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A k-dimensional system of Langevin Hadamard-type
fractional differential inclusions with 2k different
fractional orders

Ali Mansooriﬂ Hamidreza Rahimﬂ and Shahram Rezapoutﬁm

Abstract. We investigate the existence of solution for a k-dimensional
system of Langevin Hadamard-type fractional differential inclusions with
2k different fractional orders. We provide an example to illustrate our
main result.
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1. Introduction

Langevin equation, introduced by Langevin in 1908, is an effective tool to
describe the evolution of physical phenomena in fluctuating environments ([I3]
and [24]). Later, some works appeared on fractional Langevin equations and
inclusions (see for example, [3], [4], [5], [6], [8] and [22]). Some researchers have
studied fractional differential inclusions from different views (see for example,
[, 19, 21, [23)).

The Hadamard fractional integral of order o > 0 for a function f € LP[y, z]

1 ot S
(0 <y <t<z<oo)is defined by I*f(t) = @/1 (In ;)afl%ds ([a).
Let [y, 2] CR, § =t4 and ACP[y, 2] = {g: [y,z] = R: 6" ![g(t)] € ACy, ]}
The Hadamard derivative of fractional order a for a function f € ACY [y, z] is
1 d oot S

defined by D f(t) = m(t%)"/l (In ;)"’a’lyds, where n = [a] +1
([9). In fact, the function f should have some properties such that the integral
exists. It was proved that the general solution of the Hadamard fractional
differential equation D%*xz(¢) = 0 is given by

z(t) = ci(Int)* 1 +co(Int)* 2 + ..+ cp(Int)* ™,
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where ¢1, ..., ¢, are real constants and n = [o] + 1 ([7] and [18§]).

The Hadamard-type differential inclusion problem D%z(t) € F(t,z(t)) with
boundary conditions x(1) = 0, z(e) = I’x(n) was investigated in 2013, where
l<t<e, l<a<?2 >01<n<e D®isthe Hadamard fractional
differential, I? is the Hadamard fractional integral and F : [1,e] x R — P(R) is
a multifunction ([7]). For more details on Hadamard type fractional differential
equations and inclusions, we refer the reader to a recent text ([2]). In 2016,
Hedayati and Rezapour investigated the k-dimensional systems of fractional
differential inclusions

cDYyy (t) € Fy(tug(t), - ug(t), “DVrug(8), - -+, “DVikay(t), “D Vg (£),
2

e 7CD’ylkuk(t))7

cD2qy(t) € Fy(t,ug(t), -, up(t), "D 2rug(t), - -+ , “DV2ruy(t), “DV21uy (£),

e 7CD’Y§kuk(t))7

D%y (t) € Fr(t,ug(t), - up(t), “DViuy (t), -, DYk (t), DV (8),
2
<o DYk (t)),

with the anti-periodic boundary value conditions u;(0) = —u;(1),
tﬁ“_ch’ﬁ”ui(t)hHo — _tBli_chﬁliui(th:l

and P2 =2¢ D2y, (t)| ;0 = —tP2i72¢DP2iy(t)|4=1 for i = 1,--- , k, where k >
2,t€J,2< @ <3,0<7; <1, 1< <2,0< b1 <1<y <2and
F;: J x R3% — 2R is a multifunction for all 1 < 4,5 < k ([I7]). Using the idea
of [7] and [I7], we investigate the existence of solutions for a k-dimensional
system of Langevin Hadamard-type fractional differential inclusions

(1)

DY (D + )z (t) € Fy(t, 2y (), o (t), [ 2y (t),- -+, [V*ap(t))
+G1(t,l‘1(t)7 e ﬂzk(t))7

DP2 (D2 + \)wo(t) € Fo(t,xy(t), - o (t), [ 2y (), -+, [V*ap(t))
+G2(t,l‘1(t)7 e ﬂzk(t))7

D (D% 4 A )zk(t) € Falt,or(t), -+ an(t), a1 (t), -, [an(t)
+Gk(ta xl(t), T 7mk(t))7

with the boundary conditions

.1'1(1) = 0,
(2) Iixi(n) + DYai(n) =0
Iig;(e) + DYix;(e) =0

fori=1,---,k,where 1 < 3, <2,0<v <a;<1l,y;>0foralli, 1 <n<e,
t € [1,e], DU is the fractional Hadamard derivative, I() is the Hadamard
integral, Fy,...,Fy : [1,e] x R?* — 2R and Gy,...,G}, : [1,e] x R¥ — 2F are
some multifunctions. We say that G : [1,e] x R¥ — 2F is a Caratheodory
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multifunction whenever ¢t — G(t,x1,- - ,x)) is measurable for all z1, -,z €
R and (a1, -+ ,2;) — G(t,21, -+ ,2%) is an upper semi-continuous map for
almost all ¢ € [1, e] (see [10], [I5] and [19]). Also, a Caratheodory multifunction
G : [1,e] x R — 2R is [1-Caratheodory whenever for each p > 0 there exists
¢, € L*([1,€],RT) such that

” G(tw%'h'” vmk) ”: sup{|v| ‘v E G(t7x17"' 7$k)} < (bp(t)

for all |x1|, - ,|zk| < p and for almost all ¢ € [1,€e] (see [10], [I5] and [19]).
Define the space X = C([1, ], R) endowed with the norm ||z|| = sup,c(y o |2()]-
Then, (X, ||.|]) and the product space (X* = X x X x --- x X, |.||«) endowed

k
with the norm ||(z1,z2, ..., 2k) |« = ||z1]|+||z2]|+- - -+ ||zk]|| are Banach spaces.
As argued in [8], [12], [2I] and [23], we define the set of the selections of the
multifunctions F; and G; at (1, ..., zx) by

SF,i,((tl,...,:Ck)
(v e LLe) s o(t) € Fult,m(t), - an(®), I aa(t), -, I*oan(0)
for a.e. t € [1,€]}

and

SGi,(ml ..... Tr)
={ve L' l,e|:v(t) € Gi(t,x1(t), - ,xx(t)) for almost all t € [1,e]}

forall 1 <i<k.

Let (X,d) be a metric space. Denote by P(X) and 2% the class of all
subsets and the class of all nonempty subsets of X, respectively. Also, we
denote by P (X), Poa(X), Pey(X) and P, (X) the class of all closed, bounded,
convex and compact subsets of X, respectively. A mapping @ : X — 2¥ is
called a multifunction on X and x € X is called a fixed point of @@ whenever
z € Qx ([14]). A multifunction @ : X — P (X) is lower semi-continuous
(briefly l.s.c) whenever the set Q71(A) := {z € X : Qz N A # 0} is open
for any open subset A of X. Also, @ is upper semi-continuous (briefly u.s.c)
whenever {x € X : Qx C A} is open for all open set A of X. A multifunction
Q:X — P, (X) is compact whenever Q(S) is a compact subset of X for each
bounded subsets S of X. A multifunction G : [a,b] — Py(R) is said to be
measurable whenever the function ¢ — d(y, G(t)) = inf{|ly — 2| : z € G(¢)} is
measurable for all y € R. Define the Pompeiu-Hausdorff metric H : 2% x 2X —
[0,00) by H(A,B) = max{sup,c, d(a, B),sup,cpd(A,b)}, where d(A,b) =
infaea d(a;b) ([I1]). Then (P (X), H) is a metric space and (P, (X), H) is
a generalized metric space (([1I]) and [19]). A multifunction N : X — P, (X)
is contractive whenever there exists v € (0,1) such that H(N(z),N(y)) <
~vd(z,y) for all z,y € X. In 1970, Covitz and Nadler proved that each closed
valued contractive multifunction on a complete metric space has a fixed point

([14D).

We need the following theorems to prove our main results.
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Lemma 1.1. ([15]) If G : X — P,(Y) is upper semi-continuous, then Gr(G)
is a closed subset of X x Y. If G is completely continuous and has a closed
graph, then it is upper semi-continuous.

Lemma 1.2. (J20]) Let X be a Banach space, F : J x X — Pep (X)) an L'-
Caratheodory multifunction and © a linear continuous mapping from L*(J, X)
to C(J,X). Then the operator ©oSp : C(J,X) = Py o (C(J), X) defined by
(©0SFr)(z) = O(SF.) is a closed graph operator in C(J, X) x C(J,X).

Lemma 1.3. [16] Suppose that B(0,r) and B[0,r] denote the open and closed
balls centered at the origin and of radius v in a Banach space X. Also, assume
that ®1 : X — Pygci,co(X) and @2 : B[0,7] = Pepoo(X) are two multivalued
operators such that ®1 is contraction and ®o is upper semi-continuous and
completely continuous. Then either the operator inclusion x € ®1(x) + Po(z)
has a solution in B[0,r] or there exists u € X with ||u|| = r such that Au €
fI>1(u) + @Q(U).

2. Main results

Lemma 2.1. Letv € AC([1,¢],R), A€ R, B € (1,2], « € (0,1], n € (1,¢), D)
be the Hadamard fractional derivative and I the Hadamard fractional integral.
Then the unique solution of the fractional problem DP(D® + \)z(t) = v(t) with
boundary conditions

z(1) =0,
3) Ia(n) + DYa(n) = 0,
I"z(e) + DVx(e) =0

s given by

x(t) =

ﬁ /j(m é)a—% (F(lﬁ) /j(m %)B—l$du - )\x(s)) ds

— Ay (Int)e+h-1 [Nl /177 (F(alw(ln g)‘m—l + ﬁ(ln Z)‘M*)i
x (r(lg) /ls(m g)ﬂflwdu - Ax(s))ds] N, /1 (F(alw(lnz)aﬂl
+ ﬁ(ln i)avl> % <r(1/3) /ls(m Z)ﬁ*#du - )\x(s)) ds]

s [ (et )

L R AN R O F S L p\o+B-2
xs(r(m/l(l Syt gy ())d + As(Int)
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x (F(lﬁ) /18(111 g)ﬁ—lydu - Ax(s))ds

- N, /1e <F(alw(lnz)a+v—1 " m(lnj)a_7_1>

x é (r(lg) /18(111 E)B*@du - Ax(s))ds}

uhere Ny = ((a+5+) +Tla+ ).
Ny = — (F(a + B+7)(Inn)*TF=7"1 + T(a+ B —7)(In n)a+ﬂ+v—1),
(F(a+6+7—1)(1n n)* P24 (a+B—y—1)(In n)“*“”z) (a+B—7)T'(a+B+7)

A1 = - )
I(a+6) F(a+ﬁ+v)(lnn)”+5”1+1‘(a+5w)(lnn)“”*”l)A

Ay = — I(a+B—7)T(a+B+7)

)

L'(a+8) | T(a+B+7)(Inn)*+B=7=14T(a+B—~)(In n)“+5+71>

Ag = F(‘”'B_Fﬂ(’;i)ﬁll(?;f"w_l) and

A:(F(a+5—7—1)+I‘(a+5+7—1)>
: (F(a +B+7)(Inn)* " 4 T(a+ B —7)(In n)a%ﬂl)
- (F(a+ﬁ-7)+r(a+6+’y)>
(Tt 847 = DI)™12 4 Ta+ 5 - 5 - Ditn)+#+72)

Proof. Tt is known that the general solution of the equation D?(D® 4+ \)x(t) =
v(t) can be written as

ot) = I@/j(lni)“i(@/j(lni)[i1”(uu)du—>\x(s))ds

'(8)(Int)P+e-t (8 —1)(Int)s+o-t
) T Tarp) % TatfoD

where ¢1, ¢, c3 are arbitrary constants and ¢ € [1,¢e]. From , we have

IMz(t)

_ 1 ! néa‘FV*l} L ’ Hi ﬁflM U — Ax(s S
= tira 0 (g [ Oy et )a
F(ﬁ)(lnt)5+7+a_1 NGRS 1)(1117?)5‘*‘74‘0“_2 I'(a)(Int)etr—1

TlatB8+7) 2 Taty+6-1 2 Ta+ty)

+ 03(ln t)a_l

+c1
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and

D7x(t)

_ 1 t néa—’y—ll e niﬁ_1M u— Ax(s) |ds
=t [ 0 (g [ e Ja
P(ﬂ)ant)a+ﬂ—7—1 F(B__l)ant)a+5—v—2 F(a)ant)a—7—1

Tatf-v 2 Tatr-F-1 * T@-

Using the boundary we obtain c3 = 0,

C1

(Dot B4 = D72 4 Dla+ 5= = Damay#-2)

I'(B) (F(Oé + B4 7)(Inn)e+F=7=1 + T(a +  — v)(In n)a+6+v1> A

XN@+6—wﬂa+ﬁ+w<ﬂa+ﬁ+w+Fw+ﬁ—70

- /1” <F(a1+ i DT F(alf oy Z)a_’y_1>

Xi(F(lﬁ) /ls(ln %)5_1¥du - Ax(s)) ds

- (F(a +B+7)(Inn)*P 7+ D(a+ B —4)(In n)“ﬂf”l)

e 1 €\ aty—1 1 €\amny—1
S (™ )
1 1 * s o1 v(u)
XS(F(B)/l (hlE)ﬂ udu—)\x(s))ds}
L(a+B—yI(a+pB+9)
I'(B) (F(Oé +B+7)(Inn)etFrt + T(a+ 8 — ’Y)(lnn)a+ﬂ+w—1>

- /j <F(a1+v)(ln P F(ozlf oy Z)G_H>

Xi(l‘(lﬁ) /ls(m S)qudu - Ax(s)) ds

and

C2
_ Tla+B—y-DIl(a+B+v—1)
TG - DA

) /177 (F(ozl+7)(ln DT F(al— oy Z)aﬂq)

x% (F(lﬁ) /18(1n 5)5—1$du - Ax(s)) ds

[(F(a+ﬁ+’y)+r(a+5—’7)>
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(Pt 8+ ) T )

(St e
/1 Tla+7)" s Fla—7)" s
x% <I’(1,8) /ls(ln %)ﬁflydu - )\x(s))ds} .

Inserting the values of ¢1, ¢ and c¢3 in , we obtain the solution . The
converse follows by direct computation. This completes the proof. O

We say that an element (21, za,...,2%) € X* is a solution for the k-dimen-
sional inclusions problem - whenever there exist functions

(v1,v2, ey ), (U], 0, oy v}) € L1, €] x L1, €] x ... x L*[1,¢€]

k

such that
vi(t) € Fi(t,x1(t), - ,op(t), " @1 (t), -, [ xp(t))vi(t) € Gi(t,z1(t), -+, k(1))

and DPi(D% + X\;)z;(t) = v;(t) + vi(t) for almost all ¢t € [1,¢], x;(1) = 0,
IMiz;(n)+DYix;(n) =0and IViz;(e)+ DVx;(e) =0fori=1,--- , k. Now, put

A}
_ 1 <diF(Oéz' + Bi — i)' (ci + Bi +73)
T T (o + B+ 1) L(a; + Bi)eil Al

+F(ai +Bi —vi — Dl + Bi +i — 1))
I(a; + 8 — 1)| A

1 ai+Bi+vi
((F(ai + B+ i) + Tl + i — %))(I‘(o(zinj?ﬁi +7 +1)

(Inn)@ithi—r )+ e 1 N 1 )>
Pla;+ Bi —vi+1) “T(o+Bi+7+1) Tla+Bi—vi+1)
+F(04i + Bi — yi)l(ci + Bi + i)
Do + Bi)es
(©) ( (In n)aﬁﬁﬁw (In n)aﬂrﬁr% >
Dla+Bi +vi+1)  T(a+Bi—v+1)

_|_

and
i 1
A= T
dil'(o; + Bi —vi)T(ei + Bi +7v) T+ B —vi — )l(a; + Bi +vi — 1))
(o + Bi)ei Al (o + Bi — 1)|Ay]

(Inp)@ s (In )=
Clai+v+1)  Tlag—v+1)

7 N N

(i + Bi + i) + D + Bi — vi))(
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1 1
* ei(F(Oéi +7+1) * [(a; — i + 1)))

(7)
+

I + Bi — 7i)T(ai + Bi + %) ( (In )+ n (Inmp) ™ )}
(o + Bi)ei Plag+v+1)  Tla;—7yi+1)

for all 1 <14 < k, where

d; = (F(ai +Bi+7v —1)(In n)o‘i"'ﬁ’?_ﬂ“_Z + (e +Bi —vi—1)(In n)ai+ﬁi+71—2>

and e; = (I‘(ai + Bi + i) (nn)tFi=ri=l 4 Ty + B; — vi)(ln7))°‘i+5i+7i1>.

Theorem 2.2. Suppose that G1,...,Gy. : [1,e] x RF — P, .,(R) are some
Caratheodory multifunctions and Fy, ..., Fy : [1,€] x R* — P, .,(R) are mul-
tifunctions such that Fi(.,x1,...,%a2k) : [1,€] = Pepeo(R) are measurable and
there exist continuous functions p;,m; : [1,e] = (0,00) and continuous nonde-
creasing functions 1; : [0,00) — [0, 00) such that

K
IGi(t, 21, )l = sup{|v] 1 v € Gi(t, w1, ,ax)} < pi(t)ei (D |ail),

[ F5(t 21, wop)|| = sup{|v] s v € Fit,z1,- -+ 22k) } < mit)
and
2%
H(Fi(t, 1, .., mor), Fi(t, y1s s y2r)) < my(t) Z i — vl
=1

for all x1,...,Tak, Y1, .., y2k ER, t € [1,e] and 1 <i < k. If
u 1
JJJA L )+ MAL) <1
g(m S+ )+ ) <

then the k-dimensional system of fractional differential inclusions has at
least one solution in [1,e].

Proof. Let r be a real number such that
i llpilli(r)Af
1= 5, (A 5,1+ ) + 2043

<r

and B(0,7) the related open ball in X*. Consider the multi-valued operators
A1($17 e 7a:k2)

AQ(:'E17"' 7:17]6)
A B: XF 5 P(X¥ by A(xy, - a) = | . By, k) =

Ap(x1,-- - xp)
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Bl(xla e, Tk
BZ(Ila"' y Lk . )

, where A% and Aj are defined by (6) and for all

Bi(z1,- -, xk)

1<i<k,
Ag(@y, - wg) = {u € X+ 30 € Sp (4 ... o) Such that u(t) = w; (v, 1) for all ¢ € [1,¢e]},
(@1,
Bi(wy, - wg) = {u € X: 30 € Sq, (py,... ) Such that u(t) = wi(v, 1) for all t € [1, ]},

w; (v, t) =

1 t a _11 ﬁz‘—lu(u) B
R /1 (ln— (1"(5 )/ (In — ) " du — \; ml(s))ds

_ di(ay + B — )T (e + B4 + ~vi)(n ) @i tAi—1
Plag + BileiAg

1 1
[(Pes + 85 + v+ TCai + 8 = v0)) [ (ﬁ(ln Dyeitvi=ly o Dyeimvi=t)
g Vi s = e £ s

/f(ln%)ﬁ -1 v(:)du ~aj(s ))ds

1 1
E(wm
1 € gt 1 € i1\ 1 1 s s g._q1v(u)
i ) (o D ey e DN T ) S (g 0 DT o)

_ Plag + B; — v)T (e + B4 + ;) (n )i TBi—1 X/n ( 1
Tlag + Bjleq 1 AD(ay + v4)

1
(n Dyeitri—1y (1113)%—%—1)
s Tl = 74) s

: ( : /S(ln 2y8s 20 G - Njwi(s ))ds Dot B —vi = D0 + 6+ — D(n )i Thi—2

s\r(g;) /1 u w N T(a; +B; — 1DA;

[(r‘(ai +B8; + i)+ T(a; + B, — ’Yi)) /77 (;(1!j Dyeitri—1 4 ;(m z)u'i77i71>
1 \TD(a; +v;) s Ty —v4) s

1 1 rs s v(u)
- In—)Pi—1 2 gy — ne ds
s(wm [ran s i)
e 1 e 1 e
—e; A T L L Rk . S— { P A
Lx/l (I‘(aier)( s) F(ai*w)( s) )

/ (In )[-j _1U(u)du7>\ m“s))ds]

1
E(Fum

and A; = (F(OérFﬁi—%'—1)+F(ai+ﬂz‘+%—1)) X € — (F(Oéri-ﬂi—

i)+ (o + Bi +:) | xd; for all 1 < i < k. Thus, the k-dimensional system of

fractional differential inclusions — is equivalent to the inclusion problem
(1, .y zr) € A(x1, .0y k) + B(21, ..., 7). We show that the multifunctions A
and B satisfy the conditions of Lemma First, we show that B(z1,...,zx) €
Pa(X*) for all (z1,..,7r) € X*. Let {(u}, -+ ,u}f)}n,>1 be a sequence in
B(zy,- -+ ,x)) such that (uf, - ,ul) — (u?,---,u?). Choose

n n
(Ul y T avk) € SG17(I17"'7I)§;) X SG27(m17'”7mk}) X X SGka(Ila“'amk)

such that ul’(t) = w;(vP,t) for all t € [1,e] and ¢ = 1,--- ,k. Since G; is
compact valued for all 4, {v7"},,>1 has a convergent subsequence to some v{ €
L'([1,€],R). Denote the subsequence again by {v/'},>1. It is easy to check
that v) € Sg; (4, 2y and ud (t) = w; (v, t) for all ¢ € [1,e]. This implies that
ud € Bj(wy, -+ ,xx) for all i and so (uf,---,u) € B(zy, -+ ,xx). Now, we
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show that B(xy,--- , ) is convex for all (zy,---,2x) € X*. Let (hy, -+, hg)
and (h),---,h}) be elements of B(x1,---,2x) and 0 < p < 1. Choose v;,v] €
SGy (@1, op) Such that hi(t) = w;(v;,t) and hj(t) = w;(v;,t) for almost all
t€[l,e] and 1 <i < k. Then, we have

i (u — p)vhi(u
/f(lnﬁ)arli( ! /Sunj)m—lwdu_Aizi(s)ys
1 s \T(8;) /1 u

lnhi + (1 — pR3I() =
S u

&g
_diTe + Bi — ¥)T (e + B + 7)) (in)*itFi—1
Dlag + Bi)eig

X

In 1)0%‘*"”_1 +

_ —(In l)ai_'”_l>
Loy + v4) s Tla; = i) s

[(I‘(ai + Bi +vi) + Ty + B — "(1)> /171 (

/ls 1n )81 [wv; (u) + (1 — p)v}(u)]

du — )\izi(s))ds
u u

%(r(;i)

1 1
—e; x /c (7(&1 Syagtyvi-l - E)O‘i*“fz'*l)
1 AT +75) s T(ag = v4) s

1/ 1 s s g lavg(uw) + (1 — p)vl(w)]
z Zypi -1 BT A R e — Ay
: (F(Ei) /1 (In u) " du )\Izl(s)>ds]

. A . . X i+B8;—1
_Dlei +8i = )T (o + By 7)) *i T X/n( ' (In ﬁ)%+n*1+7(1n3)arwfl)
Do + Bi)e; 1 AT(a; + ;) s T(aj =) s

s s g._qlpvi(u) + (1 — pvl(u
/1 In ~)Bi IMd“*/\izi(s))‘“

-
s \I'(B;) u u

L TC@s + B3 = v = DDy + Bi i = 1)(ln¢) @i tHi—2
Dlag 4+ 8; — )4y

g L . . 1 o~
[(F(O‘i + B+ vi) +T(a; + B; — ‘Yq;)) /1" (m(lﬂ %)alJr’h Ly ﬁ(lﬂ ::)al Vi 1) x
7 k3 E i = i E

1 1 s s g1 [pvi(u) + (1 = p)vl(u)]
o 5B i i Cnews
(r(g,v,) /1 a u) ‘ wu du A““(S))ds

s
1 3 1 3

—e; /e ( (In i)aiJr’Yi*l n _(In E)D‘i*’Yifl)
1 AD(ea +74) s Tlog = v4) s

1 1 s s go_q v (w) 4+ (1 — p)vf(w)]
n—yBi— 1T T AT T T e — s (s s| = w; (pv; — A .
(r(fm Jran S du = g () ) ds| = wiGuv; + (0= v, 0)

Since G is convex-valued, Sq, (4,,....z),) is convex for all 1 < i < k and so
[whi; + (1 — p)hl] belongs to B;(x1,xa,...,xr). Hence, p(hy, -, hi) + (1 —
w)(hy, - hy) € B(z1,- - ,x). Now, we show that B maps bounded sets of
XF* into bounded sets. Let p > 0 and

By ={(z1,- k) € X* ¢ |[(w1, -+ 2w« < p}

For (z1,---,xx) € B, and (hy,--- ,hi) € B(xy,--- , ) choose (vi,--- ,vk)
N S, (o1, ) X XSGy (@1, ox) SUch that hy(t) = w;(vs,t) for almost all
te[l,e] and 1 <4 < k. Thus,

1 t t 11 1 s - i
[hi(t)] < o /1 (In 2y 17(“13 ) /15(1117)B1 plvitol oy mumi@)\)ds
;) s s DE u u

+di X T(ag + By — 7)oy + By + v)(In )i HBi—1
T(a; + Bi)e;|Ag]

g 1 L by — 1 e
[(F(O‘i + Bi +vi) + Ty + By — ’Yi)) /17] (m(ln%)a7’+’y’ Ly ﬁ(lﬂ 7:7)&7' i 1)
3 k3 E i Vi E

X

1 1 s s g._q lvi(w)]
Z 1n7ﬁ1 17‘70{“ Xillz; (s ds
s(l"(ﬁi)/l( %) - + 131125 (o)1)
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1
te; x /e (7(111 Syeitvi-ly _ — f)“i—%‘—l)
1 \D(oy +73) s Doy — i) s

%(I‘(;i) As(ln%)ﬂﬁlwd“Jr MiHTz‘(S)\)dS}

Pl + 8y = y)T (o + Bi £ 7)(n )i A7 ></1] ( - (In ﬁ)ai+7i_1+7(ln ﬁ)"‘i—%‘_l)
T(a; + B3) X e; 1 \T(a; + ;) s T(a; — v4) s

T(oy +B; — vy — Dl (ay + By + v — 1)(In 0y thi—2

1/ 1 : i
,( /S lni)ﬁiflwdu-p\)\i\|zi(5)\)ds+
s\r(g; /1 u u (o 4+ B; — 1)]A;]
x[(Peai + 85 + 7+ Pai 4 8 —0)) [ (o DymitmTt e ——an Dyeimritt)
1 NT (e + vq) s T(ay —v4) s

1, 1 s s a1 lug(w)]
- In —)Bi =1 0 G I g (s)] ) ds
s(r(ﬁi)/l( =P » + 13112 (o)1)

(lni)ai_Vi_1>

1 >
(In i)D‘i_"’yi_l B
s oy = v4) s

+e; X '/16 (m
%(r(;i) /15(1[15)5,371%;)%“4_ \/\iHCEi(S)\)ds}

diT(o; + By — vi)T(ey + By + ;) y

Nl (@, s @)l

< i (Il (g, - g ) %)
T(a; +B; +1) T(a; + 1) T(a; + B;)e; 18]
; R D (n @i tBitri X; L w(lnm)®it+7i
[(F(ai+ﬁi+7i)+r(&i+5i_’Yi))(“plllw(”(rl zg) 1) (nn) . 210 (g 2 ) [l (Inn)
T(a; +B; +v; + 1) T(o; +v; +1)

1o 1Nl (@1 oy @) ) n )i tBi— s Mg (s e ) | (I )i~ Vi )
T(aj + B — v +1) T(a; —v; +1)

(Wai +8; ) an @i T L Diay 4+ 8; — ) (n ")a'ﬁﬁiﬂrl)
Xilll @1, e op) )l

cz)llx el (@, ) l+)
T(a; — v +1)

RGNS
T(a; + 8B — v +1)

T(a; +v; +1)

(HPHW(HWL o))

T(a; +B8; +v; +1)
o) s (n ) @i+

Ailll(@y, -

2 1%l o @) ) () @i TAi i N
Tla; +v; +1)

Tlaj + B + v +1)
Xl (2, ---,wk)\l*(lnn)“ifw)
Doy — vy +1)

+F(‘1i + B — vi)T(ay + B +7vi) % (
T(o; + Bile;
1Pl (1, s @) 1) (n ) ¥iHB =75
T(a; +B; — vy +1)
T(a; +8; —v; — D (a; +8; +v4 — 1
(i U il i ) [(F(&i + Bi +vi) + T(ay + B4 — ’Yi))
T(a; + B8; — A
L) ) (@i TAi+Ys L Pl
T(ag +v; + 1)

L) s () i T4

(Hﬂi”d’(H(ﬂclx
T(a; +B; +v; +1)
RGN v~wzk)\|*(1n77)ai7’”)

o)l @i tPi— i
Tla; —v; +1)

+||Pi||’¢'(H(m1w~

Tla; +8; —v; +1)
IXilll(z1, ---vmk)\\*)}

Ipill i@y, - zg) %)
Plog —v + 1)

[Nl (s o @) 1
P(a; + By —v; +1)

I(ag +v; +1)

el @p)
e (HP 1% (Il (=1 k)l

D(ag + B3 + ;i + 1)
1

= llpillvi(e) m+

Tla; +B8; —vy — DI (ey + B85 + v — 1) ) %
Doy + B4 — 1)|Ay]

(n )i tAi =i

(dil"(ﬂi + B8; — )T (o + By + ;) :
T(ag 4 Bi)e;l Al

(Inn)@ithi+q
((F(ai + Bi + i) + Ty + By — vi))(
T(a; +8B; +v; +1)

T(o; + B — v +1)

: )

+ )
P(og+B8; +v;+1) Tley+ B —v; +1)

(C(aj+Bi+7) (In ) *i TP =Y = 4D (48 — ;) (n )y @i HAiFTi—1y(

(In n) @i tBi+Y; (n )i tBPi—7i )]
T(a; +B; —vi +1)

T(o; + By — v)T (o + By + v4) (
Dlag + Bide;

diD(a; + By — vi)T (e + B + v4) " T(ag + By — vy — DT (g + By + v — 1))
Tl + 85 — DIAG]

T(a; + B4 +v; +1)

Tleg + Bi)eil Azl

+"””[r<a:+ 5 (
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()it (nn)®i—%
((PCai + 85 + i) + Dlag + B3 = 7)) )+
Pla; +vi +1)  Tley —v; +1)
. . - 1 1
(Tei + Bi + 7))@ iTFi=% =1 L pa; 4 8; — ) *i At =1 + >)
Tlag +v; +1) Tla; —v; +1)

+F(ai + B85 — v)T(ay + By + i) ( (In n)®it7s (Inn)®i =i )}
T(a; + B3)e; Tla; +v; +1) T(ay —v; +1)

= lpillvi(P)A] + plX; 1A

for all t € [1,¢] and 1 < i < k. Hence, ||h;| < ||pil|wi(p)AL + p|A;|A% and so

k k
[[EEEISTES IS (||pi||¢i(ﬂ)1\l1 + P|>\1|A§)-
i=1 i=1

Now, we show that B maps bounded sets to equi-continuous subsets of X*. Let

t1,t9 € [1,6} with t; < tg, (1‘1,“' ,xk) € Bp and (hl,"' ,hk) S B(l’l,'“ ,.’Ek).
Then, we have

1 t 41
Ihit2) = hit)] = | [ an Zyeamt2(

g v(u)
oR) ; /ls(ln Z)ﬁl o) uu du — Aixi(s))ds

r(8;)

1 pt ot 6l 1 s s g g u(w)
_ I Lyei—1Z YA oo ) e
T(a;) /1 ( s ) s (r(ﬁi) /1 ( %) ” iz ( ))

4iT(0; + By — v)0(; + B + v;)(n 1) @i TAi 1

T(a; + Bile; A

1 1
[(F(D’i + Bi + i) + Ty + By — ’Yi)) /177 (m(ln z)’l'ﬂ’%'*l + ﬁ(ln g)aiiwil>
3 7 i Vi S

/ls(ln 2yBi—1 ?du - )\izi(s))ds

u

1 1
;(F(ﬁi)
1

ey X /’e (;(ln Syagtvi-ly 0 g, E)@i_"/i_l)
1 A\D(a; +74) s T(ej —v) s

i(r(; ) /;‘(mi)ﬁi—lu—u)du _ >\,,‘,wi(8)>ds]
s i) u u

L daT e + By = 7i)T (o + By + 7i)(ntg)@itBi—1 y
Pla; + Bileid;

Kr(ai +Bi+vi) + Tley + By — ’”)) /177 (

(1n1)047',+"/7',*1 + (ml)&q‘,*"h',*l)
T(o; +v4) s s

%(F(/ﬁi) /f(ln E)BiA ?d“ - M‘zi(s))ds
T -/16 (m(“‘ z)ai+’yi_1 + m(ln z)ai_’yi—l)
E(F(;i) /15(111 E)Bi—lLu“)du - )xizi(s))dg]

T+ Bi = %) + B + i) (ntg) @it Fi—L
Plag + Bile;

n 1 Mt —1 1 Moo,y —1) 1 s s g, —1v(w)
- (ln - % % — (ln — % K3 — In —)"2 ——du — A\;x;(s) |ds
/1 (F(ai+'yi)( s) +F(ai—'yi)( s) )s(l"(ﬁi)/l( u) w ¢ 1())

L Do+ Bi = 7)o + B +75) (n )i HFi
Dlaj + Bile;

n 1 Mo+ —1 1 M ay—my;—1) 1 1 s s B__lv(u)
——(In =) g + ———(In —)™"¢ 4 - (In —)"% ——du — X;x;(s) )ds
~/1 (F(ai+7i) s T(ay —v4) s )5(1"(ﬂ1) /1 u u )

+F(0‘i 4+ B; — 5 — DDy + B; + 5 — D(Inty)®ithi—2
Dla; +B; — 1)A;
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[(ras + 85+ v +TCei + 50 = v0)) [ (m(l" Zyetri=ty ﬁ(ln S)“i‘%‘l)
i o D )
e [ (G ﬁ< i)

L e o)l
i) u

Do+ B; = v = Do + B + 73 — D(Int)*itFi
Ty + B — DA

[(res + 85+ v +TCei + 5 = v0)) [ (man Zyeatri=ty ﬁ(ln 2ye %)
g e D )
e [ (G ﬁ< i)

/ls(ln E)Bi_lydu — kimi(s))ds]

1 'ty 2 a;—1 _ o e -1 P 1144 (p) By )
/1 ((m ) (n =)® ) <7F(Bi 0 (In(s)) +p|>\,L\)da

T T(ay)

1 1
Z(rwi)

1 t t 11 il .
. / 2 (1n 120 17(”131“ i(P) (in(s))Bi + pl)\”)ds
T(eg) s rB; +1)

4T (0 + By — vi)T(ay + By + wi)((mtz)aﬁﬁrl _ (1nt1)%+ﬁr1>

Tleg + Bi)eil Azl

X

[(Pas + 85 + i)+ TCai + 8 = v0)) [ (man DNy o an Dy Y

/3(1“ i)ﬁi_lwdu — Aimi(s))ds

1 1
B (mm

1 1
—e; X /e (7(1nf)ai+%‘*1 Y “fz*l)
1 \D(a; +74) T(aj —74) s

s

1 E] s _qv(u)
z n2yBi—1Y w— Ajz;(s))ds
s(r(m/ (i Z)Pi =1 = A (o)) as]
Pl + 8y = v (e + B+ 70) ()@ 55 =L — (neyyeitPi=1)
+ X
T(aj + Bi)e;
n 1 M aydyy—1 ! Mia;—v;—1 —19(u)
— (Iln —)% i 4+ ————(In —)% (In — du — X;x;(s) |d
/1 (F(ai TIPSR Clay —vp) s ) (r(/s )/ " w ) °

T+ B; —vi — DT (o + B4 + i — 1)((1nt2>%+ﬁz‘—1 — (Int)®Th —1)

Doy + B — 1)|Ay]

[(reai+ 83 4+ 200 + TCai + 8 =) [ (ma Dyeitristy ﬁ(l Dyt
E(F(;) Jian (u)d“_* si(s))ds

—ex [ (g DT T e p e D)
- (Ir z i_l%du—kizi(s) ds
1 (r(ﬂ ) /15 Syt ) ]
s i) - u u

for each 1 < ¢ < k. Note that the right-hand side of the above inequality tends
xy) € B, as ty — t1. This implies that

to zero independently of (z1, ...,

Jim (e (t2) = ha(ta), -+ s he(tz) = b(t2))] = 0.
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Hence by using the Arzela-Ascoli theorem, B is completely continuous and since
B(z1,...,x1) is closed-valued, B(w1,...,2%) € Pepe(X¥*). By using a similar
proof, we can show that A(xy,...,2x) € Pcl’bd,cv(Xk). Now, we show that B
has a closed graph. For each n, suppose that (uf,---,u}) € B(z},--- ,2})

such that (z7,---,z}) — (x?,-n 29) and (ul, -, ul) — (uf,---,ud). We
show that (uf,--- ,uo) € B(x(f, -+, 29). For each natural number n, choose
(0, o) .

€ Say (an, - wp) X 0 X 8@y (ap,-- 2) Such that ull(t) = w; (v, t)
for all ¢ € [1,e] and 1 < i < k. Consider the continuous linear operator
0; : L'([1,e],R) — X by 6;(v)(t) = w;(v,t). By using Lemma [1.2} 6,05¢, is
a closed graph operator. Since uj € 92-(5(;“(;5?7,“7%,)) foralln, 1 <i<k
and (z¥,--- xZ) — (ac(f,-n 2?), there exists v) € 56, (20, 29y such that
ud(t) = w;(v,t). Hence, u) € B; (:101,-~- ,29) for all 1 <4 < k. This implies

that B; has a closed graph for all 1 < ¢ < k and so B has a closed graph
and this shows that the operator B is upper semi-continuous. Now, we show
that A is a contractive multifunction. Let (z1,---,x%), (y1, -+ ,yr) € X* and
(h1,-+ ,hx) € A(y1, -+ ,yr) be given. Then, we can choose (vq,---,v) €
SF17(y17"'7yk) X SFz,(yl,---,yk) X oo X SFk,(yh"- k) such that h;(t) = w;(v;,t) for
allt € [l,e] and i =1,--- , k. Since

H<Fi(tvml(t)="' vop(8), I @y (b)), - IR (8), Fy(t, y1(8), -,y (8), Iy (8), - - ‘Iukyk(t))
k . .
< my(t) D (e (t) — yy ()] + [TVia; () — IViy;(t)])
i=1

for almost all ¢ € [1,e] and i = 1,--- , k, there exists
u; € Fi(tvxl(t)a"' » Lk ( ) Ilel( ) Iukxk(t))

such that [v;(t) — us| < mi(t) Sr_, (Ji(t) — w(t)| + |[I"2i(t) — I"yi(t)]) for
almost allt € [1,e] andi = 1,--- , k. Consider the multifunction U; : [1,¢] — 28
defined by

k
U;(t) = {w €R: |v; () —w| < my(t) D (lo;(t) — y; ()] + [TVix; () — [Viy,(t)]) for ae. t € [1,e]}.
i=1

Since U;(t) N F;(t,z1(t), - ,xx(t), [ 21 (L), ..., ["*x1(t)) is a measurable mul-
tifunction, we can choose v.(t) € F;(t,z1(¢ ), Lz (), I (8), ... TR xR (t))
such that

k
o) = vj(D)] < ma(t) S (a(t) — wi (O] + 1T @i (0) = I D)]).
=1

For each t € [l.e] and 4 =1,--- , k, consider the map h}(t) = w;(v},t). Since

o - S )81 [P0 — L) N
i) = R0 < /(ln ) (rwz Jran s du+ il (s) = wi(a)] ) ds

u

L daT @i+ By = 79)T(as + Bi + i) (ln )i+ Pi
Dlay + BideilAql

[(F(Gi + B + i) + Ty + B; — ’Yi)> /177 (

an Dyeitri=l 4 (n )i L)
T(a; + v;) s Ty —v4) s
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1 1 s s L |U'(u)7'u’.(u)|
il n yBi—1 17V T R L s (s) — ys (s s+ e;
s(w,-)/l(l =) - du+ il (o) = wi ()] )ds + g x
/e ( 1 (in f)ai‘*"‘fi—l " 1 (in f)ai—"fi_l)
1 \D(ay +74) s T(aj =) s

1 1 ’ s v (u) — vl (u
-( /S(Inf)ﬂflil () = vl )'du+mumi<s>—yi(s>|)d5]
s \I(B;) 71 u u

Lo Bi = vy + By 7)) *itFiTh
Tlag + Bileq

1 1
x /” (7(1;1 Dyegdrvi=t = (1 ﬁ)ai*”’i*I)X
1 AT(a; +74) s T(ay = ;) s

s E g vi(w) — v
from2)

u u

! ! d A d
Z(wm w1 () = vi(o)] ) ds

LT+ By = v = DT (e + 64 + i = 1)(n ¢) @i tHi—2
T(a; + By — 1)[A;]

g 1 1 . L 1 1 JD
[(F(O‘i + Bi +vi) + T(ay + By — ’Yi)) /lﬁ (m(ln %)a7’+’y7’ Ly ﬁ(ln%)a’ i 1)
3 7 ¢ i Vi S

1 . — o
1( /s(lni)ﬁi_lwdu+P\i”wq‘,(s)*yi(s)\)dSJreiX
1 u

s

T(B;) u
/e( 1 (mi)“i'*"”_lJr 1 (lnf)ai_»yi—1)
J1 N (o +v4) s T(o; — ) s
1 1 ; (W) — ol
,( /s(lni)ﬁiflwdu_,_Miuxi(s)_yi(s)l)ds]
s \I'(B;) /1 u u
; - - k 1
< Wil Gy = wa,my = wp)ll- 2j=y (0 F F(uj+1)) + IXill(z1 — 1y g — vl
B Dl + B85 +1) C(a; +1)
d;T(a; + By — v)T (g + By + 4
+ & (o i — vi)T(ay i i) x [(F(D‘i"’ﬁi +’V’i)+r(ai+5i*7i>)
T(aj + Bi)e; 1Al
. rq — s k 1 B4y
<||"LZ|I\I(L1 Y1, o @ — yg) e 21:1(1+7F(,,i+1))(1077)“1 it .
Tla; +B; +v; +1)
+M1‘\H(-T1—3/1y---y-’ﬁk—7/k)||*(1nr,)°‘i+’h‘
T(a; +v; +1)

) lmill ey = w1, op — v lle SE_q (14 W))anmawm—w
T(a; +B; —vi +1)
+|>\¢||I(ﬂv1*ylymyavk7yk)H*(lnn)"‘if'yi)JrEi><

Tlaj — vy +1)
(”"”i””(ml —vimg — vl SO+ o]
T(a; +8B; +v; +1)
gl (e, o ep)lle MmalllEr —v1 ez — vl Z?:1(1+7F(u;+1))
Tla; +v; +1) T(a; +8; —vi +1)

INilll(z1 — Y15 os g — yMHr«)] N T(o; + B — vi)T(ay + B + v4) «
Tloy —vy +1) T(a; + B4)e;
(nmu\u(zl —y1 s — )l SR A+ m)(lnmaimm

Doy + B +vi+1)
+\>\HH($1*y11~~11k*yk)ll*(lnn)‘lfr%‘
T(a; +7v; +1)
. Imillll(@y = v,z — w)lle ZE_ 0+ ﬁ)(mn)aﬁrﬁi*w

. NIl (@1, @) s (In ) ¥i i )

T(a; +B8; —vi + 1) Tla; —v; +1)

+F(Qi +B8i —vi —Dl(e; + B +v; — 1)
Tlag + B3 — DIA]

[(F(ﬂi + B; + i) + Ty + B — ’Yi))
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Imillli (e =y, @ — yp)llx Z?:l(l + ﬁ)(ln @i tBitvi
( Tla; +B; +vi +1)
i Xl (@1 — 1 s @ — yp) [ (In ) i TYi

T(a; +v4 +1)

. Imillll (@1 = y1s o @ — wp) e SF_y (1 + r(u;“))(l“ mithi=i
T(a; +B; —vi +1)
INilll(z1 — v, 2 — Inn)®i =i
L [(z1 1 k 1)l ( )+el
T(a; —v; +1)
(g — _ k 1
(Hml\IH(n Y1, Tp yk)II*EJ:ﬁlJrF(UjJrl)) I )
Cla; + B85 +vi + 1) D(ay + 7 + 1)
s 1l (e — e k 1
+||"L1H||(x1 Y1, Tp yk)\\*ZJ:1(1+F(Vj+1)) ‘)‘HH(II’“-ka)H*)}
T(a; +B; —vi +1) Tlag —v; + 1)
.k 1 .
=1(@1 —y1, o2k — ) e llmi AT D 0+ ————) + (@1 — y1, s o — yp) 11X 1A
j=1 L(vj+1)

.k
= (Imsiaf S+

1 .
) XA )1 = w1 ok = )
O [XilAg )l (zq 1 k k)l

we get ||y —hf| < (nmz-nAaz (U ) Ml )n(xl—yh...,xk—yknn
forall i =1,---, k. Hence,

k
(- hi) = (B, R e =D s — Bl
i=1

k k

< 2 (Il 350+ pgg) + S o = g = )l

i=1 i=1
This implies that
H(A(xh e 735]4;); A(yla e 7yk7))

k
s2<|mz|A Z o)+ A )||<m1y17...,xkyk>||*.

i=1 =

Since Y2F | <||mz||A Zj I+ 7 +1)) + |>\¢A§) < 1, A is contractive multi-

function. Let (x1,...,2%) be a possible solution for the problem A(z1,...,zx) €
A(zq,...,xk)+B(x1, ..., x) for some real number A > 1 with ||(z1, ..., x¢) ||« = 1.
Choose

(U17 ce 71}]6) € SFl,(wl,--~,wk) X SF27(€U17"'75Uk) X X SFk;($1>”' Tk )

and (vy,---,v}) € SG, (o1, wr) X SGa, (@1, yzx) X XSGy (21, 2y Such that

zi(t) = X Hw;(vg, t) + wi(v], 1))
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for all t € [1,e] and 1 <i < k. By using a simple calculation, we can see that

k
| < in 14+ —— i AS "
il < (ol 0 ) )l )]
I, DAL+ NS i)

)l < S il @) 1)AT If we have

and so |[(x1, ...
=328, (lm”A’i Z§:1(1+ﬁ)+2\/\i|1\§

Sy Ipillwi(r)A]

[(x1,...,xk)||« — 7, then we obtain r <
1= mall A 3252 O my ) +210lAG
which is a contradiction. Using Lemma there exists (x1,...,xx) € B[0,7]

such that (x4, ...,zx) € A(x1,...,2x) + B(x1, ..., z) which is a solution for the
k—dimensional system of fractional differential inclusions (|1)). O

Here, we give an example to illustrate our main result.

Example 2.3. Consider the 2-dimensional system of fractional differential
inclusions
(8) 3 1 1 1
D2(D= +m*)u(t) € Fi(t, u(t),v(t), ITu(t), Isv(t)) + Gi(t, u(t), v(t)),
{ DE(D% + F)v(t) € Fi(t, ult), o(t), I Tu(t), I50(t) + Gi(t, ult), (b)),

with boundary conditions

Define the set-valued maps Fy, Fy : [1,e] xR* — P(R) and G1,G> : [1,e] xR? —
P(R) by

et—e

sinzq t |23 22%
Fl(t’11x12»13’14):[*1»7+f00512+ - 2],
1507 e8 cosh7(1 + |zgl)  103(1 + 2%)

(

et 1| + |xa| + 23| + |24
FQ(t7$1ax2axBax4)[0 2|+ Jo| + Jzs] + Jaal )}

72575 0 1+ g | 4 |ze| + 23| + |24l
3 |1]
Gi(t,z1, = |etonl - 24 cost, 2t iny + ¢
1(,I1 1?2,£L‘3,$4) |:€ 1+m%+COS ’ +1—|—|.’1?1|+Slny+ ’

and Ga(t, 1, T2, 23, 24) = {4(1‘?301) + 11—2@ + 2+ t,sinxy + cosxy + 4t]. Put

W

k=2 =3 0m=3 /=3 = n=%tn=%tn=41mn=1%
n=2 M =m%and \y = 7—15 Note that, ||G1(t,z1,z2)
Gl(t,iﬁl,itz)} S 17,

|Ga(t, 21, x2)|| = sup{|v| : v € Ga(t,z1,22)} < 14,
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t

e
||F2(t,a:1,x2,x3,x4)|| = Sup{\v| BEUNS Fg(t,$1,$2,x3,$4)} S 25’/7'57
t—e
and ||Fy(t, 1, 22,73, 24)|| = sup{|v| : v € F1(t, 21,72, 23,74)} < $55- + pig +

025'1};7 + %. Define p;i(t) = 1, pa(t) :tl, P1(t) = 17, Pa(t) = 14, mq(t) =
cr + L + 2= + 25 and ma(t) = 355. Then by using some calculations,

we get Al ~ 6.799, AT ~ 6.93, A} ~ 17.93, A3 ~ 15.8, A; ~ 1.54, A, ~ 2.05,
2 4 2 i —
Sy (||7m||1x1 > (1 + ﬁ) + Ai|A2> = 55 x 6.799 x 4.22 + 7% x

17.93 + 1595 X 6.93 x 4.22 + 2= x 15.8 = 0.66 < 1 and

2 i
n Pl (r)A 17 X 6.97 + 14 X 6.93
iz IPsllvi(mA] = = 633.852.
1—0.66

Lo rE (”"”’”A’i 3O+ i)+ wim%)

By using Theorem [2:2] the 2-dimensional system of fractional differential in-
clusions (8) — (9) has a solution.

3. Conclusions

As we know, fractional differential inclusions could be applied, for modeling
of any phenomena including chaos, such as some economical behaviors. Thus,
study of integro-differential inclusions could increase our ability for modeling of
different natural phenomena. In this work, we reviewed the existence of solution
for a k-dimensional system of Langevin Hadamard-type fractional differential
inclusions with 2k different fractional orders. Also, we provided an example to
illustrate our main result.
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