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On a class of Humbert-Hermite polynomials
Waseem A. Khan] and M. A. Pathanf|

Abstract. A unified presentation of a class of Humbert’s polynomials
in two variables which generalizes the well known class of Gegenbauer,
Humbert, Legendre, Chebycheff, Pincherle, Horadam, Kinnsy, Horadam-
Pethe, Djordjevi¢, Gould, Milovanovi¢ and Djordjevié¢, Pathan and Khan
polynomials and many not so called 'named’ polynomials has inspired the
present paper and the authors define here generalized Humbert-Hermite
polynomials of two variables. Several expansions of Humbert-Hermite
polynomials, Hermite-Gegenbaurer (or ultraspherical) polynomials and
Hermite-Chebyshev polynomials are proved.
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1. Introduction

The 2-variable Kampé de Fériet generalization of the Hermite polynomials[3]
and [5] is defined as

rn2r

(1.1) n(z,y) _nlzr'n—%"

These polynomials are usually defined by the generating function
xr 2 - tn
(1.2) e =y H(,y)

and reduce to the ordinary Hermite polynomials H,(z) (see[l]) when y = —1
and z is replaced by 2z.

Next, we recall the definition of N-variable generalized Hermite polynomials
H, ({x}V) defined by Dattoli et al. [6, p.602] :

N
(1.3) exp Yzt = ZH {93}1 5
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where {z} = 21,29, ..., 2.

Generalized Hermite polynomials H,,({z}) for N = 3 also belong to the
Bell type as shown in [7, p.403(26)]. The Gould-Hooper polynomials ¢7"(x,y)

(see [] and [I0]) are a special case of (1.3). The notation H"(z,y) or g7 (x,y)
was given by Dattoli et al. [4]. These are specified by

T m - m tn
(1.4 T =S H )

Another generalization of Hermite polynomials which we wish to consider
in this paper is given by H,, . (2,y) in the form of the generating function
(see [16])

(1.5) e (@H)t=(Ey ™ - ZHn e y

which reduces to the ordinary Hermite polynomials H,(x) when v = 2,2 =0
orv=29=0.
We draw attention to familiar generating relations given by

1

(1.6) (1—2xt +t*)"2 ZP

where P, (z) is Legendre’s polynomial of the first kind.

(1.7) (1 — 2t + %)~ Z Un(

where U, (x) is the Chebychev polynomial of the second kind.
(1.8) (1 —2xt + %)~ Z C¥(x

where C¥(z) is Gegenbauer’s polynomial.

(1.9) (1 — mat + ™)~ Zh

[%] n—
Z n+ 1— m)k(mm) mk
kl(n — mk)! ’
where hj, ., (x) is the Humbert polynomial and m is a positive integer. The
Pochammer symbol (a),, is defined by

_TI(a+n) [1 if n=0
(a)"_f‘(a)_{a(a+1)(a+2)"'(a+n—1) if n=1,2,3---
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In 1965, Gould [I1] gave the following generating relation

(1.10) (c —mat +yt™)P = Z P,(m,z,y,p,c)t",
n=0

where m is a positive integer and other parameters are unrestricted in general.
P, (m,z,y,p,c) is defined explicitly by [I1l, p.699]:
(1.11)

(]

—k —n4(m— n—m
Pt = (4 ) (17 )@ty

k=0

In 1989, Sinha [19] gave the following generating relation
(1.12) [1— 2zt +t*(2z — 1)] Z

where

(5]

|3

(=D (V)n—r(22)" (22 — 1)*

(1.13) Sy(z) = kl(n — 2k)! ’

k=0

S¥(x) is the generalization of Shrestha polynomial S, (z) ( see [16]).
In 1991, Milovanovié and Djordjevié [14] (see also [I5]) gave the following
generating relation

(1.14) (1—2at+t™)" anm "

where m € N and \ > —% and

[z

(5
(1.15) P () =

3

L (1R (N (1), (2) 7k
kl(n — mk)! '

k=0

It is to be noted that the polynomials represented by p, ;(z), pj o(2) and
pp 3(2) are known as Horadam polynomials [I2], Gegenbauer polynomials and
Horadam-Pethe polynomials [I3], respectively.

Many interesting generalizations of these polynomials appeared in the lit-
erature. In particular in 1997, Pathan and Khan [I6, p.54] generalized these
polynomials and gave the following generating relation

(1.16) [c — axt + bt"™ (2 — 1)] anmabcd )"
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where

S

['m] —v—n m— n—m
(=DFe DR @)y (e (a2) " [b(22 — 1)9)*

(1.17) ©,(z) = T

ES
Il

0
Djordjevié [9] provided a generalization of various polynomials of two vari-
ables in the form

(1.18) [1—2(z+y)t +t™(2ay + 1) ZGG ™(z, y)t",

where

[ﬂ
m

L (=15 (Q) e i (22 + 2)7 % 23y + 1)
k! (n — mk)! '

(L19)  Gp™(z,y) =
k=0

Note that GL™(z,y) = C™(z,y) and G}L/Q’m(a?,y) = P™(z,y) where
C™(z,y) and UM (x,y) are Chebyshev and Legendre polynomials of two vari-
ables, respectively.

For m = 2, G%™(x,y) reduces to a polynomial studied by Dave [§]. For
m = 2 and y = 0, G®™(x,y) reduces to a Gegenbauer polynomial and for
m =3 and y = 0, G%™(x,y) are Horadam-Pethe polynomials [13]. Further,
for y = 0, G5y (x,y) reduces to a polynomial pj; ,,(z) studied by Milovanovié
and Djordjevié¢ ([14] and [I5]).

A generalization and unification of various polynomials mentioned above is
provided by the definition of generalized Humbert polynomials in two variables
given recently by Pathan and Khan [I7] which has the generating function
(1.20)

[a — (bx + cy)t + dt" (exy — 1)Y Z QY l;nc;j,f x,y)t Z Qn(z,y)t

where m € N, h > 0 and the other parameters are unrestricted in general.

In , ifweputa=1,b=c=2,d=—-1,e=—2and g = 1, then we
get a generating relation studied by Djordjevié [9]. For y =1, e = 2 and
¢ = 0, we get a generating relation studied by Pathan and Khan [16]. For
a=1,b=2,¢=0,d=1and g =0, we get a generating relation studied
by Milovanovié -Djordjevié [I5]. Fora=1,b=2, m =2, y =1, e = 2 and
g = 1, we get a polynomial defined by Sinha [19] and for c =0, g =0, d=y
and h = —p, we get a generating relation given by Gould [T1]. Some
more interesting special cases which are recorded by G.B. Djordjevi¢ and G.V.
Milovanovié in [I0] can be established similarly.

2. On a class of Humbert-Hermite polynomials

A generalization and unification of various polynomials mentioned above is
provided by the definition of generalized Humbert-Hermite polynomials
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yGY*™(z,y) in two variables which has the generating function

o0

(2.1) [1=2(x-+y)t 417 Qay + )] XTIV = 87y Grem (@, g
n=0

where m € N, a, v > 0 and the other parameters are unrestricted in general.
This is interesting since, as will be shown, the polynomials yG»*™(x,y)
contain a number of known polynomials (see [4], [I0], [9], [11], [12], [13], [14],
[16], [17] and [18]).
Using the definitions of H,, . (2,y) and G&™(z,y) given by and
(1.1)) in , we find the representation

Xn: n!Hk,m,Ot (1’7 y)GZjink (:Ey y)

(22) HG;,a’m(xvy) = k!

k=0

Some special cases of (2.2 are

. . " nlH(z,y)C0" (2, y)
HGnVLm(xvy) = HCan(xvy) = Z £ k! u .
k=0 ’

Here yCY™(x,y) are Hermite-Gegenbaurer polynomials of two variables.

" nlH (@, y) U (s, y)

HOY™(x,y) = HUM(@,y) = o :
k=0 ’

where gU"(x,y) are Hermite-Chebychev polynomials of two variables.

" nlH(z,y) P (2, y)

HCrIL/Q’m(xay) = HP’:ZL(x)y) = Z k! - )
k=0 ’

where y P"(z,y) are Hermite-Legendre polynomials of two variables.

As a special case, let y = 0 and a = 2 be chosen in so that gener-
alized Humbert-Hermite polynomial yGY*™(x,y) of two variables reduces to
Humbert-Hermite polynomial i G%?™(z,0) = g G%™(z) of one variable. Then
yields the generating function

(2.3) [1— 2t 4 t™] 7V e2t—t" ZHG”’"

Furthermore, the Hermite-Gegenbaurer (or ultraspherical) polynomials
uC%%(x)= gC¥(x) of one variable, for nonnegative integer v are given by

(2.4) 21 (1 — 2gt + %)~ Z HCY (x
Letting v =1/2 and v = 1 in (2.4) gives

(2.5) 27 (1 — gt 4 ¢2)71/2 = ZHP
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where g P, (z) are Hermite-Legendre polynomials and
(2.6) 2717 (1 — 20t + 42)~ Z U (
where g U, (z) are Hermite-Chebyshev polynomials.

3. On expansions of Hermite-Chebyshev and Hermite-
Gegenbaurer polynomials

In this section, we prove several theorems on the expansions of Hermite-
Gegenbaurer and Hermite-Chebyshev polynomials of two variables. We will

start with (2.1]), (2.3 and the special case of (2.1)) for v =1,
(3.1) [1—2(z 4 y)t +t™(2ay + 1)) Le@i=(@y+t™ Z gUS™ (z y

which will be used in obtaining the corollaries of the following theorem.

Theorem 3.1. For k € N and x,y € C, we have

2": Hy"(ak(@ +y), —k(zy + 1)G 0 (2, y)

7!
r=0

32 = Y HGLO™ (2, y) g GLe™ (2, y) - - g GLe™ (2, y)
nytngt-tng=n nilng! - ny!

Proof. The definition of yG%*™(z,y) given in (2.1) can be written as

m1k
[[1 — 2z + Yt + ™2y + 1)] Ve lEtvi— (@) ]

m

=[1—2(z + y)t + t™(2xy + 1)) Fehltvizkley+l)

oo

" g
ZHGW’%,%] .

n=0

Using (1.4), we can write
m ¢
etk@ty)t=kzy+1)t™ Z H (ak(x +y), —k(zy + 1))—'.
7!
r=0
Thus it follows that the above result is essentially equivalent to

T

o o t

vk,m n m _ _

S G S B k(e ), ke + D)

_ i 3 uG™ (@, ) u G (@,y) - n G (2, y)

tn
?’L1!TL2! . k:!

n=0ni+n2+---+nr=n
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A manipulation of this series yields

t'fl

i Z": H™ (ok(x +y), —k(zy + 1)Gro ! (2, y)

r!
n=0r=0

LSy HOE @G ) G o)

t’n
nilng! - ng!

n=0ni1+na+--+nr=n

Now equating coefficients of t™ on both sides of the resulting equation will
give the required result. O

Remark 3.2. Setting v =1 in Theorem the result reduces to
Corollary 3.3. For k € N and x,y € C, we have

z": H™ (ak(z +y), —k(zy + 1)Cr" (2,y)
rl

r=0

nit+nzt-+np=n
Remark 3.4. Setting v = 0 in Theorem the result reduces to
Corollary 3.5. For k € N and x,y € C, we have

H™(ak(x +y), —k(zy + 1))
n!

(3.4) - ¥ H™ (w,y) Ho™ (2, ) - Hi™ (2, )

nilng! - - nyg!
nit+net-+np=n 1702 k

Remark 3.6. Setting o = m = 2, v,y = 0 in Theorem the result reduces
to a known result of Batahan and Shehata [2, p.50.,Eq.(2.1)].

Corollary 3.7. For k € N and x € C, we have

wf3

(_k.>r(2k,x)n—2r Z Hn1 (l‘)Hn2(.Z‘)an (l‘)

3.5 AT St A——
(3.5) ~= (n —2r)r! nylng! - ny!

Theorem 3.8. For k€ N and X,Y € C, we have

nitng+-+ng=n

" H™(ak(X 4+Y), k(XY +1)GF (XY
3 (arke( ), —k( ) (X,Y)

!
= 7!

(3.6) = >

ni+ngz+--+ng=n

HG7V1710(,77L (X, Y)HG;'/LE(X”"L(X’ Y) .. HGZ,;I,T)’L (X, Y)
nilng! -+ ny!

k k
where X = > x; andY = ) y;.
i=0 §=0
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Proof. The definition of yG%*™(x,y) can be written as

[{1 X V) EM(2XY + 1)) ea<X+Y)t*<XY+1>t”}

_ [1 _ 2(X + Y)t + tm(QXY + 1)]—V1€ eak(X—i—Y)t—k(XY—i—l)t’”
k
t”]

lz GO (@ b+ sy by e )
n=0 ’

Using (1.4)), we can write
tT

MY HDI N " i (ak(X +Y), —k(XY +1)) .
r

r=0
Thus it follows that the above result is essentially equivalent to

S GHEMX Y)Y H ok(X +Y), —k(XY + )5

n=0 r=0

_ i 5 G (X Y )Gt (X Y) o n Gt (XY
o Mol - -mp! )
7=0 ny+nottnp=n ning: M-

A manipulation of this series yields

XY + ))GEN XY,

r!

i 2": H™ (ak(X +Y), —k(
n=0r=0
HG,‘;’lo"m(X, Y)HG‘,’L’ZO"m(X, Y. HGZ’:*"‘(X, Y)t”

oo

n=0ni+ns+---+nr=n
Now equating coeflicients of t"™ on both sides of the resulting equation will
O

give the required result.
Remark 3.9. Setting v = 1 in Theorem [3.8] the result reduces to

Corollary 3.10. For k € N and z,y € C, we have
" H™(ak(X +Y), k(XY +1))CF™(X,Y)

r!

o

an HUS™(X,Y) rUg™(X,Y) -+ U™ (X, Y)

ni+ns+--+nrg=n

Remark 3.11. Setting v = 0 in Theorem the result reduces to
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Corollary 3.12. For k € N and X,Y € C, we have

HMak(X+Y),—k(XY 4+ 1))
n!

_ Hey™ (X Y) ™ (X, Y) - Hp™ (X, Y)

ni+ng+---Fng=n

Remark 3.13. Settinga=m =2, v =0, 20 = -2, =0, y1 = -y =0
and replacing x1 by x in Theorem the result reduces to a known result of
Batahan and Shehata [2] p.51., Eq.(2.4)].

Corollary 3.14. For k € N and x € C, we have

(3]
S (=k)"(2kz)n?r H,, (2)H,,(z) - Hy, (x
(k)" (2kz) > () Hn, () (z)

(3.9) =
_ | Ino! ... |
= (n —2r)r! e nilng! - ny!

Theorem 3.15. For k € N and xz,y € C, we have

[%]

s! (n —ms)!

s=0
(3.10) = > G (@ )G (@, y) - Gl (2, y).
nit+nz+--+ng=n

Proof. Using the power series of [I — 2(z + y)t + t™(22y + 1)]% and making
the necessary series arrangements gives

[1—2(z 4 y)t +t™(2zy + 1)]77*

ii () s (22 + 2)" T 2y 1)
i sl (n —ms)!

In addition to this, we can write

[1—2(x + y)t + 1™ (2zy + 1)] 7 = [1 = 2z + 9)t + ™ (2zy +1)]7*]"
o k

3 Gz’%,y)t"]

n=0

=y > G (@, y)G (2, y) - G (@, y)t™

n=0ni1+n2+--+nr=n

Now equating coeflicients of ¢t on both sides of the resulting equation will
give the required result. O
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Remark 3.16. For v = 1 in Theorem [3.15} the result reduces to

Corollary 3.17. For k € N and z,y € C, we have

[

3z

] (71)5(k)n—(nz—l)s(?a7 + 2y)n7ms(2xy + 1)8
sl (n —ms)!

s=0

(3.11) = > U (z,y)Ur (z,y) - U (z,y).

ni+nz+--Fng=n
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