z1, z2)|

m!n!
for all m and n.

We shall say the bivariate holomorphic function f is of bounded index (M,N),
if M and N are the smallest integers such that the above inequality holds. But
it leads to the following question: What is the index of the function of f if the
corresponding inequality holds for (N,M) and (M,N)? Thus, the index of the
function is not uniquely defined. It is better to define an index of a bivariate
function as height of the vector (N,M) i.e. N + M . The least such integer
N +M is called the index of the function f and is denoted by N(f).

2. Definitions, Notations, and Preliminary Results

Definition 2.1. [23] A double sequence x = (xkl) has a Pringsheim limit L
(denoted by P-limx = L) provided that, given an ϵ > 0 there exists an N ∈ N
such that |xkl − L| < ϵ whenever k, l > N . Such an x is described more briefly
as ”P-convergent”.

Definition 2.2. [19] A double sequence {y} is a double subsequence of {x}
provided that there exist increasing index sequences (nj) and (kj) such that,
if xj = xnjkj

, then y is formed by

x1 x2 x5 x10

x4 x3 x6 −
x9 x8 x7 −
− − − −.

Robison [24] presented the following notion of a conservative four-dimensi-
onal matrix transformation and a Silverman-Toeplitz type characterization of
this notion.

Definition 2.3. The four-dimensional matrix A is said to be RH-regular if
it maps every bounded P-convergent sequence into a P-convergent sequence
with the same P-limit. The four-dimensional matrix A is said to be RH-
conservative if it maps every bounded P-convergent sequence into a P-con-
vergent sequence.

Boundedness assumption was made because a double sequence which is P-
convergent is not necessarily bounded. Along these same lines, Robison and
Hamilton presented a Silverman-Toeplitz type multidimensional characteriza-
tion of regularity in [11] and [24].
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Theorem 2.4. The four-dimensional matrix A is RH-regular if and only if

RH1: P-limm,n amnkl = 0 for each k and l;
RH2: P-limm,n

∑∞,∞
k,l=0,0 amnkl = 1;

RH3: P-limm,n

∑∞
k=0 |amnkl| = 0 for each l;

RH4: P-limm,n

∑∞
l=0 |amnkl| = 0 for each k;

RH5:
∑∞,∞

k,l=0,0 |amnkl| is P-convergent;

RH6: there exist finite positive integers ∆ and Γ such that∑
k,l>Γ |amnkl| < ∆.

A double sequence x = (xkl) of complex numbers is an entire sequence if

∞∑
k=0

∞∑
l=0

|xkl|pkql

converges for all positive integers p and q. If we denote the set of entire double
sequences by E2, then we see that E2 can be identified with the class of entire
functions. An entire double sequence x = (xkl) is of bounded index if

f(z1, z2) =

∞∑
k=0

∞∑
l=0

xklz
k
1z

l
2

is an entire function of bounded index. We will denote the set of double se-
quences of bounded index by B2. Furthermore, let Lu be the set of all absolutely
summable double sequences, as usual, that is

∞∑
k=0

∞∑
l=0

|xkl| < ∞.

A four dimensional matrix A = (amnkl) of complex entries which transforms E2
to E2 (B2 to B2, Lu to Lu) will be called an E2 − E2 method (B2 −B2 method,
Lu-Lu method). In [21], Patterson has shown

Theorem 2.5. A four dimensional matrix A = (amnkl) is an E2-E2 method if
and only if for integers p > 0 and q > 0 there exist integers α = α(p) > 0 and
β = β(q) > 0 and constants M = M(p) and N = N(q) > 0 such that

|amnkl|pmqn ≤ αkβlMN

for all m,n, k, l = 1, 2, 3, . . ..

The four dimensional Taylor matrix T (r1, r2) = (amnkl) is defined by

amnkl =


(

k
m

)(
l
n

)
(1− r1)

m+1rk−m
1 (1− r2)

n+1rl−n
2 , if k ≥ m, l ≥ n

0, otherwise

where r1 and r2 are complex numbers.
The reader may refer to the textbook [1] containing the chapter titled ’Dou-
ble Sequences’, [11, 12, 21] and the recent papers [2, 25, 26] for the domain
of four dimensional triangle matrices in the double sequence spaces and the
characterization of the classes of matrix transformations.
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3. Main results

Theorem 3.1. The four dimensional Taylor matrix T (r1, r2) = (amnkl) is a
B2-B2 method for any complex numbers r1 and r2.

Proof. Let x = (xkl) ∈ B2, that is,

f(z1, z2) =

∞∑
k=0

∞∑
l=0

xklz
k
1z

l
2

is a function of bounded index. Thus, for

y = (ymn) = Ax where ymn =

∞∑
k=0

∞∑
l=0

amnklxkl,

g(z1, z2)

=

∞∑
m=0

∞∑
n=0

ymnz
m
1 zn2

=

∞∑
m=0

∞∑
n=0

∞∑
k=0

∞∑
l=0

amnklxklz
m
1 zn2

=

∞∑
m=0

∞∑
n=0

∞∑
k=m

∞∑
l=n

(
k

m

)(
l

n

)
(1− r1)

m+1rk−m
1 (1− r2)

n+1rl−n
2 xklz

m
1 zn2

= (1− r1)(1− r2)

∞∑
k=0

∞∑
l=0

k∑
m=0

l∑
n=0

(
k

m

)
(1− r1)

mrk−m
1 (1− r2)

nrl−n
2 xklz

m
1 zn2

= (1− r1)(1− r2)

∞∑
k=0

∞∑
l=0

xk,l[(1− r1)z1 + r1]
k[(1− r2)z2 + r2]

l

= (1− r1)(1− r2)f([1− r1]z1 + r1, [1− r2]z2 + r2).

From [21], we have that the class of functions of bounded index is closed under
translation. Hence g(z1, z2) is of bounded index, that is, Ax = y = (ymn) ∈
B2.

We now prove a result on functions of bounded index which we will require
later on.

Theorem 3.2. Let f(z1, z2) be a function of bounded index. If

P − lim
m,n→∞

f (k,l)(am, bn) = 0 for all positive integers k, l;

then for all r1 > 0 and r2 > 0,

P− lim
m,n→∞

max
|z1−am|=r1;|z2−bn|=r2

{|f (k,l)(z1, z2)|} = 0 for all positive integers k, l.

where (am) and (bn) are complex sequences.
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Proof. Let f be of index M + N . It is sufficient to prove Theorem 3.2 for
r1 = 1

2M+2 and r2 = 1
2N+2 . Since f is of index M +N we have for all am and

bn that there exist integers u = u(am) with 0 ≤ u ≤ M and v = v(bn) with
0 ≤ v ≤ N , such that for all i, j = 1, 2, 3, . . .

max
|z1−am|=r1;|z2−bn|=r2

{
|f (u,v)(z1, z2)|

u!v!

}
≥ max

|z1−am|=r1;|z2−bn|=r2

{
|f (i,j)(z1, z2)|

i!j!

}
≥ max

|z1−am|=r1;|z2−bn|=r2

{
|f (u,v)(z1, z2)|

u!v!

}
≥ max

|z1−am|=r1;|z2−bn|=r2

{
|f (u+1,v+1)(z1, z2)|
(u+ 1)!(v + 1)!

}
≥ 1

(u+ 1)!(v + 1)!
max

|z1−am|=r1;|z2−bn|=r2

{
|f (u,v)(z1, z2)| − |f (u,v)(am, bn)|

r1r2

}
≥ 2

(
max

|z1−am|=r1;|z2−bn|=r2

{
|f (u,v)(z1, z2)|

u!v!

}
− |f (u,v)(am, bn)|

u!v!

)
.

Thus

max
|z1−am|=r1;|z2−bn|=r2

{
|f (u,v)(z1, z2)|

u!v!

}
≤ 2

|f (u,v)(am, bn)|
u!v!

.

Therefore for m,n, i, j = 0, 1, 2, 3, . . .,

max
|z1−am|=r1;|z2−bn|=r2

{
|f (i,j)(z1, z2)|

i!j!

}
≤ 2 max

0≤s≤M ;0≤t≤N

|f (s,t)(am, bn)|
s!t!

.

Thus, using the hypothesis,

P − lim
m,n→

max
|z1−am|=r1;|z2−bn|=r2

{
|f (i,j)(z1, z2)|

}
= 0.

4. The Matrix A(f, wij)

For an entire function f(z1, z2) and double sequence (wij) = (αiβj) of com-
plex numbers define the four dimensional matrix transformation A(f, wij) =
(amnkl) by

f(z1, z2) =

∞∑
k=0

∞∑
l=0

amnkl(z1 − αm)k(z2 − βn)
l

for m,n = 0, 1, 2, . . .. For this matrix transformation we can express the
Silverman-Toeplitz conditions for regularity as follows.

Theorem 4.1. The four-dimensional matrix A(f, wij) = (amnkl) is RH-regular
if and only if
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(i) P-limm,n f
(k,l)(αm, βn) = 0 for each k and l;

(ii) P-limm,n f(αm + 1, βn + 1) = 1;
(iii) P-limm,n

∑∞
k=0 |amnkl| = 0 for each l;

(iv) P-limm,n

∑∞
l=0 |amnkl| = 0 for each k;

(v)
∑∞,∞

k,l=0,0 |amnkl| is P-convergent;

(vi) there exist finite positive integers ∆ and Γ such that∑
k,l>Γ |amnkl| < ∆.

Proof. For the matrix A(f, wij) = (amnkl), we have amnkl =
f(k,l)(αm,βn)

k!l! for
m,n, k, l = 0, 1, 2, 3, . . . and

f(αm + 1, βn + 1) =

∞∑
k=0

∞∑
k=0

amnkl.

Hence, conditions (i)−(ii) are identical to the RH-regularity conditions RH1−
RH2 and the other conditions are same the RH-regularity conditions RH3 −
RH6.

Theorem 4.2. If f(z1, z2) is an entire function of bounded index then
A(f, wij) = (amnkl) is not RH-regular for any double sequence (wij).

Proof. By Theorem 3.2, P-limm,n f
(k,l)(αm, βn) = 0 for each k and l implies

P-limm,n f(αm + 1, βn + 1) = 0 since f is bounded index. Thus, conditions
(i) and (ii) of Theorem 4.1 can not be satisfied simultaneously. Therefore,
A(f, wij) = (amnkl) is not RH-regular.

It is worth noting however, that functions of bounded index can give rise
to RH-conservative matrix. For example, let f(z1, z2) = ez1+z2 (f is bounded
index with index 0) and choose wmn = (2πim, 2πin). Thus

f (k,l)(αm, βn) = 1 for all m,n = 0, 1, 2, 3, . . . ,

f(αm + 1, βn + 1) = e2 for all m,n, k, l = 0, 1, 2, 3, . . . ,

P − lim
m,n

∞∑
k=0

amnkl exists for each l,

P − lim
m,n

∞∑
l=0

amnkl exists for each k,

∞∑
k=0

∞∑
l=0

amnkl = e2 for all m,n = 0, 1, 2, 3, . . . , and

there exists a finite positive integer Γ such that
∑
k,l>Γ

|amnkl| < e2.

We now examine the matrix A⊤(f, wij) = (bmnkl) which is defined by

f(z1, z2) =

∞∑
m=0

∞∑
n=0

bmnkl(z1 − αk)
m(z2 − βl)

n
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for k, l = 0, 1, 2, . . .. The matrix A⊤(f, wij) = (bmnkl) is the transpose of
A(f, wij) = (amnkl), that is, amnkl = bnmlk for m,n, k, l = 0, 1, 2, 3, . . ..

Theorem 4.3. If f(z1, z2) is an entire function of bounded index then for any
sequence (wij), A

⊤(f, wij) = (bmnkl) is an Lu − Lu method if and only if

sup
m,n

{|f (k,l)(αm, βn)|} < ∞ for k, l = 0, 1, 2, 3, . . . .

Proof.

In [20], Patterson showed that a necessary and sufficient condition for a
matrix A = (amnkl) to be an Lu − Lu method is

sup
k,l

{ ∞∑
m=0

∞∑
n=0

|amnkl|

}
< ∞.

Let A⊤(f, wij) = (bmnkl) be an Lu − Lu method. Thus, there exists a
constant ∆ such that

sup
k,l

{ ∞∑
m=0

∞∑
n=0

|bmnkl|

}
≤ ∆ for k, l = 0, 1, 2, 3, . . . .

Hence

|bmnkl| =
|f (m,n)(αk, βl)|

m!n!
≤ ∆ for m,n, k, l = 0, 1, 2, 3, . . . .

Therefore

sup
k,l

{
|f (m,n)(αk, βl)|

}
≤ m!n!∆ < ∞ for k, l = 0, 1, 2, 3, . . . .

Now let f be an entire function is of bounded index and (wij) be a double
sequence such that

sup
m,n

{|f (k,l)(αm, βn)|} < ∞ for k, l = 0, 1, 2, 3, . . . .

Since f(z1, z2) is of bounded index we have that f(2z1, 2z2) is of bounded index
(see [21]). Let M +N be the index of f(2z1, 2z2). Thus

max
0≤i≤M ;0≤j≤N

{
2i+j |f (i,j)(z1, z2)|

i!j!

}
≤ 2m+n|f (m,n(z1, z2)|

m!n!

for all (z1, z2) and all m,n. Hence

max
0≤i≤M ;0≤j≤N

{
|f (i,j)(z1, z2)|

i!j!

}
≤ 2m−M+n−N |f (m,n(z1, z2)|

m!n!



80 Fatih Nuray

for all (z1, z2) and all m,n. Therefore

∞∑
m=0

∞∑
n=0

|bmnkl| =

∞∑
m=0

∞∑
n=0

|f (m,n)(αk, βl)|
m!n!

≤
∞∑

m=0

∞∑
n=0

2m−M+n−N max
0≤i≤M ;0≤j≤N

{
|f (i,j)(αk, βl)|

i!j!

}
≤ 2M+N+2M !N ! max

0≤i≤M ;0≤j≤N

{
|f (i,j)(αk, βl)|

}
.

Now since

sup
k,l

{
max

0≤i≤M ;0≤j≤N
|f (i,j)(αk, βl)|

}
< ∞,

we have

sup
k,l

{ ∞∑
m=0

∞∑
n=0

|bmnkl| < ∞

}
,

which shows that A⊤(f, wij) is an Lu − Lu method.

Theorem 4.4. If f(z1, z2) is an entire function of bounded index, then for any
double sequence (wij), A

⊤(f, wij) = (bmnkl) is an E2 − E2 method if and only
if for all integers p > 0, q > 0 and there exist constants M and N such that

|f (m,n)(αk, βl)| ≤ pkqlMN for k, l,m, n = 0, 1, 2, 3, . . . .

Proof. If A⊤(f, wij) = (bmnkl) is an E2 − E2 method then by Theorem 2.5, for
all integers p > 0, q > 0 there exist integers s > 0, t > 0 and constants S > 0,
T > 0 such that

|bmnkl|pmqn < sktlST for some m,n, k, l = 0, 1, 2, 3, . . . .

Thus, for p = 1, q = 1 there exist integers s, t and constants S > 0, T > 0 such
that

|bmnkl| =
|f (m,n)(αk, βl)|

m!n!
≤ sktlST for some m,n, k, l = 0, 1, 2, 3, . . . .

Hence, for all integers m and n there exist integers p = s, q = t and constants
M = m!S and N = n!T such that

|f (m,n)(αk, βl)| ≤ sktlSTm!n! = pkqlMN for some k, l = 0, 1, 2, 3, . . . .

Now let f(z1, z2) be an entire function of bounded index and (wij) be a double
sequence such that for all positive integers m,n there exist the positive integers
p, q and a constant ∆ such that

|f (m,n)(αk, βl)| ≤ pkql∆ for k, l = 0, 1, 2, 3, . . . .
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Let M +N be the index of f(z1, z2). Thus there exists integers r1 > 0, r2 > 0
and constants S,T such that for m ≤ M , n ≤ N ,

|f (m,n)(αk, βl)| ≤ rk1r
l
2ST for k, l = 0, 1, 2, 3, . . . .

For integers p > 0 and q > 0, we have (by [21]) h(z1, z2) = f(pz1, qz2) is of
bounded index. Thus p > 0 and q > 0, let Mp +Nq be the index of

h(z1, z2) that is, for any (z1, z2) ∈ C2 and i, j = 0, 1, 2, . . . ,

|h(i,j)(z1, z2)|
i!j!

= piqj
|f (i,j)(z1, z2)|

i!j!

≤ max
0≤i≤Mp;0≤j≤Nq

{
piqj

|f (i,j)(z1, z2)|
i!j!

}
= max

0≤i≤Mp;0≤j≤Nq

{
|h(i,j)(z1, z2)|

i!j!

}
.

Hence, for i, j = 0, 1, 2, . . . ,

piqj
|f (i,j)(αk, βl)|

i!j!
≤ max

0≤i≤Mp;0≤j≤Nq

{
piqj

|f (i,j)(αk, βl)|
i!j!

}
≤ pMpqNq max

0≤i≤M ;0≤j≤N

|f (i,j)(αk, βl)|
i!j!

≤ pMpqNq max
0≤i≤M ;0≤j≤N

{
|f (i,j)(αk, βl)|

}
≤ pMpqNqrk1r

l
2ST k, l = 0, 1, 2, . . . .

Therefore, for integers p > 0 and q > 0, there exist integers u = r1, v = r2 and
constants λ = pMpS and µ = qNqT such that

|bm,n,k,l|pmqn =
|f (m,n)(αk, βl)|

m!n!
pmqn ≤ pMprk1Sq

Nqrl2T = ukvlλµ

for m,n, k, l = 0, 1, 2, . . . . Thus, by Theorem 2.5, A⊤(f, wij) = (bmnkl) is an
E2 − E2 method.

We now show that the condition that f(z1, z2) is of bounded index can not
be omitted Theorem 4.4.

Theorem 4.5. There exists an entire function f(z1, z2) of exponential type
and of unbounded index and there exist integers p and q and constant ∆ with

|f (m,n)(αk, βl)| ≤ pmqn∆

for k, l = 0, 1, 2, . . . . but A⊤(f, wij) = (bmnkl) is not an E2 − E2 method.
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Proof. Let (am) and (bn) be the sequences positive numbers such that a1 = 0
and b1 = 0, (amn) = (ambn) also be a double sequence and

ak+1l+1 ≥ max
k,l=1,2,...

{
3(k + 1)(l + 1)akbl, a

k+1
k

k b
l+1
l

l

}
.

Because of

f(z1, z2) =

∞∏
m=1

∞∏
n=1

(
1− z1

am

)m (
1− z2

bn

)n

,

it is a product of two entire functions of one variable, so f(z1, z2) is an entire
function of exponential type and of unbounded index(see [6]). Also

lim
m,n→∞

|f (m,n)(am, bn)|
m!n!

= ∞.

Therefore, there exist sequences (mk) and (nl) such that

|f (mk,nl)(am, bn)|
mk!nl!

≥ k!l!

Choose the sequence (wkl) = (αkβl) by α0 = 0, β0 = 0, αk = amk
and βl = bnl

for all positive k, l. Thus, for

f(z1, z2) =

∞∏
m=1

∞∏
n=1

(
1− z1

am

)m (
1− z2

bn

)n

and the double sequence (wkl) we have

f (m,n)(αk, βl) = 0 for k > m, l > n.

Hence, for all integers m and n there exist integers p = 1 and q = 1 and
constant ∆ = maxk≤m;l≤n{|f (m,n)(αk, βl)|} such that

|f (m,n)(αk, βl)| ≤ pkql∆

for k, l = 1, 2, . . .. Now, for A⊤(f, wij) = (bmnkl) and k, l = 1, 2, . . .,

|bm,n,k,l| =
|f (mk,nl)(αk, βl)|

mk!nl!
≥ k!l!.

Therefore, for any integers r1, r2 and any constants S > 0, T > 0, there exist
k0, l0 such that

|bmnkl| ≥ k!l! > rk1r
l
2ST for k > k0, l > l0.

Thus by Theorem 2.5, A⊤(f, wij) = (bmnkl) is not an E2 − E2 method.

Theorem 4.6. Let f(z1, z2) is an entire function of bounded index and (wij)
be a double sequence of complex numbers. If either A(f, wij) = (amnkl) or
A⊤(f, wij) = (bmnkl) is an Lu − Lu method then A⊤(f, wij) = (bmnkl) is an
E2 − E2 method.
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Proof. If either A(f, wij) = (amnkl) or A⊤(f, wij) = (bmnkl) is an Lu − Lu

method then either
∞∑

m=0

∞∑
n=0

|amnkl| ≤ ∆,

or
∞∑

m=0

∞∑
n=0

|bmnkl| ≤ ∆

Thus either

|amnkl| =
|f (k,l)(αm, βn)|

k!l!
≤ ∆.

or

|bmnkl| =
|f (n,m)(αk, βl)|

m!n!
≤ ∆.

for m,n, k, l = 0, 1, 2, . . .. Hence,

|f (n,m)(αk, βl)|
m!n!

≤ ∆.

for m,n, k, l = 0, 1, 2, . . .. Therefore, for each m and n there exist p = 1, q = 1,
S = m!∆ and T = n! such that

|f (n,m)(αk, βl)| ≤ m!n!∆ = pkqlST

for k, l = 0, 1, 2, . . .. Thus, by Theorem 2.5, A⊤(f, wij) = (bmnkl) is an E2 − E2
method.

Conclusion

In this paper, we studied the four dimensional Taylor matrix transforma-
tions of double sequences of bounded index into itself and gave some related
results. Almost all these results are the extension of the results in [8] from
single to the double sequences.
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