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PPF dependent fixed points of generalized contractive
type mappings using C'—class functions with an
application

Gutti Venkata Ravindranadh Bablﬂ and Madugula Vinod KumaIEﬂ

Abstract. In this paper, we prove the existence of PPF dependent
fixed points of single-valued generalized o — n — ¥ — ¢ — F'—contraction
type mappings and extend it to multi-valued o* — 1 — ¢ — F—contraction
type mappings in Banach spaces. Also, we introduce the concept of an
f — o —admissible mapping and prove the existence of PPF dependent
coincidence points of a pair of single-valued and multi-valued mappings.
A fixed point result in a Banach space endowed with a graph is obtained
as an application of PPF dependent fixed point result of a single-valued
mapping.
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1. Introduction

Banach contraction principle is one of the most important result in anal-
ysis and it is the main source of metric fixed point theory. The significance
of the proof of the Banach fixed point theorem is that it not only provides
the existence and uniqueness of fixed point, but also furnishes a method for
constructing the fixed point. Several mathematicians generalized Banach’s
contraction condition by changing either the domain space or extending a
single-valued mapping to a multi-valued mapping, for more details we refer
to [1, 6, [8, 13} (14, 20, 21, 22, 25, 11l 12, 26, 27, B0]. In 2012, Samet, Vetro
and Vetro [29] introduced the concept of a—admissible self mappings and they
proved the existence of fixed points by using contractive type conditions involv-
ing an a—admissible mapping in complete metric spaces, for more details we
refer to [18, 23] 28]. In 2012, Asl, Rezapour and Shahzad [5] extended these no-
tions to multi-functions by introducing the notions of a* — 1)—contractive and
a*—admissible mappings and obtained some fixed points theorems, for more
details we refer to [3]. In 2013, Ali and Kamran [2] extended the notion of
o™ —p—contractive mappings to multi-valued functions and proved some fixed
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point theorems. In 2016, Ansari, Kaewcharoen [4] introduced a new type con-
traction, namely the generalized oo —n — ¢ — ¢ — F'—contraction type mapping
and proved the existence of fixed points of such mappings.

In 1977, Bernfeld, Lakshmikantham and Reddy [10] introduced the concept
of a fixed point for mappings that have different domains and ranges which is
called PPF (Past, Present and Future) dependent fixed point. Furthermore,
they introduced a notion of Banach type contraction for non-self mapping and
proved the existence of PPF dependent fixed points in the Razumikhin class
for Banach type contraction mappings. The PPF dependent fixed point theo-
rems are useful for proving the solutions of nonlinear functional differential and
integral equations which may depend upon the past history, present data and
future consideration. Several mathematicians proved the existence of a PPF
dependent fixed point of single-valued and multi-valued mappings, for more
details we refer to [7, [9] [16] 17, 19] 24].

In 2014, Ciri¢, Alsulami, Salimi and Vetro [I5] introduced the concept of
triangular a.—admissible mappings with respect to 7. non-self mappings and
established the existence of PPF dependent fixed points for contraction map-
pings involving triangular a.—admissible mappings with respect to 7. non-self
mappings in the Razumikhin class.

In this paper, we denote the real line by R, Rt = [0,00), and N is the
set of all natural numbers. Let (E,||.||;) be a Banach space and we denote it
simply by E. Let I = [a,b] CR and Ey = C(I, E) be the set of all continuous
functions on I equipped with the supremum norm ||.|| g, and we define it by
¢l g, = S<1?<)b||¢(t)”E for any ¢ € Ey. We use the following proposition in

a

proving our results.

Proposition 1.1. If {a,} and {b,} are two real sequences, {b,} is bounded,
then liminf(a, + b,) < liminf a,, + limsup b,,.

In Section 2, we present basic definitions, lemmas, and preliminaries that
are needed to develop the paper. Also we extend the concept of generalized
a—n—1Y — ¢ — F—contraction type mapping from the metric space setting to
FEy and based on this we define multi-valued a* — ¢ — ¢ — F—contraction type
mapping on Ej and also introduce the concept of a f —a*—admissible mapping
on Ejy. In Section 3, we prove the existence of PPF dependent fixed points of
a single-valued generalized o — 7 — ¥ — ¢ — F'—contraction type mapping and
draw some corollaries. In Section 4, we prove the existence of PPF dependent
fixed points of multi-valued a* — 1) — ¢ — F'—contraction type mappings and
PPF dependent coincidence points of a pair (f,T) where f is a single-valued
function and T is a multi-valued function. In Section 5, a fixed point result
in a Banach space endowed with a graph is drawn as an application of PPF
dependent fixed point result of a single-valued map.

2. Preliminaries

In this section we present some basic definitions and lemmas for single and
multi-valued mappings in a metric space and then we present the corresponding
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definitions that are related to PPF dependent fixed points.

Definition 2.1. ([29]) Let T: X — X and o : X x X — R* be two functions.
We say that T is an a—admissible mapping if for any z,y € X with
a(r,y) > 1 = o(Tz,Ty) > 1.

Definition 2.2. ([28]) Let T : X — X and a,n : X x X — RT be three
functions. We say that T is an a—admissible mapping with respect to 7 if for
any x,y € X with a(z,y) > n(z,y) = o(Tz,Ty) > n(Tz,Ty).

Note that if we take n(x,y) = 1 for any x,y € X, then Deﬁnitionreduces
to Definition Also, if we take a(x,y) = 1 for any z,y € X, then we say
that T is an n—subadmissible mapping.

In 2013, Karapinar, Kumam and Salimi [23] introduced the notion of tri-
angular a—admissible mappings as follows.

Definition 2.3. ([23]) Let 7 : X — X and a : X x X — R* be two functions.
Then T is said to be a triangular a—admissible mapping if for any z,y, 2z € X,
a(z,y) > 1 = a(Tz,Ty) > 1 and
alz,z) > Lalz,y) >1 = a(z,y) > 1.

Example 2.4. Let X =R. We define T : X — X by T(z) = 2%,2 € X and
a: X x X =Rt by

2 + y? fz>1landy>1
alo) ={ YTV Bpzlmdyz

0 otherwise.

Then T is a triangular a—admissible mapping.

Definition 2.5. Let 7: X — X and a,n : X x X — RT be three functions.
Then T is said to be a triangular a—admissible mapping with respect to 7 if
for any z,y, z € X,

alz,y) > n(x,y) = o(Tz,Ty) > n(Tz,Ty) and

a(z,z) 2 n(z,2), oz,y) 2n(zy) = alz,y) =n(,y).

Example 2.6. Let X = R. We define T : X — X by T(z) = 2?,7 € X and
a,m: X x X =R by

Jz—-y+2 ifx>y
ar,y) = { % otherwise,
and
_Jx—y+1 ifex>y
n(@,y) = { 1 otherwise.

Then T is a triangular a—admissible mapping with respect to 7.

In 2014, Ansari [3] introduced the concept of C'—class functions as follows.
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Definition 2.7. ([3]) A mapping F' : RT xRT — R is called a C'—class function
if it is continuous and for any s,t € R™ the function F satisfies the following
conditions :

i) F(s,t) < s and

ii) F(s,t) = s implies that either s =0 or ¢t = 0.

The family of all C'—class functions is denoted by (.

Example 2.8. ([3]) The following functions belong to (.
i) F(s,t) =s—t for all 5,t € RT.

ii) F(s,t) =
iii) F(s ,t) i for all s,t € RT where r € (0, oo).
iv) F(s,t) = sB(s) for all s,t € RT where 8: RT — [0,1) is continuous.
v) F(s,t) = s — ¢(s) for all s,t € RT where ¢ : Rt — R* is continuous

and¢()_0 — t=0.
vi) F(s,t) = sh(s,t) for all s,t € RT where h : R* x RT — RT is continuous
such that h(s,t) <1 for all s,t € RT.

Definition 2.9. ([4]) Let (X, d) be a metric space and a,n: X x X — R* be
two functions. A mapping T': X — X is said to be a generalized « — n — ¢ —
p — F—contraction type mapping if for any =,y € X,

a(z,y) Zn(z,y) = (d(Tz,Ty)) < F((M(z,y)), o(M(z,9))),

where M (z,y) = maz{d(z,y),d(z,Tz),d(y, Ty)},F € ¢, ¥, p: RT — R are
both continuous such that 1(t) =0 <= t =0, 1 is a nondecreasing function
and ¢(t) > 0 for t € (0,00).

Definition 2.10. (J20]) Let (X, d) be a metric space and o, 77 : X x X — R* be
two functions. Then X is said to be an o — n—complete metric space if every
Cauchy sequence {z,} in X with a(x,,zn41) > n(zn,Zne1) for any n € N
converges in X.

Definition 2.11. ([20]) Let (X, d) be a metric space and o, : X x X — R™
be two functions. A mapping T : X — X is said to be an o — n—continuous
mapping if each sequence {x,} in X with z,, = x asn — oo and a(zy,, Tpi1) >
N(Xp, Tpy1) for alln e N = T, — Tz as n — 0.

Theorem 2.12. ([]]) Let (X, d) be a metric space. Assume that a,n: XXX —
Rt and T : X — X. Suppose that the following conditions are satisfied:
i) (X,d) is an a — n—complete metric space,
it) T is a generalized « —n — 1 — ¢ — F'— contraction type mapping,
i11) T is a triangular a—orbital admissible mapping with respect to 1,
i) there exists ©1 € X such that a(xy,Tz1) > n(x1,Tx1) and
v) T is an o — n—continuous mapping.
Then {T"x1} converges to x* in X and x* is a fized point of T.

For a fixed ¢ € I, the Razumikhin class R, of functions in FEj is defined by
= {¢€Ey | ||<;5||E0 = ||o(c ||E} Clearly, every constant function from I
to E belongs to R, and thus R, is a non-empty subset of Fy .
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Definition 2.13. Let R. be the Razumikhin class of continuous functions in
FEy. Then we say that
i) the class R, is algebraically closed with respect to the difference if p—1) € R,
whenever ¢, € R,.
ii) the class R, is topologically closed if it is closed with respect to the topology
on Ep by the norm |[.|[, .

The Razumikhin class of functions R, has the following properties.

Theorem 2.14. ([7]) Let R, be the Razumikhin class of functions in Ey. Then
i) for any ¢ € R, and o € R, we have a¢ € R,.
i) the Razumikhin class R, is topologically closed with respect to the norm
defined on Ej.
i) NR. ={p € Ey | ¢:1— E is constant}.
c€la,b]
Definition 2.15. ([I0]) Let T : Ey — E be a mapping. A function ¢ € Ejy is
said to be a PPF dependent fixed point of T' if T'(¢) = ¢(c) for some ¢ € I.

Definition 2.16. ([I0]) Let T : Ey — E be a mapping. Then T is called a
Banach type contraction if there exists k € [0,1) such that

[ T¢ =Tl < kll¢ — ||, for any ¢,9 € Ey.

Theorem 2.17. ([10]) Let T : Ey — E be a Banach type contraction. Let
R, be algebraically closed with respect to the difference and topologically closed.
Then T has a unique PPF dependent fized point in R..

Definition 2.18. Let c € I. Let T : Eg — E and o : E x E — RT be two
functions. Then T is said to be an a.—admissible mapping if for any f,g € Ej

(2.1) a(f(c),g9(c)) 21 = a(Tf,Tg) > 1.

Definition 2.19. Let c€ I. Let T : Ey — E, a,n: E x E — R* be three
functions. Then T is said to be an a.—admissible mapping with respect to 7.
if for any f,g € Ey,

(2.2) a(f(e),g(c)) = n(f(c),g(c)) = a(Tf,Tg) =n(Tf Tg).

Definition 2.20. ([15]) Let c € I. Let T : Ey — E and a,n: Ex E — R*
be three functions. Then T is said to be a triangular a.—admissible mapping
with respect to 7. if for any f,g,h € Ej

(1) a(f(c), g(c)) = n(f(c),9(c)) = a(Tf,Tg) =n(Tf,Tg) and
(2.3) (@) a(f(e), 9(c) = n(f(c),9(c)), alg(e), h(c))
= a(f(c),h(e)) = n(f(c),

Note that if n(z,y) = 1 for any z,y € F then we say that T is a triangular
a.—admissible mapping and if a(x,y) = 1 for any =,y € E then we say that T
is a triangular n.—subadmissible mapping.

We use the following lemma in our main results.
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Lemma 2.21. ([15]) Let T be a triangular a.— admissible mapping with respect
to ne. We define the sequence {¢n} by Tdn, = dpni1(c) for any n € NU{0}, where

@0 € R is such that a(po(c), Tpo) > n(po(c), T'do). Then alpm(c), pn(c)) >
N(pm(c), Pn(c)) for any m,n € N with m < n.

We denote U = {¢) : Rt — R™ | ¢ is continuous and ¢(t) = 0 <= ¢ =0}.
Now, motivated by the results of Ansari and Kaewcharoen [4] we introduce
the following.

Definition 2.22. Let c€ I. Let T : Ey — E, a,n: E x E — R* be three
functions. If there exist ¢, ¢ € ¥, with 1 strictly monotonically increasing,
functions such that

(2.4) a(f(c),g(c)) = n(f(c),g(c)) =
' V(T = Talls) < F(M(f,9)), 6(M(f, 9))),

where M(f,g) = maz{[|f — gllz,, ||/ (c) = Tfl|E,lg(c) — Tql| e,

sll1f(e) = Tglle +lg(c) = TFll6]}
for any f,g € Ey, then we say that T is a generalized o — n — ¢ — ¢ —
F—contraction type mapping.

If we take n(z,y) = 1 for any =,y € F, then T is said to be a generalized
a — Y — ¢ — F—contraction type mapping.
Let K(E) be the collection of all non-empty compact subsets of E. Then
the Hausdorff metric induced by the norm ||.||z is defined by
Hg(A, B) = max { supd(a, B), supd(A4,b)},
acA beB

where d(a, B) = bin}; |la—b||g and d(A,b) = in1f4 |la—b||g for any A, B € K(E).
S ac
Nadler[25] proved the following lemma in metric spaces.

Lemma 2.23. ([25]) Let A and B be two non-empty compact subsets of a
metric space X. If a € A then there exists b € B such that d(a,b) < H(A, B).

In 2016, Farajzadeh, Kaewcharoen and Plubtieng [I7] introduced the con-
cept of a PPF dependent fixed point and PPF dependent coincidence point of
multi-valued mappings as follows.

Definition 2.24. ([I7]) Let T : Ey — K(E) be a multi-valued mapping. A
point f € Ejy is said to be a PPF dependent fixed point of T if f(c) € Tf for
some c € [.

Definition 2.25. ([I7]) Let f : Ey — Ej be a single-valued mapping and
T : Ey — K(E) be a multi-valued mapping. A point g € Ej is said to be a
PPF dependent coincidence point of f and T if fg(c) € Tg for some ¢ € I.

Notice that if f is the identity mapping then clearly g is a PPF dependent
fixed point of the multi-valued mapping 7.

Definition 2.26. Let c€ I. Let T : Fg — K(F), a: E x E — Rt and
a* : K(F) x K(E) — R* be three mappings. Then T is said to be an
a* —admissible mapping if for any f,g € Ey

a(f(c),9(c)) 21 = o (Tf,Tg) 21,
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where o*(T'f,Tg) = inf{a(a,b) | a€Tf, be Ty}

Based on the generalized o — 1 — ¢ — F'—contraction type mapping of single-
valued functions, we define the generalized a* — v — ¢ — F'—contraction type
mapping for multi-valued functions as follows.

Definition 2.27. Let c€ I. Let T : By — K(E), a: E x E — R" and
a* : K(E) x K(E) — R" be three functions. If there exist functions ¢, ¢ € ¥,
with ¢ strictly monotonically increasing, such that

(2.5) o*(Tf,Tg)>1 = Y(He(Tf,Tg)) < F()(M(f,9)),o(M(f,9))),

where M(f, g) = maz{||f — gl|5,,d(f(c),Tf),d(g(c), Tg),
3ld(f(c), Tg) +d(g(c), Tf)]}
for any f, g € Fy, then we say that T is a generalized o* —1—¢— F —contraction
type mapping.
Based on the concept of a* —admissible mappings, we define an f—a* —admissible
mapping as follows.

Definition 2.28. Let c€ I. Let T : By — K(F), a: E x E — R™T,
a* : K(E) x K(F) -+ Rt and f: Ey — Ep be four mappings. Then T is said
to be an f — a*—admissible mapping if for any ¢,y € Ey

(2.6) a(fo(c), fi(e) 21 = a*(T¢,T) = 1.
We observe that T is an o* —admissible mapping if f is the identity mapping.

Example 2.29. Let Ey =R and ¢ € [a,b] CR. Let Ey = C(I, E).
We define T': By — K(E) by

[ @l 3 i [e)lls <1
Te ‘{ 1, [[6(c)]]z] it [lo()ls > 1,

[+ Ey— Eg by f(¢) =k¢, k>1and ¢ € Ep,
a:Ex E—RT by

y—x+2 if x < y,both x and y non-negative, or
both = and y negative, or

a(z,y) = x is negative and y is positive,
2 if = >y, both x and y non-negative ,
0 otherwise,

and o* : K(E) x K(E) — R* by

a*(A, B) = inf{a(a,b)/a € A and b € B} for any A, B € K(E).
Let ¢, € Ey be such that a(fo(c), f(c)) > 1
Case (i): Suppose that both f¢(c), fi(c) are non-negative and fo(c) < fi(c).
Since k > 1, we have both ¢(c), 1 (c) are non-negative and ¢(c) < 1(c) and
hence [l6(c)ll < [l6(0)|-
Subcase (i): Suppose that ||¢(c)||g, ||¥(c)||& € [0,1].
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We have o*(T'¢, T) = inf{a(a,b)/a € T¢ and b € Ty}
= inf{a(a,b)/a € [||¢(c)||g + 1, 3] and
be(llv(e)lle+1, 3]}
Therefore a*(T'¢, T) =2 > 1.
Subcase (ii): Suppose that ||¢(c)||g, [|¥(c)||E € (1, 0).
In this case, a* (T, T¢) = inf{a(a,b)/a € [1, ||¢(c)||r] and

bell, [l[v(e)llel}-

Therefore a*(T'p, Te) =2 > 1.
Subcase (iii): Suppose that ||¢(c)||g € (1,00) and ||¢(c)||e € [0,1].
Here, a*(T'¢, Tv) = inf{a(a,b)/a € [1, ||¢(c)||r] and

be llv(e)lls +1, 3]}
Therefore o*(T'p, T4) =2 > 1.
Subcase (iv): Suppose that ||¢(c)||g € (1,00) and ||¢(c)||z € [0, 1].
Here, o*(T'¢, Tt) = inf{a(a,b)/a € [||¢(c)||g + 1, 3] and

be (1, ()]s}
Therefore a*(T'¢, Ty) =2 > 1.
Case (ii): Suppose that both f¢(c), fi(c) are negative and fo(c) < fi(c).
Since k > 1, we have both ¢(c),1(c) are negative and ¢(c) < )(c) and hence
165 = 16015
As in Case (i), we get o*(T'p, T)) =2 > 1.
Case (iii): Suppose that both f¢(c) is negative and fi(c) is positive and
7o) < (o).
Since k > 1, we have ¢(c) is negative and 1 (c) is positive and ¢(c) < 9(c).
As in Case (i), we get o* (T, TY) =2 > 1.
Subcase (i): Suppose that ||¢(c)||z > ||¢¥(c)||E.
As in Case (i), we get o* (T, TY) =2 > 1.
Subcase (ii): Suppose that ||¢(c)||g < ||¥(c)||E-
As in Case (i), we get o*(T'p,T%) =2 > 1.
Case (iv): Suppose that both f¢(c), fi(c) are non-negative and fo(c) > fi(c).
Since k > 1, we have both ¢(c),4(c) are non-negative and ¢(c) > ¥(c) and
hence ||p(c)||e = [[¢(c)l|e-
As in Case (i), we get o*(Tp,T%) =2 > 1.
Hence from all the above cases, we get T' is f — a* —admissible mapping.

We use the following lemma in our main results.

Lemma 2.30. Let {¢n} be a sequence in Ey such that ||y, — ¢ni1llg, — 0 as
n — oo. If {¢pn} is not a Cauchy sequence then there exist an € > 0 and two
subsequences { Gy iy} and {¢ny} of {én} with m(k) > n(k) > k such that

| Snm) = bm | g, Z € bty = Smepy-1l] p, < € and

i) i [ bnry = dma ||, = € i) i [ éngk) = dmey 15, = €
i) Hm {|én)—1 = bmep|| g, =€ ) Hm {|nwy—1 = dmew 1[5, =€

Proof. Similar to the proof of Lemma 1.4 of [6]. O
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3. PPF dependent fixed points of a single-valued map-
pings

Theorem 3.1. Letc € I. LetT : Eg — E and o, : E x E — RT be three
functions satisfying the following conditions:
1) T is a generalized « —n — 1) — ¢ — F'—contraction type mapping,
it) T is a triangular a.—admissible mapping with respect to 7.,
iii) R is algebraically closed with respect to the difference,

) if {pn} is a sequence in Ey such that ¢, — ¢ as n — oo and

O‘(QZ)n(C)a ¢n+1(c)) 2 77(¢n(c)7 ¢n+1(c)) fO?" any n € NU {O}; then
a(@n(c), d(c)) = n(¢n(c), ¢(c)) for any n € NU{0}, and
v) there exists ¢g € R such that a(¢o(c), Too) > n(do(c), Tdo).
Then T has a PPF dependent fized point in R..

Proof. Let ¢ € R, be such that a(¢o(c), Tpo) > n(do(c), Téo). Since T'¢g € E,
there exists 1 € E such that T¢pg = x1. We choose ¢; € R. such that
21 = ¢1(c). Then Too = ¢p1(c). Since T'¢; € E, there exists zo € E such that
T¢1 = xo. We choose ¢ € R, such that x5 = ¢o(c). Then T'dp1 = ¢a(c).
Continuing this process, we can define a sequence {¢,} in R, inductively by
Tén = dus1(c) and || s1 — dllg, = I6ns1(c) — G (0)]], for any n € NU{0},
If ¢py1 = @y, for some n € NU {0}, then T'¢,, = ¢ r1(c) = dn(c) so that ¢, is
a PPF dependent fixed point of T in R..

Suppose that ¢,+1 # ¢y, for any n € NU {0}.

Since T, = ¢n41(c) for any n € NU {0} and a(¢o(c), T'¢o) = n(¢o(c), T'do),
from Lemma [2.21] we have a(¢p (), ¢n(c)) = n(dm(c), dn(c)) for any m,n € N
with m < n.

We consider

V(l[pn+1 = Pnr2llm,) = V| Tdn — Toni1l|E)

(3.2) < '(/J(M(Cbm(anrl))

We consider
M (pn, pnt1) = maz{||én — ¢nial|Ey: [|6n(c) = TonllE, [|Pnt1(c) = Thnsalle,
3lllen(c) = Tonialle +|¢n+1(c) = Tonllp]}
= mam{”% - ¢n+1Han ||¢n+1 - ¢n+2||Eo’
%[”(bn - ¢n+2||Eo]}
< maz{||¢n — dn1llEy, [|Pnt1 — dntollEy,
%[H(i)n - ¢n+1||Eo + Hd)nJrl - ¢n+2||Eo]}
= mam{H(bn - ¢n+1||Eov ||¢n+1 - ¢n+2||Eo}
< M(¢n7¢n+l)'
Hence M(¢na ¢n+1) = max{Hd)n - ¢n+1||E’o7 H¢n+1 - ¢n+2”E0}'
Suppose that maz{[|¢n — dns1llEy, [|Ent1 — Ent2lle} = l@nt1 — dntollE,-
Then M(¢na ¢n+1) = H¢n+1 - ¢n+2”E0~
From 7 ¢(||¢n+1_¢n+2||Eo) < F(¢(||¢n+1_¢n+2||E0)ﬂ¢(H¢n+1_¢n+2”Eo))
< ¢(||¢n+1 - ¢n+2||Eo>
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and hence F(¢(||¢n+1—dn+2l o) O(|ont1—Pnt2llEy)) = V(||@n+1—Pnt2l| 5, )-
Therefore either ¥(||¢nt+1 — Pni2llE,) = 0 or ¢(||dn+1 — Pnt2l|lE,) = 0 and
hence ¢, 41 = ¢n2, a contradiction. Therefore M (¢y,, dni1) = ||On — Pnt1llEo-

From 8.2), ¥(||pn+1 — dnt2llEe) < U(||dn — dnsalle,)-

Since ¢ is strictly monotonically increasing, we have

Pnt1 = bnsallEy < llon — Gnyilli,-

Therefore the sequence {||¢, — dni1l|E,} is a decreasing sequence in RT and
hence it is convergent.

Let nh_{rgo l[¢pn — dnt1llg, =7 We now show that r = 0.

From 7¢(H¢n+1 - (anrQHEO) < F(w(H(bn - (anrlHEo) ¢(||¢ ¢n+1||Eo))
On applying limits as n — oo, we get ¢¥(r) < F((r), ¢(r))) < ¢(r) and
hence F(1(r), ¢(r)) = ¢ (r). Therefore either ¢(r) = 0 or ¢(r) = 0 and

hence r = 0. Therefore

(33) nhanclo Hﬁbn - ¢n+1”E0 =0.

We now show that the sequence {¢,} is a Cauchy sequence in R..

Suppose that the sequence {¢,,} is not a Cauchy sequence.

By Lemma there exist an € > 0 and two subsequences {¢,, } and {¢n, }
of {¢,} with my > ny > k such that ||¢n, —Pm,.||Es = €, ||On, — Prmp—1llE, <€
and

(34) khm ||¢nk - (?bmkHEO =¢€
—00

By the triangular inequality, we have

H¢nk+1 _¢mk+1||Eo < ||¢)nk+1 - ¢nk||Eo + ||¢)nk - ¢mk||E0 + Hd)mk - ¢mk+1||Eo'
On applying limit superior as k — oo on both sides we get

(3.5) limsup ||¢n+1 = dmyt1llE, < €.

k—o0

By the triangular inequality, we have

Hd)nk _¢mk”E0 < ||¢nk - ¢nk+1||E0 + ||¢nk+1 - ¢mk+1||E0 + ‘|¢mk+1 - ¢mk||EO
Now by applying Proposition with ar = ||pn,+1 — Pmp+1lE, and

be = |[dn), — Pnyr1llEo + || Pmy+1 — dmy||E, We have

(3.6) e < liminf ||¢n, 41 — Gyt
k—o0

From and ., we get

(37) klingo ||¢nk+1 - ¢mk+1”E0 =€
From and . we have
(38) k}li)H;O ||¢nk - ¢mk+1||Eo = €= klir& H(bmk - ¢nk+1||E0'

We consider

M((bnk’(bmk) = mam{H(bnk - ¢mk”E0’ ||¢nk (C) - Td)nk”E? ||¢mk (C) - T¢mk||E’
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3[llen, (€) = Tom, |15 + [|dmy () — Tn, | ]}
= ma’x{H(bnk - (bmk”Eo? ||¢nk - ¢nk+1||E07 ||¢mk - ¢mk+1”E0’

%[H(bnk - ¢mk+1||E0 + ||¢mk - ¢nk+1”E0]}'
On applying limits as k£ — oo, we get

(3.9) klim M (bn,,, m,,) = max{e, 0,0, %[e +e}l=e

We consider
'l/}(H(bnkJrl - ¢mk+1”E0) = ¢(||T¢nk - T¢mk||E)7

< F(O(M (9, i ))s 6(M (S S ))-
On applying limits as k — oo, we get ¥(e) < F(¢(e), p(€)) < ¥(e) and hence
F(y(e), d(€)) = ¢(€). Therefore either ¥(e) = 0 or ¢(e) = 0 and hence € =0, a
contradiction. Therefore the sequence {¢,} is a Cauchy sequence in R. C Ey.
Since Ey is complete, we have ¢,, — ¢* as n — oo for some ¢* € Ej.
Since R, is topologically closed, we have ¢* € R..
From (iv), we have a(¢,(c), ¢*(c)) > n(on(c), *(c)) for any n € NU {0}.
Since T is a generalized o —n — 1 — ¢ — F— contraction type mapping,
we have

Y(l[on1(c) = Te"|le) = ([ Thn — T9"||£)
(3.10) S FW(M(pn, ¢")), (M (¢n, 6%))),

where
9™ (c) = T¢*||5 < M(¢n, ")
= max{||¢n — ¢*[| 5, ||Pn(c) — Tonlle, ||¢"(c) = Td"||m,
slllon(c) = To*||e + |16 (c) — Ténllx]}
< max{||¢n - ¢*||Eo7 H(rbn - ¢n+1”an ||¢*(C) - T¢*||E7
3[llen(c) =To* ||+ 10" = dnllmy +ldn — dutllm,]}-
On applying limits as n — oo, we get
16°(¢) ~ To |l < lim M(dy.6) < maz{0,0.[|6" (c) ~ 6"

3(ll¢*(c) = To*|| ]}
= [l¢*(c) = T¢"|| -
Hence nh_}n;o M(dn, ¢*) = ||0*(c) — To*|| 5.
On applying limits as n — oo to inequality , we get
U(llg™(c) =Te"||e) < F(¥(||¢"(c) = T¢*[| ), ¢(ll¢" (c) — To"||k))
< ¢P(llo™(c) = Te"||e)
and hence

F(([[¢"(c) = To*[|), (|9 (c) = T9"||)) = ¥ (|9 (c) = To™|| ).
Therefore 16(][¢* (¢) — T6*|| ) = 0 or ¢(][¢* (¢) — T6*||) = 0 and
hence T¢* = ¢*(c). Therefore ¢* € R, is a PPF dependent fixed point of 7. [

Corollary 3.2. Letcc I. LetT : Ey - E and o : E x E — RT be two
functions satisfying the following conditions:
i) T is a generalized o« — ) — ¢ — F'—contraction type mapping,
it) T is a triangular a.—admissible mapping,
iii) R is algebraically closed with respect to the difference,
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i) if {on} is a sequence in Ey such that ¢, — ¢ as n — oo
and a(pn(c), dnt1(c)) > 1 for any n € NU {0}, then a(dn(c), ¢(c)) > 1
for any n € NU {0}, and

v) there exists ¢g € R. such that a(¢o(c), Teg) > 1.

Then T has a PPF dependent fixed point in R..

Proof. Follows by choosing n(¢(c),4(c)) = 1 for any ¢,9¥ € Ey in Theorem
B.Il O

Corollary 3.3. Letc€ I. Let T : Ey — E and a,n : E x E — RT be three
Sfunctions satisfying the following conditions:
1) T satisfies the inequality
a(f(c), 9(c)) = n(f(c),9(c)) =
ITf — Tolli < k- max{||f — gll o, IF() — Tl ]lg(c) — Tolle,
YIIf(e) — Tylls + llg(c) — T/}
for any f,g € Ey, where 0 < k < 1,
it) T is a triangular a.—admissible mapping with respect to 7.,
iii) R is algebraically closed with respect to the difference,
i) if {¢n} is a sequence in Ey such that ¢, — ¢* asn — oo
and a(6n(€), 6n11(€)) = (6 (c), bus1(c)) for any n € NU {0}, then
a(6n(0), 6°(€)) = 1(6u(c), °(¢) Jor any n € NU{0}, and
v) there exists ¢o € Re such that a(¢o(c), Tpo) > n(po(c), Teoo).
Then T has a PPF dependent fized point in R..

Proof. Follows by choosing F'(s,t) = ks where 0 < k < 1 and ¢(t) =t for any
s,t € RT in Theorem (3.1 O

Corollary 3.4. Letc € I. LetT : Ey - E and a : E x E — RT be two
functions satisfying the following conditions:
i) T satisfies the inequality
a(f(c)g(c) =1 —
ITf = Tglle < kmaz{|lf - gll,. 1£(0) — T1l1:lg(c) — Tl
LI1(©) = Tollz + llg(e) — T}
for any f,g € Egy, where 0 < k < 1,
ii) T is a triangular a.—admissible mapping,
iit) R is algebraically closed with respect to the difference,
i) if {on} is a sequence in Eqy such that ¢, — ¢* asn — oo and
(6n(c); bn21(e)) > 1 for any n € NU{0}, then a(n(c), 8" (c)) > 1
for any n € NU {0}, and
v) there exists ¢o € R, such that a(do(c), Teo) > 1.
Then T has a PPF dependent fized point in R..

Proof. Follows by choosing n(¢(c),v(c)) = 1 for any ¢,¢ € Ey in Corollary
B3l O



PPF dependent fixed points of generalized contractive type mappings ... 57

4. PPF dependent fixed points and coincidence points of
multi-valued mappings

Theorem 4.1. Let ¢ € I. Let T : By — K(E), a : Ex E — Rt and
a* : K(E)x K(E) — R™ be three functions satisfying the following conditions:
i) T is a generalized o* — ) — ¢ — F— contraction type mapping,

it) T is an o*—admissible mapping,

ii1) R is algebraically closed with respect to the difference,

iv) Té C R.(c) for any ¢ € Fo,

v) if {¢n} is a sequence in Ey such that ¢, — ¢* asn — oo
and a(¢pn(c), dny1(c)) > 1 for any n € NU {0}, then a(pn(c),d*(c)) > 1
for any n € NU {0}, and

vi) there exist ¢g € R. and ¢1(c) € T'po such that a(po(c), #1(c)) > 1.

Then T has a PPF dependent fized point in R..

Proof. Let ¢o € R, and ¢1(c) € T'¢g be such that a(po(c), p1(c)) > 1.

If p9 = ¢1 then ¢ is a PPF dependent fixed point of T'. Suppose that ¢g # ¢1.
Since T is an a*—admissible mapping, we have o*(T'¢g, T'¢1) > 1.

Since T is a generalized a® — ¢ — ¢ — F'— contraction type mapping, we have
V(Hp(Tdo, To1)) < F((M(go, 1)), ¢(M(do, ¢1))).-

Since 21 € T'dg, by Lemma there exists zo € T'¢; such that

[|z1 — 22|l < He(T'do, T1). Since z2 € T'p1 and T'py C Re(c), we choose ¢ €
R. such that 25 = ¢2(c) € Tpy. If 1 = ¢ then ¢ is a PPF dependent fixed
point of T. Suppose that ¢ # ¢o. Clearly a(¢1(c), p2(c)) > a* (Tho, T1) > 1
and hence a(¢1(c), p2(c)) > 1. Since T is an a* —admissible mapping, we have
a*(Té1,Tes) > 1. Since T is a generalized o* — 1) — ¢ — F—contraction type
mapping» we have w(HE(T¢1a T¢2)) < F(w(M(QSl? ¢2))7 ¢(M(¢la ¢2)))

Since 2o € T'¢1, by Lemma there exists 23 € T'¢o such that

[|ze — x3||lp < Hr(T¢1,T¢2). On continuing this process, we get a sequence
{¢n} in R, satisfying the following:

for any n € N,

¢n—1 7é ¢n7
Tp = d)n(c) S T¢n—17
@y 1on = bustlle, = 116a(0) = 6aa(@)ls

= |lzn — Zns1lle < He(Ton—1,Ton),
o&*(Tp—1,T¢n) > 1 and hence

Y(Hp(Ton—1,Ton)) < F(P(M(dn-1,6n)), 6(M(pn-1,Pn)))-

From (4.1)) we have
H(ﬁn — ¢n+1 ‘ |Eo S HE(T¢n—17 T(bn), Wthh implies that

V(P — dns1llm,) < V(HE(Ton-1,Tén))
(42) < F(w(M((bn—la¢n))v¢(M(¢n—1a¢n)))

Now we consider
M(¢n717¢n) = max{HQSnfl - ¢n”an d(¢n71(0)7T¢n71)7 d(¢n(0)7T¢n),
%[d(¢nfl (C)a T(bn) + d((bn (C)7 T(bnfl)]}
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= maz{||¢n—1 — énl| By, d(Pn(c), TPn)}-
Suppose that M (¢n_1, ¢n) = d(dn(c), Tdy).
From we have
U(ll¢n = dn1lle) < F(¥(d(n(c), Ton)), ¢(d(dn(c), Tén)))
< Y(d(n(c), Ten))
and hence

én = dntillze = llon(c) = dns1(c)lle < d(¢n(c), Ten), a contradiction.

Therefore M(¢n71>¢n) = ||¢n71 - ¢n||E0'

From U(l[on — dntilles) < F((llon-1 = Onllg,), (l|dn-1 — énllE,))
< Y(|[pn-1 = dnllE,)-

Since 1) is strictly monotonically increasing we have

H¢n - ¢n+1”E0 < Hgbnfl - ¢HHE0'

Therefore the sequence {||¢, — éni1l||E,} is a decreasing sequence in R* and
hence it is convergent.

Let nh_}n;o [|én — dn+1llE, = r. We now show that r = 0.

From ’ w(”¢n - ¢n+1HEo) < F(¢(||¢n—1 - ¢n||Eo)7¢(H¢n71 - Qj)nHEo))
On applying limits as n — oo, we get ¥(r) < F(¢(r),¢(r)) < ¢(r), which
implies that either ¢(r) =0 or ¢(r) = 0. Therefore » = 0 and hence

Now we show that {¢,} is a Cauchy sequence in R,.

Suppose that the sequence {¢,} is not a Cauchy sequence. By Lemma [2.30]
there exist an ¢ > 0 and two subsequences {¢,,} and {¢n,} of {¢,} with
my, > ng > k such that ||¢nk - (rbmkHEo > €, ||¢nk - ¢mk—1||EU < eand

(4.4) khm ||¢nk - (rbmkHEO =€
— 00
As in the proof of Theorem [3.1] we get

lim ||¢nk+1 - ¢mk+1||EO =¢€ and
(4.5) koo :
khm ||¢'ﬂk - ¢mk+1||E0 =e= lim ||¢mk - ¢nk+1‘|E0'
—00 k—o0
We now show that klim [|pmy+i; — PrptizllE, =€ for any ly,ls € N.
—00
Let l1,l> € N. We now consider

[|Pms+ts — Prytia || Eo
< metts = Pretrti—1llBo + 1Pmprts—1 — Gyt —2l|Eo
oo [Pmpt1 — Pyl Eo + |[Omy, — G+l B,
Hlbnp41 = Onps2llEo + oo F | Pnpttn—1 — Orptia || 2o

On applying limit superior as & — oo on both sides, we get

(46) lim sup ||¢mk+l1 - ¢nk+l2||E0 <e

k—oc0
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Now we consider

|@my — Prp+1ll 20
< H¢mk - ¢mk+1||EO + ||¢mk+1 - ¢)mk+2||Eo +
HIGmp+ts -1 — Prmyta || Bo + | mp+ts — Prytia || B
HlPng+ts = Prptia—1llEy + - + ||Fryt2 — Onyt1ll By

Now by applying Proposition [I.1] with
ar = |Pmitts — bnytizll, and
by = (H(bmk - ¢mk+1||E0 + ||¢mk+1 - ¢mk+2||E0

+...+ Hgﬁmkﬂlfl - ¢mk+l1”Eo
+||¢nk+12 - ¢nk+l2—1||E0 +.t |‘¢"k+2 a ¢"k+1||E°)

we have
e < Hkminf ||¢mk+l1 - ¢nk+12||Eo + thllp(H(bmk - ¢mk+1||EO
—00 k—s o0

+H¢mk+1 - ¢mk+2||E0 +ot H(bkarll*l - ¢mk+l1”E0
+H¢nk+lz - ¢nk+12*1||Eo +ot ‘|¢nk+2 - ¢nk+1||Eo)'

Hence

(4.7) e < minf ||¢m 1, — nptts || o

From and ([4.7)), we get

(4.8) Jm | Pms+ts — Prytis| B, = € for any Iy, 1o € N.

We choose 1,1l € N such that (ng +12) — (mr +11) =1
From (4.1 we get

w(||¢nk+lz - ¢mk+l1 ||E0)
< w(HE(T(bﬂkJrlz*l»T¢mk+11*1))
< F(M(Pnytty—1, Pmpt1-1))s M (Pry 1o —1, Py, -1)))-

On applying limits as k — oo, we get ¥(e) < F((e€), ¢(€)) < ¢(e) and hence
F(y(e), d(€)) = 1(€). Therefore € = 0, a contradiction.
Therefore the sequence {¢,} is a Cauchy sequence in R. C Ey.
Since Fy is complete, we have ¢,, — ¢* as n — co.
Since R, is topologically closed, we have ¢* € R,.
Clearly,
d(¢*(c), T¢*) < M(n, ¢*)

= maz{||¢n — ¢*|| By, d(dn(c), Ton), d(¢*(c), T¢"),

5[d(0n(c), TH") + d(" (), T<z>n)]}
< max{||¢n — ¢*[| 5, [|Pn(c) = Pny1(c)l|e, A6 (c), To"),
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3d(dn(c), T¢*) + 116" — dns1llE,]}-
On applying limits as n — oo we get
d(¢*(c), To*) < nh_}I{.lo M (én, ¢*) < d(¢*(c), T¢*) and hence

(49) lim M(6,.6%) = d(6"(¢). T6").
Since a(pn(c), pnt1(c)) = a*(Téhn—1,T¢,) > 1 and from (v), we have
a(pn(c),*(c)) > 1 for all n € NU {0}.
Since T is a*—admissible, we have o*(T'¢,,, T¢*) > 1.
Clearly,
d(pn+1(c), To*) < Hg(T'¢dn, Td*), which implies that
P(d(Gni1(0), T6") < Y(Hp(Tdn, To"))

< P((M(6nr6")), 6(M(n, 6%))).
On applying limits as n — oo and by using we get
Bd(6°(c), T6)) < F(d(6* (c), T6")), 6(d(6" (), T6*))) < w(d(¢*(c), To)),
Therefore, either ¢ (d(¢*(c), T¢*)) = 0 or ¢p(d(¢*(c), T¢*)) = 0, and hence
d(¢*(c),T¢*) = 0. Therefore ¢*(c) € T¢* and hence ¢* is a PPF dependent
fixed point of T'. O

Theorem 4.2. Letc€ 1. Let T : Ey — K(E), a: Ex E — RT,
a* : K(E) x K(E) - RY and f : Ey — Ey be four functions satisfying the
following conditions:

i) there exist functions ¥, ¢ € U, with v strictly monotonically increasing,
such that

(4.10) { a(fy(e), fn(c)) > 1 =
: V(Hp(Ty,Tn)) < F@fy = falle,), o(1fv = fnllz,))

for any ~,n € Ey,
1) T is an f — a*—admissible mapping,

)
iii) R is algebraically closed with respect to the difference and f(R.) C R,
v) T C f(Re)(c) = { ()Y € Re} for any 6 € Fo,
v) if {fon} is a sequence in Ey such that fé, — f¢* asn — oo and

o (fén(c), féns1(c)) > 1 for any n € NU{0}, then alfon(c), f4°(c) > 1

for any n € NU {0},
vi) f(Rc) is complete, and
vit) there exist ¢g € R. and fo1(c) € Tdg such that a(foo(c), fé1(c)) > 1.
Then T and f have a PPF dependent coincidence point in R,.

Proof. Let ¢9 € R. and x1 = [fpi(c) € T¢o be such that
a(foolc), for1(c)) > 1. If fo1 = fdo then ¢¢ is a PPF dependent coincidence
point of T" and f.

Suppose that fo1 # foo.

From 7 we get

Y(HEp(Teo, Th1)) < F(U(|[fdo — forlle,), oIl fbo — férllE,))-

Since z1 € T'¢g, by Lemma there exists xo € T'¢; such that
[|z1 — 22||g < H(T¢o, T1). Since 25 € Ty and T'py C f(R.)(c),
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we choose ¢2 € R, such that o = foa(c) € T'hy.
If f¢o = f¢1 then ¢ is a PPF dependent coincidence point of T" and f.

Suppose that fpo # for.

Since a(foo(c), fo1(c)) > 1 and T is f — a*—admissible, we have
OL*(T¢0,T¢1) Z 1

Clearly a(f¢1(c), fo2(c)) > a*(T¢o, T¢1) > 1 and hence
a(fei(c), foa(c)) = 1.

From , we get

Y(HE(T1,To2)) < F((||for — fo2llr,), 0| for — fo2llr,))-

Since zo € T'¢1, by Lemma there exists 23 € T'¢o such that

||lze — z3||lg < Hg(T'¢1,Tp2). Continuing this process, we get a sequence
{fon} in f(R.) satisfying the following;:

for any n € N,

f¢n 7£ fd)nfla

Tn = f¢n(c) € T¢n717

fén = fontalle, = [|fén(c) = fénti(o)lle

(4.11) = ||zn — Znsalle < He(Tén—1,Ton),

a(fén-1(c), fén(c)) > 1 and hence

w(HE(T¢n—1aT¢n)) < F(w(Hfd)n—l - f(rbTLHEO))
(Ib(”qunfl - f(ﬁnHEo))

From , we have || fon — font1lle, < HE(Tn—1,T¢y), which implies that
Q/J(Hf(bn - f¢’ﬂ+1”EO)
Y(Hp(Ton—1,Tdn))

<
(4.12) < F@(lfon-1— fonllre): 8(|[fon-1 — fonllE,))
< '(/J(||f¢n—l_f¢n||Eo)

Since 1) is strictly monotonically increasing, we have

||f¢n - f¢n+1||Eo < ||f¢n71 - f@anEo

Therefore the sequence {||fén — fdni1llE, } is a decreasing sequence in RT and
hence it is convergent. Let lim ||f¢, — font1llr, =
n—oo

‘We now show that r = 0.

From , we have
'l/}(”f(ybn - f¢n+1||Eo)

F(w(||f¢n71 - f¢n||Eo)v ¢(Hf¢n71 - f¢n‘|Eo))
q/j(qusn—l - f¢n||E0)-

On applying limits as n — oo we obtain that ¢¥(r) < F((r), ¢(r)) < (r).
This implies that either ¢)(r) = 0 or ¢(r) = 0 and hence r = 0.
Therefore

(4.13) Jim |[[fén = féniallm =0

<
<
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We now show that {f¢,} is a Cauchy sequence in f(R.).

Suppose that the sequence {f¢,} is not a Cauchy sequence.

By Lemmal[2.30} there exist an e > 0 and two subsequences { f ¢y, } and {f ¢y, }
of {fén} with my > ny > k such that ||fon, — fom.||E, = €,

Hf¢nk - f¢mk_1||E0 < e and klinc}o ||f¢nk - f(rbmkHEo =€

As in the proof of the Theorem we get

A f bt = fontiallm = € forany b, lp € N.

We choose 1,13 € N such that (ng +l2) — (mg +1;) = 1.

From ,

V([ fPritts = [OmptnillE,) < Y(HE(T Onyt1o-15TOmy+1,-1))
< F@Ulfonetta—1 — fmptii-1)llEos
(1 f brg+1a—1 — [Omp+1s -1l 5,))
< Yl fbnpria—1 — [Omptti—1llEo)-

On applying limits as k — oo, we get (e) < F(9(e€), p(€)) < 9(e).

This implies that F'(¢(e), ¢(e)) = ¥(e) and hence € = 0, a contradiction.
Therefore the sequence {f¢,} is a Cauchy sequence in f(R,).

Since f(R.) is complete, we have f¢, — ¢* as n — oo for some ¢* € f(R,.).
Since ¢* € f(R.), there exists n € R, such that ¢* = fn and

hence lim o, = . From (LTT), we have a(fé(c), fons(c)) > 1
From(v), a(fon(c), fn(c)) > 1 for any n € NU {0}.

Clearly d(fén+1(c),Tn) < Hg(T'¢,,Tn) and hence

w(d(f¢n+1(c)7T77)) < w(HE(T(b'an))
< F(w(||f¢n_fn||Eo)7¢(||f¢n_fn”Eo))

On applying limits as n — oo on both sides, we get ¥(d(fn(c), Tn)) < (0) = 0.
Therefore ¢ (d(fn(c), Tn)) = 0 and hence fn(c) € Tn.
Therefore T and f have a PPF dependent coincidence point in R.. O

Corollary 4.3. Let c € I. Let T : Ey - K(E), a : Ex E — Rt and
a* : K(FE)x K(E) — RT be three functions satisfying the following conditions:
i) there exist functions ¢, ¢ € U, with ¢ strictly monotonically increasing,
such that
a(y(c),n(e)) 21 = Y(Hp(Tv,Tn)) < F(lv—nllg), oIy —nll£))
for any v,n € Eo,
1) T is an o*—admissible mapping,
iii) R is algebraically closed with respect to the difference,
i) Te C Re(c) for any ¢ € Ey,
v) if {¢pn} is a sequence in Ey such that ¢, — ¢* as n — oo and
(6n(C), bus1(e)) > 1 for any n € NU{0}, then a(dn(c), 6*(c)) > 1
for any n € NU {0}, and
vi) there exist ¢o € R. and ¢1(c) € T'po such that a(po(c), $1(c)) > 1.
Then T has a PPF dependent fized point in R..
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Proof. By taking f = identity mapping in Theorem [4.2] we obtain the desired
result. O

The following corollary can be obtained directly from Corollary by
taking ¢(t) =t and F(s,t) = s — t for any s,t € R*.

Corollary 4.4. Let c € I. Let T : Ey — K(E),a : Ex E — R* and
a* : K(E)x K(E) — RT be three functions satisfying the following conditions:
i) there exists ¢ € ¥ such that
a(y(e),n(c) 21 = Hg(Tv,Tn) < |lv —nllg, — oIy — nll&,)
for any v,n € Ey,
it) T is an o*—admissible mapping,
iit) R is algebraically closed with respect to the difference,
iv) T C Re(c) for any ¢ € Ey,
v) if {dn} is a sequence in Ey such that ¢, — ¢* as n — oo and
a(@n(c), pnt1(c)) > 1 for any n € NU {0}, then a(p,(c),d*(c)) > 1
for any n € NU{0}, and
vi) there exist ¢o € R. and ¢1(c) € T'po such that a(po(c), #1(c)) > 1.
Then T has a PPF dependent fized point in R..

If we take ¢(t) = (1 — k)t for any t € R* and k € [0,1) in Corollary [4.4]
we get the following.

Corollary 4.5. Let ¢ € I. Let T : Ey - K(E),a : Ex E — Rt and
a* : K(E)x K(E) — RT be three functions satisfying the following conditions:
i) for any v,n € Ey,
a(y(e),n(e)) > 1 = Hp(Tv,Tn) < k|ly —1nllg,

where k € [0, 1),
it) T is an o —admissible mapping,
iii) R is algebraically closed with respect to the difference,
i) Te C Re(c) for any ¢ € Ey,

v) if {pn} is a sequence in Ey such that ¢, — ¢* as n — oo and
a(pn(c), pnt1(c)) > 1 for all n € NU {0}, then a(on(c),d*(c)) > 1
for alln € NU{0}, and

vi) there exist ¢g € R. and ¢1(c) € T'¢g such that a(po(c), $1(c)) > 1.
Then T has a PPF dependent fixzed point in R..

5. An application

Jachymski[21] introduced the following notation on a Banach space endowed
with a graph.

Let (E,d) be a metric space where d(z,y) = ||z — y||g for all z,y € E and
A denotes the diagonal of the cartesian product of E x E. Consider a directed
graph G such that the set V(@) of its vertices coincides with F, and the set
E(G) of its edges contains all loops; that is A C E(G). We assume that G has
no parallel edges, so we can identify G with the pair (V(G), E(G)). Moreover,
we may treat G as a weighted graph by assigning to each edge the distance
between its vertices. If x and y are vertices in a graph G, then a path in G
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from x to y of length N(N € N) is a sequence (z;)¥, of N + 1 vertices such
that g = z, 2y = y and (z;-1,%;) € E(G) for i = 1,2,...N. A graph G is
connected if there is a path between any two vertices, G is weakly connected if
G is connected (where G is the induced undirected graph) and G is transitive if
(z,y) € E(G) and (y, 2z) € E(G) then (z,2) € E(G), for more details we refer
to [30].

Definition 5.1. ([2I]) Let (X, d) be a metric space endowed with a graph G.
We say that a self mapping T': X — X is a Banach G-contraction or simply a
G-contraction if T' preserves the edges of G; that is, for any z,y € X,

(z,y) € E(G) = (Tz,Ty) € E(G)
and T decreases weights of the edges of G in the following way :
there exists o € (0, 1) such that for any z,y € X,

(z,y) € E(G) = d(Tz,Ty) < ad(x,y).

Theorem 5.2. Let c € I. Let T : Ey — E and E endowed with a graph G.
Suppose that the following conditions are true.

1) there exist functions v, ¢ € U, with 1 strictly monotonically increasing,
such that

(f(c),g(c) € E(G) = ¢(|[Tf —Tyllr) < F(Y(M(f,9)), o(M(f.9))),
where M(f,g) = maz{||f — gHEm”f( ) =T fllesllg(c) = Tglle,
$11f(e) = Tylle + lg(c) = T £ 2]}
for any f,g € Ey,

ii) if (F(c),9(e)) € E(G) then (Tf,Tg) € B(G),

iii) if (f(c),g(c)) € E(G) and (g(c), h(c)) € E(G) then (f(c),h(c)) € E(G)
(i.e. G is transitive),

iv) R. is algebraically closed with respect to the difference,

v) if {on} is a sequence in Eqy such that ¢, — ¢* asn — oo and
(6n(), bus1(0)) € E(G) for anyn € NU {0}, then (¢n(c), 6°(c)) € E(G)
for any n € NU {0}, and

vi) there exists ¢g € R. such that (¢o(c), T'po) € E(G).

Then T has a PPF dependent fized point in R..

Proof. We define o : E x E — R* by

2 if (z,y) € E(G)
alz,y) = { % otherwise.

First we show that T is triangular a.—admissible mapping.

Let a(f(c),g(c)) > 1. Then (f(c),g9(c)) € E(G). From (ii), we have
(Tf,Tg) € E(G) and hence a(Tf,Tg) = 2 > 1. Let a(f(c),g(c)) > 1 and
a(g(e),h(c)) > 1. Then (f(c),g(c)) € E(G) and (g(c),h(c)) € E(G). Since
G is transitive, we have (f(c), h(c)) € E(G). Therefore a(f(c),h(c)) > 1 and
hence T is triangular a.—admissible mapping. From (vi), we have that there
exists ¢ € R, such that a(po(c),Tdo) > 1. Let {¢,} be a sequence in Ejy
such that ¢, — ¢* as n — oo and a(¢Pn(c), pn+1(c)) > 1 for any n € N U {0}.
Then (¢n(c), pnt1(c)) € E(G). From (v), we have (¢,(c), ¢*(c)) € E(G) for
any n € NU {0} and hence a(¢,(c),¢*(c)) > 1 for any n € NU {0}. Let
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fyg € Eg be such that a(f(c),g(c)) > 1. Then (f(c),g(c)) € E(G). From (i),
we have T is generalized o — ¥ — ¢ — F'—contraction type mapping. Therefore
all conditions of Corollary are satisfied and hence T has a PPF dependent
fixed point in R,. U
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