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Existence and multiplicity of solutions for singular
fractional elliptic system via the Nehari manifold
approach

Kamel AkrouiﬂEl, Nor Elhouda Soltani E| and Sounia Zedirﬂ

Abstract. In this paper, we study the existence and multiplicity of
positive nontrivial solutions of the following singular fractional elliptic
system

(=A)u=a(x)u™” + Af(z,u,v) in €,

(=A), v =b(z)v™" + Ag(z,u,v) in Q,

w=wv=0onRV\Q,

where Q is a smooth bounded domain in RY, N > ps with s € (0,1), A
is a positive parameter and 0 < vy < 1 < p <r < p; — 1,ps = Nj\i‘;s.
a,b € L=(Q,R), f,g € C(Q x R x R,R™) are positively homogeneous
functions of degree (r — 1). The results are obtained by using the fibering
method, Nehari Manifold technique and applying Ekeland’s variational

principle.
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1. Introduction

The paper focuses on the variational case to prove the existence and mul-
tiplicity of nontrivial positive solutions. We consider the following singular
fractional elliptic system

(—4),

pU=a@)u""+ Af(z,u,v) in Q,

(Py) (=A), v =Db(x)v™7 + Ag(x,u,v) in Q,

u=1v=0on RVM\Q,
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where (2 is a smooth bounded domain in RY, N > ps with s € (0,1), A
is a positive parameter, 0 < v <1 < p < r < pi —1, and pi = Nj\i’;)s is the
fractional critical Sobolev exponent. a,b € L®(Q,Rf), f,g € C(QxR xR, RT)

are positively homogeneous functions of degree (r — 1) such that

fz,tu,tv) =" f(z,u,v), (z,u,0) € XX Rx Rt >0,
(1.1)
g(z, tu, tv) = t"tg(x,u,v), (r,u,v) € A X R x R, t > 0.

Let (—A); be the fractional p-Laplacian operator defined on smooth functions
by

_ p—2 _
(—A):u = 2lim [u(z) — u(y)| N(z(f) U(y))dy, ¢ €RY,
€0 JrN\B, (2) |z —y["

Our aim in the present work is to study the existence and multiplicity of non-
trivial positive solutions by combining the variational method with Nehari Man-
ifold, fibering maps and Ekeland’s variational principle, see [2], [4], [3],[9], [10].

Precisely, we assume there exists a function H : @ x R x R — R satisfying

H, (u,v) = f (u,v) and H, (u,v) = g (u,v).

From (1.1}, we can easily deduce that H is homogeneous of degree r which
satisfies the following assumptions

H(z,tu,tv) = t"H(xz,u,v),t>0,

rH(z,u,v) = uf(x,u,v)+vg(x,u,v) (Euler identity),
(1.2) |H(z,u,v)] < K (lu|"+v|"), for some constant K > 0.
(1.3) H*(x,u,v) = max(+H (x,u,v),0) # 0 for all (u,v) # (0,0).

Then, we have the following result of existence.

Theorem 1.1. Suppose that 0 <~y <1 <p <r <p:—1 and the assumptions
(1.1)-(1.3) hold. Then, there exists T' > 0 such that, for all A\ € (0,T), the
system (P»)) has at least two positive nontrivial solutions.

There is a growing interest in the equations of this type, since they arise in
many fields of sciences, physical phenomena, probability, stochastic calculus,
and finance. For more details, one can see [5], [6], [I4], [19].

This method has been applied to partial differential equations, nonlin-
ear, semilinear and quasilinear systems, involving Laplacian and fractional p-
Laplacian. Among that the many studies have been published, we refer the
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reader to see [8], [15],[17], [27], [18], [I]. At this point, we briefly recall litera-
ture concerning related singular problems and systems. In [20], by K. Saoudi
& A. Ghanmi, they studied the following singular problem

(—A) =29 4 \f(z,u) in Q,

p T wY

u =0 on RV\Q,

where 2 C RV N > 2, is a bounded smooth domain, a € L>®(Q), A is a
positive parameter, p > 2 such that N > psand 0 < vy <1 < p < r < pi
where p} = N]\i ’; - and r is the homogeneity degree of the function f. Under
appropriate assumptions on the function f, the authors have used the method of
Nehari manifold combined with the fibering maps and they shown the existence
of T}, » » such that for all A € (0,T, ,~), the problem has at least two positive
solutions.

Moreover in [2] Adimurthi and Giacomoni proved the multiplicity of positive
solutions for a singular and critical elliptic problem in R?, and in [22], [13]
Mohammed, Coclit and Palmieri established the existence of positive solutions
of p-Laplace equation with singular nonlinearity. Then, in [I1], Caffarelli and
Silvestre studied the fractional Laplacian through extension theory. In [12]
Chen, Hajaiej and Wang, studied the existence, non-existence and uniqueness
of positive weak solutions of the semilinear fractional equation.

Some other results dealing with the existence of solutions concerning the
singular problem have been achived by Ghanmi, Saoudi and Kratou (see [21],
[23], [24]). They studied the existence and multiplicity of solutions of the semi-
linear singular elliptic equations involving the fractional Laplace and fractional
p-Laplacian operator using Nehari manifold, the fibering method and applying
Ekeland’s variational principle with boundary conditions. See, for instance, [9],
[2],[25], [26] and the references therein.

The outline of this paper is as follows. In the second section, we present
some basic notations and preliminaries. In the third section, we apply the
decomposition of Nehari Manifold, define energy functional associated with
system , prove that it is bounded below, coercive in N\ and analyze the
fibering method. In the last section, using Ekland’s variational principle, we
prove the existence and multiplicity of nontrivial positive solutions.

2. Notations and preliminaries

First, we introduce the following spaces. For s € (0,1), we define the
fractional Sobolev space see [16].

N+ps

lz —yl 7

WHP(Q) = {u € LP(Q) : ule) —uly) o LP(Q)} ,

with the norm
1

|u(z) — u(y)[” '
lully ey = llull o) + (/Q Nps d2dy |

x0 |z —yl
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Consider the space

N+ps

X:{uw@M+Rueanamimﬂ|MweL%m},
r—y

with the norm

1
fu(z) — @)\ ”
lully = 1l ooy + /i 7
| ||X H Lr(Q) 5 |x_y|N+ps

where ¥ = R2V\ ((RM\Q) x (RN\Q)).
Let Xy denote the usual space defined as follow

Xo={ueX:u=0ae. inRN\Q},

with the norm

1

1 |u g
ull x, = (T'(u, u))» = N+pe dscdy ,

where

) = [ 180l ) (u(z) ~ul) (@) = ),

N
|z —y| VP

Setting F = Xy x X a reflexive Banach space, with the norm

Sl
S

1w, )l = (lull%, + lol%,)” = (T(u,u) + T(v,0))7

where /i, ,, is the best Sobolev constant of the embedding from E into LP: ()
given by

e, \”
2.1 sp = Inf — 20 .
1) Hap uexo<||u||m

Then, we give the definition of a weak solution of problem (Py).

Definition 2.1. We say that (u,v) € E is a weak solution of system (Py) if
for every (z,w) € E, we have

T(u,z)+ T(v,w) = /Q (a(z)u™"zdz + b(z)v Tw) dx

(2.2) —l—)\/Q(zf(x,u,v)+wg(a:,u,v))dx.
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3. Nehari Manifold and Fibering maps

The energy functional Jy : E — R associated to the problem (P, is given
by

Ix(u,v) = % | (w, v)||%% — ﬁ /Q(a(x)ul_7+b(x)v1_7)dx—)\/QH(;E,u,U)da:.

note that the critical points of J are weak solutions of (Py).
Let T’ be a constant defined by

(3.1)
(T‘F;‘{*l)(P*P;) %
T L (p +7 - 1) (r+v =D max([lafl , [1bll)
K -1 =2
! T (r—p) psp
For our convenience, we put
Q  =Q(uv)=|(u,v)E=T(u,u) +T(v,v),
R =R(uuv) = / (a(@)u ™ + b(z)v' 7 )da,
Q

S =S (u,v) = | H(z,u,v)dz,
Q

Qo = Q (uo,v0) , Ry = R (ug,v0) , So = S (uo,v0) , (o, v0) € N

and for all sequence {(un,v,)} € E, we set
Qn=Q (unyvn) , R = R(unvvn) ;S =8 (Una Un) )

Therefore, we can write Jy as follows
Ix(u,v) IQ ! R—-AS
M, v) = - — —— L —AS.
p- l-v
Thus, Jy € CY(E,R),J, : E — E for every (u,v) € E and we have

(A\@wv), () = Q= R = s,

To find the critical points of Jy , we will minimize the energy functional Jy on
the constraint of Nehari manifold

Ny = {(w.0) € B\{(0,0)} : (J3(w,0), (w,0)) =0}
Then, (u,v) € N, if and only if
(3.2) Q—R—XrS =0 for all (u,v) € E\ (0,0).

We define ¢, ,(t) : Rt — R as follows

1 1
ww(t) = Ja(tu, tv) = —QtP — ——Rt'™7 — \St".
Gu,w(t) = Jx( ) pQ =~
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Then, the first and the second derivative of the map ¢, ,(t) is given by

B (1) = QP — Rt™Y — \pSt™1,

uU,v

and
o) =(p—1D)QI" 2 +yRt 71 = Ar(r — 1)St"2.

So, it is easy to see that

(tu,tv) € Ny if and only if ¢}, ,(t) =0,
and

(u,v) € Ny if and only if ¢;, (1) = 0.
Hence, for (u,v) € N, we obtain

Pun(l)  =@-DQ+yR—Ar(r—1)8

=(r+v-DR—-(r-pQ
=(p+y-1)Q - (r+vy-1)8
={p@+y—-1)R—-XIr(r—p)S.
Now, we decompose Ny into three parts N;,N;,Nf corresponding, respec-

tively, to local minima, local maxima and points of inflection of ¢, , defined as
follows

NY :{u,v ) e Ny, o (1) —0}
N = v) € Ny, ¢ w1 >0},
Ny { v) € Nx, ¢y, (1) <0} .

Furthermore, if (u,v) € N, we have

r—p

(3.3) >7r+7—1

Q> 0.

Now, we prove the following useful lemmas.

Lemma 3.1. Suppose that (ug,vo) is a local minimizer of Jyx on Ny and
(ug,v0) ¢ NY. Then (ug,vo) is a critical point of Jy.

Proof. According to Theorem of Lagrange multiplier, there exist a real constant
7 such that

J,/\(anvo) =€ (uo, o),
(u0,v0) € Ny : (J3 (1o, v0), (to, v0)) = 1 (& (w0, v0), (10, v0)) = 0,

where the constraint is

&(u,v) =Q — R—ArS.
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For all (u,v) € Ny and (ug, vo) & NY, we have

(€ (u,v), (u,v))  =pQ — (1 —~)R— 28
=p-1D)Q+~yR—-Ir(r—1)S
= ¢lyo(1) #0,
which implies that n = 0, and Jj (uo, vo) = 0. O

Lemma 3.2. Jyis coercive and bounded from below on N.

Proof. Let (u,v) € Ny. From (2.1) and by Holder’s inequality, we can write

H{Til 7p:+371 1—v
R < psp O 7% max(|lall o, [1bllo) 1(u,v) 5

=1 paty—1 1—v

(3.4) = wsp [ 77 max(flafl ., Il )Q 7,

and

s < K/wm+wwngmﬁT@u;+m;)

pZ:r =r . L:T =T .

(3.5) < K7 psly [(w,0)llp = KIQ 75 pshpQr.

Then, using the assumptions (3.2)) and (3.4)), we obtain
1 1
Ix(u,v) =-Q——R-\S
p 1—x
r—p y+r—1
()0 (i)
( p ) r(1—7)

r—p ’7+T—1> a=1 Pyl 1og
> Q_ 57p a oo+ b 0 Q P Q v
(Z2) @ (7 ) wlF dlalle + IblLo) 2

Finaly, since 0 < v < land r > p > 1 > 1 — ~, the functional J) is coercive
and bounded from below on Nj. O

Lemma 3.3. Let A € (0,T"). Then, there exist two numbers denoted t; and to
such that

P (t1) = ¢y (t2) =0,
and
Puw(t1) <0<y, (),
that is (tiu, t1v) € Ny and (tau, tav) € Ny .
Proof. We define 1, ,(t) : RT — R by
Yuo(t) = QP — Rt'77T — ArS.

Then, we have

’

buot) =y =R~ (r—p)QIr
=(r+~y—1DR" = (r—p)QtP" 1,
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then ¢;,v(t) = 0 if and only if 1, ,(¢) has a unique critical point at

W+V—UR>mi1
3.6 tmax =\ —F .
(30 ( (r—pQ
Thus
lim ¢y, ,(t) = =S and  lim 1), ,(t) = —oo.
t—0+

t——+oo

Moreover, 1/1;77} (t) >0 for all 0 < ¢ < tmax, 1/);“, (t) <0 for all t > tyax, and

wu,v(tmax) = Qtﬁra; — Rt:nz):rJrl —\rS
— 1\ — 1\ atre1 per
(3.7) _ (W> (W ) QM R s,
r—p y+r—1
From (3.1]), (3.4) and (3.5) one sees that
w(tmax)
> "y + T — 1 % p + ,Y _ 1
a r—p r+y-1
_GeDeen (pi-1)op) ) T
Hsp " | 3 Q-

1=\ 7P
(max(all . bll..)QF)
MK QT QF
S s ”
> (=N rKpd 27 [I(u0)]-
Next, for all A € (0,T"), we obtain

l/}(tmax) Z 0.

Consequently, there exist t; and t5 such that 0 < t; < tax < to verify

qjju,v (tl) = wu,v(t2) = O,

and ) )
qpu,v(tl) <0< d)u,v(tQ)'
Finaly, we can conclude that (t1u,t1v) € Ny and (tou, tov) € Ny . O

Corollary 3.4. For all A € (0,T),Nif # 0 and NY = {(0,0)}. Moreover Ny
is a closed set in E—topology.

Proof. First, according to Lemma N, ;—L are non-empty for A € (0,I") . Now,
we proceed by contradiction to establish that NY = {(0,0)} for A € (0,T). To
do this, let us suppose that there exists (0,0) # (ug, vo) € NY, then we have

(3.8) (p+v—1)Qo—Ar(r+~—1)S, =0,
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and
(3.9) 0=Qo—Ro—MSo=|—L VQo-R
. = o 0 0= -1 0 0-
Hence, from (3.8]) and (3.9]), we obtain
0 < ¢ug,v0 (tmax) - )\TSO
ytr—1
<7+T—1>P BE (p—1+7> (Qo)P "
_— —— — ArSp
r—p ’}/+’l"—1 (RO)P‘*”Y*l
r+~v—1\7" 1+'Y +~v—-1 r+~v—1 p+’v 1
< (55) EREE)T e
r—p r+y—1 r—p
p+v—1
(r+7—1)Q
_0,

for all A € (0,T), which is impossible. Thus NY = {(0,0)}.

Next, we prove that N is closed for all A € (0,T'). So, we consider a
sequence {(un,v,)} C Ny such that (u,,v,) = (u,v) in E as n — +o0, and
prove that (u,v) C N . By using the definition of N, , we have

Qn - Rn - )\rsn = 07
and
(p—1)Qn +YRn — Mr(r —1)S,, < 0.

Hence, we get that
Q—-—R—XrS=0,

and
p—1)Q+~yR—Ar(r—1)5 <0.

Therefore, (u,v) € NY UNT =Ny . O

Lemma 3.5. Let (u,v) € N; (respectively N ), with u,v > 0, then for any
(z,w) € E with z,w > 0, there exists € > 0 and a continuous function h :
B(0,e) = R such that

h(0) =1 and h(s) (u+ sz,v + sw) € Ny (respectively Ny ).

Proof. We give the proof only for the case (u,v) € Ny'. We define ¥ : RT x
R* — R as follows

U(t, s) =Q (u+sz,v+sw) P = ArS(u+ sz, v+ sw)t" !
—R(u+ sz,v+ sw).

Then, we have

Uy (t,s) =(p+v-1Q (u+sz,v+ sw) P2
—Ar(r 4+~ —1)S(u+ sz,v 4 sw)t" 2,
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and the function Wy(t,s) is continuous in RT x RT. Moreover, since (u,v) €
N3 C N, we obtain

U(1,0)=Q — R~ ArS =0,
and
U,(1,0)=(p+vy—-1)Q — Mr(r—1)S > 0.

Thus, using the implicit function theorem at the point (1,0), we obtain that
there exist 6 > 0 and positive continuous function h : B(0,¢) — R such that

h(0) = 1,h(s)(u + sz,v + sw) € Ny, for all s in B(0,6).
Hence, taking € > 0 smaller enough, we get
h(s)(u+ sz,v+ sw) € NyT, for all s in B(0,¢).

The proof of Lemma [3.5] is completed. O

4. Existence and multiplicity results

In this section we prove the theorem of existence and multiplicity of positive
nontrivial solutions to system ([Py)) for all A € (0,T) in NV;E.

4.1. Positive solutions in ./\/';'

Since Jy(u,v) = Jx(Ju|,|v]) for all A € (0,T"), we can assume that all ele-
ments in N are nonnegative. Then from Lemma [3.2] and Lemma [3.3] we can
find a™, o~ such that
+ =

o inf  Jy(u,v) and @~ = inf  Jy(uw,v),

(u,v)GN; (u,v)ENY
for all (u,v) € N;". Consequently since r >p>1>1—vyand 0 <y <1, we
have

1 (p+v—-1(r—p)

1
I(u,v)=-Q— ——R—-A\S=— Q <0,
M) = 2@ =1 rp(1—7)
which means that
(4.1) at = inf  Jy(u,v) <0 forall A € (0,T).
(uﬂ))EN;r

Proof of Theorem[1.1] The proof is split into two steps.
Step 1: Let us consider the minimizing sequence {(un,v,)} € Ny and apply-
ing Ekeland’s variational principle (see [17]), we obtain

1) Ix(tn,vy) < at + %,

i) Ix(u,v) > Jx(tn,vn) — % |(u = tp,v —vy)||p for all (u,v) E./\f;'.
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As Jy is coercive, then {(uy,v,)} is bounded in E for u,,v, > 0. So there
exists a subsequence denoted by {(un,v,)} and ug, vo > 0 such that (u,, v,) —
(ug,vp) weakly in E, strongly in L7 (Q) x L?(Q),1 < g < p%, and u,(z) —
uo(x), v (x) — vo(x), a.e in Q. Therefore, from and by using the weak

lower semi-continuity of the norm, we obtain

(4.2) In(ug,vo) < lim  inf  Jy(up,v,) = inf  Jy(u,v) <O0.
n=0 (yv)eN; (u,v)eN;

Claim 4.1. ug (x),vo (z) > 0 a.e. in Q.

Proof. Firstly, for (un,v,) € Ny, we have

(4.3) P+ —1@n —Ar(r+v—1)8, >0,
and it is equivalent to

(4.4) (p+~v—1)R, — Ar(r—p)S, > 0.

By Vitali’s convergence Theorem, we have

(4.5) lim S, = lim H(x, up,vy)dx = / H(x,ug,vg)dx = Sp.
Q

n—oo n—roo Q

next, using Holder’s inequality, we obtain, as n — oo

/ a(z)ulde
Q

< /a(x)u(l)*’deJrHaHoo/ ltun — uo|" ™7 da
Q Q
1—~ pty—1 1—v
< [ et de 1905 ol o~ voll o

/ a(x)uy dr+o(1),
Q

and
/a(x)ué_vdx
Q
< /a(x)u};”dx—i—”a”oo/ \un—uo\l_A’dac
Q Q
1—ny pty—1 1—v
< Qa(x)un do + Q7 lallo llun — uoll e
:/a(x)u}l_'ydac—ko(l).
Q
Thus

S

a(z)ulVdr = /Qa (z)ug dz +o0(1).
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Similarly, we have

/ b(z)vl Vde = / b(x)vy dz +o0(1),
Q Q
and
(4.6) R,=Ryo+o(l).
Moreover, from the Brézis-Lieb Lemma [9] , we obtain
s 011 = 1Ctt0, 00) 1% + i — 1%, + lvm — vol%, + 0 (1),
and
(47) Qu=Qotol1).
Therefore, it follows from and that
Jim [(p+5 = 1)@n = Ar(r+7 = 1)5)]

= lim [(p+v = DRy = A(r = p)Sn]
=(p—1+7)Rg— Mr(r—p)Sy > 0.

Let
(4.8) (p+~v—1)Rg— Ar(r —p)So = 0.

Hence, by (4.5)-(4.8), and using the weakly lower semi continuity of the norm,
we obtain

-1
0>Q0—RO—MSO:QO—M<M> So.
pty—1
From (4.3]), one has a contradiction, and
(4.9) (p+~v—1)Rg — A\r(r —p)Sy > 0.

Furthermore, let us consider the functions 0 < z,w € E. From Lemma [3.5],
there exits a sequence of continuous functions (g, ), ¢y such that

Gn (8) (Un + 82,0, + sw) € Ny, g, (0) = 1,
and

Q (9n (5) (un + 52,00 + sw)) = R(gn (5) (un + 52,00 + sw))
=S (gn () (un + 82z, v, + sw)) = 0.

Since

(4.10) Q. — R, —\rS, =0,
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then, for s small enough, it follows that

0 = (gﬁ (8) - 1) Q (un + sz, v + Sw) + (Q (un + sz,vn + sw) - Qn)
(g,lI 7 (s ) (un, + sz,v, + sw) — (R (up, + s2,v, + sw) — Ry,)
=Ar (gy (8) = 1) S (up, + 82,05 + sw) — Ar (S (up, + 82, v, + sw) — Sy)

INA
q

) —
) —
9P (s) = 1) Q (un + 82,05 + sw) + (Q (up, + sz, v, + sw) — Q)
(g}L (s) — ) (up + 82,0, + sw)

=Ar (gy, (s) = 1) S (un, + sz, v + sw) — Ar (S (up, + 2,05, + sw) — Syp) .

Next by s > 0 and passing to the limit as s — 0, we get

0

IN

91/1 (0) (an - (1 - ’Y) R, — /\TQSn) +p (T(unv Z) + T(Una w))
A [t 0) + 090, 00))

Q
95 (0) (p—=7) Qn + (r+v = 1) Ry) + p(T(un, 2) + T(vn,w)).

Then, by (4.3) and (4.10) we obtain

p (T (un, z) + T(vn, w))
p—7r)Qn+ (r+~v—1)R,’

where g/, (0) € [—o00, +00] denotes the right derivative of g, (s) at zero, and
since (un, vn) € N3, g, (0) # —oc.
For simplicity, we assume that the right derivative of g,, at s = 0 exists.
Moreover, from we obtain that g/, (0) is uniformly bounded from
below. Now, using condition (i7), we obtain

IN

(4.11) g, (0) > —

PN (A (CALT

Iy (U, vn) — Ix (gn (8) (un + 82, v, + sW))
_ _pHty- 1Qn+A<T+7_1>&z

v

p(1=7) 1—vy

p+vy-—1
+———9b (s Uy + 82,V + SW
lewg()Q( )
- (W) g (8) S (un + sz, v, + sw)
pty—1
= — Up + 82,V + SW) — Uy,
L )~ Q)
pty—1.,

—— (g8 (s) — 1) Q (up, + sz, vy + sw
e CACRINCT )
—)\% (S (un + sz,v, + swW) — Sy,)
—)\M (g5, (s) = 1) S (up + sz, v, + sw) .

1—xv
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Then, dividing again by s > 0 and passing to the limit as s — 0, we obtain

%;OQL(U)IH(un,vn)H-+H(Z,UOH)

2 ()1 @u+ (47 -1 R

> 1=
pp+v—1)
+ﬁ (T(um Z) + T(Uny w))
r+vy-1
- (M> /Q (2f (&, ttn, vn) + wg(@, n, vn)) dz,

which implies that

n

14, 0) (—(“)” (= p) Qu— (r 1>Rn>)

< Sl - P2 ) + 70, w)
+A (W) /Q (f(z,un, vn)2 + gz, Up, vy )w) dex.

Hence, there exists a positive constant L such that

,H(“";livn)”f((pfr)QHJr(H»yfl)Rn)2L>O,

then
(4.12) g, (0)]
< L (i (2, w)| + ]W (T (un, 2) + T (vn, w))

Thus, according to (4.12)), g/, (0) is uniformly bounded from above. Conse-
quently,

(4.13) g1, (0) is uniformly bounded for n large enough.

Moreover, from condition (i), it follows that for ¢ > 0 small enough, one



Existence and multiplicity of solutions 177

has

% (lgn (s) = 1 |(un, va) [l + sgn () [[ (2, w)[)

> L (lgn (5) (tn + 52,00+ 50) — (n 00)])

> Ix (un,vn) = Jx (gn (5) (un + 52,05 + sw))
_gn(s)—1 gn " (s) -1 -
- B 8D e g ) - 1),
Jrggp(s) (Qn — Q (up + 82,0, + sw))
Jrg}{j Fj) (R (up, + sz,v, + sw) — Ry,)

+Agn (8) (S (un + 82,0, + sw) = Sy) .

Dividing by s > 0 and passing to the limit as s — 0, we obtain

%(IQL (O)HI (s o) [ + [ (2, w) 1)
_giz (0) (Qn - R, - )\TSn) - (T(um Z) + T(Um w))
+)\/ (f(z,un,vn)z + g(z, tn, v,)w) dx

Q

R (up, + 52,0, + sw) —Rn>
; .

v

(4.14) -

lim inf(
1—vys—o+

From (4.13)), we deduce that

lim inf (R(un + sz, v, + sw) — Rn>

S

IN
=
<
S
IS
S~—
+
=
<
3
g
S~—
|
>
S—
—~
~
—~
&
<
S
<
3
Ry
+
2
£
<
3
<
g
g
Iy
8

190 O (un, v + 11z, w)]

(4.15) .

where we have used the fact that
R (up, + sz,v, + sw) — R, > 0 for all t > 0 and all z € Q.
Using Fatou’s Lemma, we get

/ (a(@)u, 2z +b(z)v, w) dx
Q

R (un + 82,0, + sw) —Rn>
. .

lim inf (

1-— Y s—0+t
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Then, from (4.15)) it follows for n large enough

/ (a(@)u,"z+b(x) v, "w) dx
Q

< T(un,z)—FT(vn,w)—/\/ (f(z,un,vn)z + g(x, up, vy)w) da
Q

1190 O Cm, v + 12 )

By (4.14) and Fatou’s Lemma again, we conclude that
(4.16) T (ug, 2) + T'(vo, w)
> / (a(@)uy 'z +b(z)vy "w) dx
Q

+)\/ (f(.’l}, U, UO)Z + g(.’IJ, Uo, ’Uo)’LU) dl‘,

Q

for all (z,w) € X, with z,w > 0. Then, the maximum principle theorem implies
that ug (z),vo (x) > 0 a.e. in Q.

Now, we prove that (ug,v) € Ny for all A € (0,T). Choosing (z,w) = (ug, vo)

in (4.16]), we obtain

Qo — Ry — ArSy > 0.

On the other hand, from the weakly lower semi continuity of the norm, we get
Qo — Ry — ArSp <0,

and

(4.17) Qo — Ry — ArSy =0,

this implies that (ug,vo) € Ny.

Hence, combining (4.9) and ([£.17)), we have (ug,vo) € Ny .

Next, we show that (ug,vp) is a positive solution of system (Py)) for all
A€ (0,T). Let (z,w) € X and € > 0. We define (w1, ws) € X with (wy,ws) =
(ug +€2,v0 + ew) ,w;" = max {w, 0} and wy = max {ws,0} . Let

QrF = {(up + €z,v0 + ew) : ug + €z > 0 and v + ew > 0},
Q- = {(ug +ez,v9 + cw) : ug + €2 < 0 and vy + ew < 0},
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and

T(UQ, w1+)

| 100) = 0ol 00) e ) = )
|z —y| VP

Q
[ ) = (w0() o)t 29 ) = 0 £ ) W)
o=y
Q

[ bote) = ) - o) (00 + ) ) (0 £ @)
o=y

QT xQZ
= T(uo,uo) + €T (uo, z)
/ Juo(x) — uo(y)[”~* (uo(x) — uo(y)) ((uo + £2) (x) — (uo + €2) (y))

. dxdy.
& — N7

QI xQZ

By Claim the measure of the domain of integration Q. x Q7 tends to 0 as
e — 07 that

/ |uo(x) — uo(y)|”~ (uo(x) — uo(y)) ((uo + £2) (x) — (uo + £2) ()

dxdy — 0,
|-T — y‘NerS i e—0t
QI xQZ
then
(4.18) T(uo,wy) — T(uo,uo).
e—0t
Similarly, we can obtain
(4.19) T(vo,wd) — T (vo,vo).
e—0t
On the other hand, we have
/ a(z)uy "wy dz
Q
:/ a(z) uy "widx
af
= / a(z)uy " (uo +sz)dx—/ a(z)ug” (uo + ez) dz
Q Qe
= / a(z)u) Vde + E/ a(x)ugzdx — / a(z)ug” (uo+ez)dx
Q Q Qs

(4.20) > /a(gr:)u(lf'ydac—1—5/a(ac)ug'yzdx7
Q

Q

and

(4.21) / b(x) vy Twy dr > / b(z)up "dx + 5/ b (z) vy " zdx.
Q Q

Q
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Now, we can write

/ f(z,uo, vo)wfdx

Q

= / f(z,uo, vo)widz
of

:/ f(z,uo0,v0) (w0 + €z) dx — f(x,uo,v0) (uo +€2) dx
Q Q.

:/f(x,uo,vo)uod1:+5/f(:r,uo,vo)zdx
Q Q

- J(,u0,v0) (uo + €2) dz
Q-

(4.22) > /f(:v,uo,vo)uoda:Jrs/f(a:,uo,vo)zd:v,
Q Q

and

(4.23) /g(ac,uomo)w;’dm 2/
Q

g(x, uo, vo)vodx + 5/ g(x, uo, vo)zdz,
Q

Q

Combining (4.18)-(4.23)), we arrive at

0 < T(uo,wf)—i—T(vmw;)—/(a(m)ua"’wf+b(m)v57w§)d:€
Q

_>‘/ (f(mvu()z ’Uo)w;— + g(x,’UAo,’UO)UJ;) dx
Q

IN

T(uo, uo) + T (vo, vo) - /Q (a(z)ud™ +b(x)up ") do

- (/ f(z, uo,vo)uo +/ g(fE,Uo,’Uo)’Uo) dz
Q Q

+e <T(uo, 2) + T(uo, 2) — /Q (a(z)ug "z +b(x)vy "w) d
~ [ w002 + 0, o)) o
Q
=¢ (T(uo, z) + T(uo, 2) — /Q (a () ug "z +b(x) va”w) dx
— /Q (f (z,uw0,v0)z + g(z, w0, vo)w) dﬂc) .
Then
T(uo, 2) + T'(uo, 2) — /Q (a(@)ug "z +b(z) vy "w) do

—/ (f(z,u0,v0)z + g(x, vo, vo)w) dz > 0.
Q

Since the equality holds if we replace (z,w) by (—z, —w), then (uo,uo) is a positive
week solution of the problem (Py). O
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4.2. Positive solutions in N,

Similarly to the arguments in A ; , applying Ekeland’s variational principle
to the minimization problem o~ = inf(u,v)eN; I (u, v).

Then, there exists a minimizing sequence {(u,,v,)} C N, such that

i) Ia(Un,vp) < + T,

i1) Ja(u,v) > Iy (un, vn) — L[| (u = wup, v — v, for all (u,v) € Ny

Firstly, let uy,, v, > 0. Clearly, {(un, v,)} is a bounded sequence in E. So, there
exist subsequences denoted by {(un,v,)} and g, %o > 0 such that (uy,v,) —
(i, Do) weakly in E, strongly in L'=7(Q) and (u,(z), v, (x)) — (tig (), To(z))
in a.e 2, as n — oco. Moreover, using the weak lower semi continuity of norm,
we obtain that
(424) J,\(ﬂo,ﬁo) < lim inf JA(UH,UH) <0,

N0 (u,v)ENy
(tig, Do) # (0,0) in a.e Q.
Now, we prove that g, Up > 0 in a.e Q. Similarly to the argument, for (u,,v,) €
N, one has

(4.25) p+v—-1)Qn — M(r+~v-1)5, <0,
equivalent to
(4.26) p+~v—1)R, —Ir(r—p)S, <0.

Next, from (4.25) and (4.26)), we obtain that

lim [(p+~ = 1)Qn = Ar(r+7—1)5,]

= lim [(p+v = DRy = A(r — p)Sn]

=@ —1+7)Ro—Ar(r—p)Sp < 0.
Moreover, repeating the same argument as in Claim we obtain, for all
Ae(0,T)
(4.27) (p+~v—1)Ro— Ar(r—p)Sy < 0.
Let us consider the functions 0 < z,w € FE. Then there exits a sequence of
continuous functions (gn),cy such that g, (s) (un + sz, v, +sw) € Ny and
gn (0) = 1. /
Therefore, repeating the same arguments as in Claim |4.1} we have g, (0) is

uniformly bounded for n large enough.
We conclude that g (), g () > 0 a.e. in ©Q and

(4.28) T'(tg, z) + T(vg,w) < —A(a(x)a57z+b(x)ﬁng) dx

_)‘/ (f(l‘,’llo,’l}o)z+g(l’,’ljo,’l}0)ﬂ)) dxa
Q

for all (z,w) € E. Finally, we obtain that (i, ) isa positive nontrivial solution
of system ([Py)). The proof of Theorem is completed.
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