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On split equality monotone Yosida variational inclusion
and fixed point problems for countable infinite families of
certain nonlinear mappings in Hilbert spaces
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Oluwatosin Temitope Mewom Olawale Kazeem Oyewolem

Abstract. In this article, we introduce a split equality monotone
Yosida variational inclusion problem which is more general than the
split equality monotone variational inclusion problem, split equality vari-
ational inclusion problem and Yosida inclusion problem. We develop an
iterative algorithm for approximating a common solution of split equality
monotone Yosida variational inclusion problem and split equality fixed
point problems for infinite family of generalized k-strictly pseudocon-
tractive multivalued mappings and infinite family of L-Lipschitzian and
quasi-pseudocontractive mappings in the settings of infinite-dimensional
Hilbert spaces. Using our iterative algorithm, we state and prove a strong
convergence theorem for approximating an element in the intersection of
the solution set of the aforementioned problems. Our iterative algorithm
is designed in such a way that it does not require prior knowledge of
the operator norm. We apply our result to solve a variational inequality
problem. Our result extends and complements some related results in
the literature.
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1. Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H
endowed with inner product (.,.) and induced norm |[|.||, with R the set of real
numbers and Dom(T) the domain of T

A point z € H is called a fixed point of a mapping T': H — H, if Tz = z.
However, if T : H — 29 is a multi-valued mapping, then a point z € H is
called a fixed point of T if € T'xz. We denote by Fixz(T'), the collection of all
fixed points of T'.

Definition 1.1. A mapping 7 : H — H is called
(i) nonexpansive, if

1Tz =Tyl <[lz—yll, Vx,y € H;
(ii) strongly nonexpansive, if T is nonexpansive and

i [|[(zn = yn) = (Txn = Tyn)|| = 0;

n—oo

whenever {z,} and {y,} are bounded sequences in H and

Tim ([l — gl | — | (T, — Ty )]]) = 0
(iii) averaged nonexpansive if it can be written as T = (1 — «)I + «S, where
a € (0,1), I is the identity mapping on H, and S : H — H is a nonexpansive
mapping;
(iv) k-strictly pseudo-contractive, if there exists a constant k € (0,1) such that

Tz = Tyl* < llo = ylI* + kI(I = T)a = (I = T)yll*, ¥,y € H;

(v) pseudo-contractive, if k =1 in (iv);
(vi) quasi-pseudo-contractive [11], if Fiz(T) # () and

[Tz —2*|> < ||z — 2*|* + |Tx — z||>, Vo € H and z* € F(T).

Given a real Hilbert space H, we denote by C B(H) the family of nonempty,
closed and bounded subsets of H. It is well known that the Hausdorff distance
defined by

D(A, B) := max {sup d(a, B),sup d(b, A)} ,
acA beB
is a metric on this family CB(H), where d(a, B) = infycp d(a, b).

The pioneer work on fixed points of multi-valued mappings using the appli-
cation of Hausdorff metric was done by Markin [30] in 1973, where he studied
the fixed point of a nonexpansive multi-valued mapping. Since then, there have
been many results in literature which have found applications in the field of
pure and applied sciences. Using the concept of Hausdorff metric, Chidume et.
al. [I3] introduced a new class of mapping called k-strictly pseudocontractive
mapping, which is defined as follows:
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Definition 1.2. Let H be a real Hilbert space and C be a nonempty, open
and convex subset of H. Let T : C — CB(C) be a mapping. Then, T is called
a multi-valued k-strictly pseudocontractive mapping if there exists k € (0,1)
such that for all z,y € C(T), we have

D*(Tx,Ty) < ||z =yl + kll(z —u) — (y = v)[]%,
forall u e Tx, veTy.

Recently, Chidume and Okpala [I4] introduced a different class of multi-
valued strictly pseudocontractive mappings which is a superset of the class
introduced in [I3], as follows:

Definition 1.3. Let H be a real Hilbert space and C be a nonempty subset
of H Let T : C — CB(C) be a multi-valued mapping. Then T is called a
generalized k-strictly pseudocontractive multi-valued mapping if there exists
k € (0,1) such that for all 2,y € C(T), the following inequality holds:

D*(Tz,Ty) < ||z — y||* + kD*(Az, Ay),
where A := I — T and [ is the identity operator on C.
They proved the following theorem using this class of mappings:

Theorem 1.4. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let T : C — CB(C) be a generalized k-strictly pseudocontractive
multi-valued mapping such that Fix(T) # 0. Assume Tp = {p}, ¥V p € Fiz(T).
Define a sequence {z,} by z9 € C,

(1.1) Tnt1 = (1 — Ny + Ayn,

fory, € U™ and A € (0,1 — k). Then d(xp,Txz,) — 0 as n — 0o, where
1
U" = {yn €Ty : Dz(xnaTxn) <||xn *ynHz + ﬁ}

Definition 1.5. [16] Let H be a real Hilbert space and T' be a multi-valued
mapping. 7T is said to be strongly demiclosed at 0, if for any sequence {z,,} C
Dom(T) such that x, — p and {d(zn,Tx,)} converges strongly to 0, then
d(p,Tp) = 0. If T is a single valued mapping, then we have conclude that
|lp — T'pl| = 0.

Let A : H — 2" be a multi-valued mapping, then the Variational Inclu-
sion Problem (VIP) is to find x € H such that 0 € Az. The study of this
problem has been given reasonable attention by many researchers due to its
wide applications. For instance, many problems in physics, economics, man-
agement sciences and operation research can be formulated as VIP. It also
covers other optimization problems such as equilibrium problem, variational
inequalities, minimization or maximization problems to mention a few (see
[2, B, I, 6 7, 19 20, 21, 23, 24, 25 26, 27, 28|, BT, 36, [0, 42, 46] and the
references contained in them).
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Let A: H — 21 be a multi-valued mapping with graph G(A) := {(z,y) :
y € A(z)}. Then, A is called monotone if for all (z,u) and (y,v) € G(A), the
following inequality holds:

(x —y,u—wv) >0.

The monotone mapping A is said to be maximal if its graph G(A) is not
properly contained in the graph of any other monotone mapping. A single-
valued mapping A : H — H is called a-inverse strongly monotone if there
exists a constant o > 0 such that

(Az — Ay, z —y) > of|Tz — Ty||*,V =,y € H.

It is well known that monotone operators on real Hilbert spaces can be reg-
ularized into single-valued Lipschitzian monotone operators through a process
known as the Yosida approximation (see [5]).

This class of monotone operators was introduced by Zarantonello [45] and
Minty [32] and since then many authors have shown significant interest in it
due to its firm relation with the following evolution equation:

‘fo + A(z) = 0;
(1.2) {x(O) =

which is a model for many physical problems of practical applications. If the
function A in is not continuous, then it will be very difficult to solve these
types of models. To solve this problem, Yosida introduced a natural step,
which is to find a sequence of Lipschitz functions that approximate A in some
sense. It is well known that two quite useful single-valued Lipschitz continuous
operators can be associated with a monotone operator, namely its resolvent
operator and its Yosida approximation operator. The Yosida approximation
operators are useful to approximate solutions of VIP using resolvent operators.
Recently, many authors engaged the Yosida approximation operators to study
some VIP using different techniques, (see [4} @ [18]).

Very recently, Ahmad et. al. [5] introduced the following Yosida approxi-
mation inclusion problem which is to find € X such that

(1.3) 0€Jy (@) + M(x), A >0,

where X is a smooth Banach space, M is an H(.,.)- accretive operator with
respect to A and B, A,B : X — X are single-valued mappings, H(A, B) is
a-strongly accretive with respect to A, S-relaxed accretive with respect to B,

with o > § and JE’("')(SL‘) is the generalized Yosida approximation operator
defined by

1
(14) Tin 7w = S [T = Ry 5] (w), Y ue X,
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where I is the identity mapping on X and R?\'L/I_g\'") is the resolvent operator
associated with the mappings #H(.,.) and M. It was shown in [B] that the
resolvent operator

R (u) = [H(A, B) + AM] ™ (u), YV u € X, A >0

and the generalized Yosida approximation operator in ([1.4)) are connected by
the following relation

H (.. H (.
Ay 37 (@) € AM +H(A, B) = TI(Ry ) (2)).
In order to study the strong convergence characteristics of the solutions of
Yosida inclusion (1.3), Ahmad et. al. [5] proposed the following iterative
algorithm: For z¢g € X, define the sequence {z,,} C X by the following scheme:
Tpi1 = RE"(;;\') [H(A, B)x,, — )\JEH(,')’\‘)(L,)].

In 2014, Moudafi [33] introduced the following Split Monotone Variational In-
clusion Problem (SMVIP) which is to find

(1.5) x* € Hy such that f(z*) + By1(z") 20,
such that
(1.6) y* = Ax™ € Hj solves g(y*) + B2(y™) 20,

where By : Hy — 2 and B, : Hy — 272 are two multi-valued monotone
mappings on real Hilbert spaces Hy, and Hs, respectively, A : H; — Hs is a
bounded linear operator, f : Hy — Hy and g : Hy — H> are two single-valued
mappings.

Based on the work of Moudafi [33], Rahaman et. al. [38] introduced the
Split Monotone Yosida Variational Inclusion Problem (SMYVIP) which is to
find a point * € H; such that

(1.7) 0 € fi(a*) + Bi(z*) — Jy (a¥),
and
(1.8) y* = Ax™ € Hy solves 0 € fo(y*) + Ba(y™) — JiQ(y*),

where B; : H; — 2Hi_ i = 1,2 are multivalued maximal monotone mappings,
fi + H; — H; are single-valued mappings, ij = )\%(Il — Rfj) are the Yosida
approximation operators of the mappings B;, Ri t = (I; + A\;B;) ! is the resol-
vent of the multivalued maximal monotone mapping B; for A\; > 0 and I; are
the identity mappings on Hilbert spaces H;.

Rahaman et. al. [38] presented the following Yosida approximation tech-

nique to approximate the solution of SMYVIP (|1.7)-(1.8).
xo € Hy;
Up = Txy, + yA*(S — I) Azy);
Un = 6nun + Tgn(un);
Tn41 = (1 - anE)Un + anﬁf(vn);
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where H; and H, are real Hilbert spaces, A : Hi — Hs is a bounded linear
operator with adjoint A*, F is a strongly positive bounded linear operator on
H, with coefficient 7 > 0 and 3 € (0, F), {gn} is a family of k-demicontractive
mappings and uniformly convergent for any z € K, where K is any bounded
subset of Hy, f: Hy — H; a &-contraction mapping, 7 > 0, {«,} and {4, } are
sequences in [0, 1). Furthermore, they proved that the sequence {z,,} converges

strongly to a solution of SMYVIP (1.7))-(1.8]).

Let Hi, Hy and Hj3 be real Hilbert spaces, A: Hy — H3 and B : H, — Hj
be two bounded linear operators. Let C and Q be nonempty, closed and convex
subsets of H; and Hs, respectively. The Split Equality Problem SEP which
was introduced by Moudafi [34] is to find

(1.9) x € C, y € Q such that Az = By.

The SEP allows asymmetric and partial relations between the variable x and
y and it also covers many situations such as decomposition methods for PDEs,
applications in game theory and intensity-modulated radiation therapy, (see
[8, [7]). Since the inception of SEP, many other related optimization problems
such as split equality minimization problem, split equality equilibrium problem,
split equality fixed point problem, Split Equality Variational Inclusion Problem
(SEVIP), and Split Equality Monotone Yosida Variational Inclusion Problem
(SEMVIP) have been introduced by authors working in this direction, (see
[3, 22, 29, [35] [41] and the references contained in them).

In 2015, Guo et. al. [I7] proposed two different iterative algorithms and
proved that they converge strongly to a common solution of SEVIP and fixed
point problem for a family of nonexpansive mappings, which is a unique solution
of a variational inequality problem as an optimality condition for a minimiza-
tion problem.

Very recently, Eslamian and Fakhri [I5] proved the following strong con-
vergence theorem for finding an element in the zero point set of the sum of
two monotone operators and in common fixed point set of a finite family of
quasi-nonexpansive multi-valued mappings.

Theorem 1.6. Let Hy, Hy and Hs be real Hilbert spaces, A : Hi — Hs and
B : Hy — Hjs be bounded linear operators with adjoints A* and B*. Let
f: H — Hy and g : Hy — Hy be, respectively, o and B-inverse strongly
monotone operators and F, G be two mazximal monotone operators on Hy, Hs.
Fori e {1,2,.m}, T, : H — CB(Hi) and S; : Hy — CB(Hz2) be two finite
families of quasi-nonexpansive multi-valued mappings such that S;—1 and T;—1
are demiclosed at 0, where S; and T; satisfies the common end point condition.
Suppose Q = {(z,y) : x € N, Fiz(T;) N (f + F)~Y0),y € Fiz(S;) N (g +
G)~Y0), Ax = By} # 0. Let {(xn,yn)} be sequences generated for xq,0 € Hj,
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and yg,n € Ha by

Zn = Tn — VA" (Az, — Byy);

Wy = an(l — A f)zn;

Tnt1 = Qnbp + Bty + D ie ) 0 iUn i

Wy = Yn + Y B* (Azy, — Byy);

tn = J,LLGn(I — Hng)Wn;

Ynt1 = a0+ Butn + D iey 8piSni ¥V n >0,

where vy, ; € Tiy, Spn,i € Sity, and the step-size 7y, is chosen in such a way that

(1.10) Y € (e, 2||Ax721_BynH2 5 —e>,n€7r,
||B*(Azy — Byn)||* + [|A*(Azy — Byn)||

otherwise v, =~y (v being any nonnegative value), where the index set m = {n :
Az, — By, # 0}. Let the sequences {an}, {Bn}, {0ni}, {An} and {pn} satisfy
the following conditions:

(i) an + Bn + >t 6ni = 1 and liminf, 8,0, ; > 0 for eachi € {1,2,...,m};
(11) {\n} C [a,b] C (0,2a) and {pn} C [c,d] C (0,28);

(i1) limy, o0ty = 0, D07 vy = 00.

Then, the sequence {(zn,yn)} converges strongly to (x*,y*) € Q.

Motivated by the works of Rahaman et. al. [38], Guo et. al. [I7], Eslamian
and Fakhri [I5] and other related works in this direction, we introduce the Split
Equality Monotone Yosida Variational Inclusion Problem (SEMYVIP), which
is defined as follows:

Let Hy, Hy and H3 be real Hilbert spaces, A : Hy — H3 and B : Hy — Hj
be bounded linear operators. Let F : H; — 2t and G : Hy — 272 be multi-
valued maximal monotone mappings with nonempty values and let f : H; —
H; and g : Hy — Hs be nonlinear mappings. The SEMYVIP is to find z € H;
such that

(1.11) ze (f+F—J Y0,

and y € Hs, solves

(1.12) y€(g+G—JS) 1 (0) with Az = By;

where J{ = 1(I — RY) and J§ = i([ - Rf) are the Yosida approximation

operators of the mappings F and G, RY = (I + A\F)~! and RS = (I + pG)™?
are the resolvent operators of the mappings F and G for A\, > 0, and [
is the identity mapping. Furthermore, we introduce an iterative algorithm
to approximate a common solution of problem - which is also a
common fixed point of a countable infinite families of quasi-pseudo-contractive
mappings and generalized strictly pseudocontractive mappings in real Hilbert
spaces. Using our iterative scheme, we prove a strong convergence theorem for
approximating a common solution of the aforementioned problem. We apply
our result to solve a variational inequality problem. Our result extends and
complements the results of [I5], [I7] and other related results in the literature.
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2. Preliminaries

We state some known and useful results which will be needed in the proof
of our main results.

Lemma 2.1. [2] Let H be a real Hilbert space. Then the following results
hold for all x,y € H and X € [0,1]

(8) [[Az =+ (1= Ngll* = Allzl* + (1 = Mlly]* = 21 = ]z — y|]*.
(i1) 20w, y) = |l=|* + |lyll* = llz — ylI* = |z + yII* = [l]]* - [lyl[*-

Lemma 2.2. [T{)] Let E be a uniformly convex real Banach space. For arbitrary
r >0, let B-(0) :={x € E: ||z|| < r}. Then, for any given sequence {x;}52, C
B,.(0) and for any given sequence {\;}32, in (0,1) with Y .=, \; = 1, there
exists a continuously strictly increasing conver function

g:10,2r] = R with ¢g(0) =0,
such that for any positive integers i, j with i < j, the following inequality holds

1D Al P =D Nallell? = Xidjg (Il — 1),
i=1

i=1
Lemma 2.3. [T])] Let H be a real Hilbert space, T : H — H be a L-Lipschitzian
mapping with L > 1. Denote K := (1 — 0)I + 0T((1 — n)I +nT).
1
1+V1+L2
(i) Fiz(T) = Fiz((1 —-0)I +0T((1 —n)I +nl)) = Fiz(K).

Ifo<fd<n< then the following conclusion holds:

(i) If T is demiclosed at 0, then K is demiclosed at 0.

(ii) In addition, if T : H — H s quasi-pseudocontractive, then the mapping
K is quasi-nonexpansive, that is

K — a™|| < [lz — 2]
for allx € H and z* € Fiz(T) = Fiz(K).

Lemma 2.4. [T]] Let H be a real Hilbert space and {z;}icn be a bounded
sequence in H. For &; € (0,1) such that Y .2, 61 = 1, the following identity
holds:

o0 o0
1Y Gl P =D dillaal® = Y 66|z — .
i=1 i=1 1<i<j<oco

Lemma 2.5. [T]|] Let E be a normed linear space, By, By € CB(E) and x,y €
E arbitrary. Then, the following hold:

(a) D(Bl,Bg) = D(I + Bl,$ + Bg)
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(b) D(BlaBZ) = D(_Bl, —BQ).
(¢) D(z + B,y + Bz) < ||z — y|| + D(B1. Ba).

(d) D({x}, B1) = sup [[z —bi]].
b1€B;

(¢) D({z}, B1) = D(0,z — By).

Lemma 2.6. [T} Let C be a nonempty and close subset of a real Hilbert space
H and let T : C — CB(C) be a generalized k-strictly pseudocontractive multi-
valued mapping. Then, (I —T) is strongly demiclosed at zero.

Lemma 2.7. (Demiclosedness principle) [37] Let C be a nonempty, closed
and convez subset of a real Hilbert space H and T : C — C be a nonexpansive
operator with Fixz(T) # 0. If the sequence {x,} C C converges weakly to x
and the sequence {(I — T)x,} converges strongly to y, then (I — T)x =y. In
particular, if y =0 then x € Fiz(T).

Lemma 2.8. [/]|] Let {s,} be a sequence of nonnegative real numbers satisfying
Spn+1 < (1 - an)sn + andy, Vn2>0,

where {a,} is a sequence in (0,1) and {6, } is a sequence such that

oo oo
(1) Z ay, = 00, (#) limsupd, <0 or Z |andp | < 0.
n=1

n—o0
n=1

Then, lim s, =0.
n—oo

Given a countably infinite family {T;};>1 of generalized k;-strictly pseudo-
contractive multivalued mappings and an arbitrary sequence {z,} C C, we
denote by U, the set of inexact distal points of z,, with respect to the set T;x,,,
that is

_ . _ 1
(2.1) Uy :={uy € Tiwy : D*({wn}, Tiwn) < ||lzn — up|]* + ﬁ}’ (see [14]).

3. Main Results
In this section, we state and prove our main results.

Lemma 3.1. Let Hy, Hy and Hs be real Hilbert spaces, A : Hy — Hs and
B : Hy — Hs be two bounded linear operators with adjoints A* and B*, re-
spectively. Fori,j =1,2,---, let T; : Hy — Hy be a countable infinite family
of L-Lipschitizian and quasi-pseudocontractive mappings with L > 1 and let
S; : Hy — CB(H3) be a countable infinite family of generalized k;-strictly pseu-
docontractive multi-valued mappings such that for some k € (0,1), k; € (0,k].
Let F : Hy — 2™ and G : Hy — 22 be two multivalued mazimal monotone
mappings with nonempty values, f : Hy — Hy and g : Hy — Hs be two inverse
strongly monotone mappings. Assume that T := {(p,q) : p € N2, Fiz(T;) N
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(f+F—JI)7H0), g e N2y Fiz(S;) N (g+ G — JF)71(0), Ap = Bq} # 0. Let
{(zn,yn)} be the sequence generated for xg,u € Hy and yo,v € Ha by

Up = Ty, — VA" (Az,, — Byy);

zn = R{[T+ MJL = flun;

Tn+l = U + ﬂnxn + 5n(an,02n

+ (22 oni(1 = O +0T;((1 — )1 +nT;))2n);
1=1

Un = Yn + ’YnB*(Axn - Byn)a

wy = R+ p(JS — g)lvn;
0 . .

Yn+1 = QpU + 6nyn + 5n(tn,0wn + (Z tn,j)g%); 9% S Sjwn,
j=1

(3.1)

where the step-size 7y, is chosen in such a way that

2| Az, — By, ? )
3.2 Yn € (e, —€el,nem,
B2 9 €\ B Ay = Byn)|E 14" (Azn — By

otherwise v, = v (7 being any nonnegative value), where the index set T = {n :
Ax,,—Byy, # 0}. Let X\, p be positive parameters and let {a, }, {Bn}, {0n}, {on.i}
and {t, ;} be sequences in (0,1) satisfying

(Z) an+ﬁn+5n:1;

o0 o0
(’LZ) Z On,i = 1= Z tn7j7 with tmo S (k‘j, 1);
i=0 =0

Then the sequence {(Zn,yn)} is bounded.

Proof. Tt is well known that Rf is firmly nonexpansive and hence averaged.
Since the composition of averaged mappings is average, therefore R (I+\(J¥ —
f)) is averaged and hence nonexpansive. It follows that RY (I + A\(J¥ — f)) is
strongly nonexpansive. Similarly, Rfj([ + M(J;? — g)) is also strongly non-

expansive. Take (p,q) € T and define a,, = ono2n + (O Ki)zn), K; =
i=1
(1 —=0)I +0T;((1 — n)I + nT;)) and by, = tyow, + (X tn;)gh. It is obvi-
j=1
ous that RY (I + A(J{ — f))p = p, then we have from (3.1)) that

o0
lan =pI* = llonoz + Y onikiza —pl?
i=1
oo
< On,0 |Zn _p||2 + Zan,iHKizn _pH2

=1
= 00,00n,i9([[2n — Kiznl|)
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= |lzn = 2lI* = 0n000,i9(/|2n — Kizal])
(3.3) < lzn —plI%

Also by using Lemma e) and equation (2.1)), we obtain
1bn = al* =[tn,0(w +Ztng (¢} — )l

=tn,o0llwn — ql|* + Ztn,jl\gf; — 4
j=1

oo
- Z tn,Otn’ijn - 97]1”2

i=1

= > tajtumllgl — gl

1<j<m<n

<%de—dP+§:mg (Sjwn, S;q)
j=1

o0
- Z tn,Otn,ijn - 9731”2
j=1

<tnol|wn — q||?

+ 3 tag(lwn =l + & D*({0}, wa — Sjw,))

j=1
o0
- Ztn,otn7j||wn - gill?
e
<Y tyllwn — gl
7=0
oo
—|—Z tn. ki D*({wy}, Sjwy)
j=1

oo
> tnotnjllwn — ghlI?
=1

J
oo
SZ n, || wn _(IH2
§=0
j 1
+2)J (e — g2l + )

- ZtmOthHwn AN

Jj=1

101
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< 72570015-15 —k — g ?
<lwn = al* + 25 = 3ty (bno = Bl n — g3l

j=1

k
(3.4) <llwn — gl + .

Adding (3.3) and (3.4), we have

k
35)  lan = pl* + [lbn = l* < [l2n = pII* + [lwn — all + —5.
Now,
lzn —2l* = |[RXI + AR = ))un — R+ XX = f))pl]?
< lun —pl

= ||z —p— A" (Az, — Byn)||2
||xn - p||2 - 27n<xn 2 A*(A-rn - Byn)>

+ '772L||A*(Axn _Byn)HQ
= |lan —plI> + 72 l|A*(Az, — By,)|?
(3.6) - TllAz, — APHQ — YnllAzy — Byn||2 + Ynl|Byn — Ap||2.

Following a similar approach to the proof of (3.6)), we have

lwn —all> = lyn — aqll> + 721 B*(Azy — Byn)||> — vul|Byn — Bq|l*
(3.7) —nllAzn, — Byn|[* + vn||Byn — Apl|*.
Adding (3.6) and (3.7) and using (3.2) with Ap = Bgq, we obtain
lzn = DI + llwn —al” = lza = pII* + [lyn — qll?

- 'Yn(QHAxn_Byn”Q
- ’Yn(HA*(Axn_Byn)HQ

+ ||B*(Az, — Byn)|]P)|
(3.8) < lzn = plI? + [lyn — al*.
Substituting (3.8]) into (3.5), we get
k
(3.9) llan = pII* + [1bn = all* < llen = pl* + llyn — all” + .

Observe from (3.1)) and Lemma [2.4] that

||xn+1 _p||2 = ||anu + ﬁnxn + 6nan _p||2
(3.10) < an||u—p||2—|—5n||xn—p||2+5n||an—p|\2.

Similarly,

(311) e —all* < anllo —all* + Bullyn — Il + dullbn — all*.
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Adding (3.10) and (3.11) and using (3.9), we obtain

|Tn41 — mnH2 +[|Yn+1 — yn||2

< agllfu—pl|* +lv—q||*]
+ Bulllen =l + [lyn — all?]
+0nlllan — plI* +[1bn — al|’]

< agllfu—pl|* +lv—ql|*]

+ ﬁnmxn _p‘|2 + ||yn _Q||2]
k
+0nllen = pII* + [l — all” + 3]

anlllu = pl* + v — gl ]

onk
+ (1—an)[||=’ﬂn—P||2+||yn—(1\|2]+ﬁ
< max{([[|u — pl[* + [[v — ql|?],
onk
[||$n—p||2+||yn—Q\|2]}+ﬁ
2 2
< max{[[[u — p||* + v — q|[7],

Onk
llzo =PI+ llvo = alPl} + 25, n>0.

Therefore, {||z,, — p||? + ||yn — q||*} is bounded. Thus, the sequences {x,} and
{yn} are bounded. Consequently, the sequences {un}, {vn}, {w,} and {z,} are
all bounded.

Theorem 3.2. Let Hy, Hy and Hs be real Hilbert spaces, A : Hi — Hj
and B : Hy — Hj be two bounded linear operators with adjoints A* and B*,
respectively. Fori,j =1,2,---, let T; : Hy — Hi be a countable infinite family
of L-Lipschitizian and quasi-pseudocontractive mappings with L > 1 such that
T; is demiclosed at 0, and let S; : Hy — CB(H3) be a countable infinite family
of generalized k;-strictly pseudocontractive multi-valued mappings such that for
some k € (0,1), k;j € (0,k]. Let F : Hy — 21 and G : Hy — 22 be two
multi-valued mazximal monotone mappings with nonempty values, f : Hy — Hy
and g : Hy — Hs be two inverse strongly monotone mappings. Assume that
I={(p.q) : p € N Fiz(Ty) N (f+F = J{)10), ¢ € N3, Fia(S;)N(9+G -
Jf)’l(O),Ap = Bq} # 0. Let {(z,,yn)} be the sequence generated by (3.1),
where the step-size 7, is chosen in such a way that

2||Axn_BynH2 >
3.12 € | €, —€),nem,
312) ( B Az, — By + 14" (A2, — By

otherwise v, = v (v being any nonnegative value), where the index set m =
{n : Ax,, — By, # 0}. Let A\, be positive parameters, {on},{fn}, {0n} be
sequences in (0,1) such that a, + By + 6, =1, {0y} and {t, ;} be sequences
in (0,1), with the following conditions satisfied:
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(i) lim a, =0, > a, = o0;
n—00 ne1
o0 oo
(’LZ) Z On,i = 1= Z tn,ja with tn,O c (kj, 1),
i=0 j=0

(iv) 0 <a<pBpd, <b<1;

: 1
(v) nl;rigo =0.

n2an,
Then the sequence {(Tn,yn)} converges strongly to (Z,y) € T.

Proof. Observe from (3.1)), (3.6) and Lemma that

||anu + Bny + Onan — p”2
anllu = pl[* + Bl |zn — pl |
onllan _pH2 — Bnbnl|zn — an||2
anllu = pl|* + Bnllzn — pl[®
5n||zn _pH2 - ﬁn(Sonn - an”2
anllu = pl[* + Bl |zn — p||?
Snlllzn — plI* + 72|l A" (Azs — By,)||
Ynll Az — Ap||2
~nl|Azn — Bynl[* + 7ul|Byn — Apl[’]
Brnl|zn *anHz
= an|lu—pl* + (1 -z, —pl
+ OnlvallA*(Az, — Byn)|| — | Az, — Ap|®
—nl|Azy — BynHQ + Vnl|Byn — APHQ}
(3.13) — Bubnllzn — anl?.

Similarly, we obtain by using (3.1]), (3.7) and Lemma that

lynt1 —all®> = anllo—all> + (1 = an)llyn —dll’
+ 5n['YT2L||B*(Axn_Byn)H _'Vn”Byn_BqHQ
—Yu||Azn — Byn||2 + Yol Az — B(I||2]

onk
(3.14) — Bubnllyn — bl * +

n2’

llznss = pII”

+ IN + IN + A

Adding, (3.13) and (3.14)), we obtain

lzns1 = pl* + [lyns+1 — yall?
< apllfu—pl* +lv - ql|*]
+ (1= an)lllzn = pl* +lyn — alP’]) = 6n7a[2l| Azn — Byal|®
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— llA*(Azy — Bya)|| = 7al|B* (Azy — By,)||’]
Onk
(3.15) - ﬂndnmxn_an||2+||yn_bn”2]+ﬁ~
We now divide the rest of the proof into two cases.

Case 1: Assume that {||z, —p||*+ ||y, —¢||*} is monotonically nonincreasing,
we have that {||z, — p||* + ||yn — q||*} is convergent. Hence,

(lzn = pII* + lyn — all*) = (lznt1 =PI + [gns1 —gll*) = 0 as n — oo.
O
From (3.15)), we have

BrnllTn — an||2 + [|yn — bn||2] + 0nvn[2]| ATy — BynH2
— Yl A*(Azy — Byn)||* = || B*(Azn — By,)|]
< an[llu—pl* + lv = q|I*] + (1 = an)[[Jzn — plI* + llyn — dll’]

k
(3.16) — [llznt1 = 2II* + [lyn+1 — gl’] + ot
By letting n — oo in (3.16]), we obtain

. B 2 — b 12) =
Jim (= anl [+ Iy = bal*) = 0.

That is

(3.17) nh_{lgo [|zn — an]| = 0.
and

(3.18) nh_}n;o [y — bn]| = 0.
Also,

(319)  lim (||A* (A, — By,)|? + ||B* (Az, — Bya)|[?) = 0.
Note that Az, = By, if n ¢ Q. Thus,

(3.20) lim ||A*(Az, — By,)|| = lim ||B*(Ax, — Byn)|| = 0.
n—oo n—r00

By using (3.1) and the firmly nonexpansive property of R¥ [I + A (Jf — f)] ,
we get

(3.21) ll2n = pl* < [lun = plI* = Iz — unl[*.
Similarly, we get

(3.22) llwn = plI* < [lon = plI* = [Jwn — vall*.
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Adding inequalities (3.21) and -, we have
||zn —pl\2 +llwn —al* < lun —pl* + o — gl

(3.23) - Hzn_unH2_ Hwn_vn||2'
Now from (3.1)), we have
||zn+1 _p”2 = ||O‘nu+/8n$n + dpan _p||2

< agllu—pl* + Bullzn — pll?
+ 6n||an _p”2 - ﬁn(anxn - an”2
< anllu—pl|* + Bullzn — pl?
(3.24) + Opllzn = DI = Brbnl|zn — anl?.
Similarly,
lyni1 —all*> < anllo—all* + Bullyn — dall* + nllwn — gl
On, k
(3.25) = Babnllyn — bn ||2 +

Adding (3.24) and -, and using , we obtain

lens1 = pI® + [lyn+1 — gl®

< ap[llu—pl* + v = pl*]

+ Bulllen = plI® + 1lyn — dll’]

+ Oulllzn — I + |lwn — gl |?]
onk

- 5nH|xn_an||2+‘|yn_bn||2]+ﬁ

< anlllu—p|* + v —qll’]

+ Bulllzn = plI* + llyn — all*) + 6nll|un — plI?

+ lon =gl = llzn = unl|* = [Jwn — va|[?]
onk

- Bnignmxn_an”Q"’Hyn_bn||2]+7g

< anlllu—p|* + v —qll’]

+ ﬁn[||$n—p||2+||yn—Q\|2]+5n[||$n—p||2

+ ||yn_qm_§nmzn_un”2_Hwn_vnlm
onk

= Budnlllzn = anll* + [lyn — bul*] + 5

= an[\lu—pl\2+|lv—fJ|H
+ (L—an)lllzn = pII> + llyn — 4ll’]
- 5n[||zn*un||2+||wn*vn||2]
9 91 Onk
(3.26) = Bdalllon = anll” +[lyn = 0al[FT+ — 5
which implies that

Snlllzn — unH2 + [Jwn — vn||2]
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< anflfu=pl* +[lv = qlP] + (1 = aw)llzn = pII* + [lyn — all’]

= zns1 = 2l + Y41y, ]
k

(3.27) _5n5n[||xn_an||2+ |[Yn _anQ]""ﬁ'
Taking limit of (3.27) as n — oo, we obtain
(3.28) li_>m (120 — unl|® + [Jwn — val]?) = 0.

Hence,

(320) i [[z0 — gl = [|REQ + AF — ) — ua] =
and

(330) T [l — val| = |RE (L + p(J] — ) — vall =
From and , we obtain

(3.31) [lun, — 2nl|| = Ynl|A*(Azn, — By,)|| = 0 as n — oo.

Similarly, we obtain

(3.32) [|vn, — ynl| = Vul|B*(Az, — By,)|| = 0 as n — oo.
Using and 7 we have

(3.33)  lzn — znll < |l2n — unl] + ||un — 20|l = 0 as n — oo.
Also, by using and , we obtain

(3.34)  |wn — Ynl| < |Jwn — vnl| + ||t —yn|] = 0 as n — oo.

We also see that

(3.35) llan — znl| < |lan — zn]| + |zn — 20| = 0 as n — oo,
16, — wn|| < b = Yull + [|yn — wn|| = 0 as n — oo.

Next, we show that ||K;z, — z,|| = 0 as n — co. Indeed, from (3.3) and (3.35]),
we have

on.00n,i9(||zn — Kizn|])
= llzn = pII* = llan —plI*
< lzn = anll(lfzn = pll + [lan = pll) = 0 as n — oco.

Since 0y,,00y,; 7 0, we obtain from the property of g that

(3.36) ILm || Kizn — 2zn]| = 0.
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Similarly, from and -, we have

D tngltno = Rlwn = ghll < llwn —all® = llbn —al + —
j=1
S ||wn_bn”(||wn_Q||+an_QH)
k
(3.37) + — —0 as n— oo
n

&) .
Using the fact that, > t, ; # 0 and d(w,, S;jw,) < ||w, — g2||, we get that

j=1
(3.38) lim d(wp, S;w,) = 0.
n— oo
Furthermore, we obtain
||xn+1 _an = Hanu"i_ﬁnxn"_dnan _an
< O‘n”u - an + 5n||an - an,

which, by condition (i) and ( -, implies that

(3.39) lim = ||xp41 — znl| = 0.

n—oo

Also, by using condition (i) and (3.18)), we obtain
(3.40) Jim lyng1 = ynl| = 0.

Since {x,} is bounded, there exists a subsequence {z,,} of {z,} such that
Tp, — . By and (3.32)), we have that u,,, — Z and z,, — Z. Using (3
and the demiclosed property of K; and Lemma. we have & € N2, Fix(K; )
N, Fix(T;). Also, since {yy} is bounded there exists a subsequence {y,, } of
{yn} such that y,, — 7. Using (3 and the fact that S is demiclosed at
0 for each j, we obtain § € N5 F(S’ ). We have from and (3.30), that
ze(f+F—-J)"H0)and § € (f + G — J)71(0), respectlvely Hence, we
have that (zZ,y) € I.

Now, since A and B are bounded linear operators, we have that {Axz,}
converges weakly to AZ and {By,} converges weakly to By.

Next, we show that Az = By.

|Az — By||?
= (Az — By, Az — BY)

= (Az — By, AT — By + Az, — Az, + By, — Byy,)

= (AT — By, AT — Axn> (AT — By, Az, — By,)
+ (AZ — By, By, — By)

= (Az — By, Az — Ax,) + (AZ, Ax,, — Byy) — (BY, Ax,, — Byyn)
+ (AZ — By, By, — BY)
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By, Az — Ax,,) + (z, A*(Az,, — Byy,))
Az, — By,)) + (Az — By, By, — BY)
< (AT — By, AT — Awy) + |[Z|[[| A" (A — Byn)||
+ 17l [|B* (Azn, — Byn)|
+ (Az — By, By, — By) —» 0, n — .
This implies that ||AZ — Bg|| = 0. Hence, AZ = By.
Next, we show that {(z,,y,)} converges strongly to (Z, 7).
From ({3.1]), we have that
|1 — 2|
= |lant + Bprp + Opa, — |2
= [lom (u = Z) + B (2 — T) + 6n(an — 7)||?
< |Bu(@n — &) + nlan — 2)||* + 2an (Tns1 — T, u — T)

(3.41) < Ballzn — 2| + 0nl|2n — Z||* + 200 (Tns1 — Tp,u — T).
Similarly,
yns+1 — 7l
= ||C¥n’U + ﬂnyn + 6nbn - §||2
= ||0‘n(v - g) + ﬂn(yn - g) + 5n(bn - §)||2
<18 (yn = 7) + 0(bn = DII* + 200 (Yn1 — §,v — §)
_ _ onk _
(3.42) < Ballyn — 9lI* + 6nl|wn — gl1> + —3 20 (Y1 = Y0 — 7).

By adding, and , we obtain
[#ns1 — 3112 + llgnss — 311
= Ballln — 211 + Iy — 51
4 bl — 7P+ s — 7] + 2
+ 20, ((Tpy1 — T u — T) + (Ynt1 — v — 7))
< Bulllen — 2| + llyn — 7l1°]
t Gllln — I + llgn — 2] + 228

+ 200 (1 = Z,u = ) + (Yo 1 — 5,0 — 7))
< (1= am)lllzn = 2 + llyn — 71I°)

k
(3.43) + 2an (<xn+1 —Z,u—Z) + Yn+1 — Y0 —Y) + ann2> :

Since z,, — T and y,, — ¥, then z,11 — T and y,41 — §. Thus, using Lemma
condition (v) and (3.43)), we obtain ||z,, — Z||* + ||y — ¥||> — 0 as n — oco.
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Hence,
(3.44) lim ||z, —Z||=0= lim ||y, — 7|l
n— oo n—00

Therefore, (2, yn) = (Z,7) € T.

Case 2: Assume that {||z, — p||* + [|lyn — ¢||*} is not monotone decreasing.
Set Yy, := ||xn, — p||> + ||yn — ¢||> and let 7 : N — N be a mapping defined for
n > ng (for some large ng) by

7(n) :=max{k e N: k <n, Ty < Tp41}.
Clearly, 7 is a non-decreasing sequence such that 7(n) — oo, as n — oo and
Trn) < Trmy+1, n = no.
From 7 we have that
(|| A* (A1 ny — Bysn)|2 + |B* (A7 — Byon?)

< Qr(n) [”u _p||2 + ||U - Q||2] + (1 - O‘T(n))[l‘x'r(n) - pH2
+ Hy'r(n) - q||2} - [||x7'(n)+1 7p|‘2 + Hy‘r(n) - Q||2}'

Using condition (i) of (3.1)), we have that
(HA*(A"ET(H) - By‘r(n))H2 + ||B*(Ax7'(n) - Byr(n))HZ) — 0, as n — oo.

Note Az, (n) — Byrn = 0, if 7(n) ¢ 7. Hence

(3.45) lim ||A*(Az; () — Bym)|| =0,
7(n)—o0

and

(3.46) Jim 1B (Azey — Byrgo)l| =0.

Following the same argument as in Case 1, we have that ({z,(n), {¥rmn)}})
converges weakly to (z,7) € I.
Now, for all n > ny,

0 < [lermyrs = 2l + [Yyr+1 = G = |27y — 212+ 11yr ) — 2]
< (1= ar)llzrm) = 2I1° + [[gr() — 911°)

_ _ _ B k
- 2aT(n) <<x7—(n>+1 — LU= £L'> + <yT(T,,)+1 - YU = y> + aT(n)n2>
- [Hx‘r(n) - jHZ + ||y7'(n) - yHQ]v
which implies

a‘r(n)[l‘x‘r(n)*f” + HyT(n) - QHQ}
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(3.47) <20, ((a:w —Z,u =)+ (Yr,, — U0 —7) + aT:)n2> .
Now, we note that a,(,) > 0, and hence we get

T ([ = 22 + llgrny — 31) = 0.
Therefore,

W Trlw = 1, Yre =0
For n > ny, it is clear that Y () < T (ny41 if n # 7(n) (that is 7(n) < n)
because T; > Y44 for 7(n) +1 < j < n.

Consequently, for all n > ng

0<T, < maX{TT(n)a Tr41}t="Tr 1.

Hence, lim,,_, T, = 0. Therefore, we conclude that {(z,,y,)} converges
strongly to (z,7). O

Corollary 3.3. Let Hy, Hy and Hs be real Hilbert spaces, A : Hy — Hj
and B : Hy — Hj3 be two bounded linear operators with adjoints A* and B*,
respectively. Let F': Hy — 2™ and G : Hy — 2H2 be two multi-valued maximal
monotone mappings with nonempty values, f : Hy — Hy and g : Ho — Hy be
two inverse strongly monotone mappings. Assume that T' := {(p,q) : p €
(f+F —JF)710), g € (g+G = JE)"1(0), Ap = Ba} # 0. Let {(xn,yn)} be
the sequence generated for xg,u € Hy and yo,v € Ha, by

Up = Ty, — VA" (Az, — Byy);
2 = RELL+AIE = f)lugs
Tpt1 = QpU + By + 0n2n;
Un = Yn + Y B*(Azy, — Byy);
wy = RE + u(J7 — g)lon;
Yntl = Wn¥ + BnYn + 0pnWn,

(3.48)

where the step-size v, s chosen in such a way that

2||Az,, — Byn||?
(3.49) Yn € <e, - » —€|,nem,
|1B*(Azr, — Byn)|* + [|A*(Azy — Byy)|[?

otherwise v, = v (7 being any nonnegative value), where the index set m = {n :
Az, — By, # 0}. Let A\, p be positive parameters, {an},{Bn}, {0n} be sequences
in (0,1) such that o, + Bn + 6, = 1 satisfying the following conditions:

o0
(1) lim a, =0, > a, = oc;
n—oo n=1

(i) 0 < a < Bré, <b< 1
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(iii) lim - =0.

Then the sequence {(Tn,yn)} converges strongly to {(Z,y)} € T.

Corollary 3.4. Let Hy, Hy and Hs be real Hilbert spaces, A : Hy, — Hj
and B : Hy — Hjs be two bounded linear operators with adjoints A* and B*,
respectively. Fori,j=1,2,---, let T; : Hi — Hy be a countable infinite family
of L-Lipschitizian and quasi-pseudocontractive mappings with L > 1 such that
T; is demiclosed at 0 and let S; : Hy — CB(Hz) be a countable infinite family
of generalized k;-strictly pseudocontractive multi-valued mappings such that for
some k € (0,1), k;j € (0,k]. Let F : Hy — 21 and G : Hy — 22 be two multi-
valued mazximal monotone mappings with nonempty values. Assume that I' :=
{(p-q) : p € N2 Fiz(T;) N F~1(0), ¢ € N2, F(S;) NG~H0) : Ap = Bq} # 0.
Let {(xn,yn)} be the sequences generated by xo,u € Hy and yo,v € Hy defined
by

Up = Tn — 'YnA*(A:En - Byn)a
2n = (I + AF) " tuy,;

Tptl = QpU + BrnTn + 0p (O'n,Ozn
oo

(3.50) + (A =0+ 0Ti((1 =) +nT3))zn);

=1
U = Yn + W B*(Az,, — By,);
Wn = (I+ :U’G)_lvn§

o0

Yn+1 = QpU + ﬁnyn + 5n(tn,0wn + (Z tn,])g]n)y gﬁl € Sjwna
j=1

where the step-size v, is chosen in such a way that

2||Az,, — Byn||? > c
—€el,nem,
Azn = Byn)|* + || A*(Azn — Bya)|®

(3.51) Yn € <e, B

otherwise v, = v (v being any nonnegative value), where the index set m =
{n : Az, — By, # 0}. Let A\, u be positive parameters, {an},{fn}, {0n} be
sequences in (0,1) such that o, + Bn + 0p = 1, {04} and {t, ;} be sequences
in (0,1) with the following conditions satisfied

)
(i) lim a, =0, > a, = o;
n—00 ne1
(’LZ) Z On,i = 1= Z tn,jy with tn,O S (kj, 1),
i=0 =0
(iv) 0 <a<pBpo, <b<l;

(v) lim —— =0.

2
n—00 noan

Then the sequence {(zn,Yn)} converges strongly to {(Z,y)} € T.
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4. Application and Numerical Example

4.1. Variational Inequality Problem

The variational inequality problem is defined as:
(4.1) Find € C such that (Az,y—2) >0, VyeC,

where A : C' — H is a nonlinear operator- We denote the set of solutions of
VIP by VI(C, A).

Let H be a real Hilbert space and h be a proper, convex and lower semi-
continuous function of H into R. Then the subdifferential 6k of h is defined as
follows:

(4.2) oh(z) ={z € H: h(z)+ (z,u — z) < h(u),V u € H},

for all x € H. We know that dh is a maximal monotone operator (see [39]).
Let C be a nonempty, closed and convex subset of H and tc be the indicator
function of C which is defined by

o 0, if zeC,
@ +oo, if x ¢ C.

Then, t¢ is a proper, convex and lower semicontinuous function on H. So, we
d, .
can define the resolvent operator as R,"“ of 6, for A > 0, i.e.

RY (2) = (I +Ao,.)"Y(x), = € H.

We know that R(j\LC (x) = Po(x) for all z € H and A > 0 (see [43]). Moreover,
for a single-valued operator f : H — H, we have that

z € (f+0,0)"10) <=z VI(C,f).

Let C be a nonempty, closed and convex subset of a real Hilbert space H.
For each x € H, it is known that there exists a unique element Pox of C' such
that

|lz — Poz|| = inf{||lz — yl| : y € C},

where Pg is referred to as the nearest point mapping or metric projection from
H onto C.
Now, we present an application of our main theorem.

Theorem 4.1. Let Hy, Hy and Hs be real Hilbert spaces, A : Hy — Hj
and B : Hy — Hs be two bounded linear operators with adjoints A* and B*,
respectively. For 1,5 = 1,2,---, let T; : Hi — Hi be a countable infinite
family of L-Lipschitizian and quasi-pseudocontractive mappings with L > 1
such that T; is demiclosed at 0 and let S; : Hy — C'B(H3) be a countable infinite
family of generalized k;-strictly pseudocontractive multi-valued mappings such
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that for some k € (0,1), k; € (0,k]. Let f : HL — Hy and g : Hy — Ho
be ¢, p- inverse strongly monotone mappings. Assume that T := {(p,q) : p €
N2 Fix(T;) N VI(C, f), ¢ € N2, Fix(S;) NVI(Q,g),Ap = Bq} # 0. Let

j=
{(zn,yn)} be the sequences generated by xo,u € Hy and yo,v € Hy defined by

Up = Tp — ’YnA* (Axn - Byn);
Zn = PC(I - Anf)una
Tn+l = OpU + 5nxn + 6n(0n,02n

(4.3 (S =01+ L1 = ) +1T))z):

Up = Yn + 'YnB*(Amn - Byn)§
Wy = PQ(I - ﬂng)un; ;

Ynt+1 = QpU + Bnyn + 5n(t7L,Own + (Z t",j)gg;); g% c Sjwny
j=1

where the step-size 7y, is chosen in such a way that

2||Az,, — By,||? )
4.4 n € | € —€l,nem,
@ ( ||B*(Azy, — Byn)||* + [[A*(Azn, — Byn)||?

otherwise v, = v (7 being any nonnegative value), where the index set m =
{n : Az, — By, # 0}. Let A\, be positive parameters, {oum},{Bn}, {0n} be
sequences in (0,1) such that am, + By + 6, =1, {0y} and {t, ;} be sequences
in (0,1) with the following conditions satisfied:

o0
(i) lim a, =0, > a, =o;
n—o0 ne=1

e

(i) > oni=1=
i=0

tm]', with tn,O S (kj, 1);

7=0

(iv) 0 <a<pBpd, <b<1;
(v) nh_>n;o ﬁ =0.
Then the sequence {(zn,yn)} converges strongly to {(z,y)} € T.

The following is a consequence of Theorem [£.1]

Corollary 4.2. Let Hy, Hy and H3 be real Hilbert spaces, A : Hy — Hz and B :
Hy — Hj be two bounded linear operators with adjoints A* and B*, respectively.
Fori,j = 1,2,---, let T : HH — Hy; and S : Hy — Hs be nonexrpansive
mappings. Let f : Hi — Hy and g : Hy — Hy be ¢,p- inverse strongly
monotone mappings. Assume that T := {(p,q) : p € Fix(T)NVI(C,f), q €
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Fiz(S)NVI(Q,qg),Ap = Bq} # 0. Let {(xn,yn)} be the sequences generated
by xo,u € Hy and yo,v € Hs and

Up = Tn, — YnA*(Az, — Byy);
2n = Po(I — An f)un;

Tpt1 = QpU + By + 07T 2n;
VUp = Yn + W B*(Az, — Byy,);
W, = PQ(I - Nng)um

Yntl = ¥ + BnYn + 0 Sw,

where the step-size v, is chosen in such a way that

2|‘A1‘n _Byn||2 )
4.6 n € | €, —€l,nem,
6~ ( 1B (A, — Byn)| T |[A*(Az — By

otherwise v, = v (v being any nonnegative value), where the index set m =
{n: Az, — By, # 0}. Let A, i be positive parameters, {an},{Bn} and {0,}
be sequences in (0,1) such that o, + Bn + 6, = 1, satisfying the following
conditions:

(i) lim a, =0, > a, = o;
n—00 n=1
(i) 0 < a < Bpo, <b<1;
(iii) lim_ o = 0.
Then the sequence {(Tn,yn)} converges strongly to {(Z,y)} € T

4.2. Numerical Example

We consider a numerical example in (R?,||.||2) (where R? is the Euclidean
plane). Let F : R? — R? and G : R? — R? be defined by F(z1,22) =
(221 —x2, x1+2x2) and G(x1,x2) = (x1+2, 221 —1x3), respectively. Clearly, F
and G are maximal monotone mappings. Also, let f : R2 — R? and g : R — R?

be defined by f(z1,22) = (5}, 12) and g(z1,22) = (%, %), respectively, then
f and ¢ are inverse strongly monotone mappings. Take A = u = %7 then

we compute the resolvent operators and the Yosida approximation operator as
follows:

17 11T 1T
R;Cj =+ MG)il = (2z1 — 2z9, 6xo — 4x1).
921 To9 X1 93,‘2)

1
F_ —(y_pFy_ (22t _ 22 2L .
=30 =R <34 1717 34

2 2
Rf=(I+AF)1:<8x1 v2 872 xl).

ac 1 T T
G 1 2
J# _7(1_R,U.)_ <1’2_2, 2x1—2>
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Therefore, we have that

9561 61.732 156332 2331
R +AUN =Nl = (17+ 578 ' 289 17)

and

11— —

3T
arr G_ .y (%L, T2 2)
e

n+1 (5 _ 2n+47
3(n+3)7 "™ T 3(n+3)
be chosen in such a way that for some € > 0,

Let the sequences a,, = m, Bn = and the step size vy,

Tn € (e 2||A$n_BynH2 —e) nemw
"\ IB (Azn — Byn)|? + [|A*(Azn — Byn)||? ’ ’

otherwise 7, = v ( v being any nonnegative value), where the index set 7 =
{n: Ax,, — By, # 0}.

Let u,79 € R? and v,y € R? be arbitrary. Then, our Algorithm (3.48)
becomes

Up = Tp — ’Y?LA* (Axn - Byn);

zn = R [T+ AJY = f)lun;
_ ntl 2n+7 . .
Tntl = 3+ 3(:1++3) Tn + 3(213) Zn;

Un = Yn + ’YnB*(A‘Tn - Byn);
wy, = R[4+ p(JS — g)]va;

_ 1 +1 247 .
Ynt1 = 30530 + 3&+3) Yn + 3(2+3)wn’

Furthermore, let A : R? — R? and B : R2 — R? be defined by

do=(1 ) (8) meso=(23)(0)
We now consider the following cases for our numerical experiments.
Case 1
Take 29 = (—1,-0.5)T, yo = (—1,-0.5)T, u = (—=1,0)T and v = (—1,0)T.
Case 2
Take 79 = (—1,—0.5)T, yo = (=1, -0.5)T, u = (1,2)T and v = (1,2)7.
Case 3
Take zo = (1,0.5)7, yo = (=1, -0.5)T, u = (-1,0)T and v = (-1,0)7.
Case 4
Take zo = (—1,-0.5)7, yo = (1,0.5)T, u = (2, -3)T and v = (-2,3)7.
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5. Conclusion

In this paper, we introduce the SEMY VIP — and present an
iterative algorithm to approximate a common solution of SEMYVIP (1.11))-
and infinite families of quasi-pseudo-conctractive and multi-valued gener-
alized strictly pseudocontrative mapping in real Hilbert spaces. The SEMY VIP
1.11— and the map considered in this article generalizes the ones consid-
ered in [I5], [I7] and [33]. Our results do not require any compactness condition
nor any prior knowledge of operator norm.
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