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Solvability of one nonlocal Dirichlet problem for the
Poisson equation

Valery Karachikﬂ and Batirkhan Turmetovm

Abstract. In this paper the solvability of a new class of nonlocal
boundary value problems for the Poisson equation is studied. These
problems are a generalization of the classical Dirichlet boundary value
problem. Existence and uniqueness theorems for the considered prob-
lem are proved. An integral representation of the solution is established.
The notion of the Green’s function for the problem under consideration
is introduced and an explicit form of this function is constructed. The
corresponding spectral issues are also studied, namely eigenfunctions and
eigenvalues of the considered problem are found. For one particular case
of the problem the completeness of the system of eigenfunctions is proved.
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1. Introduction

Nonlocal boundary value problems for elliptic equations in which boundary
conditions are given in the form of a connection between the values of the un-
known function and its derivatives at various points of the domain’s boundary
are called the problems of Bitsadze-Samarskii type [I]. Numerous applications
of nonlocal boundary value problems for elliptic equations to the problems of
physics, engineering, and other branches of science are described in detail in
[15, [16]. Solvability of nonlocal boundary value problems for elliptic equations
is discussed in [2 B [I0]. Boundary value problems for the second and fourth
order elliptic equations with involution, as a special cases of the nonlocal prob-
lems, are considered in [9] [12] [13] [14] [1'7].

In the present paper the solvability conditions of a new class of nonlocal
boundary value problems for the Poisson equation is studied.

Let Q@ = {z € R": |z| < 1} (n > 2) be the unit ball, 9 be the unit sphere
and S be a real orthogonal matrix S - ST = E. Suppose also that there exists
a natural [ € N such that S! = E. Note that if z € Q, or s € 99, then for
any k € N the following containments S*z € €, or S*s € 9Q hold. This is
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true because the transformation of the space R™ with matrix S saves the norm
|z|? = (z,2) = (ST Sz, z) = (Sz, Sz) = |Sz|?.
Let us give some simple examples of such a matrix S.

Example 1.1. Assign to any point = € Q the corresponding point Sz = —x.
In this case S = —E. It’s clear that S - ST = —E(—E) = E and therefore
S? = E, which means | = 2.

Example 1.2. It is obvious that the transformation performed by the matrix
S can also be a rotation in space the R™. Indeed let ¢, = 2nl;/l and I; € N.
Consider the following matrix S = 0;1022 e C’;};i, where

E; 0 0 0
i — 0 cosy —sing 0
® 0 sinp cosy 0 ’
0 0 0 En_i—o

and F; is a ¢ x ¢ unit matrix, ¢ = I,n — 2. Then ST = 02;372 - -~CE¢2C£¢1

and C;C@ = C; ) which means
T _ 1 2 n—2 -2 2 1
SS —C’%CW-~C%72~C’" 02 C =F.

—Pn-2 —p2 T —P1

Let aj,as,...,a; be some real numbers, f(z) and g(z) be functions defined
on 2 and 0f), respectively. Consider the following problem in €:
Find a function u(z) € C?(Q) N C(Q) satisfying the following conditions

(1.1) —Au(x) = f(z), zeQ,

!
(1.2) Zaku (SF12) laq = g(s), s € 0.
k=1

When a1 # 0, ax =0, k =2,3,...,1 we have the classical Dirichlet bound-
ary value problem for the Poisson equation. Note that in the case n = 2 the
problem (L.1), (T.2) with matrix S, taken from Example[1.2)are studied in [I1].

2. Auxiliary statements

To investigate the formulated above problem we need some auxiliary results.
Consider the following matrix

ay ag ... a;

a a1 ... aj—1
A= ,

a2 as e ai

generated by the numbers aq,aso,...,a;.
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Lemma 2.1. Let \; = ¢’ T be a primitive [ th root of unity. Then

1
det A = H (al)\’f +... —i—al)\f),
k=1

where A\, = e e L k=1,...,1.

Proof. Tt is not difficult to see that A\ = e(iQTﬂ)k = )\’f and A\; = Ao = 1. Make
sure that the number

(2.1) Hi = al/\g -t al)‘l 1= Zaq)‘q 1

q=1
where k = 1,...,[] is an eigenvalue of the matrix A, and the vector By =
(1, e /\é‘;l)T is an eigenvector corresponding to the eigenvalue py. Since

the indices of numbers Ay can be calculated modulo [/, then in the calculations
below we can consider the indices of numbers a; also modulo I. Then, for
example, ag = a;, a_1 = a;—1 and a;41 = a1 and so on. We find the element of
the m-th row of the following vector

ai as ... a; )\g
a ai ... Qj_1 )\If
Ch=ABp=| . . | . s
as as --- aq )‘f—l
where m = 1,...,l. Since the m th row of the matrix A has the form
(a2—m,a3—m - - -+ Gi—m+1), then

l
(ABk),, Z% ma A = Ab 12% m NS = fk A, 1

Jj=1 j=1

where the equality \¥, = A\¥AF _ was used. Therefore ABy, = C, = 13 By..

Further taking advantage of the equality
l l

det A = H,Ll,k = H (al)\g + ...+al/\é€_1)

k=1 k=1
we obtain the necessary statement. The lemma is proved. O

iy

Example 2.2. Let [ = 3, then \; = ¢'% and therefore A, = e'*5 . In this
case we have

ag ap a2
detA=det | as ag a1
ap az ao
_ iz i22x i24x
= (ag + a1 = + age’s ap + a1€“3 + age’ 3 ) (ag + a1 + az)

J l

= (a0+a16 3+ age Tﬂ) (a0+a16 3+ age’ Tﬂ) (ao + a1 + a2)

2, 2, 2 3, 3,3
= (ag + a1 + a2) (ag +aj + a5 —aras —apay — apaz) = ay+aj + a3 — 3agaias.
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Lemma 2.3. Let the numbers pk be taken from (2.1)) and be such that py # 0

fork=1,...,1, where A\, = e*T. Then there exists an inverse matriz to the
matriz A
-1
ay ag N ay
B a a; ... ar—1 1 L
A IE : : - : :7M+dlag 1(#1,...,#[)MT,
g as e al
where
oo A N PIEEED VD v
Y DYREEED t A\ Y DTS Ve R b
+ = . . . . ) - = . . . .
No1 A, AL VD S TR W

Proof. Tt is not difficult to see that M, = (B, ..., B;), where
Bip= (A, NE )

is an eigenvector of the matrix A corresponding to the eigenvalue g (see
Lemma . Then AM, = (1B, ..., B;) and therefore

AM diag™" (p1, ..., m) = (mBi,...,uBy) diag (i, ..., ")

= (By,...,B)) = M.,

whence
AM diag™" (p1, ..., ) M_T = M, MT.

Calculate the product of the resulting matrices
T _
M+M (ml J)Z,j=TJ'

It is not hard to see that

l

(2.2) ZA jl_z< ) ZA”,

k=1

where it was taken into account that \i/A; = Ap—; and g = ¥ =1. It’s
obvious that A\;,_; = = A7 is | th root of unity for any  and j.
Let us make sure that if A is a [ th root of unity, then

l
I, A=1
2.3 Ae=1{" :
(23) 2 {0, £
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Indeed, for A = 1 the equality is obvious, and for A # 1 we have

1
/\+A2+...+AH+AZ:ﬁ(/\+A2+...+AH+A1)(1—>\)

1
:TjXQ+AWhH+A“L+M—A?—F—.“—M—A”w
- A=X)=0
1=
Thus using (2.2) we obtain
l, i=j
My s —
o0 i A
and therefore
AM, diag (pi', ..., ) MT = IE.
This proves the lemma. O

Theorem 2.4. Let
e =a s+ a N #£0, k=1,...,1,

where {\j : j =0,...,1—1} arel th roots of unity, then solution of the system
of algebraic equations Ab = g can be written as

Proof. Find elements of the inverse matrix, which by Lemma [2.3|exists. Similar
to formula (2.2]), we can write

l
_ o 1 1
(2.4) mthﬁ:fM#mglmhuﬁmMTZYE: A

This implies

1 1 A= I
b= (), =130 A 1SS
7j=1 k=1 2

The theorem is proved. O
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3. Uniqueness of the problem’s solution

To study uniqueness of the solution of the problem (1.1)), (1.2) we first give
the following statement.

Lemma 3.1. The operator Isu(x) = u(Sz) and the Laplace operator A com-
mute, i.e., Alsu(z) = IsAu(z). The operators

A= i Ty, (T)
i=1

and Is also commute, i.e., Algu(x) = IsAu(z) and the equality VIg = I[gSTV
holds.

Proof. Let us write the orthogonal matrix S in the form S = (s; ;), j=17- Since

6 a a 1 n
@Isu(x) 8 (S{IJ) 8$1 ((Srouﬂ )’ (Srow7 ))
Z 84, lISqu (Scolajsvu( )) - Is(Scol,V)u(l‘),
then

Alsu(z) = Au(Sz) Zx, u(Sz) = sz (8%, IsVu(z))
i=1

= <Z xiSéol,IsVu(x)> = (Sz, I[sVu(z)) = Is(z, Vu(x)) = IsAu(z).

i=1
Further
72] _ i i _ i 2
2 158) = 5o Is(Sion V() = I5(S0 V) (o),
and therefore
Alsu(x ZIS Scolvv _IS|( Scol? V), gol7v))|2u(x)

= IS\STvy u(z) = Is(STV, STV )u(x) = Is(SSTV, V)u(z) = IsAu(z).
Finally,

Visu(@) = Is ((Siots V) - - (Stors V) ul@) = Is (ST V)u(a).
Lemma is proved. O

Corollary 3.2. If the function u(z) is harmonic in €, then the function
u(Sx) = Isu(zx) is also harmonic in Q.
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Indeed, by the virtue of Lemma[3.1] Au(z) = 0 = Alsu(z) = IsAu(z) = 0.

Corollary 3.3. If the function u(x) is harmonic in Q, then it satisfies in §
the homogeneous equation

1
(3.1) ZakAu(Sk_lx) =0, ze
k=1

Indeed, by the virtue of Lemma[3.1] for x € Q we have

! 1 !
ZakAu (S 1z) = Z arAlgr-1u(x) = Zaklsk—lAU (z) = 0.
k=1 k=1 k=1

The converse assertion is also true.

Lemma 3.4. Let the function u(z) € C?(Q) satisfy the homogeneous equation
(8.1). Then under the condition det A # 0 the function u(x) is harmonic in Q.

Proof. Let the function u(z) € C?(f2) satisfy the homogeneous equation (3.1)).
Denote

1
(3.2) v(x) = Zaku(Sk_lx).
k=1

It’s obvious that v(z) € C%(Q) and Av(z) = 0, z € Q, i.e., the function
v(z) is harmonic in 2. By the virtue of Corollary the functions v(S*z)
are also harmonic in §2. On the other hand, from (3.2)), due to the condition
S = B, the following equalities hold

v(Sz) = qyu(z) + ayu(Sz) + ... + aj_ju(S'tx)
v(S%x) = a_yu(z) + apu(Sz) + ...+ ar_ou(S' )

(3.3)
v(S'712) = agu(z) + asu(Sz) + ... + aju(S1x).
So for the functions u(z),u(Sz),...,u(S'"tr) we obtain a system of alge-
braic equations (3.2)), (3.3) with the matrix A
v(x) ay ay ... q u(x)
v(Sx) a; a1 ... a1 u(Sz)
v(S' 1) ay az -+ ap u(S1x)

By the lemma’s conditions the determinant of this system does not vanish.
We make use of Theorem [2.4| for b = (u(m),u(5$)7...,u(Sl_lx))T and g =

(v(z),v(Sz),...,v(5" " z))" . From Theoremwhen i =1 it follows that
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l
=3 o(si %Z)\

j=1 k=1
where according to [2.1) pur = a1 A§ + ... + ¢ AF | and A\, = (5 )k — AeTf
we denote
1
1 1
b]:7 i ’ .7_1,27 7l7

l ; N

then we obtain
1
(3.4) Z v(877 ) = bio(x) + bov(Sz) + ... + bw(ST ).
As noted above, the functions v(S*z), where k = 0,1, ...,1—1 are harmonic

in Q, and hence the function u(z) from (3.4) is also harmonic in Q. The lemma
is proved. O

According to Lemma the following statement holds.

Theorem 3.5. Let for all k = 1,2,...,1 the conditions ux = al)\’g + ...+
aAF | # 0 hold. If a solution of the problem (L)), (1.2) exists, then it is

unique.

Proof. Let us prove that the homogeneous problem (1.1 , ) has only the
zero solution. In this case the solution of the 1nhom0geneous problem (1.1)),
(1.2) is unique. Let u(z) be a solution of the homogeneous problem
. As we already noted, if the function u(z) is harmonic, then the functions
u(S*1z), k = 2,3,...,1 are also harmonic. Then the function u(z) satisfies
the equation . Consider the function

)

!
= Zaku(Skflx), x €.

It’s obvious that v(z) € C2(Q) N C(Q). If pp = a1 \§ + ... + @A} | # 0,
where k =1,2,...,[, then by Lemma 2.1 det A # 0. Then, by Lemma[3.4] the
function v(z) is harmonic in the domain © and therefore it is a solution to the
following Dirichlet problem

Av(z) =0,2 € Q; v(x)|sq =0.

By the virtue of the uniqueness of the Dirichlet problem, we have v(z) =
0, z € Q. Then the function u(x) which is determined by (3.4)) is identically
equal to zero, i.e. u(xz) =0, z € Q. The theorem is proved. O

Remark 3.6. If pp, = 0 for some k =1,2,...,[, then the homogeneous problem
can have infinitely many solutions.
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4. Existence of the problem’s solution

In this section we investigate the existence of a solution to the main problem
D). @2). Let

11— |2
P(x’y):;|x—y|”

be the Poisson kernel, w,, be the surface area of the unit sphere, G(z,y) be the
Green’s function of the Dirichlet problem in 2, which can be represented as
(see, for example, [3])

(@) 6te.p) = = [Ba - 5 (sl )]

n

where E(z,y) is the elementary solution of the Laplace equation

—In|z —yl, n=2
E(x,y) = .
( y) {n12|x_y|2—n7 7123

Let us prove some auxiliary assertions.

Lemma 4.1. Let the function g(x) be continuous on OQ. Then for any k € N
the following equalities are true

/[mg(Sky) d8y=/999(y)d8y, /Qg(Sky) dy:/Qg(y)dy_

Proof. Let’s prove the first equality. Let the function w(x) be a solution of the
Dirichlet problem for the Laplace equation in  with the boundary condition
w(z) = g(x) on 9Q. Then the function w(S*z) is a solution of the Dirich-
let problem for the Laplace equation in  (Corollary with the boundary
condition w(S*z) = g(S*x) on 9. It is known that the solutions of these
problems are represented by Poisson integrals

w(z) = / P(e,y)g(y) dsy,  w(S*z) = [ P(z,y)g(S*y) ds,.
o0 o0

Since
1 1 1

P 07y = T T n T
©.9) wn [y|™ Wn
where y € 01, then

1 9(y) dsy = w(0) = 1 ,/an(Sky) dsy.

Wn, o0 Wn

This implies the required equality. The second equality follows from the
rule of changing variables in a multiple integral

[ atsnay= [ atz)aeesTaz = [ o).

The lemma is proved. O
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Lemma 4.2. Let ui = al/\lg + ...+ al)\f_l # 0, where k = 1,...,1, then the
matriz A~ has a structure of the matriz A

—1

ay az ... a; b1 bg ‘e bl
ag ay N aj—1 bl b1 N bl—l

- . . )
a2 a3 o al b2 b3 “ee bl

where, similar to formula (3.4]),

l
(4.2) bjz%z -

forj=1,2,...,1, and py are defined from (2.1). In addition, if k =1,2,...,1
the equality

pk(b) = 1/ (a)
holds, where py(a) = a1 Ak + ... + al)\f_l and pp(b) = bi\E + ...+ bl/\f_l.

Proof. 1t is clear that the indices of numbers aj can be considered modulo I.
Then, as it is easy to see, the matrix A can be written as A = (a;_;41)

By the formula ([2.4)) from Theorem we can find

ij=1l"

Since the indices ¢ and j of the elements (Afl)i _are the powers of numbers
Ak, then they can be calculated modulo [ and the following equality is true

1
B 1 1
(A7),,=7 ; PV bj—it1,

where

1~ 1
b]:j; :

)\fcilﬂk.
Therefore we have A™! = (bj_i+1), ;_17-
Let us calculate py(b). Bearing in mind ([2.3)) we can find

! 1 ! 1 Tem 1 <=M
) =S Ak =23 AE _ == i-
]Z_; ! l; ! ;Aé "ip(a) zZ}w;w
l l k l l
1 1A,y 11 . 1
= — = — )\ _p =
pz::l pip(a) 1 = /\?71 pzz:l pip(a) 1 Jzz:l I p(a)

The lemma is proved. O
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Remark 4.3. Since )\5C =1, where k = 1,...,1, then the equalities

l

l
p(a) =aiXo+...+ad_; =Y a;, m®) =bA+...+bAN_ =D b
=1 :

are true, so by Lemma

l l
D) bi=

j=1  i=1
The following statement concerning the problem (1.1)), (L.2)) is true.

Theorem 4.4. Let the numbers {ay : k =1,...,1} be such that p;, = aj\k +

A+ a N #£0 for k= 1,...,1, where {\;} are | th roots of unity and
feCMR), ge CM2(00), 0 < XA < 1. Then the solution to the problem (1.1]),
exists, is unique, belongs to the class C*T2(Q) and can be represented in
the form

(4.3) u() = /Q Gs(e9)f(y) dy + / Ps(a,9)g(y) s,

a0
where

l

1
(4.4) Gs(z,y) ZakquG (Sq Lz, (8%~ 1) )7
1 q=1

k=

l
Ps(z,y) = > bgP(S7 'z, y),

q=1

the function G(x,y) is defined in 4.1), and

is defined in (4.2)).
Proof. For the function v(z) in the domain € consider the following Dirichlet

boundary value problem

(4.5) — Av(z) = F(z), x € v(az))aQ =g(s), s € 09,

where l
z) =Y apf(S¥'x)
k=1

It is clear that if f(z) € C*Q), then F(z) € C*(Q) and hence when
g(z) € CA2(99) the solution of the Dirichlet problem ({.5) exists, is unique,
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and belongs to the class CA*2(Q) []. It is also known (see, for example, [3 p.
35]), that with the given functions g(z) and

l
= Y f (55 )
k=1

the solution of the problem (4.5) can be represented in the form

l
(4.6) v(r) = ;ak/G(%y)f(S’“‘ly) dy + ” P(x,y)g(y) ds,.

Consider the vector V = (v(z),v(Sz),. .. ,v(Sl’lx))T. By Lemma the
matrix A~! has a structure of the matrix A. Therefore, from the vector equality
U = A7V, we can define the vector U = (u(z),u(Sz), .. .,u(Slilx))T. Since
e = a1\ + ...+ aAf, # 0, then by Lemma det A # 0 and therefore
det A= # 0. Because AU = V, the function u(z) is uniquely determined
through the function v(z) from by the formula

l
(4.7) Z v(S7 g

where b; are obtained from . Let us verify that the function u(zx), deter-

mined from (4.7)), is a solutlon of the problem (L.1)), (L.2). Indeed f € C*(Q),
g € CM2(0Q) = v e CM2(Q) = u € C)‘”( ). Therefore according to

Lemma and equality (4.5)), in the domain Q we have

!
— Au(x Zb Av(ST 7ijISj71A'U(x)

l l
- ijrsjfl(_A)u(x) = bilsi1 Y agf(S7 ')
j=1 j=1 k=1

We investigate the functions

!
uj(x) = Igi (Z aqf(Sq_lx)> , J=12,...,L

q=1

If j =1 we get
l
= Zaqf(sq_ll‘)
q=1

Further, when j = 2 we have

us(z) = Is (a1 f(z) + as f(Sz) + ... + azf(Sl_lx))
= a1f(533) + a2f(52;5) + ...+ alflf(sl_laj) + alf(l‘).
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If we assume here a; = ag, then we get

l
us(z) = ao f(x Zaqf ST) = ag 1 (ST )
=1

Continuing in this way and assuming a_, = a;—g, by the induction, we get

l
= Zaq,jﬂf(Sq_lm),j =1,2 ,l.

325
g=1
Thus

l l
—Au(z Zb Zaq i f(S = Z f(87 ) Zaqﬂ#lbj'
q=1 j=1

Calculate the inner sum in the obtained equality. To do this, we change the
indicesp=¢q—j+4+1=j =q—p+ 1 and, remembering the meanings of b

from (4.2) and pg from (2.1]), we calculate

=
Il
-
ol
Il
-

I N 1 Tda . 1,
Zp—lap:7 STo=g 2 A=A

l
Py 7
k=1 k p=1 k=1 /\k 1225

Taking into account (2.3), we get

l
I, ¢g=1
(4.8) > apbgpi1 = {
p=1 ’

and then equation (L.1)) is satisfied

N‘)—ﬁ

! 1
—Au(x Zf Sqflx)Zaq,ijj = f(x).
q=1 j=1

Next, we check the boundary conditions of the problem (1.1)), (1.2)). For
s € 00 from the equality (4.7) we obtain

1
u(:r)’aQ quv(Sq*Ix)‘ :qug(Sqfls)

o0

1 1
u(Sx)'{m = Igu(z)‘ag =1Is <Z bqg(Sq15)> = qug(S’qs)
- p

-1 l
=big(s) + > beg(S%s) = bog(s +qu 19(S97s) = by _1g(S

q=1 q=2
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Then by the induction

l

u(S* 1) ‘69 qu re19(STrs), k=1,2,...,1
g=1

Hence,

l l

1 ! 1
Y IUTCETIIED 3P STNNPEERED SR S
k=1 k=1 g¢=1 q=1 k=1
Using (4.8) we finally obtain
Zaku z)on = g(s),

i.e. the boundary condition (|1.2)) is also satisfied.
Further, substituting the representation of the function v(z) given by (4.6))
to the equality (4.7) and taking into account formulas (4.4)) we obtain

l

l

Z (ST ) =) b, <Zak/ G(ST  w,y) f(SF )dy>

: q= 1
!
Z / (ST ', y)g(y) ds,= / lZakZbqu PRGN >] f(y)dy
= Q k=1 q=1
/ S0, P(ST s y] o(y) ds,= /Q Gs(,9) f(y) dy+ /a sl u)alu) ds,
Thus, representation for the function w(z) holds. The theorem is

q=1
proved. O

Remark 4.5. Since ST = §=1 = S~ then
(Skfl)T _ (ST)k—l _ (571)’%1 — gk+1 _ gl=k+1

and therefore, under the conditions of Theorem [£.4] the Green’s function of the
problem (1.1, (1.2) can be represented in the form

l l
= ar Y byG(ST  w, SR y),

k=1 q=1
Example 4.6. Counsider a particular case of the problem (1.1| , , when
f(x) = —z; and g(s) = s?, 1,7 =1,...,n. The auxiliary problem ({4.5| has the

form

82

Av(z) = (a1 — a2)zi, © €84 v|,, = 85
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In this case it is better to use the results of [7]. It is not hard to find

mw—xﬂwl—ﬂ3<i‘ilﬁ%“>

and therefore the problem’s solution according to (6.5) is

al 2 2 1 a; — az
= 2 1— =%
e = g (5010 (5~ )
as 2 2 1 a1 — ag
_ 2 1— S
a%(@(%+( '“)<n+%n+mx>>
2
T; 9 1 x; >
- 41— - .
a + as ( ] ) <n(a1 +az) 2(n+2)

Let us check this solution. Obviously the boundary condition (1.2)) is ful-
filled

aru(z) + aQu(fx)L%2 = 5?,

as well as the equation (1.1))
2 Alz|? Az

A = - = ;.
u(z) a1 +ay  nlay + az) + 2(n+2) *

Here is used the equality A (|z[*™Py(z)) = 2m(2m+2s+n—2)|z|*" 2 P(z),
where Ps(z) is a homogeneous harmonic polynomial of degree s (see [7]).
5. The Green’s function of the nonlocal Dirichlet problem

As in the classical case for the problem (1.1f), (1.2) we can introduce the
concept of Green’s function.

Definition 5.1. Green’s function of the problem , is the function
Gg(z,y) that satisfies the conditions:

1) the function Gg(z,y) is harmonic in z € Q and y € Q if S-orbits of the
points  and y do not intersect

(5.1) {SPz:k=1,...,}n{S'y:k=1,... 1} =2

2) for the function Gg(x,y) the equalities

! !
Zast(Sk_lx,y) =0, ZakGS(x, (Sk_l)Ty) =0, z€0Q,ye
k=1 k=1

hold.

From Theorem or rather from the representation (4.4) the following
assertion follows.
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Theorem 5.2. Let the numbers {ay : k=1,...,1} be such that u, = al/\’(ﬁ +
coF @A # 0 for k= 1,...,1, where {\} are | th roots of unity. Then
Green’s function of the problem , exists, is unique and can be repre-
sented in the form

(5.2) zl:qul:akG<Sq ! (S’“‘l)Ty),

where the numbers by, ¢ =1,...,1 are taken from (4.2)), and G(z,y) is Green’s
function of the Dirichlet problem (4.1). The following symmetry of Green’s
function takes place Gg(z,y) = Ggr(y, ).

Proof. We show that the function Gg(z,y) satisfies conditions 1) and 2) from
Definition It is known that Green’s function of the Dirichlet problem
G(z,y) from is harmonic in z € Q and y € Q if x # y. It is not difficult
to see that if

{SPz:k=1,....0n{S*y:k=1,....1} =2,

then the inequalities S9!z # S'*1=Py take place for any ¢,p = 1,2,...,1,
which means

Sl £ (ST)p_ly _ (Spfl)Ty.

Therefore the function G (S’q_lx7 (Sp_l)Ty) for ¢,p = 1,2,...,1 is also

harmonic in € Q and y € Q, satisfying the condition (5.1). So the function
Gg(z,y) is also harmonic in z € Q and y € Q subject to the condition (5.1)).

Check the condition 2). Because

. -1 k—1\T —
G(%y)‘zeaﬂweaﬂ =0=0 (Sq L, (S ) y) TEINVYEIN =9
then the following conditions hold

o _ a1, (gk—1 _

s(@,9)|con Z%Zb G(S (s ) v) zcoQ
k=1 g¢=1

L, (k-1 _

Gs(z,Y)] o0 = Za’f Zb G(S" w, (S ) v) yeon 0-
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Further, let € Q. Then by the virtue of (4.8])

l

!
D a;Gs(S 7w y) = > ajlsi 1 Gs(a,y) =
i=1

j=1

Zl: s 1<zl:ak§l:ch:(sq O 1)Ty)>

l

Zl: (qu G (57 ,(S’“‘l)Ty)>

zl: <Zl:bq_j+10(sq1x, (Skl)Ty)>

qg=1

G(s7 ", (s*1)" )Za”]+1 ZakG( (5*1)"y).

Therefore we have

G (m (Sk—l)Ty)‘,

€N

k=1

MN

l
=2 a
k=1 q=1

l
=0= Zast(Sj_lx,y)’meag =0.
=1

Similarly, if y € 0€2, then we can get

I
Zast(ijlflf,y)
j=1

l

Z ( Sk: 1 Ty>

k

yeIN yeoN

jé: Sk 1

Property 2) is proved.
Finally, since the function G(z,y) is symmetric and the equalities

wnG(z, S*y) = E(x, S*y) — E (z/]|, z|Sky) = E ((Sk)Tx,y)
—E((") "/ |(5%) x|, [(55) " a|y) =wnG ((55) " ws0),

are fulfilled, then we get

l l
Gs(w,y) =Y ar > b,Gp (57712, (5571)"y)
k=1 q=1
l l
=2 )

k=1 q=1

=0.

ue@ﬂ

S

(Go (851, (577 y) = Y an Yo baGo ((5771) "y, 8 1)

l
=1 g¢=1

=Y b,Go ((ST)q_ly, ((ST)k_l)Tx) — Gr(y,2).

k=1 q=1
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The theorem is proved. O

Remark 5.3. In the case [ = 2, because of the equality ST = S Green’s function
Gs(z,y) is symmetric.

6. Eigenfunctions and eigenvalues of the nonlocal Dirich-
let problem

Consider the following spectral problem

(6.1) —Au(z) = Mu(x), z € Q,
1
(6.2) Z aiu (Skilx) lag = 0.
k=1

We call a function u(x) which belongs to to the class u(z) € C?(2) N C(R)
and which satisfies the conditions (6.1]), (6.2]) in the classical sense the solution

to the problem (6.1)), (6.2).

Consider the function

1

v(z) = Z aru (S¥'z) .
k=1
Let us apply the Laplace operator to this function. We get
1 1
Av(z) = Z arAu (SF1z) = f)\z aru (SF7'z) = —v(z).
k=1 k=1

In addition, from (6.2)) it follows

!
v(z)]p0 = ;aku (S¥ ') ‘BQ =0.

Thus, for the function v(z) we obtain the spectral problem
(6.3) — Av(z) = Mv(x), z € Q. v(x)|y, = 0.

It is known (see, for example, [3]) that problem has a complete in
Ly(€Q) orthogonal system of eigenfunctions {v;(z), j € N}, corresponding to
the eigenvalues AY), j € N. Let the numbers {ay : k= 1,...,1} be such that
e =a\E+ .+ a | #O0fork=1,...,1, where {\; : k=1,...,1} are | th
roots of unity, and by are given by . It is easy to show that the functions

!
(6.4) uj(z) = Zbkvj(Skflx), jeN
k=1
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are the eigenfunctions of the problem ([6.]] , , which correspond to the
eigenvalues A9), j € N. Indeed

1
Auj(z ZbkAvJ Shlg Zbk[sk—lA’Uj(l’)
k=1 k=1

Zbk[sk 10 (z :_)\(J)Zbkv gk—1 z) = _)\(J‘)uj(x)7
k=1

as well as for any ¢ = 1,2,...,] we can write

!
uj(Sqflm)‘BQ = Zbk,qﬂvj(Sk’lx)‘aQ =0, jeN.
k=1

Thus we have

Zakuj |aQ 0, j€ N.

We have proved the followmg statement.
Theorem 6.1. Let the numbers {ay : k=1,...,1} be such that pu = a1 \§ +
@A £ 0 for ko= 1,...,1, where {\} are | th roots of unity. If

{’uj )\(ﬂ) 7 € N} are eigenfunctions and eigenvalues, respectively, of the
Dzmchlet problem (6.3)) and by, are defined in then the system of functions

s a system of eigenfunctions of the pmblem , 6.2) corresponding to

ezgem}alues A9
Consider one particular case of the problem (6.1, (6.2).

Theorem 6.2. Let Sx = —x and a1 # taso, then the system of eigenfunctions
of the problem (6.1)), (6.2)) is orthogonal and complete in Lo ().

Proof. According to Theorem the system of functions determined from
(6-4) is a system of eigenfunctions of the problem (6.1)), (6-2), where {v;(z), A9
j € N} is a complete in Ly(£2) system of eigenfunctions and eigenvalues of the

problem (6.3)).

In our case Sz = —x, and therefore S? = F and [ = 2. Further, \| = '™ =
—1, Ay = 2™ = 1, and according to [.1)) u1 = a1 — as, ps = a; + as. By the

formula (4.3) we find
2
1 1 1 1 1 1 1 1 a1
b = — —_— e e = — —
! 22::/\2Mk 2(/.Ll+y,2> 2<a1—a2+a2—|—a1> CL%—CL%7

1 1 1 1 1 1 1 1 —as
by = - T =5 | — =5\- = :
2 22)\1uk 2( N1+/~L2) 2( al—a2+a2+a1> aj — a3

Therefore the system of functions (6.4) has the form

aq a9
6.5 (r) = 5——vi(r) — ——v;i(—x).
(6.5) uj(z) @ — a2 v; () @ — a2 v;(—x)
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According to [6, 8] the eigenfunctions of the Dirichlet problem v;(z) can be
taken in the form

o (@) = gsar (Mo Hi(x), k€ No,
where Hj(x) are homogeneous harmonic polynomials of degree k,

tk

_ c- — ki
gm(t)—];( 1) (2,2),,(m,2),’

and A is a root of the function g, y2x(t). Using expansion of Bessel functions
of the first kind J,,,(¢) in a series on ¢, it is not difficult to get the following
connection between g, (t) and J,(¢)

tm

In(t) = 00— G2m t2 .

Therefore, the system of functions {v;(x) : j € N} can be chosen so that the
condition v;(—x) = %v;(z) hold.

We check that the system {u;(x):j € N} defined in (6.5) is orthogonal.
Indeed,

/Quj(x)uk(x) dx = % /Q (a1v;(x) — avj(—x))(ar1vk(x) — asvp(—z)) do

_ / atv;(z)vk(z) — araz(v;(z)vk(—z) — vj(—z)vR(x)) + agvj(_x)vk(_@dx
22— a2
Q 1742
= 7% [ @ul-a) +vy(-opun(a) do
1782 Ja
— a—;ilzg /ij(x)vk(fx) dx = 0.

Let us show that the system of functions {u;(z) : j € N} is also complete
in L(£2). Indeed, suppose that the function f(z) € L2(Q2) is orthogonal to all
functions of the system (6.5). Then for j € N we have

0= 1) = [ w@i@dr= =0 [ mey(@) - asey (<o) ) de
1
- o [ @) @) — aaf () da
- o [ @) - af-)d.

Further, since the system {v;(z)} is complete in Ly(Q2), then a;f(z) =
as f(—x) for almost all z € Q, which means a; f(—z) = az2f(x) and therefore
alf(x) = ajas f(—x) = a3 f(z), whence (a? —a3)f(z) = 0 and therefore f(x) =
0 for almost all z € Q. This proves the completeness of the system in
L5(£2). The theorem is proved. O
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