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Parallel projected subgradient method for solving split
system of fixed point set constraint equilibrium problems
in Hilbert spaces

Anteneh Getachew Gebrid[f] and Rabian WangkeeredT]

Abstract. In this paper, we propose two strongly convergent algo-
rithms which combine the Mann iterative scheme, the diagonal subgradi-
ent method, the projection method and the proximal method for solving
split system of fixed point set constrained equilibrium problems in real
Hilbert spaces. The computation of the first algorithm requires prior
knowledge of operator norm. The problem of finding, or at least esti-
mating the norm of an operator, in general, is not an easy task in Hilbert
spaces. Based on the first algorithm, we propose another algorithm with a
way of selecting the step-sizes such that its implementation does not need
any prior information about the operator norm. The strong convergence
properties of the algorithms are established under mild assumptions on
equilibrium bifunctions.
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1. Introduction

Split Inverse Problem (SIP) is an archetypal model presented in [6 Sect. 2]
given by

find 2* € X that solves IP1
(1.1) such that
y* = Axz* € Y and solves IP2

where A is a bounded linear operator from a space X to another space Y and
IP1 and IP2 are two inverse problems installed in X and Y, respectively. Real-
world inverse problems can be cast into this framework by making different
choices of the spaces X and Y (including the case X = Y), and by choosing
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appropriate inverse problems for IP1 and IP2. Different choices for IP1 and
IP2 are proposed in many research works and literature, such as minimization
problems, equilibrum problems and inclusion problems, see for example [4] [15]
16l 22] I1]. The split feasibility problem is the first instance of an SIP where
the two problems IP1 and IP2 are of the Convex Feasibility Problems type.

Let H be a real Hilbert space and C' be a nonempty closed convex subset of
H. For a bifunction f: C x C — R, the problem

(1.2) find z* € C such that f(z*,2) >0, Vz€ C

is called the equilibrium problem (Fan inequality [12]) of f on C, denoted by
EP(f,C). The set of all solutions of the EP(f, C) is denoted by SEP(f,C), i.e.,
SEP(f,C)={z*€ C: f(z*,2) >0,Vze C}. If f(z,y) = (Ax,y — z) for every
x,y € C where A is a mapping from C' into H, then the equilibrium problem
becomes the classical variational inequality problem studied in [5] [7, [9, 26 [30],
i.e., finding a point 2* € C such that (Az*,y — 2*) >0, Vy € C.

For a given bifunction f : C x C' — R and with its suitable assumption
Combettes and Hirstoaga [S] proved that the resolvent operator T/ : H — C
(for r > 0) given by

(1.3) Trf(u):{wEC:g(w,v)—&—%(v—w,w—w20, Yo e C'}
is single-valued and firmly nonexpansive. The resolvent operator is used to
approximate the solution of EP(f, C') by many authors (see for instance, [II, 8]
24) 25]). Proximal operator is also used as a method of solving the equilibrium
problem. It is well known that if A : C — R is convex and lower semicontinuous,
A > 0, then the proximity operator of h, defined by prox,, : C — C given by

. 1
(1.4) prox,,(z) = argmin{\h(y) + ng —y|?:y € C}

is single valued. The proximal-like method has also been called the extragra-
dient method. Extragradient method is a widely used method of solving the
equilibrium problem (see, for instance, [I3]). Santos and Scheimberg [27]
used projection method and subgradient method for solving the equilibrium
problem in a finite-dimensional space. They proposed the following:

_ B _
Ay = H’ Tn+1 = PC(xn - anwn)a

{ 21 €C, wy € O, f(Tn, )(Tn), nn=max{p,, ||w,|},

where {p,}, {Bn} and {e,} are nonnegative real sequences such that

o0 o0 o0
pn>p>0, By 20, €, 20, 3 22— 400, 3 B < 4o, 3 B2 < o0,
n=1 n=1 n=1
Under suitable assumptions on the bifunction f, the sequence {z,} generated
by the algorithm strongly converges to 2* € SEP(f, C). The algorithm uses only
one projection and does not require any Lipschitz condition for the bifunction.
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Later on, many iterative algorithms were considered to find the point Z €
FizU (SEP(f,C) where U : C' — C'is a nonexpansive mapping; see [2] 3], 25]
28, 29]. A mapping U : C — C is said to be nonezpansive if |U(x) — U(y)| <
|z — yl|l, Vz,y € C. The set of fixed points of U is denoted by FizU and is
given by FiaU = {x € C : Uz = x}. Most of the existing algorithms for
this problem are based on the proximal point method applying to equilibrium
problem EP(C, f) combining with a Mann’s iteration to the problem of finding
a fixed point of U. In 2013, Anh and Muu [3] propose a strongly convergent
algorithm for finding a point in FizU (| SEP(f,C).

In this paper, we propose iterative algorithm solving the combination of
equilibrium problems and fixed point problems in the framework of SIP, the
so called, split system of fized point set constraint equilibrium problem (SSFP-
SCEP). Let & = {1,..,.N}, ¥ ={1,... M}, & ={1,..N'}, ¥ = {1,..,M'},
and A : Hy — Hs be a nonzero bounded linear operator. Suppose C is a
nonempty closed convex subset of H; and U; : C — C' are nonexpansive opera-
tors for ' € ®’, and D is a nonempty closed convex subset of H, and Vj» : D — D
are nonexpansive operators for j/ € ¥’. Given bifunctions f; : C x C — R for
1€ ®,and g; : DxD — Rfor j € ¥, the SSFPSCEP is finding a point * € H;
with the property that

ot e = ( N szU) m( N SEP(fi,C))

ied’ i€d
(1.5) such that
Az* € Qy = ( N Fmvj) ﬂ( N SEP(gj,D)).
jlevw’ JjeEY

Let T' be the solution set of SSFPSCEP (L.5), i.e., I' = {z* € O : Az* € Q,}.
For a subset () of a real Hilbert space H, Idg is a mapping from @) onto () given
by Idg(x) =z for all x € Q. Thus, if Uy = Idc for all ' € ® and Vj = Idp
for all j/ € ¥/, then problem is reduced to split system equilibrium problem
(SSEP).

The ongoing researches are directed toward reducing the computational dif-
ficulty by imposing a weaker condition on each f; and establish relatively simple
algorithms for a wide class of problems. In 2012, He [I8] introduced iterative
algorithm solving SSEP imposing the same conditions on f; and g; = g for
all ¢ and j so that the bifunctions f; and g are treated the same way using
regularization technique (the resolvent operator) (|1.3). However, regularization
technique is not computationally easier, and if each bifunction is more
general monotone, for instance pseudomonotone, then problem in general
is not strongly monotone. So, the unique solvability of problem (1.3) is not
guaranteed, even its solution set might not be. Hence, employing or each
fi and g; = ¢ in yields a computationally difficult algorithm. For this reason,
the authors in [I9] proposed algorithms for solving SSEP using the extragradi-
ent method (proximal operator for f;) replacing problem by the following
two strongly convex programs;

(1.6) { y% = argm:ln{/\nfi($my) + 1%”xn - y||2 1y € CY, 7' €,
2l = argmin{\, f; (b, v) + 5llvh —yl? 1y € C}, i€ @,
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where )\, is a suitable parameter and each f; satisfy a certain Lipschitz-type
condition. The advantage of the extragradient method is that two optimization
programs are solved at each iteration which seems to be computed easily by the
Matlab Optimization Toolbox. However, this might still be costly and affects
the efficiency of the used method if the structure of feasible set and equilibrium
bifunction are complex. Moreover, Lipschitz-type condition depends on two
positive parameters ¢; and ¢y which are unknown in some cases, or difficult to
approximate.

We designed algorithms for solving (|1.5)) that require only one projection
rather than two strongly convex program for each ¢ € ®. The algorithms
combine the well-known Mann iterative scheme for fixed point [23] and two
methods including the projection method and the diagonal subgradient method
on the foundation of projected subgradient algorithms proposed by Hieu [20],
which generate a sequence {z,} by

z1 € C, €, €(0,00),
wh € ey fi@n, )(wn), o = G,y = max{pn, fun]l}, i€ @,
yp = Po(zn — aywy,), i €9,
Tni1 = 2 ELYns
i€

(1.7)

and {x,} strongly converges to a common element of the set of solution of the
system of equilibrium problems (1,.4 EP(f;,C) for pseudomonotone bifunc-
tions f;. Another advantage of our algorithms is that, as a result of projected
subgradient method the convergence of our algorithms are proved under pseu-
domonotone assumptions of the bifunction and without Lipschitz-type condition
of each f;. Comparing with the algorithms in [I9], our proposed algorithms solve
a wide class of problems and have a simple structure, and the metric projection,
in general, is simpler than solving strongly convex optimization subproblems
on the same feasible set and finding shrinking projections. Furthermore, the
results in [14) 21] are particular cases of our problem and hence our algorithms
are more general.

We formulated two iterative algorithms to find a solution for SSFPSCEPs
and we proved the strong convergence for the algorithms. In the first
algorithm, N + 1 projections on the feasible set need to be computed per each
iteration and the prior knowledge of operator norm (or at least an estimate of the
operator norm) is needed. However, to employ the second algorithm, one does
not need any prior information about the norm of the bounded linear operator
A. Moreover, only one projection is performed on the feasible set while the
first N parallel projections over C' are replaced by N parallel projections onto a
tangent plane to C' in order to reduce the number of optimization subproblems
to be solved.

This paper is organized in the following way. In Section 2, we recall some
basic definitions and lemmas that are useful for our main result. In Section
3, we present two algorithms solving split system of fixed point set constraint
equilibrium problem and we analyze the convergence result of our proposed
algorithms. Finally, we give some conclusions.
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2. Preliminaries

In order to state and prove our main results, we recall some notations, defi-
nitions, and some useful results which will be needed in the sequel. The symbols
7 —~7 and ” — ” denote weak and strong convergence, respectively.

Let H be a real Hilbert space and C' a nonempty closed convex subset of H.
The metric projection on C' is a mapping Po : H — C defined by

Po(x) = argmin{||ly —z|| : y € C}, z= € H.

Properties: Let C' be a nonempty closed convex subset of a real Hilbert space
H and let Pc be a metric projection on C. Since C is nonempty, closed and
convex, Po(x) exists and is unique. From the definition of Pg, it is easy to show
that Pc has the following characteristic properties:

(i) Forall y € C, || Po(z) - 2| < & — .

(ii) For all z,y € H, |Pc(x) — Po(2)||? < (Po(x) — Po(x),x — y).
(i) Forall z € C, y € H, |z — Pe()|2 + 1Pe(y) — ol1” < I — gl
(iv) z = Po(z) if and only if (x — z,y — z) < 0,Vy € C.

Lemma 2.1. [T7] Suppose C is closed conver subset of a Hilbert space H and
U:C — C is a nonexpansive mapping. Then

(i) If U has a fived point, then FizU is a closed convex subset of H.

(ii) Idc —U is demiclosed, i.e., whenever {x,} is a sequence in C weakly con-
verging to some x € C' and the sequence {(Idc—U)x,} strongly converges
to some y, it follows that (Idc — U)x = y.

Lemma 2.2. [31] If {a,} and {b,} are two nonnegative real sequences such
that
Gn41 < an+ bna vn > no,

with Y b, < oo, then {a,} converges.

Lemma 2.3. [10, Proposition 4.34] Suppose C is closed convexr subset of a

Hilbert space H and U; : C — C' be nonexpansive mappings for i € R =
q q

{1,2,...,q} such that (| FizU; # 0. Let U(z) := > 6;U;(x) with0 < 6; <1 for
i=1 i=1

1=

q q
every i € R and > 0; = 1. Then U is nonexpansive and FizU = FizxU;.
i=1 =1

1= 1=

Lemma 2.4. (Opial’s condition) For any sequence {xz,} in the Hilbert space H
with x, — x, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—-+4o0o n—-+4o00o

holds for each y € H with y # x.
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Definition 2.5. Let H be a Hilbert space and f : C' x C' — R be a bifunction
where f(x,.) is a convex function for each z in C. Then for € > 0 the e
subdifferential (e-diagonal subdifferential) of f at x, denoted by 0. f(x,.)(x) or
Ocf(x,x), is given by

Ocf(x, )(x) ={we H: f(x,y) — flz,2) + € > (w,y —x), VyeC}.

If 0. f(z,.)(x) # 0, f(x,.) is said to be e-subdifferentiable (subdifferentiable) on
C at x.

Let C be a subset of a real Hilbert space H and f : C' x C' — R be a bifunction.
Then, f is said to be

(i) strongly monotone on C, if there is M > 0 (M-strongly monotone on C) iff

fz,y) + fly,2) < =Mlly —z|*, Va,y € C.

(ii) monotone on C iff f(x,y) + f(y,x) <0, Va,y € C.

(iii) pseudomonotone on C with respect to = € C iff f(x,y) > 0 implies
f(y,x) <0, Vy € C.

(iv) Lipschitz-type continous on C if there exist positive constants ¢1, ¢o such
that

f(xay) +f<yaz> > f(ZL',Z) _CIH‘/L‘_y”2 _CQHy_ZHZa Vl‘a%z eC.

We say that f is pseudomonotone on C with respect to S C C' if it is pseu-
domonotone on C' with respect to every x € S, i.e.,if x € S and y € C,

flz,y) > 0= f(y,z) <0.

When S = C, f is called pseudomonotone on C. Clearly, (i) = (ii) = (i4i). It
is clear that monotone bifunction is pseudomonotone.
Let SEP(f<,C) represent the solution of the problem

(2.1) find 2* € C such that f(y,z*) <0, Vy € C,

where f : C'x C — R is a bifunction on a closed convex subset of a Hilbert space
H. When f is a pseudomonotone bifunction on C, it holds that SEP(f,C) C
SEP(f<,C). Moreover, this inclusion is also valid for monotone bifunctions.

Let C' be a closed, convex subset of a real Hilbert space H. Then the
bifunction f : C' x C — R is said to satisfy Condition I on C if the following
six conditions are satisfied:

(B1) f(z,z) =0 for all z € C;

(B2) SEP(f,C)cC SEP(f<,C);
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(B3) f satisfies the strict paramonotonicity property; i.e.,

z e SEP(f,C), yel, f(y,x) =0=yecSEP(f,C);

(B4) f(.,y) is weakly sequencially upper semicontinuous on C with every fixed
y € C, ie., limsup f(z,,y) < f(z,y) for each sequence {z,} in C' con-

n—oo
verging weakly to z;

(B5) if {x,} is a bounded sequence in C, then the sequence {w,,} with w,, €
O, f(xp,.)(zy,) is bounded;

(B6) f(x,.) is convex, lower semicontinous and subdifferentiable on C, for all
zeC.

The assumption (B2) is pseudomonotonicity of f on C with respect to the
solution set SEP(f,C). The following example shows that assumption (B2) of
Condition I is weaker than the pseudomonotonicity assumption of f on C.

Example 2.6. Let f:[—1,1] x [-1,1] = R, given by

f(@,y) = 2ylz|(y — =) + 2yly — zl.

The bifunction f is not pseudomonotone on C' = [—1,1]. But, SEP(f,C) = {0}
and f(y,z*) = f(y,0) = 0 for all y € [—1,1]. Hence, (B2) holds. In fact, we
have f(—0.5,0.5) = £(0.5,—0.5) = 0.25 > 0.

Let D be a closed, convex subset of a real Hilbert space H and g : DxD — R
be a bifunction. Then we say that g satisfies Condition IT on D if the following
four assumptions are satisfied:

(A1) g(u,u) =0, for all u € D;
(A2) g is monotone on D, i.e., g(u,v) + g(v,u) <0, for all u,v € D;

(A3) for each u,v,w € D

limsup g(aw + (1 — a)u,v) < g(u,v);
al0

(A4) g(u,.) is convex and lower semicontinuous on D for each u € D.

We introduce the following results from equilibrium programming in Hilbert
Spaces which are useful in the discussion of solving equlibrum problem.

Lemma 2.7. [§] Let g satisfy Condition CO on D. Then, for each r > 0 and
u € Hy, there exists w € D such that

1
glw,v) + = (v —w,w—u) >0, Yv € D.
r
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Lemma 2.8. [§] Let g satisfy Condition CO on D. Then, for each v > 0 and
u € Hs, define a mapping (called resolvant of g), given by

TI(u) = {weD:g(w,v)—&—}(v—w,w—u) >0, Vv € D}.
r

r

Then the following hold:
(i) T9 is single-valued;
(ii) T is firmly nonexpansive, i.e., for all u,v € H,

1T (w) = T (0)|* < (T (u) = T (v), u — v);

(iii) Fir(T9) = SEP(g, D), where Fix(T9) is the fized point set of TY;
(iv) SEP(g,D) is closed and conver.

Lemma 2.9. [§] For r,s >0 and u,v € H. Under the assumptions of Lemma

E3
T8 () ~ T2 < lu— o + 2= r20) o).

3. Main result

In this section, we propose two algorithms for solving SSFPSCEP (|1.5) with
assumptions that each f; satisfies Condition I on C for all ¢ € ®, each g;
satisfies Condition IT on D for all j € ¥, and T" is nonempty.

By (B1), (B4) and (B2) of Condition I, the set SEP(f;,C) is closed and
convex. Thus, the set ; is closed and convex. Moreover, from Lemma [2.§]
(iv), SEP(g;, D) is closed and convex. Hence, €5 is closed and convex in Hs.
Therefore, by linear property of the operator A, the solution set I' is a closed
and convex subset of Hy. Hence, Pr is well defined.

3.1. Algorithm requiring prior knowledge of operator norm

In order to design the algorithm, we consider parameter sequences satisfying
the following conditions.

Condition 1
(C1) pn=2p>0,6,20,6,>20,0<01 <0, <oz <1
(C2) 1, >7>0,0<v < pp <72 < 2 for some o € [|| 4], +00).

(C3) 0<¢<¢ <1, (i€ ®)suchthat Y & =1 for each n > 1.
icd

(C4) 0<0<06i <1, (j/€ ) suchthat > 64 =1 for each n > 1.
jrew’
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(C5) 3 22 =400, > 22 <400, ) B2 < +o0.
n=1 n=1 n=1

In the formulation of the following algorithm, we need a real number o such
that either o = || A|| or at least o > || A||. Hence, it requires prior knowledge or
estimated value of operator norm ||A||. The algorithm involves the evaluation
of N + 1 projections on the feasible set C' where the first N projections are
computed in parallel.

Algorithm

Initialization: Choose 21 € C and the parameter sequences {p,}, {6}, {en},
{rn}, {6}, {61} (i € @), {07} (j/ € V') and {u, } which satisfy Condition 1.

Step 1. For each i € ®, take w!, € Hy such that w!, € O, fi(zn,.)(Tn).

Step 2. For each i € ®, calculate af, = /73,:, 0, = max{pp, |[w? |} and

Yn = Po(zn — ajwy,).
Step 3. Evaluate y,, = > & 9.
icd

Step 4. For each i/ € ¥’ find ti; = 0pn + (1 — 6,)Us (yn)-

Step 5. Find among ¢!, i’ € ¥, the farthest element from z,, i.e.,

no
tn = argmax{|lv — z,|| 1 v € {t} i € ®'}}.

Step 6. For each j € ¥ find u), = T/ (At,), j€ V.

Step 7. Find among ), j € ¥, the farthest element from At,, i.e.,

uy, = argmax{||v — At,| :v € {ul : j € U}}.

Step 8. Evaluate x,.1 = Po (tn + ,unA*( > %/Vj/(un) — Atn)).
j/eqj/

Step 9. Set n:=n+ 1 and go to Step 1.

Remark 3.1. Each f;(x,.) is a lower semicontinuous convex function and C' C
domf;(z,.) for each x € C, and thus €,-diagonal subdifferential 0., f;(zn,.)(zn)
is nonempty for every €, > 0. Moreover, by Combettes and Hirstoaga in [g], for
each r,, the problems in Step 6 are uniquely solvable, and since C' is a nonempty
closed convex set, the projection in Step 8 exists and is unique. Therefore, all
steps in Algorithm are defined with no ambiguity and Algorithm is well
defined.

For the sake of simplicity, we define
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(1a) W, = Y 67V forn > 1,
j/e\lj/

(2a) {i),}22, is a sequence where for each n, i/, € ®’ such that
ty =t = argmax{||v — x| v € {t% :i' € ®'}},

L., by =t = 0nwn + (1= 6,)Usr (yn),

(3a) {jn}e, is a sequence where for each n, j, € ¥ such that

Up = Toim At,, = ulr = argmax{||v — At,|| :v € {u : j € U}}.

Remark 3.2. By Lemma[2.3|each W, is a nonexpansive mapping and FizW,, =
(| FixzVj for all n > 1. Hence, it is easy to see that
j/E\I//
FiZ‘W1 =FixW2 = ZFZJ,‘Wn:
To establish the convergence of Algorithm we need the following Lemmas.

Lemma 3.3. For sequences {y,} (i € ®), {yn}, {tn} and {x,} generated by
Algorithm we have

It —z*|)* < ||2n — %% +2(1 = 6,) Zg;a%fi(xn,x*) —Lp+9Y,, Vz*el
icd

where L, = (1 - 671) Zie@ €:LHxn - y%||2 + 6, (1 — 5n)||UiiL (yn) - anQ and 0, =
2(1 = 6,) 222 4 2(1 - 5,)82.

Proof. Let z* € T. From y! = Po(x, — alw!) and z* € T, we have
(@ — anwy, =y, — %) 20,

implying that

A

<x* - yi“xn - y%) = ai(“’;ax* - y;>
= ap(wy, @" — xn) + og (wy,, Tn = yp)
(3.1) < o (wn, " = an) + apllwg [llzn — ol
But also z,, € C. Thus,
<$n - ailw; - y;ay; - mn> 2 07

and this together with (3.1)) gives us

(@n = Yy = Y) = llon — 9, 1* < 0g wpy 2 — yp) < o Jwy [l — ynl-
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That is, lon — g, | < o |} |, Thus,
bl lllen =il < (bt l? = (%)

B il 2
3.2) = O atp o) <P

Since z,, € C and w,, € O, fi(Tn,.)(Tn), we have
(33) fz(znax*) +€n = fi(xn7x*) - fz(xna zn) + € 2> <wna x* - xn>
Using definition of of, and 7¢, we obtain

(3.4) ol = P _ P < &

"ok max{pn, [Jw? ||}

From (3.1])-(3.4)), we have

(3.5) (@ = yhn = yh) < @i filwn, a*) + 22 4 7.
However,
(3.6) 2<$* Yo Tn = Yn) = lyn — 212 + lon — 9o |12 = lzn — 2*|%.

From and ., we have
3.7) ||y2 = 2*|? < N — 2% = ||z — yh|? + 200, fi(wn, ) + 2725 + 267,
Then, by definition of t,, and by convexity of ||.||?, we have

[t — ¥ = ||dp@n + (1 — ) Ui, (yn) — z*|?

= |0 (2n —2*) + (1 — 5 )(U (yn) — )12

= Oz — 2*|2 + (1= )| Uiy () — 2*|12 = 80 (1 = 8a)||Usy, () — a2
= Onllzn — ¥ + (1 = 6u) U, (3 €Fn) — Uiy, (=) |12

icd
e (z )”Uzl(yn) InHQ

< Onllen — 22 + (1 = )| anyn* *||2*5n = 6u) Ui, (yn) — zn|?
< Onllan — 2|7 + (1= dn) Z;Pﬁnllyn ¥ [? = 0n(1 = 8) Ui, (yn) — 2|
1€
The last result together with (3.7) proves the lemma. O

Lemma 3.4. For sequences {y%} (i € ®), {yn}, {un}, {tn} and {z,} generated
by Algorithm we have

zni1—z*||? < |lzn—2z*|*+2(1-6, Zf ol filwn, v*) 40, —Ky,—Ly, Yo* €T,
icd
where Ky, = pin (1 — pn,0?)[|[W, (un) — Atn||? + pnl|un — At?,
Ly =(1-0,) Zfé”xn - y:sz +6n(1— 6n)HUi1L (Yn) — xn”Q
ic®

and 9, = 2(1 = 8,) 222 4+ 2(1 = 6,,) 82,
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Proof. Let z* € T'. By (i4) and (4i7) of Lemma we have

lun — Az*||? HTgJ'"At — Ax*|? = ||Tﬂ;"At —T9 Az |2
(T7 At,, — TP Ax*, At,, — Ax*)
<T£;"At — Ax*, At,, — Az*)
%(IITﬂi"At — A 12+ | At,, — Az*||? — || T70" At,, — Aty]|?)
= 3 (lun — Az*|* + || Aty — Az*|]* — [Jun — At,[]?).

VAN

This yields

(3.8) lun — Az*||* < | Aty — Az*|* — [lun — At |,

Using the nonexpansive property of V' and , we have

[Wattn) — Aa* |2 = [Wa(tn) = W (Aa™) |2 <, — A

(3.9) < 1Aty — Az*||? = lfun — Ato]?.
Moreover,
(A(tn —2%), Wy (un) — Aty)
<A(tn o) + Wi(un) — Aty — Wi (un) + Aty Wi (un) — Aty)
= Waln) = As* W (i) — ) = W) = Aty

= 5 (IWn(un) — A$*||2 + ||Wn(12tn) — Aty ||” - [|At, — Az*|?)
) =W (un) — Aty || ) )
= 5 (W (un) = Az*|? = Wy (up) — Atp|* — || AL, — Az*||?).

From and -7 we have

(3-11) <A(tn - x*), Wﬂ(un) - Atn> < *%(”un - Athz + HWn(un) - Atn||2)-
Then, using (3.11)) and (C2) of Condition 1, we get

@1 — &[] = [Pty + pn A" (Wi (un) — Aty)) — Pe(a®)|?
<[t — &%) + pn (Wa(un) — Atn)Hz
= [[tn — 2*[[* + [ A* (Wi (un) — A™)|1?
+20n (ty, — 2%, A" (W, (uy) — Aty))
< |ltn — x*||2 + /‘ELHA*H2||Wn(un) - Atn||2
F2un(A(t, — %), W, (u,) — Aty)
<t = 212+ pR | AN Wa (un) — Aty
_Nn(Hun - AthQ + | Wh (un) — Atn||2)
= [[tn — x*”Q — pn (1 — Mn||A||2)||Wn(un) - AthQ — o flun — Atn||2

(3.12) = [ltn = 2*[1” = pn(1 = 1n0®) Wi (un) = Atn|* = pn[|un — At
Therefore, the result follows from Lemma and from ((3.12]). O

Lemma 3.5. Let {y}} (i € ®), {yn}, {tn}, {un} and {z,} be sequences gen-
erated by Algorithm[3.1, Then,
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(a) forz* €T, lim ||z, —z*|? ezists (and {z,} is bounded),
n—oo

(b) for each i € @, limsup fi(zn,x) =0 for all z €T,

n— oo

(c) for each i€ ® and i’ € ¥, we have

i [ Wi (n) = Aty|| = Tim_[Juy — Aty |

n— oo ) .
=l [l — g = Tn Ui (5) — 2] =0,
d) for alli' € ® and j € U, we have lim ||jul — At,|| = lim ||t, — z,| =
( J h
lm ||Uy(zy) — zn|| = lim |[Wy(upn) — unl| = 0.

Proof. (a). Let z* € T'. Since f;(xy,2*) <0, K,, > 0 and L,, > 0, from Lemma
we have
Jonsr — 212 < lon — 22 + 0.
Observing that 9, = 2(1 — c5n)’8;'J +2(1—6,)82 < Z’B,ZJ + 2432 and using
(C5) of Condition 1, we can see that > ¥, < oco. Therefore, by Lemma
n=1

lim,, o0 |2, — 2*||? exists and this implies that the sequence {z,} is bounded.
(b). From Lemma [3.4] we have

K+ Ly = 2(1 = 6,) 3 &laj, fi(zn, o¥)

icd
< llzn — 2% = lonss — 2> + 0

< o — x*||2 — [Tyt — $*||2 + 2%% + 252

Summing up the above inequalities for every k, we obtain
E
0< 3 (Kut Lo +2(1=0,) ¥ & af[~filwna)])
n=1 i€P
k
< 3 (llon = "2 = llznss — 2|2 + 282, +282).
n=1 )

This will yield

0 3 (Ka+ L)+ 3 (20 -8) T o =il a))

n=1 icd
n n
<l = 2% = |z —a*[?+2 3 Pren +2 2 B2
n=1 n=1
Letting £ — +o00, we have

0< Y Kt Y Lot Y (20-8) Y habl-filana)]) < +ox.
n=1 n=1 n=1

icd
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Hence,
(3.13) Y Kn<+oo, Y Lp<+

and

i (200 =820 Y Ghat [~ filwa,a")]) < +oo.

i€P

Since the sequence {x,} is bounded by Condition I (B6) the sequence {w?} is
also bounded. Thus, there is a real number w; > p such that ||w? | < w;. Thus,
for w = max{w; : ¢ € I}, we have

(3.14) af = n = o _ bn 5 Bup  Bup,

"o max{pp, |wi ||} Pn max{l,”q:—:‘u} C PaWi ppWw

Using 0 < 01 < 4, < 02 < 1 from (C1) of Condition 1, we have

0 < 2(1—o09) i(Zﬁ" : fi(ﬁfmx*)])

n=1 1icd

i (2 Zﬁ [—fi(zp, x )]) < +o00.

icd
From and -, we have
0<2(1-02) 3 (5 €22 [~ filan, "))
=~ np,w 9

n=1 “ied

<2(1-02) 3 (T Ghabl-filwna)]) < +oc.

n=1 “ied

(3.15)

IA

Using 0 < £ < &8 <1 from (C3) of Condition 1 , we have
2/)5(1 — O ) - 5” *

0 < TQ g (p7 Z[*fi(%uz )])

(3.16) < 201-02)) (Zﬁn

n=1 1€d

5np
o [—fi(zn, z )]) < +4o00.

Since Y07, ﬁ; = +oo and Y [—fi(zn,z*)] < 0, from (3.16)) we can conclude
icd

that liminf [ — f;(2,,2%)] =0, Vz* € I. Hence, the result follows.
n—oo
(¢). From (3.13)) and (C1)-(C3) of Condition 1, we have

,|2

lim ||W,(u,) — At,||? = hm |, — Aty ||* = hm ln —
n—oo n
= nhﬁn;o 1Usr (yn) — a:nH = O.
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Hence, the result follows.

(d). By definition of u,, and using ||u,, — At,|| — 0 from (c) above we have |u; —
Aty || — 0. Using definition of t,,, we have [|t,, — x| = (1 = 6,) |0 — Ui (yn)]-
This together with ||z, — Ui (yn)|| — 0 from (c) above gives [|t, — x| — 0.
Hence, ||[t7 — 2, || — 0 follows from ||t — || < [[tn — n]-

Similarly, using [[Wy(un) — unl| < [[Wn(un) — Aty || + [lun — Aty and using
results in (c) above, yields ||W,(u,) — u,|| — 0. By definition of ¢, we have

”t:; = Zn|| = [|0nz (1= 0,)Uir (yn) — wull = (1 = 8n) |20 — Uir (yn) ||

Tn +
= (1= 6n)l|zn — U (%HU( n) = Ui (yn) |l
> (1= 0n)(|lzn = Ui (@)l = Ui (2n) — Usr (yn)Il)
> (1= 0n) (lon = Uir (@a)ll = 2 — ynll)

That is, for all i’ € ®’, we have

[2n = U (zn) || < [len — yall + (A

1—90,

Combining the last inequality together with (C1) of Condition 1, ||t —z,| — 0
and ||z, — yn|| — 0, we have ||z, — Uy (z,,)]| — 0 for all i/ € @'. O

Now we state the first main theorem for convergence of Algorithm

Theorem 3.6. Let {y,}, {tn}, {un} and {x,} be the sequences generated by
Algorithm (3.1, Then the sequences {yn}, {tn} and {x,} converge strongly to
a point p in I and {u,} converges strongly to a point Ap € Qo where p =
lim Pr(z,).

n—-+o0o

Proof. Let z* € T'. From Lemma (a), we have seen that the sequence {z,}
is bounded. There exists a subsequence {x,,} of {z,} such that z,, — p as
[ — +00, where p € C and

limsup fi(xn,,2*) = lim fi(z,,z").
=400 n—-+00

But by the weak upper semicontiniuty of each f;(.,2*) and by Lemma (),
we have

filp,x™) = limsup fi(xy,, ") = Um fi(x,,,2") = limsup f;(x,,z*) = 0.

l—+o0 l=+o0 n—+oo

Since z* € Q and p € C we have f;(2*,p) > 0. By (B2) of Condition I, we have
fi(p,x*) < 0. This together with the above fact gives f;(x*,p) = 0. Hence, by
(B3) of Condition I, we have p € SEP(f;,C).

Since ||z, — Uy (zy)|| = 0 from Lemma[3.5| (c) and since z,,, — p, by demiclosed-

ness of Ide — Uy, we have p € FizU, for all i € ®'. Thus, p € [ FizUy.
Z‘/e(b/

Hence, p € Q5.

Since (Yn,, h) = (Yn, — Tn,s h) + (Xn,, h), Vh € Hy, and using limy_, oo ||2n —
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Yn|| = 0 from Lemma we have y,, — p as | — +oo. Therefore, Ay,, — Ap
as | — +o00. Similarly, we can have t,, — p as j — 400 and hence At,,, — Ap
as | — 4o00. Since lim, 40 ||un, — Aty]| = 0 and (uy,,u) = (up, — Atp,,u) +
(Atp,,u), Yu € Ha, we have u,, — Ap as |l — +oo. If there exists ng € N
such that Ap € FizW,,, then in view of Remark @ it is easy to concude that

Ap € () FizVj. Thus, let us assume that Ap ¢ FizW, for all n > 1. Using
j/e\l}/
Opial’s condition and Lemma [3.5] (d), we have

i int s, — Apl| < Tmint s, — Wy, (49)]
.
- lllglﬁg Hum - Wnl (unz) + an (um) - an (Ap)”
< Bt — W )|+ [ Wi () — W, (4p)1)
= liminf | Wy, (un,) — Wy, (Ap)|| < liminf ||u,, — Apl|,
=400 l—+oc0

which is a contradiction. It must be the case that Ap € FizW,, for some
n > 1 (implying that Ap € FizW,, for all n > 1 using Remark . Hence,
Ape (| FizVj.
jrew
Let r > 0. Assume Ap ¢ Fiz(T7") for some jo € ¥ and for some > 0. Thus,
T7° (Ap) # Ap. That is, Ap ¢ () Fiz(T). Thus, using Opial’s condition,
jew

j
Lemmaand lim ||uf, — At,|| =0, Vj € ¥, we get
n—oo

llim+inf |At,, — Ap|| < lim inf | At,,, — T° (Ap)||
— 400

= hm 1nf | Atr, —ul® + udo — T (Ap)||
+

< hmlnf(HAtn, —udo || + [|ufe — T (Ap)||)

= hm mf [|ule — 770 (Ap)|
=+ ]

= liminf | 1770 (At,,,) — T (Ap) ||
=+ ¢

< liminf(||Aty, — Apl| + "= T (Aty,) — Aty )
=400

Tn,
= liminf(|| At,, — Ap|| + "“"z = [ufo — Aty )
l—+o0
= liminf || At,, — Ap||
l—+o0

which is a contradiction. Hence, it must be the case that Ap € Fiz(T??) for all
j€W¥andr>0. By Lemma ((i4)), Fixz(T/’) = SEP(g;, D). Therefore,
Ap € () SEP(yg;,D). Therefore, Ap € Qy. That is, p € Q; and Ap € Q.
jev

Hence, p € I" and p is weak cluster point of the sequence {z,}. By Lemma
{|lzn — p||?} converges. Thus, we conclude that the sequence {x,} strongly
converges to p. As a result of this it is easy to see that ¢, — p and y, — p as
n — +o0o. Moreover, Ay, — Ap, At,, — Ap, and Azx,, — Ap. From

[un = Apl| < [[un — Aty || + || Aty — Ap]|
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we have u,, — Ap. We will end the proof by showing p = liIJIrl Pr(z,). From
n—-+oo

Lemma [3.4] we have
(3.17) |Zni1 — 2*||* < ||on — 2> + 0, Va* €T.
Let z, = Pr(z,). Since Pr(z,) € I' and using , we have
(3.18) [Zns1 = 2nll® < 20 — 2al* + On.
But by the property of metric projection, we have
[Zn41 = 2Zn41? < ||2nga — ™%, Va* €T
Thus,
(3.19) [Znt1 = Znt1ll* < lzns1 — 2l
From and , we have ||T,41 — znt1)? < ||lzn — 20* + 9p. Since

>0 9n < 00, by Lemma we have that lim,, 1 o |2, — 25]|? exists. Using
the definition of metric projection, we can conclude

(3.20) 1Pr (k) = Pr(@m)|” + [2m — Pr(@m)l* < |2m — Pr(ax)|*.
Let m > k. Then from (3.1843.20]), we get

2k = 2m|1® = || Pr(zx) — Pr(@m)lI* < llzm — Pr(zp)|® = l2m — Pr(m)]?
= om = zl? = lom = zm|
< @m-1 — 2> + ﬁml—l —zm — zm
<l = 2l + 205 O = ll#m = 2m 1.

As a result of > 07 ¥, < oo and since lim,_, ;oo ||z, — 2, || exists if we let
m,k — +oo we can see that |zx — 2] — 0. This implies the sequence
{z,} is a Cauchy sequence and hence it converges to some point z in I'. Since
zn = Pr(z,), we have

(Tn — 2,2 — 2,) <0, Vz* €T
Thus, (x,;, — 25, p — 2,) < 0. This leads to

HZ 7p||2 = <p7 2D — Z> = lim <xn — Zn,P — Zn> <0.

n—-+oo

Therefore, p = z and lim Pr(z,) = p. O
n

—+o0

The following corollary is an immediate consequence of Theorem 3.6/obtained
by setting U;s = Id¢ for all i/ € ® and Vj» = Idp for all j' € W',
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Corollary 3.7. Let {yn}, {tn}, {un} and {z,} be sequences generated by iter-
ative algorithm

z€C
w; € aﬁnfi(xnv )(mn)a i€ (I)v
043} = %7 772 = max{pn, Hw:lZ’LH}’ i€,
y;z = Pc(IL’n o a;w;), i€ Ia
icd
by = Onp + (1 - 6n)yn7
uﬁl = T,«qj (At,), jeU,
u, = argmax{|[v — At,|| : v € {ul : j € U}},
Tnt1 = Po(tn + unA*(u, — Aty)).

Then {yn}, {tn} and {z,} converge strongly to a pointp € {x € N SEP(f;,C):

icd
Az € (| SEP(g;,D)} and {u,} converge strongly to Ap € (| SEP(g;,D).
jev jev

m Pqo(x,), where

Moreover, p = 1i
n—-+oo

Q= {xe () SEP(f,C): Az € (| SEP(g;, D)}.

ied JjET

Note that when & = ¥ = &’ = ¥’ = {1}, the Algorithm coincides with
Algorithms 3.1 in [I4].

3.2. Algorithm without prior knowledge of the operator norm

In practice, to estimate the norm of an operator is not always easy. Next, we
modify Algorithm where the implementation of the algorithm does not need
any prior information regarding the operator norm if it is not easy to estimate
the norm of an operator.
Take the parameter sequences in Algorithm [3.2] satisfying the conditions:
Condition 2
(C1) pn>p>0,8,>0,6,>0,0<0; <8, <op<1.
(C2) r>0,0<n<4,0<n<n,<4—n.

(C3) 0<¢&<¢ <1, (i€ ®)suchthat Y & =1 for each n > 1.

icd
(C4) 0<0<6 <1, (/€ V) suchthat > 67" =1.
j/E‘I’/
(C5) 3 B2 =400, 3 2% <400, ) 2 < oo
n=1"" n=1 " n=1

We shall now introduce the setting used as a stepsize that can be controlled and
help us eliminate the requirement of the operator norm. Let o > 0 and x € H;.
Then h¥ (z), 1% (7), ho(z) and I, (x) are defined as follows:
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(I) for each j € ¥,

h (z HZ@J (T9 A ))—A(m)H2

jevw’

and

19 (x ( 3" 07V (T Ale)) —A(x)).

jevw’

(I1) ho(z) = R0 (z) and I, (z) = [2° (), where jo is in ¥ such that

T2 A(x) = argmax{||v — Az - v € {T(Ar) : j € U}},

that is, 2
he () = %H Z 93"1/]_,(1151‘014(;5)) - A(x)”
jlew’
and so
( Z 93 TgJOA( )) A(x))
jew’

where jp € ¥ such that

T9° A(z) = argmax{||v — Az| : v € {T% (Az) : j € U}}.

25

Using h%, 1%, he and I, given in (I) and (II) above, we are now in a position

to introduce our algorithm.

Algorithm

Initialization : Choose x; € C. Let the real sequences {pn} {Bn}, {€en},
{ra}, {0,), {€1} (i € ®), {nn} and the real numbers r and 67 (' € ¥’) satisfy

Condition 2.

Step 1. For each i € @, find w,, € Hy such that w, € O, f(zn,.)(Tn)-

Step 2. For each i € @, calculate of, = 22 i = max{p,, ||} and

)

yt, = Pr, (z, — abw!), where

T_{O if n=1,

{z€ Hy: {tn—1+ prn-1l-(tn-1) — Tpn,z2 — x,) <0}, otherwise.

Step 3. Evaluate y, = Y. &\yl.
icd

Step 4. For each ¢/ € I find ti’; = 6pn + (1 — 0,)Us (yn)-

Step 5. Find among ¢

n’

tn = argmax{|v — | : v € {t| i € ®'}}.

i’ € @, the farthest element from z,, i.e.,
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Step 6. For each j € VU find u), = T (At,), j € ¥.

Step 7. Find among v/, j € U, the farthest element from At,, i.e.,

U, = argmax{|jv — At,|| : v € {ud : j € U}}.

Step 8. Evaluate x,11 = Po(tn + pnly(tn)), where

Hn = %7 otherwise.

Step 9. Set n =n 4+ 1 and go to Step 1.

Remark 3.8. By definition of T;,, we see that T,, is either half-space or the
whole space H;. Therefore, for each n, T, is closed and convex set, and the
computation of projection y, = Pr, (x, — af,w!) in Step 2 of Algorithm is
explicit and easier than the computation of projection vy, = Po(z, — ol w?)
in Step 2 of Algorithm [3:2] when C' has a complex structure. Moreover, by a
similar reasoning as for Algorithm Algorithm is well defined.

Similarly, define

(1b) W= ¥ 0V,
j/e\I//

(2b) {i/,}.;5>] is a sequence where for each n, i), € ® such that
ty =t = argmax{|[v—z,|| 1 v € {t! i’ € ¥'}} = Onn+(1=0,)Uir (yn),

(3b) {j.};' is a sequence where for each n, j, € ¥ such that
U, = ulr = argmax{||v — At,| : v € {u : j € U}}.

Remark 3.9. (1b) above has a form of (1a) defined in Algorithm i.e., by
setting W,, = W for all n > 1, where W = > 67 V.
j/e\lj/

Remark 3.10. In Algorithm hy(tn) and 1,.(t,) are simply given as
1 , 1 .
hr(tn) = §HWTTgMAtn e QHWU# — At ||?

and I, (t,) = A*(WT" At,, — Aty,) = A* (Wulr — At,).

Lemma 3.11. Let {y}} (i € ®), {yn}, {tn} and {z,} be sequences generated
by Algorithm[3.9. Then

(a) CCT, foralln>1.
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(b) Foraz* €T,

=27 < o — 2|2 4+ 201 = 8,) 3 €0 fi(wnsa™) — Lo + Vo,
€D

where L, = (1 - 671) Z fé”xn - y:zHQ + 5n(1 - 6n)“Uiil(yn) - xn”Q and
1ed
_ Bneén 2
U = 2(1 - 5n) Pn + 2(1 - 5n)ﬁn

Proof. (a). From x,, = Po(tn—1 + pin—1lr(tn—1)) and by the property of metric
projection we have

<tn—1 + ,Un—llr(tn—l) — Tp, 2 — xn>7 Vzel

which, together with the definition of T,,, implies that C' C T;,.
(b). Let z* € T. From ¢, = Pr, (z, — 22w!) and 2*,z, € C C T),, we have

Ny T
(@0 — apwy, = yp,y, — %) 2 0.
The result follows by a similar proof as we used in Lemma O

Lemma 3.12. Let {y.} (i € ®), {yn}, {un}, and {z,} be a sequences generated
by Algorithm[3-3. Then, for all z* € T, we have

Tpn+1 — T Tp — T - i\Ln, T n — Np — Pn,
| 12 < 12 +201 &na, filwn, o) + 0, — K
z€<1>

where Ky, = (1—0y) AZq) Enllzn =y 12 +6a(1 —0n) Ui, (yn) = |? = [lun — Aty ||?,
1€
Un =2(1 - 5n)% +2(1-6,)8; and  @n = Adpnhe(tn) — po |1 (ta) |1

Proof. Let z* € I'. Using (3.9) in Lemma [3.4] we have

(tn = 2" () = (b — 0, AT (W () = At)

At - ) W) - At)

= <A Vb W () — Atn—W(un)+Atn,W(un)—Atn>
= (W(un) = Az*, W(uy) = At ) = |[W () = At

= S (IW () — A7 4+ W () — At — [} At — Ac* )

— W (up) — At,|*
1 * *
= 5 (IW () = A" |2 = W (un) = At = || Aty — A" |?)

IN

1
=5 (Il = At + W (1) = At ]?)

(321) = 5 (Jun — Ata[ + 20 (t,).

2
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Using ([3.21)), we have
[2ng1 —2*|?

[P (tn + pinlr (ta)) = Po(@)||* < [[tn + palr () — ||

= |t — x*H2 + N?z”lr(tn)uz = 2pn(ly(tn), tn — %)

[tn — x*HQ + ﬂ%”lr(tn)uz —Apnhe(tn) — llun — Athz

[tn — 2 [|* = [lun — Atp|?

(3.22) ~[Apnhr (tn) = w11 (ta) 7).
Therefore, (3.22) and Lemma give the result. O
Note that by the definition of u,, we have

0, if I.(t,) = 0
n — 2 .
4 Nn (4 — Un)m, otherwise.

IN

Lemma 3.13. Let {y%} (i € ®), {tn}, {un} and {z,} be the sequences gener-
ated by Algorithm[3.2. Then

(a). forz* €T, hr—? |lzn, — 2*||? exists (and {x,} is bounded),
n—-+0o0
(b). limsup fi(xn,2) =0 for allxz €T,
n—oo
(). lim [juy, — Atn[| = lim [lz, —yp[| = lim {|Us (yn) = zall =0,

(d). for allj € U and i’ € ', we have

lim ||ul — At,| = lim [|Uy(z,) — 2| = lim ||, — 2,
= lim h,(t,) = lim [|[W(u,) — uy,| =0.

Proof. (a). Let * € T'. Since f;(xn,2*) <0, K,, > 0, ¢, > 0 from Lemma|3.12}
we have
lnsr = 2|7 < flam — 2" + V.

Therefore, the result follows.
(b). From Lemma [3.12] we have

on + Ky +2(1 — 6p) _Zq) &LO‘H*fz(xmx*)]
c

3
< lwn — 2|2 = |lons — 2| +
<l —a*|? = |lznss —a*|1* + 252, + 267

Summing up the above inequalities for every k, we obtain

(@)
IN
M=

(0t B 200 8) T b i)

1 icd

3
I

IA
M=

=

(ln = 212 = onsa = a*1 + 2886+ 252 ).
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This will yield

k k k .
< S et S g3 (20-0) 5 s;a;[—fi<xn,x*>])

=1 icd

< e = 2| = llwprs — 2% + 2 Z P +2 Z B

n=1
Letting k — +o00, we have
0<Z%+ZK +Z( 0n) Y Ehan = fi(xn, @ >]><+oo
n=1 i€d

Hence,
on <400, >0 K, <+oo,
(3.23) nst o
(20-8) T habl-flena)]) <+
S

The result follows in the same way as in the proof of Lemma [3.5]

(¢). From Y K, < +oo and Condition 2, we have

n=1
lim u, — At ||* = lim [z, =y, |* = lim Uy, (yn) — za]* =
n— oo n— oo n— oo
(d). The proof of lim |[uf — At,|| = lim ||Uy(z,) — zn| = lim |t — 2.
n—oo n—o00 Tn—>00

remains the same as in Lemma (d).

From (3.23) we have > [4unh,(t,) — p2||l-(t.)|?] < +oo. Without loss of
=1

generality7 we can assume that I (tn) # 0 for all n.

Thus, Z [4pnhe(tn) — 2|11 (t,)]]?] < +o0o implies that

n=1

Znn4 n) ( )2 < +-o00.
(12 (212

Since 0 < <, <4 —n, we have

— D (tn)?
n=1
Since lim ||t, — || = 0 and {x,} is bounded, {¢,} is also bounded. Moreover,
n—oo

since A is a bounded linear operator, W is a nonexpansive operator, and using
the triangle inequality and Lemma for T7, it is easy to see that [3/(.) is
Lipschitz continuous for all 7 € W. Thus, from the Lipschitz continuity of
177 (.) and from boundedness of the sequence {t,}, it follows that {||I}” (t,,)||?} is



30 Anteneh Getachew Gebrie, Rabian Wangkeeree

bounded for each j € ¥ and hence {||l,-(t,)||?} is bounded. This together with
(3.24) implies that lim, o Ay (tn) = 0. The inequality

1
[Wun) —unll < (2he(tn))? + [[upn — Aty ||
gives limy, o0 || W (up) — upn|| = 0. O
The second main theorem is about the convergence of Algorithm

Theorem 3.14. Let {y,}, {tn}, {un} and {x,} be the sequences generated
by Algorithm[3.4 Then the sequences {yn}, {tn} and {z,} converge strongly
to the point p in T and {u,} converges strongly to the point Ap € Qo where
p= nlbn;o Pr(x,).

Proof. The proof of this Theorem is similar to the proof of Theorem [3.6] by
taking W,, = W for all n > 1. Therefore, the proof is omitted. O

Similarly, if we set Uy = Id¢ for all i' € ® and Vj = Idp for all j/ € ¥,
Theorem [3.14] solves

z € (| SEP(f;,C) such that Az € (") SEP(g;, D).
icd JEW

When & = ¥ = & = ¥ = {1} the Algorithm [3.2] coincides with Algorithm 3.2
in [14].

Example 3.15. Let C' and D be closed convex subsets of H; and Hs, respec-
tively, where C' and D contain the zero vector. Let the bifunctions f; : C x C —
R be defined by the Cournot-Nash equilibrium model

fz(m7y):<f)zx+Qly+S7,7y_x>a Zeq):{1>7N}7
where P;, Q; are p X p matrices of order p such that ); is symmetric positive
semidefinite and Q); — P; is negative semidefinite, s; € R?, and let g; : DxD — R
be defined by
gi(u,v) =G(v) — Gj(u), je¥=A{1,...,M},

where G;(u) = %UTHJ'U + BjTu, with B; € RP and H; being a symmetric
positive definite matrix of order ¢. Let Uy : C — C, Vs : D — D given by

Up(z) =z, ied® ={1,...,N'}

and
Vii(u) = <u, 7€V ={1,...,M'}.

Let A : RP — RY where A is ¢ X p nonzero matrix.
It is easy to show that each U;s and V} is nonexpansive mapping, each f; satisfy
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Condition I on C, each g; satisfy Condition II on D, Oy = {0}, Q2 = {0} and
A(0) = 0. Therefore, I = {0}.

Note that in this case, the resolvent T of the bifunction g; coincides with
the proximal mapping of the function G; with the constant r > 0, that is,

T9 (u) = argmin{rG,(v) + |lu —v|*:v € D}, jeV={1,...,M}

or the following convex quadratic problem
T9 (u) = in {20 B+ Blo:veD), jew={l... M
T(u)—argmm{§v ju+BjviveD}, jev={l... M}

where H; = 2(H; + 114) and B; = B; — 2y where I; is ¢ x ¢ identity matrix.
For each j € ¥, the convex quadratic problem arg min {%vTﬁjv+Bij :v e D}
can be effectively solved, for instance, by MATLAB Optimization Toolbox.

Conclusions

We proposed two algorithms and we proved that the proposed algorithms
have strong convergence. The first algorithm is designed with N + 1 projec-
tions on the feasible set and with the prior knowledge of operator norm while
the second algorithm is simpler in computations where only one projection on
feasible set needs to be implemented and the information of operator norm is
not necessary to construct solution approximations.
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