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Defining some new n-tuple sequence spaces related to [,
space with the help of Orlicz function

Ruqaiyya FatmaEI and Sabiha Tabassun@

Abstract. In this paper, we introduce and study the n-sequence space
1% (M, q) and m™ (M, ¢, q) by using the Orlicz function M. We show that
the spaces are seminormed and m" (M, ¢, q) is complete. The inclusion
relations involving the spaces have also been obtained. Further, we relate
the space m"™ (M, ¢, q) to p-summable spaces.
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1. Introduction

The Banach space gave birth to many useful concept in mathematics, Orlicz
space is no different. After the development of Lebesgue theory of integration,
Z. W Birnbaum and W. Orlicz introduces Orlicz space as the generalization of
LP, 1 < p < oo [2]. In the definition of LP, they replaced ¥ by a more general
convex function ¢. Later Orlicz used this idea to construct the space LM.

The space m(¢) (along with its dual space n(¢)) was introduced by Sargent
[11] and several interesting properties and results were discussed. This space
m(¢) is very interesting and important space as it has all [,, (1 < p < o0)
spaces as special cases depending upon the choice of the sequence ¢. Further
these two spaces m(¢) and n(¢) were studied by several authors in [II, 3] [8) [14].
Malkowsky and Mursaleen [5], [6] gave the matrix transformation between these
spaces. Mursaleen [7] also studied the geometrical properties related to P
space.

Let w be the set of all complex sequences and ¢ ={pcw:0< ¢ < ¢, <
Ont1 and (n+ 1)¢, > ne,}. Further let Ps denotes the class of all subsets of
N which do not contain more than s elements. For each ¢ € d), Sargent [14]
defined the sequence space

i) ={yew: sw L Slal<oof.
s>1,0€P; k€Eo

A comprehensive study of Orlicz space was done by Lindenstrauss and Tzafriri
[4] as they construct the sequence space 1M,
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= {een: Zn () }
=< (zp) €w: >, M| — ], for some p >0,
k=1 p
and prove that it contains a subspace isomorphic to [, (1 < p < o00). Many
others like Prashar and Chaudhry [I0], Mursaleen et al. [9] have introduced
different classes of sequence spaces defined by Orlicz function.
In 2016, Savas [12] introduced the double sequence space m” (M, ¢, q). Tri-
pathy et al. [I3] found some interesting results related to the n-sequence space.
In this paper, we took the idea of m(¢) and generalize the concept to the n-
sequence space and obtain some inclusion relation involving m™(M, ¢, q). Savas
[12] proved that the result holds for the space of double sequences, here we show
that it is, in fact, true for all n € N.

2. Definition and preliminaries

An Orlicz function is a function M : [0, 00) — [0, 00) which is continuous,
non-decreasing and convex with M(0) =0, M(z) > 0 for z > 0 and M (z) —
00 as & — 00.

If convexity of M is replaced by M(z + y) < M(x) + M(y), then it is
called a modulus function. An Orlicz function M can always be represented
in the integral form M (z) = fow n(t)dt, where n is known as the kernel of M, is
right differentiable for ¢ > 0, n(¢t) > 0, n is non-decreasing and 7(t) — oo as
t — oo.

An Orlicz function M is said to satisfy As-condition for all values of x, if
there exists a constant K > 0, such that M (2z) < KM (z) for all z > 0.

Remark 2.1. An Orlicz function M satisfies the inequality M (Az) < AM (x)
for all A with 0 < A < 1.

Throughout the article the set of all n-sequences will be denoted by w™. Also
whenever we say limit of n-sequence, we mean limit in Pringsheim’s sense.

Definition 2.2. An n-sequence & = (%, 4y,...5,) Such that iy,is,...,i, € N
is said to be bounded if  sup |z, 4,,...i,| < 00. The space of all bounded

11,225--45tn

n-sequences is denoted by (7.

Definition 2.3. Consider an n-sequence x = (Z;, i,,...i, ) such that i1, 1z, ..., ip
€ N. If for a given € > 0, 3 ny = ng(e) € N such that

|Ziy ig,.in — Ll <€, Yi1,d9,.., 0, > ng,

then L is called the limit of (x;, 4,,..4,) in Pringsheim’s sense and we say that
n-sequence z is convergent in Pringshiem’s sense to the limit L and we write
P— lim «z=0L.

21,225+ 3tn
Definition 2.4. An n-sequence z = (i, i,,..4,,) is said to be a Cauchy se-
quence if for a given € > 0 there exists ng(e) € N such that

<€, mj>ij>ng (1<7<n).

|'Tm11m27"~)mn = Liy i, yin
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3. Main Result

In this section, we introduce the sequence space {7 (M, q) and m™(M, ¢, q)
and prove some results about them.

The space of all convergent n-sequences in Pringsheim sense is denoted by
c". Let Py, r,..r, denote the class of all subsets of N” that do not contain
more than 71 - rg - ... - 1, elements. We take {¢m, m,,....m, | as a non-decreasing
n-sequence of positive real numbers such that

(mlv ma, ..., mn)¢m1+1,m2+1»--~,mn+1 S (ml + 13 mo+ 13 ceey My + ]‘)d)mlym?v---ymn?

for all (my,ma,...,m,) € N

w™(X) and {7 (X) denote the space of all n-sequences and bounded n-
sequences, respectively, with elements in X, where (X,q) is a seminormed
space. The zero sequence is denoted by 6 = (6,0,0,...), where 6 is the zero
element of X.

We first define the following spaces:

15.(M, q) = {(xil,ig,...,in) cw™(X):
Liy,in,...,in
sup Mq _*1,%2,00Pm < 00, forSOHlep>O 7
11,02,..in 21 P

(M, 6,q) = {<x> cwh(X):  sup
T1,72, 0y Ty > 1
o€ PT17T27~":T7L

—— sup M(q(m)> < oo, for some p > O}.
¢r1,r2,...,rn 01,02,0in>1 P

Theorem 3.1. m™(M, ¢,q) and I, (M, q) are linear spaces.

Proof. Let (i, 4y, )s (Yirsin,...in) € M (M, ¢,q) and a, 5 € C. Then there
exist positive numbers p; and ps such that

1 Tiriad
sup . — Z M(q<m)) < 00
1,72y, Tn Z 1 ¢T17’l‘2,‘..,’[‘" 1

11,22,..,in €EC

o€ PT1$T27“'1T71

and

1 i1 i
sup _— Z M(q(yl’z’ ")) < 00.

1,72y, Tn Z 1 ¢7.177.27.“7T” 11,12,..,in €0 P2
o€ PT1,T27~~,T7L

Let ps = maxz(2|a|p1, 2|8|p2). Since g is a semi-norm and M is a non-decreasing
convex function, we have
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> M(q(axil,m..,in + BYiria,..in ))
i1,02,...,inEC P3

ALy g, 0 BYiy io,...vi
S M q< 11,2, vl’n) +q( 1,22, 7n>>
Z ( P3 p3

11,89 ,eeyin €EC

Liqin,... in Yiqin,...rin
S o)) e 2 o))

1,02, in €0 i1,i2,yin €O
Hence,

sup 1 3 M<q<049€i17i2,‘..,in +5yz‘17i2,‘..,in>>

T1,72y ey T 2> 1 Orirarn inia inco ps

IN

OlS PT177'2;<~7T7L

1 01,0900
< sup S Z M(q(xlz‘n>)

T1,725 .., Tn Z 1 ¢7"1,’r‘2,..,,’r‘n 11,82,..,in €0 P1
o e P,

1,725, "n

+ sup Z M(q<y21,zz,...,zn)>
rn > 1 ¢T1,7‘2,-~-,Tn P2

T1,72y 00y 11,22,...,in €EC
o€ PT1,T2,»-~-,Tn

< 0.

Hence, m™(M, ¢, q) is a linear space. The proof of I. (M, q) can be done in a
similar way. O

Theorem 3.2. The space m™(M, ¢,q) is a seminormed space, seminormed by

f(@iy i,...i,) = Inf {P >o0:

Ly wfa(mees)) )
1,79, ey Ty > 1 Priraeer P

01,02,..,in €0

oc PT17T2y"'7T7L

Proof. Let (@i ,i5,....i,,) and (Yiy is,....in) € M" (M, ¢, q). B
Obviously, f(zi, i,,...i,) >0, for all z;, ;, ;. € m"(M,¢,q) and f(0) = 0.
Let p; > 0 and p2 > 0 be such that

1 Tiy iy
sup - Z M<q(m1>) <1
1,72y 00y Ty Z 1 (brl’rz""’T" P

11,22,4..,in €EC

oc Pr17T21"'7T’rL

and

sup Z M(q(yllywy--ﬂn)) S 1.
1,72y .0, 2 1 ¢r1,r2,...,rﬂ, P2

11,42,..,in €0
o€ P,

1,725,
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Let p = p1 + p2. Then we have

sup _ Z M(q(mil’iz""’i" :yilxiz,m,in)>

T1,72, ey T 2> 1 Orira,.on i1i25eenyin €T
o€ PT17T27"‘7T7L
= sup # E M<q<xi1,iz,m,in + Yiy ig,...pin
+
T1,72,...,Tn Z 1 ¢T17T2""’T" 11,82,..,in €T P1 P2
S Prl,rg,...,rn

1 P1 ( (»Til io,eei >>}
su e — M| q| 2t
pn > 1 ¢T17T27<~-7T71 Z {pl +p2 P1

1,72, ...,7 11,12,..0,0n €0
S PT1,T27~~,Tn

()
p1+ p2 P2

p1 1 Tiy ig, . rim ))
< su _— M _—
P Z (q( P1

> n o :
PLTLZ pyrg iy > 1 Prirasn 01,0250 5in €0
o€ Prl,rg,...,rn

1 o )
+ -2 sup - Z M(q<ymz%)>
P + P2 T1,72,.-,Tn > 1 ¢T1,7’2,“.’7‘n P2

11,82,..,0n €T

IN

o€ PTlv""Q,n-»"‘n

<1

Since, the p’s are non-negative, so we have

f(xilﬁi27"'77"n + yi1,i2,...,i”) = inf {P >o0: sup
1,725, Tn > 1

o€ P r

1 Tt yin,onoin T Yitin,es
M q( 15225.--yln 1,2, stn Sl
¢T177’21~~’7‘n Z ( 14

11,12,...,in €0

1 W10z,
<inf{p1>0: sup _— Z M(q<%>)<1}
Tn Z 1 ¢T1,T‘2,...,T‘n P1

T1,725 11,12,..,in €0
g e PT17T27-~-7T7‘L

1 o
+inf{p2>o: sup  E— Z M(q(y“““’>)§1}
¢T1,T2,m,7’n P2
Wty >1

r1,Tro,.. 11,82 ,...,n €0
o€ PT17T2,---,?”n

= f(l‘ilinw")in) + f(yil,iz,m,in)'
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Now for A € C, without loss of generality, let A # 0, then
FA@iis,...in))

1 DY TP
:inf{p>0: sup _ Z M(q(m)> §1}
arp >1 ¢7’1ﬂ“2,mﬂ"n . 14

r1,ro, .. 91,282,...,n €0
o 6 PT11T27---17’n

1 ATy ig,. i
=inf{|)\|r>0: sup - Z M<q<len)>
r

T1,72y.,Tn 2 1 ¢T177'27--<77'n, 11,12, in €0
o€ PTI7T2;~-~7T7L

P
< 1,where {r = }
Al

1 ATy ig,.i
:|)\|inf{r>0: sup —_ E M(q(“‘)) gl}
" Z 1 ¢T1,r2,...,rn T

71,72, ..., T 11,02, 0yin €EC
o< P"’lﬂ“z,-uﬂ"n
= [Alf @iy g, onsin)-
This shows that m™(M, ¢, q) is a seminormed space. O

Proposition 3.3. The space I (M, q) is a seminormed space, seminormed by

(s i i) = inf{p> o:  sup M(q(x)) < 1}.
i1y ensin >1 p

Phoodrdihe3pdoofily( Sifnilag ) te T em) g2l ihendeosiipifed. sup M

71,72, T >1 /1/17"177‘27“-77‘71
< 00.

Proof. Let sup Drirarn < oo and (i, iy,....i,) € M (M, ¢, q). Then

T1,72,ee ey T >1 wrl,m,...,rn
1 Tiyig,...yin
sup qﬁi > Mgl ——= < oo, for some
T1,T2, s T Z 1 T1,725-3Tn 11,12,...,in €0 P
oc P7'177027~-77'n
p> 0.
So we have

1 Tiyig,.d
sup _ Z M<q(z”2’n>>
T1,725 .., Tn Z 1 1/1r1,r2,..‘,rn P

11,22,..,tn €T

oc PT17T‘2,...77""

¢ 1
T1,72,...,T
< { sup m}{ sup - -
T1,72,..,Tn>1 ¢7'17T27--~77'n T1,T9, T > 1 ¢r1,7'2,...,7'n
o€ PT1)727"~;T7L

]

i1,i2,..in €0

< o0.
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Thus, (%iy is....i,,) € M™(M, 1, q) and therefore m™(M, ¢, q) C m™(M,, q).
Conversely, let m™ (M, ¢, q) C m"™(M, 1), q). Suppose that sup Prirsern

T13T2:~~~7T7L21 ¢7'177'27<--77'n
= 00, then there exists a sequence of natural numbers {rg1,rg2...,"knt, k € N

d)r. TR2yeeeT
such that hm LIk Tk2s e Thn, — ),
k=00 Wiyt riose e

Let (2 is,....i,) € m™(M, ¢, q). Then there exists p > 0 such that

1 IR
sup  EE— Z M(q(m L 2/) z >) < 00.

T1,79, ey Ty 2> 1 Prirasrn 01,62,5eesin €0
g 6 PT17T21"'77‘TL

Now, we have

1 P
sup e Z M(q<wz)>
T1,72, s T Z 1 wn,rg,...,rn . . 1%

11,22,...,in EC
(S PTlJ’Q»--w"’n
{sup ¢Tk1,7”k27 sTkn }
k>1 wrkl,mm Tkn

1 Tiyimein
{2 ()
1,725 -5Tn > 1 TR TR2 s 01,1 i

T
kn 11,82,.0,in €0
o€ PT‘177"27---77'n

IV

= 00,

which is a contradiction.
Hence,

¢T1 172,00

sup < 00. O

T1,72,.., T >1 wmﬂ”m

Corollary 3.5. Let M be an Orliczfunction. Thenm™(M, ¢,q) = m”(M, ¥, q)

¢T‘1,T2, 71,72,

if and only if sup < oo and sup ——= < 00.

71,72, Tn>1 wﬁﬂ‘z, T T1,72,...,Tn>1 ¢T177‘2, T

Theorem 3.6. Let M, M, My be Orlicz functions satisfying As-condition.
Then

(Z) mn(M1’¢7q) g mn(M o M1;¢,q)a
(“) mn(M17¢7q) mmn(M27¢7q) g mn(Ml + M2a¢7q)'

Proof. (i) Let (zi; 4,,...4,,) € m™(Ma, ¢, q). Then there exists p > 0 such that

1
sup R — Z M1< ( i1,d2,.. ,m)) < o0,
>1 ¢r1,r2,...,rn . p

1,72y ..., 11,82,...,in €0
o€ P,

1,725
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Let 0 < e <1and 0 < ¢ < 1suchthat M(¢) <e, forall 0 <t <.
Suppose Yi, i,,....in, = M1 (q(ﬂ%)) and for any o € Pry vy, r,, let

P
Z M (Yiy iy, i)

i1,i2,eeyin €T

= > M@iiei)t Y M)

Yiy yig,...rin <O Yig i, .. i >0
By Remark we have
(3.1)
Z M(yi1,i2;~-7in)
yil,iz,...,mﬁis
SM1) Y Wiiein) TMQ) Y Wirinin)-
Yiqg ig,....in <0 Yiy ig,... in >0

For yi, is....in > 6,

Yiyin,...yin Yiy jig,...sin
Yirin,oyin < 5 <1+ 5 :

Since M is a non-decreasing and convex, so

o . 1 1 I .
M(Yiy iy, i) < M<1 + y5> < 5M(2) + 2M(y5 )

Since M satisfies As-condition, so

1 i ) 1 o )
M (Ui inni,) < KPR M (2) o 5 KTt 1 (2)

2 0 2 0
_ Kyihig(;,..‘,in M(2).
Therefore,
(3.2)
S M@is,) <max (LESTM2) Y Wi i)
Yiq yig,... in >0 Yiy ying,... in >0

Now, from (3.1)) and (3.2)) one can say that (x;,4,,..4,) € m™"(M o M, ¢,q)
and hence

mn(M17¢a Q) c mn(M o M17¢7 Q)
i) €M ( My, ¢, q) Nm™(Ma, ¢, q), then there exists p1, p2 > 0

.....

1 Ty ig,..i
sup qﬁi g M| q 70258250 e00tm < 00
T1,72,...,Tn Z 1 T2y 11,12,..0,0n €0 pl

S PT1)727"~;TVL

such that

and

1 51,250
sup I Z M, (q<y12n)) < 0.

T1,T2y T 2 1 Priraem i1,i2,eyin €0 P2
o c PT“1,7"27---77"n



Defining some new n-tuple sequence spaces related to l,, space... 87

Let p = max{p1, p2}. Then

sup Z (My + My) (q(“vz%v’"))
ST TR W S P

oc PT’1-,T27---77“n

< sup Z M, < < 11,92, n)>
LT >1 P1
1,72, s Tn =2 11,82,

Hin €0

o€ PT17T2>~~J‘n

X;
+ sup Z M2< ( L IR ”))
T1,72y...,Tn Z 1 91,%2,.. P2

77'n60'
o€ PT177‘27---17"TJ
Hence the theorem is proved. O

Corollary 3.7. Let M be an Orlicz function satisfying Ao—condition. Then
m"(¢,q) € m"(M,,q)

Proof. The result follows from Theorem (i) by taking Mi(z) =z init. O
Corollary 3.8. Let M be an Orlicz function satisfying the Ag-condition. Then
m"(6,9) C (M. 6.q) if and only if  sup  Orireta oo

1,720, "n >1 ¢T17T2»~‘7Tn

Theorem 3.9. 17 (M,q) Cm™(M,¢,q) C 1 (M,q), where

wmm@:{@mm Jew (x):

00,00,...,00

Z M(q(“’zz"”’“‘ )) < o0, for some p > 0}.
158250 in=1,1,...,1 P

Proof. Let (i, 4,.....i,,) € I7(M,q). Then we have

00,00,...,00

(3.3) Z M(q(xllz;Z)) < o0, for some p > o.
1

i14i2,0ein=1,1,...,

Since, (¢m,,ms,...,m, ) s monotonic increasing sequence, so we have

1 e
- M@(Mln))
¢T'1,T2,...,7‘n . Z p

11,12,..,2n €0

1 Tirian i
S M q( 7‘1@27---7“1))
D11,..1 . . Z ( p

11,12,...,in €0

00,00,...,00

1 ' T
S M(q( 7/177/21-~7Zn>>
¢1,1,...,1 . ;1717“_71 P

11,225---,

< 0.
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Thus,
1 T
sup - Z M(q(“”l>) < 0.

T1,725 .., Tn Z 1 ¢T17T2"“7rn 11,82,.0,in €T P

o€ PT17T27<~-7Tn
So,

(Ii11i27~~-7in) € mn(Mv ¢7Q)-

Hence,

17 (M, q) € m"™(M, ¢,q).
Now, let (zi; i5,....i,,) € m"(M, ¢, q). Then we have
1 S
sup  —— > M(q(xll”“)) < oo, for some
Py T ey > 1 Qsmﬂ“z,.“,rn i1,02,...,in €0 P
oc PT17T2;<~-7Tn
p>0.
Take cardinality of o as 1, then
1 o
sup M(q(x“’lz"”’l" )> < 00, for some p > 0,
i1,i2,in€Nn P11,.1 p
= Tiyig,..in € loo(M,q).
Therefore,
m™(M, ¢,q) €15, (M, q). O

. !Z’!L

Theorem 3.10. Let (X, q) be complete. Then m™(M, ¢, q) is also complete.

Proof. Tf we consider a normed linear space (X, ||.||) instead of a seminormed
space (X, q) in Theorem then we will get m™(M, ¢, q) as a normed space
normed by

(s i, i)

1 i1z
- S (lnn)l) )

71,7, ey Ty > 1 Prira,eeeirn 1,02, in€C
o 6 PTlv""Q,»»-»""n

inf{p>0:

The space m™(M, ¢, ||.||) will be a Banach space, if X is a Banach space. [

4. [, space: A special case of the space m"(M, ¢, q)

In this section, we show how [,, space is related to our main space m" (M, ¢, q).
We know that [, spaces are a class of p-summable sequences spaces, so for n-
sequences we write

— . . . E . . |P
ZID - {x117127~~~71n € wp : |$7/17127'~~)Zn < OO}

11,82,y 0n
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(4.1)
1
(M, 6,4) {<x> cwX):  sp
T1,725.yTn Z 1 T2 0T
o€ P ryrn

{ Z M(q<x“l“>) < 00, forsomep>0}}.
p

11,22,..,in €EC

The notations used here are same as in the third section.
For j = 1 to n, take r; = 1. Then for the seminorm ¢(z) = « and Orlicz
function M (z) = z?, the space m™(M, ¢, q) will be an [, space. To show this,
first consider the set Py, ,,,. r,. From the definition of P, ,, ., in the third
section,

Prggvn =U{ACN" A <7173 oo Ty}
Since we are taking r;’s as 1, we get

Py, =U{ACN": Al <1}

=N".

Also,

¢r1,r2,...,rn - ¢>1,1,...,17
which is a constant and hence will not affect the space. Substituting all the
values in the definition of m™(M, ¢, q) , we get an [, space.
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