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Fuzzy (h, f)-contractions in non-Archimedean fuzzy
metric spaces

Miizeyyen SezerEﬂ and Stojan Radenovicﬂ

Abstract. In this work, we introduce the new concepts of fuzzy (h, §)-
contractive mapping via triangular (h, 3)-admissible mappings. Later,
we prove some fixed point results for some mappings that provide fuzzy
(h, B)-contractibility and triangular (h, 8)-admissibility in complete non-
Archimedean fuzzy metric spaces. Some examples are supplied in order
to support the applicability of our results. Our main results substantially
generalize and extend some known results in the existing literature.
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1. Introduction and Preliminaries

It is well known the fixed point theory has an important role in mathemat-
ical analysis. The concept of fuzzy metric space was introduced in different
ways by some authors [5, [I4] and the fixed point theory in this kind of spaces
has been intensively studied [0 [I0]. Gregori and Sapena [10] introduced the
notion of fuzzy contractive mapping and gave some fixed point theorems for
complete fuzzy metric spaces in the sense of George and Veeramani, and also
for Kramosil and Michalek’s fuzzy metric spaces which are complete in Gra-
biec’s sense. Later, Mihet [16] enlarged the class of fuzzy contractive mappings
of Gregori and Sapena, considered these mappings in fuzzy metric spaces in
the sense of Kramosil and Michalek and obtained a fixed point theorem for
fuzzy contractive mappings. For more details on fixed point theory for con-
traction type mappings in fuzzy metric spaces, we refer the interested reader
to [II 15, M9, 2], 28, 29] and the references cited therein. On the other hand,
one of the most popular theorem in the fixed point theory is the Banach fixed
point theorem [2]. By using this theorem, most authors have proved several
fixed point theorems for various mappings [3}, 4 [TT], 18, [17, 20} 24], 25] 26]. Re-
cently, Dinarvand [7] has introduced the new concept of fuzzy 8 — p-contractive
mapping via triangular S-admissible mappings.

In this work, we prove some fixed point results in non-Archimedean fuzzy
metric spaces. Motivated by Dinarvand, we introduce the new concepts of fuzzy

IDepartment of Mathematics, Faculty of Science and Arts, University of Giresun,
e-mail: muzeyyen.sezen@giresun.edu.tr

2Corresponding author

3Department of Mathematics, College of Science, University of King Saud,
e-mail: stojan.radenovic@tdt.edu.vn


https://doi.org/10.30755/NSJOM.09221
mailto:muzeyyen.sezen@giresun.edu.tr
mailto:stojan.radenovic@tdt.edu.vn

114 Miizeyyen Sezen, Stojan Radenovié

(h, B)-contractive mapping via triangular (h, 8)-admissible mappings. Later,
we derive several sufficient conditions which ensure the existence and unique-
ness of fixed points for these classes of mappings in the setup of complete
non-Archimedean fuzzy metric spaces. Some examples are supplied in order
to support the applicability of our results. We present some fixed point re-
sults in G-complete fuzzy metric spaces and some cyclic results. Our main
results substantially generalize and extend some known results in the existing
literature.

Definition 1.1. [22] A binary operation * : [0,1] x [0,1] — [0,1] is called
a continuous triangular norm (in short, continuous t—norm) if it satisfies the
following conditions:

* is commutative and associative,

An arbitrary t—norm * can be extended (by associativity) in a unique
way to an nary operator taking for (z1,za, ... a:n) [0,1]", n € N, the value
*(21, T2, ..., Tp) is defined, in [9], by *? x; = 1, %7 x; = x(+7 1xl,xn) =

i=1 I=1
*(z1, T, ..., Tp).

Definition 1.2. [8] A fuzzy metric space is an ordered triple (X, M, *) such
that X is a nonempty set, * is a continuous t-norm and M is a fuzzy set on
X2 x (0,00), satisfying the following conditions, for all z,y,2 € X, s, > 0 :

z,y,t) >
z,Y, )*11ﬁ‘x7y;

M(
M (x
M(z,y,t) = M(y,z,1t),
M(z,z,t +s) > M(x,y,t) * M(y, z,s),
M(

x,y,-) : (0,00) — [0, 1] is continuous.

If, in the above definition, the triangular inequality (FM-4) is replaced by
(NA) M(z,z,max{t,s}) > M(z,y,t) * M(y,z,s) for all z,y,z € X, s,t > 0,
or equivalently,

M(z,z,t) > M(x,y,t) * M(y, z,t)
then the triple (X, M, ) is called a non-Archimedean fuzzy metric space [12].

Definition 1.3. Let (X, M, %) be a fuzzy metric space. Then
(i) A sequence {z,} in X is said to converge to x in X, denoted by z,, — z,
if and only if lim M (z,,x,t) =1 for all t > 0, i.e. for each r € (0,1) and
n—oo

t > 0, there exists ng € N such that M (z,,z,t) > 1 —r for all n > ng
[14, 23].
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(ii) A sequence {x,} is a M-Cauchy sequence if and only if for all € € (0,1)
and t > 0, there exists ng € N such that M (z,,z;,,t) > 1 — ¢ for all
m >n >ng [23, 8. A sequence {z,} is a G-Cauchy sequence if and only
if nli_)n;oM(asn,xn+p,t) =1 for any p > 0 and ¢ > 0 [9] 10} 27].

(iii) The fuzzy metric space (X, M, *) is called M-complete (G-complete) if
every M-Cauchy (G-Cauchy) sequence is convergent.

Definition 1.4. [I0] Let ¥ be the class of all mappings ¢ : [0,1] — [0, 1] such
that

(i) v is continuous and nondecreasing,
(ii) () >t for all t € (0,1).
Lemma 1.5. [10] If¢ € U, then (1) = 1.
Lemma 1.6. [10] If ¢ € U, then ngrilooz/;"(t) =1 for allt € (0,1).

Definition 1.7. [7] Let (X, M, ) be a fuzzy metric space and f : X — X be
a given mapping. We say that f is a triangular S-admissible mapping if there
exists a function 8 : X x X X (0,00) — (0,00) such that

(T, ) B(z,y,t) < 1 implies B(fx, fy,t) < 1 for all z,y € X and for all
t>0,

(Tp, ) B(z,2,t) <1and B(z,y,t) <1imply S(z,z,t) <1forall z,y € X
and for all £ > 0.

Definition 1.8. [I3] Let X be a nonempty set and f,7 : X — X. The pair
(f,T) is said to be weakly compatible if f and T' commute at their coincidence
points (i.e.fTa = T fx whenever fx = Txz). A point y € X is called a point of
coincidence of f and T if there exists a point z € X such that y = fo = Tz.

2. Main results

We denote by @ the set of lower semicontinuous functions ¢ : [0,1] — [0, 1]
such that:

(i) p(t) =0iff t =0 and p(1) =1,

(ii) p(t) > 0 for all t > 0 and ¢(t) <t for all t € (0,1).

Let X be a nonempty set and let f,h: X — X be arbitrary two mappings.
We denote by Coin(f,h) the set of all fixed points of coincidence f and h.

Definition 2.1. Let (X, M, *) be a non-Archimedean fuzzy metric space and
fih: X — X be given mappings. We say that f is a triangular (h, 5)-admissible
mapping if there exists a function 8 : X x X x (0,00) — (0,00) such that

(a ) B(hx,hy,t) < 1 implies B(fx, fy,t) < 1 for all x,y € X and for all
t >0,

(b) B(z,z,t) < 1and B(z,y,t) < 1imply S(z,y,t) <1 forall z,y € X and
for all t > 0.
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Example 2.2. Let f,h:[0,400) — R be defined by

ra={

Suppose that 8 : X x X x [0,+00) — RT is given by

1 ) ‘/I:’ y 6 [07 1]
3 , otherwise.

,  x€l0,1]
, otherwise.

1, =z€][0,]]

and he = { 3 , otherwise.

N =

B(x,y,t) =

f is a triangular (h, 8)-admissible mapping. Indeed, if S(hz, hy,t) < 1, then
hz,hy € [0,1]. So z,y € [0,1]. Thus B(fz, fy,t) < 1. Now assume that
B(xz,2,t) <1 and B(z,y,t) < 1,80 z,z € [0,1] and 2,y € [0,1]. Then, z,y €
[0,1] and so B(x,y,t) < 1.

Lemma 2.3. Let (X, M, x) be a non-Archimedean fuzzy metric space and f be
a triangular (h, B8)-admissible mapping. Assume that there exists xo € X such
that B(hxg, fre,t) < 1. Define a sequence {x,,} and {y,} by yn = fxn = hani1
for alln € N. Then

BYm, Yn,t) < 1 for allm,n € N with m < n.

Proof. Since there exists 29 € X such that S(hxzg, fzo,t) < 1, it follows that
B(hxg, fro,t) = B(hxo, hxi,t) < 1. Now, by using (a) in Definition we
obtain

B(hxla that) = B(fxo,f.'lf]_,t) S 1= B(h.’EQ,h.’I}g,t) = ﬁ(fxlafoat) S 1.
By continuing the process as above, we get

BWYnsYnt1,t) = B(hTpi1, hrnio,t) <1 for alln € NU{0}.

Let m,n € N with m < n. Because /B(yﬂuym-‘rlat) < 1 and 5(ym+17ym+2at) <
1, it follows by using (b) in Deﬁnitionthat B(Yms Ym+2,t) < 1. Again, since

B(Ym» Ym+2,t) <1 and B(Ymy2,Ym+s,t) < 1 by applying (b) in Definition 2.1}
we have B(Ym,Ym+s,t) < 1. By continuing this process inductively, we get

BWYns yYm,t) < 1. O

Definition 2.4. Let (X, M, *) be a non-Archimedean fuzzy metric space and
f be a triangular (h, 8)-admissible mapping. We say that f is a fuzzy (h, 5)-
contractive mapping if

(2.1) B(ha, hy,t) < 1= o(M(fz, fy,t)) = ¥(p(N(z,y)))
for all z,y € X and ¢t > 0, where
N(z,y) = min{M (hx, hy,t), M (hz, fz,t), M(hy, fy,1)},

pedand v € V.



Fuzzy (h, 8)-contractions in non-Archimedean fuzzy metric spaces 117

Remark 2.5. If B(ha,hy,t) = 1 for all z,y € X and any ¢t > 0 and ¢(t) =t and
N(z,y) = M(x,y,t), then Definition |2.4] reduces to the Definition 3.1 given by
Mihet (see [16]).

Theorem 2.6. Let (X, M,*) be a complete non-Archimedean fuzzy metric
space and f be a fuzzy (h,[3)-contractive mapping. Suppose that fX C hX,
hX is a closed subset of X and the following conditions hold:

(a) there exists xg € X such that S(hxg, fzo,t) <1,

(b) if {zn} is a sequence in X such that B(Tn,Tnt1,t) <1 for alln € N and
ZTp — T as n — 00, then B(xn,x,t) <1,

(c) B(hz,hy,t) <1 for all z,y € Coin(f,h) and t > 0.

Then f and h have a unique point of coincidence in X. Moreover, if f and h
are weakly compatible, then f and h have a unique common fized point.

Proof. Let zy € X such that S(hxo, fxo,t) < 1. Define sequences {x,} and
{yn} by

(2.2) Yn = fx, = hx,yqq for alln € N.

If ¥, = yny1 then y,11 is a point of coincidence of f and h. Suppose that
Yn # Ynt1 for all n € N. By virtue of Lemma [2.3] we get

B Ym, Yn,t) <1 for all n € NU {0}.
Therefore by (2.1)) and using (2.2)), we get

23) @My yn+1,1)) = oM (fn, frnii, 1) 2 P(O(N (20, Tni1)))

and since property of ¢, we get

(2.4) M (Yn,Yn+1,t) = o(M(f2p, fTni1,t) = Y(O(N(Zn, Tnt1))),

where

N(zp,Zpt1) = min{M(hz,, hz,i1,t), M(hzy, fo,,t), M(htpe1, fope1,t)}
(2.5) = min{M(yn—1,Yn,t), M(Yn-1,Yn, ), M(Yn; yn+1,) }-

Thus from and (2.5)), we obtain

(2.6) M(Yns Ynt1,t) = PIn{M (Y1, Yns t), M (Yn, Ynt1,1))-

If M(Yn—1,Yn,t) > M(Yn,Yn+1,t) for some n € N and property of ¢, we get

M(ynayn-i-lat) > w(M(ynayn-ﬁ—l)t)) > M(yn7yn+17t)

which is a contradiction. So,

M(y'm yn+17t) Z w(M(yn—lvynat))

Hence, repeating this inequality n times we obtain,

M(ynayn+la t) Z ’(/}n(M(yOvyht))
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Letting n — 0o , from Lemma [1.6] we get

n— oo

Now, we want to show that {y, } is a Cauchy sequence. Suppose to the contrary,
that {yn} is not a Cauchy sequence. Then there are ¢ € (0,1) and ¢, > 0 such
that for all k € N there exist n(k), m(k) € N with n(k) > m(k) > k and

M (Yn(k)s Ym(r)sto) <1 —¢€.

Assume that m(k) is the least integer exceeding n(k) satisfying the above in-
equality. Then

M (Ym(k)=1> Yn(k)> to) > 1 —€
and so, for all k € N, we get

L—e > M(Ynk) Ymk) to)
> M(Ymk)—1> Ym(k)» t0) * M (Yme)=1, YUn(k)s to)
> M(Ymk)—1, Ym(k) to) x (1 —€ ).

By taking k — oo in the above inequality and using (2.7)), we obtain
(2.8) kILH;OM(yn(k)7ym(k)at0) =l-e
From (FM-4), we have
M (Y (k) Yn(k) to)
> M Ymk) Ymk)—1>10) * M (Ym(k)—1> Un(k)—15t0) * M (Yn(k)—15 Yn(k)s to)

and we get
2.9 lim M _ _1,tg)=1—¢.
(2.9) M (Y k)15 Yy -1 to) 5

In view of Lemma we have B(Yn(k)s Ymk),t) < 1. By applying (2.1)), we
obtain

(2.10)
O(M (Yn(k)> Ym(k)» to)) = (M (fZrkys [Tmr), to)) = V(N (Tpk), Tm)))),

where
N(Tphy, Tmry) = min{ M (hxy gy, Ay i), to), M (Rt ), fTnm), to),
M (R (k)5 fZm(k), to)) }

= min{M(yn(k)—la Ym(k)—1, t0)7 M(yn(k:)—l7 Yn(k)s t0)7
M (Y (k)—15 Ym(k)> t0)) }

Now, from the properties of p, ¥ and from (2.7)), (2.8), (2.9) and the above
inequality, as k — oo in (2.10]), we have

p(1—¢) > P(p(l —¢)) > p(l —¢)
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which is a contradiction. So, this implies that ¢ = 0. Thus {y,} is a Cauchy
sequence in X. From the completeness of (X, M, ) there exists z € X such
that

(2.11) lim y,, = z.

n— oo
From (2.2)) and (2.11)), we have
(2.12) fxn — z and hx,i1 — 2.

Since hX is closed, by (2.12), z € hX. Therefore, there exists u € X such that
hu = z. As y,, — z and from Definition with condition (b), we get

B(yn, z,t) <1 for all n € N and for all ¢ > 0.
Now, applying inequality (2.1]), we get

o(M(fzn, fu,t))
V(P (N(zn,u)))
(2.13) = Y(p(min{M (hz,, hu,t), M (hx,, fr,,t), M(hu, fu,t)})).

Taking n — oo in (2.13) and using the properties of ¢, ¥ and the above
inequality we have

(M (z, fu,t)) = Y(p(min{l, 1, M(z, fu,t)})) > o(M(z, fu,1))
which implies M (z, fu,t) = 1, that is fu = z. Thus, we deduce
(2.14) z = hu = fu,

and so z is a point of coincidence for f and h. The uniqueness of the point
of coincidence is a consequence of inequality and condition (c¢), and so we
omit the details.

By and using the weak compatibility of f and h, we obtain

fz=fhu=hfu=hz

and so fz = hz. Uniqueness of the point of coincidence implies z = fz = hz.
Consequently, z is a unique common fixed point of f and h. O

Corollary 2.7. Let (X, M,x) be a complete non-Archimedean fuzzy metric
space and [ be a triangular (h, B)-admissible mapping. Suppose that fX C hX,
hX is a closed subset of X such that

B(ha, hy,t) (M (fz, fy,1)) = (p(N(2,y)))
for all x,y € X and t > 0, where

N(z,y) = min{M (hz, hy,t), M (hx, fz,t), M (hy, fy,t)}
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p €D, €V and the following conditions hold:

(a) there exists xo € X such that B(hzo, fxo,t) <1,

(b) if {xn} is a sequence in X such that B(2y,Tn41)) < 1 for alln € N and
Tn — T a8 — 00, then B(xn,x,t) <1,

(c) B(hx,hy,t) <1 for all x,y € Coin(f,h) and t > 0.

Then f and h have a unique point of coincidence in X. Moreover, if f and h
are weakly compatible, then f and h have a unique common fixed point.

If we choose h = Iy in Theorem we have the following corollary.

Corollary 2.8. Let (X, M, x) be a complete non-Archimedean fuzzy metric
space and let f be a triangular B-admissible mapping such that

B(x,y,t) <1 = o(M(fz, fy,t)) > P(p(N(z,y)))

for allz,y € X and t > 0, where

N(z,y) = min{M (z,y,t), M(z, fz,t), M(y, fy,1)}

p € ® and € ¥ and the following conditions hold:

(a) there exists xg € X such that B(xo, fzo,t) <1,

(b) if {xn} is a sequence in X such that B(2y,T,41)) < 1 for alln € N and
ZTyp = T as n — 0o, then B(zy,x,t) <1,

(c) B(x,y,t) <1, whenever x = fz, y = fy and for t > 0.

Then f has a unique fized point.

If we take ¢(t) =t in Corollary we have the following corollary.

Corollary 2.9. Let (X, M,x) be a complete non-Archimedean fuzzy metric
space and let f be a triangular B-admissible mapping such that

Blx,y,t) < 1= M(fz, fy,t) = ¥(N(z,y))

forallz,y € X and t > 0, where

N(z,y) = min{M (z,y,t), M(z, fx,t), M(y, fy, )}

Y € U and the following conditions hold:

(a) there exists xg € X such that B(xg, fzo,t) <1,

(b) if {xn} is a sequence in X such that B(xn,2n41)) < 1 for alln € N and
Tp — T a8 — 00, then B(x,,x,t) <1,

(c) B(z,y,t) <1, whenever x = fx, y = fy and for t > 0.

Then f has a unique fized point.

Example 2.10. Let X = [0, +00), a*b = min{a, b} and M (x,y,t) = $;f{iﬁ
for all ¢ > 0. Clearly, (X, M, *) is a complete non-Archimedean fuzzy metric
space. Let f,h: X — X considered in Example [2.2] Suppose that 8 : X x X x
[0, +00) — RT is given by

—(z+y)
_ e , T,y € [0’ 1]
B(x,y,t) = { 3 , otherwise.
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f is a triangular (h, 8)-admissible mapping. Indeed, if S(hx, hy,t) < 1, then
e h@+ty) < 1. Then hx,hy € [0,1] and so z,y € [0,1]. Thus B(fz, fy,t) =
e~ F@+y) < 1. Now assume that 3(z, z,t) < 1 and B(z,y,t) < 1, so z, z € [0,1]
and z,y € [0,1]. Then, z,y € [0,1] and so B(x,y,t) < 1. Also, it is easy to see
that f is a fuzzy (h, 8)-contractive mapping.

Let, x,y € [0,1] and z < y. Then B(hz, hy,t) <1 and

(1) = p(M(fz, fy,t))
Y(p(min{M (hz, hy,t), M (hz, fz,t), M (hy, fy,1)}))
P(1) =1.

Otherwise, 8(hx, hy,t) = 3 and

e(1) = p(M(fz, fy,t))
Y(p(min{M (hx, hy,t), M (hz, fz,t), M(hy, fy,1)}))

®
1 1
1/)(6

1

v IV

1

AVANIY)

) > &
Further, there exists g € X such that S(hxg, fzo,t) < 1. Indeed for zy = 0,
we have §(h0, f0,t) = 1 < 1. Finally, {x,} is a sequence in X such that
B(@n, Tnt1,t) < 1 for all n € N and z,, — = as n — oo. By the definition of
the function g, it follows that z,, € [0, 1] for all n € N, so z € [0, 1]. Therefore
B(xn,x,t) < 1. Thus, all the required hypotheses of Theorem are satisfied
and hence f and h have a unique common fixed point.

3. Cylic Results

In this section, we give some fixed point results involving cyclic mappings
which can be regarded as consequences of the theorems presented in the pre-
vious section.

Theorem 3.1. Let A and B be two closed subsets of complete non-Archimedean
fuzzy metric space (X, M, *) such that ANB # 0 and f,h: AUB — AUDB be
mappings such that fA C hB, fB C hA and f is a triangular (h, 8)-admissible
mapping. Assume that h(AU B) is a closed subset of X such that

3.1) e(M(fx, fy,t)) = Y(p(N(z,y)))

forallxz € A, y € B, t >0 and the following conditions hold:

(a) there exists xg € X such that S(hxg, fzo,t) <1,

(b) if {xn} is a sequence in X such that B(xn,Tpi1,t) < 1 for alln € N and
Ty — T as n — 00, then B(xn,x,t) < 1.

Then,

(i) If h is one to one then there exists z € AN B such that fz = hz.

(i5) If f and h are weakly compatible, then f and h have a unique common
fixed point z € AN B.
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Proof. Define 8: X x X x (0,00) — RT

|1 zehAjyehBorxehB,ychA
Bla,y,t) = { 0 otherwise.

Let B(hx,hy,t) < 1. Then hx € hA and hy € hB. Since h is one to one, we
have x € A and y € B. So, fx € hB and fy € hA. Hence, B(fx, fy,t) < 1.
Therefore, f is a triangular (h, §)-admissible mapping.

Since AN B # (0, there exists xg € AN B. This implies that hzg € hA and
fxo € hB. So, B(hxg, fxo,t) < 1.

Let {z,} be a sequence in X such that 3(z,, 2,41)) < 1forallnand 2, — 2
as n — o0o. Then z,, € hA and x,,+1 € hB. This implies that z € hAN hB. So,
we get B(zn,x,t) < 1. Then the conditions (a) and (b) of Theorem hold.
So there exist u,z € AU B such that v = fz = hz. On the other hand, since
h is one to one, there exist z;1 € A,z € B such that hz; = hzy = u implies
z1 = z9 = z. Therefore, u = hz for z € ANB. If f and h are weakly compatible,
following the proof of Theorem we have u = fu = hu. The uniqueness of
the common fixed point follows from . O

4. Some Results in Fuzzy Metric Spaces

Theorem 4.1. Let (X, M,x) be a G-complete fuzzy metric space and f be
a fuzzy (h, B)-contractive mapping. Suppose that fX C hX, hX is a closed
subset of X and the following conditions hold:

(a) there exists xo € X such that B(hzo, fxo,t) <1,

(b) if {xn} is a sequence in X such that B(Tn, Tni1,t) < 1 for alln € N and
Tn — T a8 N — 00, then B(xn,x,t) <1,

(c) B(hx,hy,t) <1 for all z,y € Coin(f,h) and t > 0.

Then f and h have a unique point of coincidence in X. Moreover, if f and h
are weakly compatible, then f and h have a unique common fixed point.

Proof. Let xg € X such that S(hxg, fxo,t) < 1. Define a sequences {x,,} and
{yn} by

(4.1) Yn = fxn = hxpyq for all n € N.

If Yy = yn41 then y,41 is a point of coincidence of f and h. Suppose that
Yn # Yn+1 for all n € N. By virtue of Lemma [2.3] we get

BYm, yn,t) <1 for all n € NU {0}.
Therefore by and using , we get
(42) (M (s yor1:1) = @M (T, fns1, ) = (PN (@0, T011)))
and since property of ¢, we get

(43) M(yna Yn+1, t) Z (p(M(fJ?»,“ f$n+1, t)) Z w(@(N(xnv mn+1)>>



Fuzzy (h, 8)-contractions in non-Archimedean fuzzy metric spaces 123

where
N(xp,2nt1) = min{M(hzp, htyi1,t), M(hay, fon,t), M(hzng1, frai,t)}
(44) = min{M(ynfl,ynvt),M(ynflaynvt)aM(ynayn+lat)}

Thus from and , we obtain
M (Y, ynt1,t) = Y(in{ M (Yn—1,Yn, t), M (Yns Yn+1,t)-
It M(yn—1,Yn,t) > M(Yn, Ynt1,t) for some n € N and property of ¢, we get
M (Yns Yn+1,t) = (M (Yn, Ynt1:1)) > M(Yn, Ynt1,1)

which is a contradiction. So,

M (Y Yng1:t) = (M (Yp—1,yn,1)).
Hence, repeating this inequality n times we obtain,

M (Y, Ynt1,t) 2 " (M (Yo, y1, 1))
Letting n — oo , from Lemma we get,

Jim M (yn, yns1,t) = 1.

Thus, for any p > 0,we have

M(ym Yn+ps t)

t t t
Z *(M(yn’yn+177)7M(yn+17yn+277)a-~-7M(yn+p—1;yn+p;7)
p p p
n t n 13
> *(¥ (@(M(yo,yl,];)))7¢ +1(§0(M(y07y1’5)))7"'

P (oM (3o, 1, ;»»

_ . t
= *f:olqunﬂ(M(yO:yl» 5))
By Lemma for every i € {0,1,...,p — 1}, we obtain that

, t
lim "t (M (zo, 21, ~)) = 1.
p

n—oo

According to the continuitiy of t-norm x*, it can easily be verified that
M(2n, Tpip,t) = 1 as n — oo. Thus {y,} is a Cauchy sequence in X. From
the completeness of (X, M, *) there exists z € X such that

(4.5) lim y, = .

n—oo
From (4.1) and (4.5)), we have

(4.6) fxn — z and hz,i — 2.
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Since hX is closed, by (4.6), z € hX. Therefore, there exists u € X such that
hu = z. As y, — z and from Lemma [2.3| with condition (b), we get

B(Yn, z,t) <1 for all for all n € N and for all ¢ > 0.
Now, applying inequality (2.1]), we get

(M (fzn, fu,t)) = Y(p(N(zn,u)))
(4.7 = Y(emin{M (hz,, hu,t), M (hty, fr,,t), M(hu, fu,t)}.

Taking n — oo in (4.7)) and using the properties of ¢, ¥ and the above inequality
we have

P(M(z, fu,t)) > P(p(min{l, 1, M (2, fu,t)})) > p(M(z, fu,t))
which implies M (z, fu,t) = 1, that is fu = z. Thus, we deduce
(4.8) z=hu= fu

and so z is a point of coincidence for f and h. The uniqueness of the point
of coincidence is a consequence of the conditions (a) and (c¢), and so we omit
the details.

By and using the weak compatibility of f and h, we obtain

fz=fhu=hfu=hz

and so fz = hz. Uniqueness of the point of coincidence implies z = fz = hz.
Consequently, z is a unique common fixed point of f and h. O

Corollary 4.2. Let (X, M,*) be a G-complete fuzzy metric space and f be
a triangular (h, 8)-admissible mapping. Suppose that fX C hX, is a closed
subset of X such that

B(ha, hy, t)p(M(fz, fy,t)) > Y(o(N(2,y)))
forallxz,y € X and t > 0, where
N(z,y) = min{M (hz, hy, t), M (hz, fz,t), M(hy, fy.t)}

p € O and v € ¥ and the following conditions hold:

(a) there exists xg € X such that B(hxg, fxo,t) <1,

(b) if {xn} is a sequence in X such that B(xn,2n41)) < 1 for alln € N and
Tp — T asn — 00, then B(x,,x,t) <1,

(c) B(hx, hy,t) <1 for all x,y € Coin(f,h) and t > 0.

Then f and h have a unique point of coincidence in X. Moreover, if f and h
are weakly compatible, then f and h have a unique common fixed point.

If we choose h = Ix in Theorem we have the following corollary.
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Corollary 4.3. Let (X, M, ) be a G-complete fuzzy metric space and let f be
a triangular B-admissible mapping such that

B(z,y,t) < 1= o(M(fz, fy,t)) = b(e(N(z,y)))
for all x,y € X and t > 0, where

N(z,y) = min{M (z,y,t), M(x, fx,t), M(y, fy,t)}

p € ® and ¥ € ¥ and the following conditions hold:

(a) there exists xg € X such that B(xo, fxo,t) <1,

(b) if {xn} is a sequence in X such that 3(xn,2n41)) < 1 for alln € N and
Tp — T as N — 00, then Bz, x,t) <1,

(c) B(x,y,t) <1, whenever x = fx, y = fy and for t > 0.

Then f has a unique fized point.

If we take p(t) =t in Corollary we have the following corollary.

Corollary 4.4. Let (X, M, x) be a G-complete fuzzy metric space and let f be
a triangular B-admissible mapping such that

Bl y,t) <1= M(fz, fy,t) = ¥(N(z,y))
for all x,y € X and t > 0, where

N(z,y) = min{M(z,y,t), M(z, fr,t), M(y, fy,t)}

1 € VU and the following conditions hold:

(a) there exists xog € X such that (o, fxo,t) <1,

(b) if {xn} is a sequence in X such that 3(xp,2npq1)) < 1 for alln € N and
Tp — T a8 — 00, then B(x,,x,t) <1,

(c) if B(z,y,t) <1, whenever x = fx, y = fy and fort > 0.

Then f has a unique fized point.

If we choose h = Ix in Theorem following similar arguments as those
given in the proof of Theorem [3.1] we have the following theorem.

Theorem 4.5. Let A and B be two closed subsets of G-complete fuzzy metric
space (X, M,*) such that ANB # 0 and f: AUB — AU B be a mapping s
such that fA C B, fB C A. Assume that AU B is a closed subset of X such
that

e(M(fx, fy,t)) > P(p(N(z,y)))

forallxz € A, y € B and t > 0 and the following conditions hold:

(a) there exists xo € X such that 5(xo, fxo,t) < 1,

(b) if {x,} is a sequence in X such that B(xn, Tni1,t) < 1 for alln € N and
Tn — T as N — 00, then B(x,,x,t) < 1.

Then, f has a unique fixed point z € AN B.

Remark 4.6. If S(hx,hy,t) = 1 for all z,y € X and any ¢t > 0 and (t) = ¢
and N(z,y) = M(z,y,t), then Theorem reduces to Theorem given by
Shen et al. (see [25]).
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