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Oscillation results for second-order mixed neutral
integro-dynamic equations with damping and a
nonpositive neutral term on time scales

H. A. Agwd] H. M. ArafdT]
G. E. Chatzarakig] and M. A. Abdel Naby[|

Abstract. In this work, we are concerned with studying a new class of
second-order mixed neutral integro-dynamic equation with damping and
a nonpositive neutral term of the form:

(0.1)

(r(O) () ) +p() (=7 (1) +g(t, x(7 (1)) +/a(t7 s)f (s, z(s))As = 0,

where

(0.2) 2(t) = z(t) = prOz(m () + p2(H)(n2(2)),

on a time scale T. The obtained results not only present some new crite-
ria for such kind of neutral differential equations and neutral difference
equations as special cases, but also extend some results obtained on time
scales. An example is given to illustrate the importance of our work.
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1. Introduction

In this paper, we investigate the oscillatory behavior for the following
second-order neutral integro-dynamic equation

(r(O)((z(t) = pr () (m () +p2()2(m2(8))) %)) +p(t) ((2(t) — pr () (m () +

t

p2(t)a(n2(1) )" + g(t,2(7(1))) + /a(t, 5)f(s,2(s))As = 0,

0
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on a time scale T C R with 0 € T and supT = oo.
Defining the time scale interval [tg, oo)r by [to, 00)T = [to,00) (T,
subject to the following hypotheses:

(Hy) m(t),m2(t) : T — T are rd-continuous functions such that n;(t) < ¢t <
N2(t), limy— 4 oo M1 (t) = 0o and na(¢t) : T — T is an injective rd-continuous
increasing function.

(H2) pi1(t),p2(t), p(t) are nonnegative rd-continuous functions on an arbitrary
time scale T, such that 0 < py(t) < p1 < 1, and r(t) is a positive rd-
continuous function with =£(¢) € ®*, and

oo

(1.1) /[T(ls)erp(s,to)]ms = o0,

to
where + is a quotient of odd positive integers.
(H3) a(t,s): T x R — R* is an rd-continuous function.

(Hy) f and g € C(T x R,R) such that uf(t,u) > m(t)|u|’*' and ug(t,u) >
q(®)[ulPT! for all u # 0, where m(t) : T — [0,+00) is a nonnegative
increasing rd-continuous function, ¢(¢) : T — [0,400) is a nonnegative
rd-continuous function, which is not identically zero for all sufficiently
large t, and (3 is a quotient of odd positive integers.

In 1988, a new calculus was introduced by Hilger in his thesis, known as
the time scale calculus. This calculus unifies the continuous and the discrete
analysis. The main proposal of the time scales calculus is to prove results for
dynamic equations, where the domain of the unknown functions is the so-called
time scale T, which is an arbitrary nonempty closed subset of the real numbers
R. For the calculus on time scales, we refer to [7]. For advances in dynamic
equations on time scales, we refer to [§] and [I].

By a solution of (0.1]), we mean a nontrivial real valued function z(t) which
satisfies for t € T. Our attention is restricted to those solutions of
which exist on the half-line [t,, c0) and satisfy sup{|y(t)| : ¢ > ¢.} > 0 for any
e =t,.

Definition 1.1 (|2]). A nontrivial solution x(t) is said to be oscillatory if it has
an infinite number of zeros, that is, there exists a sequence of zeros {t,} such
that z(t,) = 0 and lim,,_,, t, = co. Otherwise, x is said to be nonoscillatory.

Definition 1.2. A nontrivial solution z(¢) is said to be almost oscillatory if
either x(t) or 2 (t) is oscillatory.

Definition 1.3. The neutral differential equation is called oscillatory if all its
solutions are oscillatory.

Definition 1.4. [7] The set of all positively regressive elements of ¢ is denoted
by R or R1(T,R) and is defined as:

R =RT(T,R) ={peR:1+pu(t)p(t) >0 forall t € T}.
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The motivation starts from Erbe et al. [11], where the authors were con-
cerned with the oscillatory behavior of solutions of the following second-order
nonlinear functional dynamic equation with a nonpositive neutral term of the
form

(1.2) (r®O((y®) = p@)y(r))2))= + f(ty(n(1)) = 0,t €T,

where 7(t),n(t) € Crq(T,T), 7(t) < t, limy_ 00 7(t) = 00,

lim¢_, oo n(t) = 00 and either n(t) > 0 or n(t) < 0 for all sufficiently large t.

In 2017, Agwa et al. [5], introduced new oscillation results for the second-order
nonlinear mixed neutral dynamic equation of the form

(r(O > @))% + ft2(na(t)) + gt 2(r2(1) = 0,

where y(t) = x(t) — p1()x(m(t)) + p2(t)z(n2(t))-
In 2010 Chen et al. [9] and in 2012, Senel [10] studied the following second-order
nonlinear dynamic equations with damping

(1.3) (@)™ +p() (@2 (1)" + q(t) f (27 (1)) =0,
and
(1.4) (r(®) (@)™ +p(t)(@>(1)7 + f(t, 2(g(t))) =0,

on a time scale T C R respectively.

In 2017, Agwa et al. [4] established new oscillation criteria for the following
second-order mixed nonlinear neutral dynamic equation with damping on time
scales

(L5)  (r(®)d(z2 ()% +p)e(=2 (1) + f(t,2(1a(t))) + g(t, z(2(1))) = 0,

where

(1.6) ¢(s) = [s|""'s,  2(t) = x(t) + pr(W)x(m (1) + p2(t)z(n2(t).
In 2013, Grace et al. [12] studied the asymptotic behavior of nonoscillatory
solutions of the following second-order integro-dynamic equation
t
(1.7) (r(t)z® (1)> + /a(t, 5)f(s,z(s))As = 0.

0

Also, in 2014 Grace et al. [3] studied the oscillatory and asymptotic behavior
of the following second-order integro-dynamic equation

t

(1.8) (r(t)(z™ (1)) + /a(t7 s)f(s,z(s))As = 0.

0

It is useful to note that, the above mentioned equations are special cases of
our equation (0.1)), and so the obtained results in [[3], [5], [4], [9], [11], [12], [I0O]]
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fail to apply in ([0.1), but according to our criteria we can study the oscillatory

behavior of (0.1)).

Now, we present some useful Lemmas that play an important role in the
proofs of our main results.

Lemma 1.5. [7] If 6 € R, then the initial value problem y> = 0(t)y, y(to) =
yo € R has the unique positive solution eg(.,tg) on [to,00)r. This solution
satisfies the semi group property

eo(a,b)eg(b, c) = eqp(a,c).

Lemma 1.6. [7] If x is a delta differentiable function, then
1
'yxA/hx + (1 — h)x]"~dh.
0

Lemma 1.7. [13] If X and Y are nonnegative real numbers, then
AXYAL XA < (A= 1Y, for all X > 1,
where the equality holds if and only if X =Y.

Lemma 1.8. Assume that (1.1), Hi — Hy hold, and x(t) is a nonoscillatory
solution of . Then z(t) satisfies one of the following two cases:

(Cy) z(t) > 0,22(t) > 0 and (r(t)(z2(t))") < 0;
(Co) 2(t) < 0,22(t) >0 and (r(t)(z2(t))")* <0,
for t > t1, where t1 > tg is sufficiently large.

Proof. Let x(t) be a nonoscillatory solution of (0.1). We may assume that there
exists t; > to such that x(t) > 0 for all ¢ > ¢; and there exists to > t1 + 71 (t1),
such that x(n;(t)) > 0 for all ¢ > t3, i = 1,2. Now from ({0.1)) we have

(19)  (rM)(> ()M +p(t)(z5(1) = —/a(t s)f(s,2(s))As — g(t,z(7(t)))

to t

_ / alt,5) (s, 2(s))As — / alt,3) (s, 2(s))As — g(t, 2(r(1))),

0 ta

for t € [ta,00)r. Choosing t3 > to sufficiently large, then from Hy we can find
k > 0 such that

to t3

k:= /a(t,s)f(s,m(s))As—l—/a(t,s)m(s)xﬁ(s)As.

0 to
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In view of this, (1.9)) can be written as

(110) (B0 +pt)(E (1) < / alt, ) (s,2(3)) As—
0
/ a(t, s)m(s)e® (s) As — / alt,3) (s, 2(5))As — g(t,2(r(1))),

— k- / alt, ) f(s5,2(3)) As — g(t. 2(r(1))),

ts
t

< —/a(t, 8)f(s,z(s))As — g(t, z(7(t))) < 0.

ts

From Lemma [1.5|and (1.10]), we obtain

aan  FOEON s COEOD HpOEE)
e=r (4 (t, to) %, ot o)

which means that w

i 7y 1 decreasing for ¢ € [ts,00)T and 22 (t) is either
=2

eventually positive or eventually negative. We claim that
(1.12) 22(t) > 0,

and therefore we have (Cy) or (C3). Indeed, assume that ([1.12)) is not satisfied.
Then there exists ¢4 € [t3,00)r such that z2(t) < 0 for all t € [t4, 00)7. Using

(1.11) and Lemma we obtain

r)E2®)) _ r(ta) (22 ()

,for t € [ty, 00)T,

E—Tp(t,to) - 6—Tp(t4,t0)
ie.,
A 1 1
22(t) < —M[@e;p(t,u)]v, for t € [tq, 00)T,
T r

where M = r%(t4)|zA (ta)| > 0. Integrating both sides from ¢4 to t, we have
/ 1
(1.13) 2(t) < 2(t) - M/[@e;p(s,m)]ms.
ty

Using , we get lim;_, o 2(t) = —oo. Then we have the following two posi-
bilities:

Case (a): If z(t) is unbounded, then there exists a sequence {t;} such that
limy 00 tx = 00 and limy_, o0 z(tx) = co. Assume that

x(tr) = max{z(s) : to < s < 1}
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Since lim; o, n1(t) = 00, M1 (tr) > to for all sufficiently large k& and n;(t) < ¢,
then
(1.14)

x(n(tr)) = maz{x(s) : to < s <My (te)} < max{z(s):to < s < tp} = x(tr).

Combining (1.14]) and (0.2)), we have

2(tg) = z(tr) — pr(te)x(m (tr)) + p2(te)z(n2(te)),
> x(te) — pr(tr)e(ni(te)),
> x(ty) — pre(ts) = (1 — p1)z(ts) > 0,

for all large k, which contradicts limy_, o 2(t) = —o0.
Case (b): If z(t) is bounded, then z(t) is bounded. This contradicts
lims—, o0 2(t) = —00.

So from Case ) and Case (b), we conclude that holds. Now using

)>0in , we get [r(t)(22(t))7]2 < 0. Hence, z(t) satisfies one of the

tvvo cases (Cl) or (Cs).
If z(t) is an eventually negative solution of (0.1)), then we can see that the
transformation y(t) = —x(t), y(t) > 0 transforms into

t

(r(O©>(1))") +p(t)(v2 (1) — /a(t>8)f( y(s)As —g(t, —y(7(1))) = 0,

where

o(t) = y(t) = pr(®)y(m () + p2(D)y(n2(t)).
Thus,
(1.15)

(rO) 20> +p)(02 (1) = /a(t, 8)f (s, —y(s))As + g(t, —y(7(1))),
0

to t

- / alt,$) (s, 2(s))As + / alt, $)f(s,2(3)) As + g(t, —y(r(1)).

0 ta
Choosing t4 > to sufficiently large, then from Hy, we can find k; < 0 such that

to ty

ky = /a(t,s)f(s,x(s))As— /a(t,s)m(s)yﬁ(s)As.

0 to
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Hence can be written as
(r(6) (W™ (1)) 2 +p(t) (0™ (1)

</a(t,s)f(s,x(s))As—/a(t,s)m(s)yﬁ(s)As
0 to

t

n /a(t, s)f(s,2(s)As + g(t, —y(r(t))),

ta
t

- / alt, 5)f (s, 2(5))As + gt —y(r(t))),

ta
t

< - /a(t, s)m(s)y”(s)As + g(t, —y(7(t))) < 0.

Tt follows in a similar manner that (C1) or (C2) holds for v(¢). This completes
the proof. 0

Lemma 1.9. Assume that x(t) is a positive solution of and z(t) satisfies
(C3). Then limy_,o0 z(t) = 0.

Proof. By z(t) < 0 and 22(t) > 0, we deduce that
lim; o 2(t) =1 <0.

As in the proof of Case (a) of Lemma we see that x(¢) is bounded. Thus
lim; oo z(t) = a > 0.

Now, if a > 0, then there exists t; C [t2,00)r such that limg_o tp = o0,
limy 00 2(tr) = a > 0 and

(ty) = max{z(s) 1 to < s < tx}.
Hence

2(tk) = w(te) — pr(tr)z(m(th)) = x(ty) — pra(te) = (1= p)ats),

which means that 0 > limy_o 2(tx) > (1 — p1)a > 0. We are led to a contra-
diction. Therefore, a = 0 and lim;_, o, 2(¢) = 0. O

Lemma 1.10. Assume that and Hy-Hy hold. Let x(t) be a nonoscillatory
solution of on [tg,00)T and z(t) satisfies (C1). Then there exist suitable

constants by > 0 and by := L'(Zt(ISt)a) + ’I"%(tg)ZA(tg) >0 such that

(1.16) b1 < z(t) < baL(1,t3),

L(t,to) Z/TA(Z)

where

e
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Proof. Taking into account the fact that v(t) is increasing, we have
(1.17) z(t) > z(t3) := by.

Integrating z2(t) from 3 to ¢ and using that r(¢)(z(t))” is decreasing, we
obtain

2(t) = 2(t3) +/t [T(S)E:A(S)))W]WAS

< 2(t3) + 17 (t3)22 (t3) L(t, t3),

where L(t,t3) = ft fé . Hence L(t,t3) is a positive increasing function.
ry s)

Choosing t4 > t3 sufﬁc1ently large, we can write

2(t) < boL(t,t3), for all ¢ € [t4,00)T,

where by = Lfgft)B) + ’I“%(tg)ZA (t3) . Combining the previous inequality and

[L.17), we get
b < Z(t) < bgL(t,tg), fort e [t4, OO)']]‘7

which is the desired inequality. This completes the proof. O

2. Main results

Theorem 2.1. Assume that , Hy — Hy hold, and na(t) > 7(t) > t. More-
over, suppose that there exists a positive real-valued A -differentiable function
8(t) such that for all sufficiently large T > t1, we have

(2.1)

imsu t U U uw)B?(u)] — 7 ()(() )7+1 U = 00
timsup [ 5 A) + o) B )] = 5 g A =

where

(2.2) D(t) ==

1-8
[bgL(U(t),tg)] i

2@
|

(2.3) A(t) = min{ Ay (1), A>(1)},

with

- ny L oa(t, s)m(s)
A = G L G e

L m 120 a(t,m5()m(ns(€)) (m2(£) A
Aal8) = T))P /7721(7“) (1+pa(€))P A%
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given that by, ba,n1 and ny are positive constants. Also

— mi - o Y(t,T)
(2.4) B(t) := min{ B (t) := 0 +p2(T(t))’BQ(t) =1 +p2(772_1(7'(t)))}7
where
ny ' (r(1)) A
RAI0)
’(/}(t7T) = -+
As

e

@+ = max{0,5(t)} and §(t) := 62 (t) — T)(t) . Then, every solution of (.)

is almost oscillatory on [ty,00)T or converges to zero as t — 00.

Proof. Assume that () is not almost oscillatory solution of (0.1)). Then we can
assume that there exists t3 > ¢o such that z(¢) > 0 and z(n;(t)) > 0,7 = 1,2
on [t3,00)7. (When z(t) is negative, the proof is similar.) By Lemma[1.8] z(t)
satisfies either (Cy) or (C2). Since z(t) is not almost oscillatory, we have two
possibilities:

(I) 22(t) <0, for t > t3,
(IT) z2(t) > 0, for t > t3,
Case 1. Suppose that (C;) holds and 22 (t) < 0. Then we have

2(t) < x(t) + p2(t)z(n2()),

(2.5) < (14 p2(t)x(t), for t > ts.
Using (Hy), and (C1) in (1.10)), we get
(2.6)
O AENA < AN " a(t,s)m (S)Zﬁ . 3
(rt)(z7(1)7)" < —p()(z=(1)) / (ETAOIE (s)As — q(t)z"(7(t))
B LAY _ B “a(t,s)m(s) . q(t) By
<) - e | G A L s )
Defining the function w(t) by
_ o TOER @)
(2.7) w(t) =80~ 5
Clearly, w(t) > 0 and
0 : L 8()
w?(t) —(zﬁ(t))(r(t)(zA(t)) )2 + (o) (z%(a(t) (z%))A,
(2. (G OE 0
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Combining (2.6 and ([2.8)), we obtain

—p(t)d(t) y 002 (ts) [T alt,s)m(s)
wA(t) < 2O Ay o 3 / ENE > Ast

2P (t) t) p2(s))
5A(t)r(0(t))(2A(0(t)))” 8(t)r(a(t) (22 (a(1)7 (" (t)®
2P (o (t)) 2P (t)2 (o (t))
__ 6(t)e(®) [Z(T( ))]
[L+pa(r(8)]P" 2(t)
Using (1.16} and z(t) > 0 in the above inequality, we get
p(t) 52(t)
(29) wA(t) < 0O +a(t)B ()] - Ewlt) + 5 iw(o(t)-
8(t)r(a(t) (22 (a(1) (2" (t)*
2P (t)2°(o(t)) ’
Where A ( ) 22(?%3 A fta al(t’;z”;(sg As and Bi(t) := - From (C1)
and ( , we ob‘é)alLri ) 1 Frar)
wt) _ r®)E2) _ o)) (e®) _ wo(t)
o(t) A T z(o(t))? 6(o(t))
- 5(1)
w(t) > 5o asulo(t).
In view of this, gives
p()8(t) w(o(t))
8(t)r(a(t) (22 (a(1)7 (" (t)*
2P (t)20 (o (t)) ’
< —5(1)[AL(t) + ¢(t) B (1)] + o0, w(o(t))—
- 5(o(t))

5(1)r (o (£) (=5 (0 (1) (27 (1))
(2.10) D (0(0)) ’

where @+ = max{0,5(t)} and §(t) := 62(t) — %.
By Lemma we have

BzR2P71 B>,
(2.11) (252 >

BA(z7)P7L, <1
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Also, from (C1), we have

2

(2.12) 28> (7’2 289,
T

Substituting from (2.11) and (2.12) in the last term of (2.10)), we can write

5(t)
w3 (1) < ~00A ) + a B O] + 5wl -

pot)(r(o ()7 (22 (o(8)
P (1) (2(0 (1)) F+1

— —5(8)[Ar(t) + q(t) BY (1)) +

5(t)
5o ()"

Bo()(r(a(£) 7 (22 (a(1)) 5,
1 , (2(o (1))
POEE)T
< 50430 + B0 + o)~
B5()D(t) \
2.13 / ot
(219) G
where .
b ! 8>
D(t):=4qt 7 s 17
{[bzu o 7 <L

Taking A = 'YTH and using Lemma u with

BS(t)D(t) .1 ( -1
X=]—""— ] w(o(t) and Y = - X |31
St WD) Gt

we have

(2.14)

PRS2/ ) e A0 [ L OF% i
50" Gy Y = Frr oD

Substituting from (2.14)) into (2.13)), we obtain

WAl < — 5 S OICO a
(2.15) (B = =00 +aOB D+ e 5 mp )

Integrating the above inequality from t3 to t, we get
tuAu w)BP (u)] — l T()((
/tsw e () + ) B (1)) = = ( ;
(2.16) w(ts) —
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which contradicts (2.1).
Case 2. Suppose that (C;) holds and 22 (t) > 0. Then we have

2(t) < x(t) 4 p2(t)x(n2(t)),
< (14 pa(t)x(n2(t)), forall t > ts.

Choosing t4 sufficiently large such that t4 > t3 and 7y '(t) > t3
for all t > t4, then

(2.17) x(t) > ——————=
1+ pa(ng (1))
Using Hy, (2.17)) and (C4) into (0.1)), we get

(2.18)
OEO)* <= 0) - [ e
a0)s(7(0)
" alt, m@)m () () 50 e
de GEm@p O
(0 (1))
[T+ 2 ()P
gy [ Al (©)mm(©)(n(€)
_ SAE))Y = BB _
< OO - P [ SR
P (r(0)
[T+ 2l ()P

2 (ny " (s)) As—

— -0 - [

q(t)

Substituting from into , we obtain
—p(t)d(t) (2(6) — 8(1)z7 (n; ! (ta)) /"gl(t) a(tvﬂz(f))m(m(é))(m(ﬁ))AA£+
n

wh(t) <

28 (t) 28 (t) S (ta) (1+ p2(€))?
6A(t)7‘(0(t))(ZA(U(t)))7 (a2 (e #)A
2B (o(t)) 2B (t)2P (o ()
3()q(t) Z(WEI(T(t)))]B‘

S e A

Choose t5 > t, such that n, ' (7(t)) > t for all t > t5, integrating 22 (t)
from 75 *(7(t)) to t and using the fact that r(t)(z*(t))" is decreasing, we have

) 20" ) = [

IN
<
2

—

=

N

-
~—
\]

—
~

=

=

S~—
N

>

—

=

N

—

—
\]

~~
~

=

=
=
—
»

—.
(s
ny (r(1) ®)
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Hence,
z(ny ' (r(1))) T%(ng_l(T(t)))ZA(nz_l(T(t))) As
w0 2! ) / e
ny (7(1))
(2.20) .
-1 r7(ng LT ()22 (3 L (T (1)) [ As - s ]
- 2(t) i 1
iy 77 () i T
Integrating 22 (t) from t4 to ;' (7(t)), we get
ny ' (7 (1))
_ 1, _ S
2y (7 (1)) = v (g (7 (1)) (03 (7(1))) T
ta
ie.,
ny ' (r(1)) A
i, _ — S .
221) 7y ()22 (i (7 (1) < 2(my (7 (1)] / T?(S)] g
ta
Substituting from into 7 we have
(5 () aewn 1 A o Fas T
z(1y (tT) Zl_znz (tT) [ ;Srl[/ s 1s
? ? ty r7(s) ta 7 (s) ty T (s)
ie.,
ny ' (r(1))
1As
2(ny ' (7(1))) fa T7G)
(2.22) 0 > . = (t,ty).
tq T (8)
Using , can be written as

wh() < R A 0)7 - 50)Ax) + 0B 0]+

5A(t)r(0(t))(zA(0(t)))” 3(t)r(e () (22 (@ () (7 (1)>
t

(o (1)) 2P (1)2P (o (1)) ’

where

ozt t)) s O alt, n2(€)mna(€)) (m2(6)
Aat): /7721(154) (1+p2())° A%
and — ¢(tat4)
T 14y (7))
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Using the same technique we used in Case 1, we obtain

() Ao () & () BE ()] — 7 @)
/t4 [6( )[A2( ) +q( )BQ( )] 57(7+ 1)7+1 (YY(U)DPY(U) ]A <
(2.23) w(ts) —w(t) < w(ty),

which contradicts .

Finally, suppose that (C3) holds. Then, by Lemma we have
lim¢_, oo z(t) = 0. Thus every solution of is almost oscillatory on [tg, c0)T
or converges to zero as t — oo. This completes the proof. O

Theorem 2.2. Assume that , Hy— Hy hold, and 7(t) > n2(t) >t . More-
over, assume that there exists a positive real-valued A -differentiable function
0(t) such that for all sufficiently large T > t1, we have

(2.24)
t Y r(u)(6(u), )T
imsnp [ 504G + 400070 - 5L O i —
where
(2.25) C(t) := min{B(t) : L Bs(t) : L 1,

T 14 pa(r()’ T 1+ pa(ny (7(0)))

A(t) and D(t) are as defined in and (2.9), respectively.
Then, every solution of is almost oscillatory on [tg,00)T or converges to
zero as t — 00.

Proof. The proof is similar to that of Theorem S0 it is omitted. O

Theorem 2.3. Assume that , Hy, — Hy hold, and t > 7(t) . Moreover,
assume that there exists a positive real-valued A -differentiable function (t)
such that for all sufficiently large T > t1, we have

(2.26)
imsu t U u W) EP ()] — ol r(u)(@QVH U = 00
timsup [ [5()[AG) + (0B ()] — ey g oA = .
where
i _ st

(2.27) E(t) := {Ba(t), Ba(t) : T +p2(7_(t))},

Tjt) A

o(t,T) = 1; rW(s)’
As
lr%@

A(t), D(t) and Bs(t) are as defined in (2.3), and (2.4), respectively.
Then, every solution of is almost oscillatory on [tg,00)r or converges to
zero as t — o0.
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Proof. The proof is similar to that of Theorem S0 it is omitted. O

Theorem 2.4. Assume that , Hy, — Hy hold, and na(t) > 7(t) > t. More-
over, assume that there exist functions H,h such that for each fized t, H(t,s)
and h(t,s) are rd-continuous functions with respect to s on D = {(t,s) : t >
S 2 t0}7

(2.28) H(t,t) =0, t >to, H(t,s) >0, t > s > tg,
and H has a non-positive continuous A-partial derivative H™(t, s) satisfying
(2.29) — H?#(t,s) = h(t,s)(H(t,s))71.

Furthermore, suppose that there exists a positive real-valued A -differentiable
function §(t) such that for all sufficiently large T > t1, we have

t

(2.30) h?isololp ﬁ / [H(t,5)5(s)[A(w) + q(u)B® (u)]—
T )Gl
Br(y+ 1)t 67(s)D(s)

]AS:oo,

where
G(t,s) = g(s)Hlf%(t, s) —d(o(s))h(t,s), G4 (t,s) =max{0,G(t,s)}.

Then, every solution of is almost oscillatory on [tg,00)r or converges to
zero as t — 00.

Proof. Assume that z(t) is not an almost oscillatory solution of . We may
assume that there exists t3 > to such that z(¢) > 0 and z(n;(t)) > 0,7 = 1,2
on [t3,00)r. (When z(t) is negative, the proof is similar.) Then by Lemmal[L.8]
z(t) satisfies either (C1) or (C2). Since z(t) is not almost oscillatory, we have
two possibilities:

(I) 22(t) <0, for t > t3,
(I1) x2(t) > 0, for t > t3.

Case 1. Suppose that (C;) holds and 22 (t) < 0. Proceeding as in the proof of
first part of Theorem until we get (2.13)), it follows that

WA (1) < ~80)[A41(0) + g B(0)] + (o (t)) -
(

(o(t)
B6(t)D(t) wlo (DN
(5(g<t>>)xr%<t>( (1)

(2.31)
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Multiplying both sides of the previous inequality by H(t,s), we get

H(t, $)0(t) [ Ay (1) + q(t) B (8)] < —H(t, s)w™ () + 5(?&(”;)5)111(0@))—

BS(WDWH(L,s)
S a(1)r (t)

Integrating the above inequality from ¢5 — ¢ and using integration by parts,
we get

(2.32) / H(t, 5)5(s)[A1(s) + q(s) B (s)] As <

H(t,t5)w(t5)—/[—HAS(t,s)]w(a(s))AS—i—/ (S)H(t’s)w(a(s))As

>
>
—~
Q
—
w
S~—
S~—
=S
2=
—
w
N

where
G(t,5) = 3(s)H' 3 (1, ) — 5(o())ht,5) and G () = maz{0, G(t,5)}.
Using Lemma [1.7] with
_ BOCHES) (Gt 6O s

3 (a(s))r7 (s) A r
we get
Goaltis) pra ey oo BSECOHLS)
(233) O HA (tsu(o(s) YRR (0(s)) <

ol r(s)(Go(t, )"
Br(y+ 1)t 67 (s)D(s)
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Substituting from (2.33) into (2.32), we get
t

[ 1HE956)46) +al5) B ) -

ts

-
H(t,ts)

ol r(s)(Gi(t,s) "
Yy 1) 67(s)D(s)

|As < w(ts),

which contradicts (2.30)).
Case 2. Suppose that (C;) holds and x®(¢) > 0. Similarly, (2.13) can be

written as

M, o
5(U(t))w(0(t))

B8(4)D(t

(2.34) wh(t) < —0(t)[Aa(t) + q(t)BS ()] +

~—

(w(o(t)))™.

Using the same technique, we obtain

t

[ 195051 4205) + 0(6) B3 ()

ts

1
H(t,ts5)

ol r(s)(Gi(t,s) "
pry+ 1) 67(s)D(s)

|As < w(ts),

which contradicts (2.30)).
Finally, suppose that (C3) holds. Then, by Lemma[l.9] we have

lim¢_, oo z(t) = 0. Thus every solution of Eq. (0.1 is almost oscillatory
on [tg,00)T or converges to zero as t — oo. This completes the proof. O

Example 2.5. Take T = [t4,00)g where t4 > 1 and consider the equation

(2.35) [t%(zA(t))?’}A + t%(zA(t))?’ +q(t)z®(t + 1)+

/t (b2 L(t, ta))>m(s)x"(s) \ . _ 0,t € [ts, o0)R,

where

noting that, we take
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and
g(t,z(r(1))) = q(t)a®(7(t)) = era” (t + 1),
such that ¢; > 0 is a positive constant.
Here
1 1
T(t) = t72a p(t) = tj’ V= 37andﬁ =35,

n2(t) = 7(t) =t +1 and po(t) = 4. Hence we obtain

2
Y(t,t4) =1 and B(t) = 3
Since 8 > v = 3, we obtain
8_1 2
D(t) =b} = =b}
Also, we have
1-— ,u(t)@ =1>0 for all ¢ € [t4, c0)R.
""(t) 9 b

Using Lemma 2 in [6], we obtain
/ ‘1 1
e;p(t,t4)21—/@As:l—/ —As>¥, for all ¢ € [ty, 0)R,
7 ‘s

SO

t
/[LG;P(S,@L)];ASZ/[82§]%AS=/S%AS—>OOaSt—>OO.
ty

ty

Hence 1} holds. Taking &(¢t) = t, then (t) = 1 —1>0 000 =
Moreover, we can easily obtain

10,5 mat®(t —ta) 10 5nat®(t — t) . to(t —t4)

A(t) = mln{( 9 ) 5 5 ) 9 5 5 — 2 5 5
(tf — 1) G DT R 3t
where, co > 0 is a positive constant. Then ([2.1)) can be written as
t T rw) O,
) 8 B ~ r(u)(6(u), Ay —
tmsup [ S)A() + )5 ()] = e e e A
tg
t
S(u—t 2 33 —1)*
limsup/z:gw +cl(§)5u— = (u 5 ) Au = o0.
tooe S (ud — 1)) By (4t

Using Theorem we conclude that every solution of ([2.35)) is almost oscilla-
tory or tends to zero.

Remark 2.6. The results of [3], [5], [4], [9] ,[11], [12] and [10] can’t be applied to
(2.35). But according to Theorem [2.1} we obtain that every solution of ([2.35)
is almost oscillatory or converges to zero as t — +o00.



Neutral dynamic equations with damping and a nonpositive neutral term 173

References

1]

AcGArRwWAL, R., BOHNER, M., O’REGAN, D., AND PETERSON, A. Dynamic
equations on time scales: a survey. vol. 141. 2002, pp. 1-26. Dynamic equations
on time scales.

AGARWAL, R. P., BOHNER, M., AND L1, W.-T. Nonoscillation and oscillation:
theory for functional differential equations, vol. 267 of Monographs and Textbooks
in Pure and Applied Mathematics. Marcel Dekker, Inc., New York, 2004.

AcGArRwAL, R. P., GRACE, S. R., O’'REGAN, D., AND ZAFER, A. Oscillatory
and asymptotic behavior of solutions for second-order nonlinear integro-dynamic
equations on time scales. Electron. J. Differential Equations (2014), No. 105,
12.

Acwa, H., KHODIER, A. M., AND ARAFA, H. M. New oscillation results of

second order mixed nonlinear neutral dynamic equations with damping on time
scales. J. Ana. Num. Theor 5, 137-145.

Acwa, H. A., KHODIER, A. M. M., AND ARAFA, H. M. Oscillation criteria
for second-order nonlinear mixed neutral dynamic equations with non positive
neutral term on time scales. Electron. J. Math. Anal. Appl. 6, 1 (2018), 31-44.

BOHNER, M. Some oscillation criteria for first order delay dynamic equations.
Far East J. Appl. Math. 18, 3 (2005), 289-304.

BOHNER, M., AND PETERSON, A. Dynamic equations on time scales. Birkh&auser
Boston, Inc., Boston, MA, 2001. An introduction with applications.

BOHNER, M., AND PETERSON, A. C. Advances in dynamic equations on time
scales. Springer Science & Business Media, 2002.

CHEN, W., HaN, Z., SuN, S., AND L1, T. Oscillation behavior of a class of
second-order dynamic equations with damping on time scales. Discrete Dyn.
Nat. Soc. (2010), Art. ID 907130, 15.

SENEL, M. T. Kamenev-type oscillation criteria for the second-order nonlinear
dynamic equations with damping on time scales. Abstr. Appl. Anal. (2012), Art.
ID 253107, 18.

ERBE, L., HAssaN, T. S., AND PETERSON, A. Oscillation criteria for nonlinear

functional neutral dynamic equations on time scales. J. Difference Equ. Appl.
15, 11-12 (2009), 1097-1116.

GRACE, S., EL-BELTAGY, M., AND DEIF, S. Asymptotic behavior of non-

oscillatory solutions of second order integro-dynamic equations on time scales.
J Appl Computat Math 2, 134 (2013), 2.

HARDY, G. H., LiTTLEWOOD, J. E., AND POLYA, G. Inequalities. Cambridge
Mathematical Library. Cambridge University Press, Cambridge, 1988. Reprint
of the 1952 edition.

Received by the editors November 8, 2020
First published online December 17, 2020



	Introduction
	Main results

