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Cubic spline scheme on variable mesh for singularly
perturbed periodical boundary value problem

A. Puvaneswarﬂ7 A. Ramesh BabLEI and T. Valanarasu m

Abstract. In this paper, a numerical method is suggested to solve
singularly perturbed periodical boundary value problem for linear second
order ordinary differential equation with a small parameter multiplying
the first and second derivatives. This method involves a cubic spline
scheme along with non-uniform meshes to the above said problem so as
to derive the scheme is second order accurate in the maximum norm.
The theoretical results are validated through numerical experiments.
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1. Introduction

Singularly Perturbed Differential Equations (SPDEs) arise in diverse areas
of applied mathematics, including linearized Navier-Stokes equation at high
Reynolds number, heat transport problem with large Peclet numbers, magneto-
hydrodynamics duct problems at Hartman number and drift diffusion equation
of semiconductor device modeling. In particular, singularly perturbed peri-
odical boundary value problem arises in geophysical fluid dynamics, oceanic
and atmospheric circulation [3, [I0]. The numerical solution of such a prob-
lem exhibits significant difficulties, particularly when the diffusion coefficient
is small and it corresponds to a high Reynolds number, Peclet number etc.
This implies that sharp boundary and/or interior layers may degrade the accu-
racy of standard schemes. Therefore, the interest in developing and analyzing
efficient numerical methods for singularly perturbed problems has increased
enormously. Parameter-uniform numerical methods, with maximum norm er-
rors independent of the singular perturbation parameter, have been developed
over thirty years (see [5], [0 10, 1] and the reference are therein). Therefore
these types of SPDEs have to be dealt with separately and diligently.

Motivated by the works of [Il 2] 3, [, 6] [7, [§], a numerical method involv-
ing cubic spline scheme is suggested to solve the following class of singularly
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perturbed periodical boundary value problem:

(1.1) Lu(z) = —e*u"(2) — ea(z)u'(z) + b(z)u(x ) = fz), 2 € 2= (0,1),
(1.2) Bru=u(0) —u(l) =

Bru=¢e(u/'(1) —u (O)) A

)

\%

where € (0 < € < 1) is a singular perturbation parameter, a* > a(z) > «
0, 8* > b(x) > B > 0 and A is a given constant. We assume that a(x),b(z
and f(x) are sufficiently smooth functions and besides a(0) = a(1), b(0)
b(1), f(0) = f(1) such that the Boundary Value Problem (BVP) (L.I)-(L.3) has
a unique solution u € C*(Q), Q = [0,1]. The solution u( ) exhlblts boundary
layer at both end points x = 0 and « = 1.

Amiraliyev et al.,[I], constructed a difference scheme based on the method
of integral identities by employing exponential basis function and interpolating
quadrature rules with the weight and remainder terms in the integral form on
uniform mesh for the problem —. They proved that the method is
pointwise first order convergent, uniformly in . Further, a hybrid difference
scheme on Shishkin mesh is developed by Zhongdi Cen [4], for the BVP ([1.1))-
(1.3). He proved that the scheme is almost second-order convergent, uniformly
in €. In this article, we constructed a non-uniform mesh in the boundary layer
regions and uniform mesh outside these regions. On this mesh, continuous
problem (1.1)-(L.3) (differential equation and periodical boundary conditions)
is discretized by employing the cubic spline scheme.

Throughout the paper, C' (sometimes subscripted) is a generic constant
independent of the nodes, mesh sizes and the perturbation parameter €. Let
y: D — R, D C R. The appropriate norm for studying the convergence of
numerical solution to the exact solution of a singular perturbation problem is
the supremum norm || y || p= sup |y(z)|.

zeD

~

2. Preliminaries

In this section, we present maximum principle, stability result and the
bounds for derivatives of the solution of the BVP —. The approach to
derive derivative bounds is completely different from both [I] and [4] and it is
based on [§], thus

Let us consider the following BVP:

(2.1) Lu=g(z,e), Bru=0, Bru=A.

Definition 2.1. A function g(z,€) is said to be of class (K, j) if the derivatives
of g with respect to x satisfy

2.2) 199 (z,e)] §K€[1+€_i_1(exp( 20596) Te p(%ﬂ))} 0<i<j.

Lemma 2.2. (Maximum Principle) [{] Let v be any smooth function sat-
isfying Bpv =0, Bgv >0 and Lv(z) > 0,Vz € Q. Then v(z) > 0,Vx € Q.
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Lemma 2.3. (Stability Result) [/ If g is of class (K,0), then for the solu-
tion u(x) of BVPs satisfies

lulla < B7HIFI| + BIAL
where B = cy ' coth(co/4), co = —a* + /a2 +48.
Lemma 2.4. Let u be the solution of and g be of class (K, j). Then
(2.3) PPl <Ce™ p={0,1}, 1<i<j+2
Proof. Equation can be rewritten as
(2.4) 2u" +ea' =bu—g=h
Let P(z) be an indefinite integral of a(x). Then the solution of (2.4) is given
by
T xT
(2.5) u(z) = / z(t)dt + ¢1 + 02/ exp(—e 1 (P(t) — P(0)))dt,
0 0

where z(z) = [ e 2h(t) exp(—e~*(P(x) — P(t)))dt and the constants c; and
co are determined by the boundary conditions. Using the inequality

(26)  exp(—={(P() ~ PW) < expl(—=eola —1), t<a
and 7 we get
|2(2)] < C[l +exp (%gx) + exp (M)}

2e
Therefore [ |z(t)|dt < C. Also, from , we have

u(1) :/0 z(t)dt+c1+(;2/0 exp(—e=1(P(t) — P(0)))dt,
uw(0) =c1, ' (0) = ca.

Then applying the boundary condition (1.2, we conclude that

— [ 2(t)dt

Cy = .

[y exp (= e~ 1(P(t) — P(0)))dt
Using that a(x) is bounded on Q, P(t) — P(0) < Ct and ! , exp(—e 1 [P(t) —
P(0)])dt > Ce, we find that |u/(0)] < Ce~! and from 1.} we get |u'(1)] <

Ce 1.

The inequality is true for ¢ = 1. For ¢ > 1, we obtain the result by induction
and repeated differentiation process on the equation (2.1). O

Lemma 2.5. Let u be the solution of and g be of class (K, j). Then

Ju® (z)] < C[l —&-s_i(exp (—cgox) + exp (7_00%_@))}, 0<i<j+1
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Proof. We prove the theorem by mathematical induction. From the Stability
result, the inequality holds for ¢ = 0. Differentiating (2.4]) on both sides (i — 1)
times, and setting z(x) = u(?(z), we get

e22 (z) + ea(x)z(z) = h(z),
where h(z) = ehi(x) + ha(z), hi(x) depends on a,u and he(x) depends on

b,u,g and their derivatives up to and including (¢ — 1). Using (2.2]) and the
inductive hypothesis, we have

01 h) < Ceft e (e (T20) e (C2UZY))).

Let P(z) be an indefinite integral of a(z). Then

A(@) = 2(O)exp (—[P()—P(O)J> et [Chpes ( 1P~ P )dt.

From (2.6]), (2.7) and Lemma we have

—Co

|z(2)| §C’5*iexp(

)
t ot /0 (exp(i_%(“ —t),

3

s —co(2x — 1) —co(1+ 2 — 3¢) )
e H{exp(——5_—) +exp( 5 )})dt,
and the desired result follows from the above inequality. O

Theorem 2.6. Let u satisfy (I.1), then u(z) = vv(z) +vow(z) + 2(x),

s (o (222) s (242

1

where v(z) = exp(—coe 1 x), w(x) = exp(—coe "1 (1—2)), and |y1| < C1,|ye| <

Cs.

Proof. Set y1 = , Y2 = . We have |y| < Cp and |y < Cs.
Co

Further set z(z) = u(x) — y1v(z) — y2w(x). We see that

e’ (0) eu/(1)
Co

Lz = f —bu—ye(co — a(@))v'(z) + y2e(co + a(z))w'(z) + bz = g.

Differentiating once, we get Lz’ = g’ + a’(e2’) — b'z. Using a similar argument
as in [§ and by Lemma with u replaced by 2/, we arrive at the desired
result. O
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3. Construction of Mesh

Let us consider the BVP (L.1)-(1.3). Since there are boundary layers
at x =0 and at = 1, we decompose €2 into three subdomains

0,0], [o,1—0], [1—-0,1],

where 0 = ¢log( é) denotes the width of the boundary layer. Let nj,no and
ng be the number of points in the subdomains [0, 0], [0,1 — ¢] and [1 — o,1],
respectively, such that ny +ns +n3 = N and n; = n3. Further, let the positive
constants hy and K be known. Then we generate the mesh as follows:

In the subdomain [0, o], the grid is non-uniform and is defined thus:

_ hj_
hj=hjo1 + K[=2 !

] min (h?_l,e) , J=2,..,m1.

Now, let

hj :th, j:17...7’I’L1
In the subdomain [o,1 — o], the grid is uniform and is defined as follows:

1-20 .
hj: Y j=n1+1,...n1 + no.

In the subdomain [1 — o, 1] the grid is the mirror image of the grid on [0, 0],
and therfore will be given by

hj=hny1—j, j=mni+mna+1,.,N

and hence we define zg =0, z;=x;_1+h;, j=1,..,N.

4. Derivation of the Difference Scheme

In this section, we derive cubic spline difference scheme which will be used
to approximate the differential equations (1.1)) and the periodical boundary

condition (1.3]).

J
Let zg =0, zy = 1, J)j:l‘o-i-zhk, j=1,.,.N, hj =x; —x;_1 be

the mesh. For the given values u(zp), u(x1), ..., u(zy) of a function u(x) at the
nodal points zg,z1,...,xn there exists an interpolating cubic spline function
S;(z) with the following properties:

(i) S;(x) coincides with a polynomial of degree three on each subintervals
[.’Iﬁjfl,.ﬁj], ] = 1, ceey N
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(ii) Sj(x) € C*(Q)
(iii) Sj(z;) = u(z;), j=0,1,...,N.
Then the cubic spline function can be written as follows:

(4.1)

Tk VR il 1 5 VAPPSR S § VAN Ry
@) B
! 6h,; ’ 6h, ’ ’ 6 7 h;
2
L
T (ulay) - =2 M) (0L,
P M,

where x € [v;-1,2;] and M; = 57 (x;), j =0, ..., N.

We will derive the difference scheme by employing the above spline function
with a view to gaining the approximate solution of u(z).

Differentiating and denoting the nodal interpolants of u(x) by u;’s,
we get

(4.2)
r)?

/ _ (Ij —
Si(z) = 72}%

Uj — uj—l) . (MJ — Mj—l
h; 6

(z —xj-1)°
=Y g

M; 1 + Vh
Since S;(z) € C*(Q), we have

Si(xj) = Sj i1 (xs)-

This gives
h,; hi+hji hj1 Ujpl —U;  Uj — Uj—]
4.3 LM, g ey Dit g = T R R
( ) 6 j—1 + 3 J + Jj+1 hj+]_ h]
where
1
(44) Mj = ?(7]0]‘ - 5aju;- + bjuj).

The second order approximations for the first order derivative of u(z) are ob-
tained by employing Taylor series expansion for v around x; in order to get
the following approximations for u;; and u;_;

h2
(45) ’U,j+1 ~ Uj + thu;- + J2+1 ’LL;-/
2
(46) Uj—1 = Uj— hju; + ?]u;'
From equations (4.5) and (4.6)), we get
1
(4.7) u; ~ T £ D) (7h5+1uj_1 + (h?+1 - h?)uj + h?uj_H)
31 J J

" 2

(4.8) uj =~ (hjtruj—1 — (hj + hjp1)u; + hjuji).

hihji1(hj + hjia)
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Also, we have

(4.9) Wiy ~ w4+ hjuf
and

(4.10) wy g~ uly — hjuj.
Substituting and into , we get
(4.11)

1
w4~
I g (hy + hjt)

and again from (4.10)), we have
(4.12)

[h? i1 — (hy + hjg1)?u; + (5 + 2hjhjq0)ujiq]

1

u;_l [—(h?+1 -+ 2hjhj+1)u];1 + (hj + hj+1)2u]' — h?ujﬂ].

From the above detailed computations, we arrive at the following linear system
of equations:

(4.13) LNuj=Qf;, j=1,..,N—1,
where

N, . Co) . +o .
L7 u; = Ty Uj—1 F iUy S U,

Qfi=q fia+ 4 fi+d fiv-

(4.14)
) ) ) 2 ) 2
Ty o= %Ea]‘—l + };]Ijjl eaj — 6hj(htjj—lhj+1)5aj+1 + %ij—l - %7
v = _(thZjTlﬂ)mj_l B (h:f;;h;ﬁ?)mj n (h; gh’;jﬂ)mf“
. . 2 2
+ (h; +3h3+1)bj + ;57] n hj+17
- h3 ca; 1 — h;  (2hj41 + hy) Riv1, e

= ga; — cajy1 + -,
7 6hypa(hy + hyya) Bhjpr 7 6(hy+hin) T 6 T Ry
~_hy . (hj + hj+1) o = hj1

4 = 6’ J 3 ) J 6
Now, we approximate the periodical boundary condition (|1.3) in the following
manner. From (4.1)), we can find one sided limits of the first order derivative
as

hj h]‘ Uj—1

Uj —
(4.15) S}@j—) = EMj—l + ?Mj + T
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and

hjt1
3

Yji+1 — U

h.
M; — ZE My +

(4.16) Sh(wj+) = — :

hjt1

Substituting M; to and , we get an approximation of the one sided
first order derivatives at the boundary condition . It is noted that the
mesh widths of the subintervals [0, o] and [1 — o, 1] are the same and therefore
let it be hy. Hence, discretization of the periodical boundary condition
reduces to

(4.17)
[I%GN—1 - %aN]UN—Z + [%GN + h%bN—l - ;;]uN—l

—i—[—l%azvq - %CLN + h?NbN + }i]UN

+[%ao + 1%&1 + h?Nbo + i}uo + [—%an + ]%Nlh - ;;]ul + [%ao - 1%@1]%2
= Ae + h?Nqu + h?NfN + h?Nfo + %vfl-

From equation (4.13)), we have

- h 2h h
wy = 1 up — riur + g fo + S f1+ 2 e
2 =
7

and

- + h 2h h

TN UN—1 — TN UN F N2+ N+ T N

UN—-2 = — .
TN-1

We obtain the following difference scheme by eliminating wg, us, uny_o from

equation (4.17)),
B]RY’LLN = QfN7
where

BYun =ryun_1 + rvuy + rhur,
h h h h
Qfy =Ae+ X+ v+ fot+ —fi
6 3 3 6
2hN
3

2h N hn
3 fi+ ?fﬂy

—(%)[h%fzvffr fN—1+h?NfN]

— (2 g+
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(4.18)
_ k1. e € 2h N 2e2 2e hn g2
TN (Bl)[3aN 2= AN — —3—bN-1 hN]+[3aN+ G oV hN]’
]ﬂl —& hN 52
¢ — (= b —
TN (Bl)[12 N-— 2+3(IN 1+4LZN N-l-hN]
—£ € hn g2
+ -1 = gax + oy + )
€ € hn g2
= N4 2
+[2a0+12a1+ 3 0+hN]
P € 5 hn e?
N ag— Ea+ = bo + ——
+(Bg)[ 7 % 3a1+ 52~ o+ hN]’
ko € 15 2hn 2e2 2e hyn g?
+ _ € by —
TN (BQ)[3GO 392~ —3 b1 7hN]+[ Fa+ 5 h th],
ki = [—an_1 — —ay]
1 12 N-—1 6 N
€ €
ke = [Gao = il
€ € hn g?
By = [Can o+ can_j — — ANy o
1 [4GN 2+3GN 1 12aN+ 6 ON-2 hN],
€ € € hn g2
B — —by — —
2=l — g = qaz+ Srbe — 5]
and

B%uo =ug—uny = 0.
Thus, we obtain the difference scheme as

Nu; =Qf;, j=1,.,N—1
Bug =0, BNuy=Qfn.

Remark 4.1. Since the boundary condition contains the first derivative at
both end points x = 0 and x = 1, the discretization of by spline difference
scheme will not yield a three point difference scheme. Therefore, we made a
scheme to be a three point difference scheme by using the difference scheme
(4.13)).

5. Error Estimate

We will make use of comparison functions and discrete maximum principle
in order to derive the error estimate of the solution. Now we state the following
lemmas as in [8] 2] which are indispensable segments in the proof of the final
result.
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Lemma 5.1. (Discrete Maxzimum Principle) Let {u;} be a set of values at the
grid points x;, satisfying Bluy =0, BguN >0 and LNuj >0,7=1,....N—1,
then u; > 0,5 =0,1,...,. N

Lemma 5.2. If Fi(h,e) > 0 and Fz(h,c) > 0 are such that
N(Fi(h,e)gj + Fa(h,e)ihy) > LY (£e5) = £75(u), j=1,..,N -1
BR (Fi(h,e)pn + Fa(h,e)vn) > LN (fen) = +7y(u),
then the discrete maximum principle implies that
lej| < Fi(h,€)|os] + Fa(h, €)|i],
where e = |u(x;) — u;| for each j and ¢ and ¢ are two comparison functions.
We use the following two comparison functions

2011)

[_202(1 —ac)}

(b(ﬂ[:)zC'eXp{— ] and ¥(z) = Cexp

Remark 5.3. The following inequalities hold for A; € {¢;,v;}

LNAj > M, when Ch? <e
and
LNAj > Mh., when Chi >¢

where h. = max; h; (= a constant).

Now, we estimate the truncation error of the scheme (4.13)). At first, let us
consider the case in which Ch? < . We have

"

7;(u) = Ty ju; +Th Ju + ngu + T3 ju; + remainder terms, j=1,...,N —1
where

Toy = (ry +75+7]) = (g5 bj—1 + ¢5bj + ¢ bj11),

T1j = (hjrar] —hyry) + {5 (eaj—1 + hjbj1) + gjea; + qf (eaj41 — hjt1bj1)},

h2 h2,
Tg,j:< e i +)Jrs(jJrq;-Jrqj)

27 2

h h?iy
_{qj hicaj 1+ 5 | +4f | —himgaj+ =5bin }
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Using (4.14), we find that Tp; = 0,71, = 0,75 ; = 0 and [T ;| < Ceh3. Also,
by using ug = uy, fo = fn, the truncation error at the boundary point is given
by

™~ (u) = To,Nun + T, nuly + To nuyy + Ts yuly + remainder terms,

where
Ton =(ry + 7 +73) — (%bN 1+ h?NbN + h?NbN + }%\,61)
+ %(h%bN 2
—+g%ﬁbN 1+f%§bN) %%(%ng—+2ngl+—%?b),
Ti,n =(—hnrTy + hmﬂ) + (%am 1+ %bN 1+ %TNsaN + %eal ?\fln)
+ (2—22) ( - h%aa 2}5\’ by — %TNeal — h%aag + %bg)
To, N :%(Tﬁ +ry) — (‘hNE2 + %Eaz\wl + }ig bnv_1— hgv car + h—ln)
+ (%11) (*hNEer h32 ean—2 + %bw 2+ 2’;2 ean—1+ h3 by 1)
+ (%22) (*hN - %6611 + %lh - ﬁEaz + = )

h3 _. h h3 h3 h
IERY, :fN(Tx—TN)—TN (—7N5GN—1— évbzv 1— —-¢ca 1+fb1)

k h 4hy
<B11> ( N <2hN€ QhNEG/N 2 — TbN-Q) =+

2h h%
TN (hN82 — TSGN 11— 7bN 1))

hy —2hne? — 2h%ca +43b +
32 6 N N 2 3
2hn h% h3
3 (*’W *75“1+?b1>)'

Using (4.18), we find that To y = 0,71y = 0,72y = 0 and |T3 y| < Ceh?.
Now, from Theorem and the inequality (2.3]), we have

no__ cio 2/ _Cio . " __ Cio 2/ _cio _ )
vj = (5) u(O)exp( s%)’ wj —(€> u(l)exp( 5(1 x])>,

and
2" ()| <C[”5 (eXp (-77) oo (““)ﬂ
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Therefore, for Ch? < ¢, we have the following estimates.

Ch3 ¢ Ch? ¢
) < e (- Lay) () < e (-2 - 2)

and
I7i(2)] < Ceh [1 +e? (exp (‘%Oxj) + exp (—%0(1 — xﬂ))}, Ch%<e.
Since
7i(u) = 7j(v) + 7 (w) + 75(2), j=1,2,..,N,
we have

h3 ) .
|7 (w)] < C’E—g [1 + exp (—%) + exp (CO;UJ)} Ch? <.

On the other hand, when Ch2? > ¢ , we use the following expression for trun-
cation error

h h3 " — "
Tj(U)Z( ngrf g”}) (G1) + & (hjq; — qf hje)u" (G2)

2
J

_ [ h? hi h h
+4q; (?JECL]'—l + ?ij_1> u"(G) + g ( 2+ €ajy1 — JTHbH—l) u'" (Ca),

where z;_1 < {; < xj41, ¢ = 1(1)4. After some algebraic simplifications, we
find the sharper estimates

h3 h?
ng ;— - Fjr_ < C{:‘hi, 52(qj_hj - q;_hj+1) < C{:‘hi),

2

h2 h3 h3,q h
i (278%1 + 6”%‘1)’ < Cehi, af ( e — ]653'+1>’ < Cehg.

Also, at the boundary point, the truncation error is given by

50 _
() = S (o = ) () -

hy [ B h% hi hy "

6(—2€aN1—66N1—281+6b u (¢ )+
k h 4h%

(B—ll) < é\f <2hNE 2hN8aN 2 — TbN 2> +

2h h3 h3 "

TN (hN52 — TNsaNq — %bN—l>> u”' ((n)+

ko hn 4h3y
(E) ( 6 ( thE _QhN5a2+Tb2)

2h h3 h3
7N(7hN52*%5@14’%51))11/”((1\]),
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where zny_1 < (y < xn. Now

h3
=k - rm‘ < Cehl,

6
2 3 2 3

5

[\
wwg
~ — —

1

h 4h3
<?N (2hN52 —2hXean_2 — TNbN—Q) +

2 3
hne® — h7NEaN—1 — h%qu))‘ < Cehi,

2

3
(h% (—QhN82 — Qh?\rfaz =+ Ml%bz) +

2 3
2hy (—hN52 — h—Naal + h—Nbl))’ < Cahf.

2 6
Using the above estimates and the above expression for 7;(u), we obtain the
same estimates for 7;(v), 7;(w) and 7;(2) as similar to the case of Ch? < .
Finally we choose

F1 = h2 exp (- 2CO$j)
¢ €

and

zco(l—xﬂ)

Fy = hZexp (—
€

Since Lemma is true for both the cases Chg < ¢ and Chg > g, we have
proved the following key result.

Theorem 5.4. If u(z;) is the solution of the BVP - and uj, j =
0,1,..., N is the numerical solution obtained by the cubic spline scheme, then
we have

max [u(x;) — u;| < Ch? {exp(@) Jrexp(_c‘l(lg_xj))}
j

6. Numerical Experiments

In this section, we present two numerical examples to illustrate the method
discussed in this paper.

Example 6.1. [4]:

—e2u (z) — (1 + 2)u' (z) + 3u(z) = f(z), = € (0,1),
uw(0) =u(l), e/ (1) —d'(0)) =1- 2,
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where f(z) is chosen such that the exact solution is given by

_ 7(1—1)
e = +e €

2(1—e %)

u(z) = z(l—2z)+1

Example 6.2.

—EQ’U/’( )

u(0) = u(1),

2e(2 + sin(27z))u' (z) + (1 + cos(27r:v))u(x)

) f(z), z €
e(u'(1) —u'(0)) =

(0, 1),

where f(x) is chosen such that the exact solution is given by

e ot +e A
u(z) = m + cos(2mx)

Let vV be a numerical approximation for the exact solution u on the mesh
QY and N is the number of mesh points. For a finite set of values ¢ € R, =
{271,272 ..., 2728} we compute the maximum pointwise errors by

— u)(zi)|

EYN = max
e = max |(u®

and EV = max EN
€
From these quantities the orders of convergence are computed from
EN
N
= 10g2( 2N )

The computed errors EV and the computed orders of convergence p~ for the
above BVPs are given in the Tables [I] and

Table 1: Computed errors E and the computed order of convergence p~ of

Ezample[6.1]

Number of mesh points N
32 [ 64 | 128 [ 256 [ 512 1024
Cubic Spline Scheme
EN [ 5.9529¢-2 | 1.8856¢-2 | 4.4922¢-3 | 9.8010e-4 | 2.1620e-4 | 4.9573¢-5
pv 1.6586 2.0695 2.1964 2.1806 2.1247 —
Hybrid Difference Scheme in [4]
EN [ 1.9940e-2 | 7.4252¢-3 | 2.6127e-3 | 8.7741e-4 | 2.8332¢-4 | 8.8617e-5
pv 1.4252 1.5069 1.5742 1.6308 1.6768 —
7. Conclusion

Thus we suggested a second order numerical method involving cubic spline
scheme on non-uniform mesh to solve singularly perturbed convection diffusion
problem with periodical boundary conditions, whose solutions exhibit boundary
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Table 2:  Computed errors EN and the computed order of convergence p~ of
the Example @

Number of mesh points N
32 | 64 [ 128 | 256 [ 512 | 1024
Cubic Spline Scheme

EN | 4.2764e-1 | 8.5767e-2 | 2.2695e-2 | 5.7925e-3 | 1.4471e-3 | 3.5707ec-4
pv 2.3179 1.9180 1.9701 2.0010 2.0189 —
Hybrid Difference Scheme in [4]
EN | 8.1577e-1 | 3.2377e-1 | 1.1526e-1 | 3.6256e-2 | 1.1170e-2 | 3.4209e-3
pv 1.3332 1.4901 1.6686 1.6986 1.7072 —

o 02 0.4 06 08 1 0 02 0.4 06 08 1

(a) Exact and numerical solution of  (b) Exact and numerical solution of
Example 1 for e = 27¢ with N = 256. Example 2 for e = 27¢ with N = 256.

layers at both end points £ = 0 and = 1. In this method, both differential
equations and periodical boundary conditions are discretized by cubic spline
scheme. The method is of second order accurate by conducting two numerical
examples and the error of the scheme is measured using the discrete maximum
norm. From Tables[I]and 2] we also compared our method to hybrid difference
scheme in [4], it shows a good results and exhibits the advantage of cubic spline
scheme. In the construction of mesh, we have chosen hi = 0.00001 and K = 1
for both examples. We note that the increase in the value of K will lead to
more concentration of points near the boundary regions and for a fixed K, the
increase in the value of iLl leads to the same result.
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