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Mixed equilibrium and fixed point problems for a
countable family of multi-valued Bregman
quasi-nonexpansive mappings in reflexive Banach space
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Oluwatosin Temitope Mewom Grace Nnennaya ngcﬂ
and Olawale Kazeem Oyewol

Abstract

In this paper, we introduce a new iterative algorithm with Bregman
distance approach for approximating a common solution of a finite fam-
ily of Mixed Equilibrium Problem (MEP) with a relaxed monotone map-
ping and a countable family of Bregman multi-valued quasi-nonexpansive
mappings in a reflexive Banach space. Under standard and mild as-
sumption of relaxed monotonicity of the MEP associated mapping, we
establish the strong convergence of the iterative sequence. A numerical
example is presented to illustrate the performance of our method. The
results obtained in this work extend and complement many related re-
sults in literature.
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1 Introduction

Let E be a reflexive Banach space with E* its dual and Q be a nonempty
closed and convex subset of E. Let f : E — (—o0,+00] be a proper, lower
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semicontinuous and convex function, then the Fenchel conjugate of f denoted
as f*: E* = (—o0, +00] is defined as

A (z*) =sup{(z*,z) — f(z) : . € E}, =" € E*.

Let the domain of f be denoted as domf = {x € E : f(x) < 400}, hence for
any x € intdomf and y € E, we define the right-hand derivative of f at x in
the direction of y by

NI R ()

0
z,
/ ( Y t—0+ t

The function f is said to be

(i) Gateaux differentiable at z if lim;_,q+ exists for any y. In
this case, f(x,y) coincides with 7 f(z) (the value of the gradient 57 f of

[ at x);

(ii) Gateaux differentiable, if it is Gateaux differentiable for any x € intdom f;

fa+ty)—f(2)
¢

(iii) Fréchet differentiable at x, if its limit is attained uniformly in ||y|| = 1;

(iv) Uniformly Fréchet differentiable on a subset @ of E, if the above limit is
attained uniformly for z € @ and ||y|| = 1.

Let f: E — (—o00,+00] be a function, then f is said to be:

(i) essentially smooth, if the subdifferential of f denoted as df is both locally
bounded and single-valued on its domain, where 0f(z) = {w € E :

fx) = fly) > (w,y—=), y € E};

(ii) essentially strictly convex, if (f) ! is locally bounded on its domain and
f is strictly convex on every convex subset of dom Jf;

(iii) Legendre, if it is both essentially smooth and essentially strictly convex.
See [7, [8l, [34] for more details on Legendre functions.

Alternatively, a function f is said to be Legendre if it satisfies the following
conditions:

(i) The intdomf is nonempty, f is Gateaux differentiable on intdomf and
dom 7 f =intdomf;

(ii) The intdomf* is nonempty, f* is Gateaux differentiable on intdom f*
and dom vy f* = intdomf.

Let E be a Banach space and B; := {z € E : ||z|| < s} for all s > 0. Then, a
function f: F — R is said to be uniformly convex on bounded subsets of E, |
see pp. 203 and 221] [42] if pst > 0 for all s,t > 0, where p; : [0, +00) — [0, 0]
is defined by

af(x)+ 1 -a)f(y) - flez) + (1 —a)y)

inf
z,y€Bs,||lz—y||=t,a€(0,1) a(l —a)

Ps (t) =

)
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for all ¢ > 0, with ps; denoting the gauge of uniform convexity of f. The
function f is also said to be uniformly smooth on bounded subsets of E, [ see
pp. 221] [2], if lim; o %= for all s > 0, where o : [0, 400) — [0, 00] is defined
by

os(t) = sup af(z)+ (1 - a)ty) + (1_— a)g(z — aty) — g(x)’
z€B,yeSp,ac(0,1) a(l a)

for all t > 0. The function f is said to be uniformly convex if the function
df :[0,400) — [0, 400) defined by

51(0) 1= sup {5£(2) + 37 w) — F( Y

2

) My —all = t},

SfF) _ 0.

satisfies lim; o ==

Definition 1.1. [33] Let f : E — (—o00,+00] be a convex and Gateaux differ-

entiable function. Then, the function D : E x E — [0, +00) defined by
Dy(z,y) = f(x) = f(y) = (V (), —y)

is called the Bregman distance with respect to f.

It is well-known that Bregman distance Dy does not satisfy the properties of
a metric because Dy fail to satisfy the symmetric and triangular inequality
property. However, the Bregman distance satisfies the following so-called three
point identity: for any x € domf and y, z € intdomf,

(L1 Dy(x,y) + Dys(y,2) = Dy(w, 2) = (Vf(2) = Vf(y),z —y).
Recall that f is said to be totally convex at a point x € Dom f, if the function
vy sintdomf x [0, +00) — [0, +00) defined by

vp(w,1) = nf{Dy(y, ) sy € intdomf, |ly — al| = t},
is positive whenever t > 0. Readers should check the following articles [10} 12|
16l B5] for more details on uniformly convex and totally convex functions.
Let E be a real Banach space with E* its dual and C be a nonempty subset
of E. An element p € C is called a fixed point of a single-valued mapping
T:C — C,if p=Tp and of a multi-valued mapping T : C — 2¢ if p € Tp.
We denote by F(T), the set of all fixed points of T.

Definition 1.2. Let E be a Banach space and let f : E — (—o0,+00) be
a proper, lower semicontinuous function. Let C be a nonempty subset of
intdomf. A mapping T : C' — intdomf is said to be:

(i) Bregman firmly nonexpansive (BFNE) if
(Te =Ty, v f(Tz) = vf(Ty) < (Tz - Ty, f(z) — Vf(¥)),
for any z,y € C. Alternatively

(1.2)  Dy(Tz,Ty) + Dy(Ty,Tx) + Dy(Tx,z) + Ds(Ty,y)
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(ii) Bregman quasi firmly nonexpansive (BQFNE) if F(T) # () and
(Tz —p,vf(x) = vf(Tz)) 20, VeecC, peF(T),
alternatively

Dy(p,Tz) + Dy(Tx,x) < Ds(p, ).

(iii) Bregman quasi nonexpansive (BQNE) if F(T) # @) and

D¢(p,Tx) < Df(p,xz), Ve e E, peF(T).

Recall that a mapping T : C' — C is said to be:
(i) nonexpansive, if ||Tz — Ty|| < ||z —yl||, ¥V =,y € C,

(ii) quasi-nonexpansive, if F(T) # 0 and [Tz —p|| < ||z —p|[,V2x € C, p €
F(T).

Let CB(FE) denote the family of all nonempty closed bounded subsets of E and
P(C) denote the family of all nonempty closed proximinal bounded subset of
C. A subset K of F is said to be proximinal, if for each & € E, there exists an
element k € K such that d(z, k) = d(x, K), where d(z, K) = inf{||z —y|| 1y €
K} is the distance from the point x to the set K.

For a multi-valued mapping, T : C — P(C), we define a multi-valued mapping
Pp:C — P(C) by

(1.3) Pr(x) ={y € T(z): ||z —yl| = d(z,T(x))}, Vz € C.

Let T : C' — P(C) be a multi-valued mapping and Pr : C' — P(C) be the
mapping defined by (L.3), then, F(T) = F(Pr) and Pr(p) = {p}, for each
p € F(T), see [14].

The Hausdorff metric on CB(E) is defined by

(1.4) H(A, B) = max { sup d(z, B),supd(y,A)}, V A, B € CB(E).
€A yeB

A multi-valued mapping 7' : C' — CB(C) is said to be
(i) nonexpansive, if for all z,y € C,

H(Tz, Ty) <|lz —yl, Va,y € C;
(ii) quasi-nonexpansive, if F(T) # () and
H(Tz, Tp) <||lz—pl|l, Ve e, pe F(T).

In 1967, Bregman [10] discovered an effective technique (the Bregman distance
function Dy) in the process of designing and analysing feasibility and opti-
mization algorithms. In 2010, Reich and Sabach [37] introduced the class of
Bregman strongly nonexpansive mappings and studied the convergence of two
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iterative algorithms for finding common fixed points of finitely many Bregman
strongly nonexpansive mappings in reflexive Banach spaces.

Also in 2012, Suantai et al. [38] considered the strong convergence results for
fixed points of Bregman strongly nonexpansive mappings in reflexive Banach
spaces. Very recently, Chang and Wang [I4] proposed a shrinking projection
method for a countable family of multi-valued Bregman quasi-nonexpansive
mappings and obtained a strong convergence result under some mild conditions
in the framework of a real reflexive Banach space. In fact, they proved the
following theorem.

Theorem 1.3. Let C' be a nonempty, closed and convex subset of a real re-
flexive Banach space E. Let f : E — (—o0,+00] be a Legendre function which
is bounded on bounded subsets of E. For i = 1,2...,let T; : C — P(C) be
Bregman multi-valued nonezpansive mappings with T := N2, F(T;) # 0 such
that all Pr, : C — P(C) defined by are Bregman quasi-nonezpansive. Let
{z,} be a sequence generated by

x1 € C, chosen arbitrarily, C, = C,

Ynm = V¥ an 7 f(w1) + (1 — an) V f(unm)l, Unm € Pr,xm, m>1,
Cry1 = {z € Cp :sup,,>1 D(2,Ynm) < anDy(z,21) + (1 — an)Df(z,xn)} ,
Tpa1 = Projénﬂ(xl), Vn > 1,

where P?“ojg;"+1 is the Bregman projections of intdomf onto Cpy1 and {ay} is
a sequence in (0,1) satisfying a,, — 0 as n — oo, then {x,} converges strongly
to Projgn+1 (21).

Let E be a real reflexive Banach space and f : E — (—o0, +o0] be a Legendre
function. Let C be a subset of intdom(f) and T : C' — P(C') be a multivalued
mapping. T is said to be multivalued Bregman quasi-nonexpansive, if F'(T') #
and the mapping defined by satisfies the following condition

Dy(p,w) < Dy(p,z), Yx€C, we Pr(x), pe F(T).

In particular, if T': C' — C is a single valued mapping (It is easy to show that
Pr =T). Then, T is said to be single valued Bregman quasi-nonexpansive, if
F(T) # () and the following condition is satisfied:

Di(p,Tx) < Dy(p,z), VxeC, pe F(T).

An example of a multi-valued Bregman quasi-nonexpansive mapping can be
found in [I5].

Equilibrium Problems (EP) involving monotone bifunctions, their generaliza-
tions and related optimization problems have been studied extensively by many
authors, (see [T}, 2], 9} 19} 18], 23] 22} 26} 27, B0}, 311,82, B9]). Let C' be a nonempty,
closed and convex subset of a reflexive Banach space E, the EP for a bifunction
g:C x C — R is defined as follows: Find z* € C such that

(1.5) gz, y) >0, VyeC.
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We denote the set of solutions of (1.5 by A. To solve EP (|1.5)), the bifunction
g is assumed to satisfy the following conditions, see [4] 2T 20| 28]:

(L1) g(z,z) =0, for all z,y € C,

(L2) g is monotone, that is g(x,y) + g(y,x) <0, for all x,y € C,

(L3) for all z,y,z € C, limsup g(tz + (1 — t)z,y) < g(z,y),
t10

(L4) for all z € C, g(z,-) is convex and lower semicontinuous.

Let ¢ : C — RU {400} be a function. The Generalized Equilibrium Problem
(GEP) is finding a* € C such that

(1.6) 9(x",y) + ¢(y) — ¢(z") =0, VyeC.

The set of solution of GEP (1.6) is denoted by GEP(g,¢). If ¢ = 0, ([1.1]) reduces
to (1.6) and if g = 0, then (1.6) reduces to the following Convex Minimization
Problem (CMP):

(1.7) Find 2* € C such that ¢(y) > ¢(z),Vy € C.

The set of solutions of ([1.7)) is denoted by CMP(¢), (see [B [29]).
Fang and Huang [17] introduced the concept of relaxed n-a monotone mappings
for solving mixed equilibrium problems.

Definition 1.4. A mapping A : C — E* is said to be relaxed n-a monotone,
if there exists a mapping 7 : C' x C — E and a function « : £ — R with
a(tz) =tPa(z) for all t > 0 and z € F, where p > 1 such that

(1.8) (Az — Ay, n(z,y)) > a(z —y),Vz,y € C.

In particular, if n(z,y) = ¢ —y for all z,y € C and «(z) = kl||z||P, where p > 1
and k > 1 are two constants, then A is called p monotone (see [17]).

The Mixed Equilibrium Problem (MEP) with relaxed n-a monotone mapping
consists of finding a point & € C such that

(1.9) 9(7,y) + (Ay,n(y, 7)) + ¢(y) — ¢(z) > 0.

We shall denote the set of solutions of by EP(g,A).

The MEP with relaxed n-a monotone mapping reduces to a Variational-Like
Inequality Problem (VLIP) if in , we set g = 0. That is, the VLIP is to
find a point Z € C such that

We shall denote by VLIP(C, A) the set of solutions of (L.10).

In 2016, Bashir and Harbau [6] introduced and proved the existence of solutions
of the mixed equilibrium problem with relaxed n-a monotone mapping in reflex-
ive Banach spaces. Using the Bregman distance, they introduced the concept of
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K-mapping for a finite family of Bregman quasi-asymptotically nonexpansive
mappings. They proposed an iterative algorithm for finding a common element
in the set of fixed points of a finite family of Bregman quasi-asymptotically non-
expansive mappings and the set of solutions of mixed equilibrium problem with
relaxed 77-a monotone mapping.

Definition 1.5. Let C' be a nonempty, closed and convex subset of a real
Banach space E. Let {T;} be a finite family of Bregman quasi-asymptotically
nonexpansive mappings. For any n € N, define a mapping K,, : C — C as
follows:

Spor = T
Spaz = PLT (any v F(T7) + (1= ani) v f(2)))
Snpt = PLZf (ano 7 f(T3 S0 1) + (1= an2) V f(Sn12)))
Sngt = PLZ (ans 7 F(T]Sn o) + (1= an3) V [(Sn22)))
Sp.N-1T = P(J,:(Vf*(an,N—l v f(T]' Sp,N—21)
+(1 = ann-1) V f(Sn,N-27)))
(111)  Kpo = Spne=PLf (ann 7 f(T7Snn_17)

+(1 = an,n) V f(Sn,n-17))).
Such a mapping K, is called the Bregman K-mapping generated by T; and
an; €(0,1), withi=1,2,3--- | N.
They proved a strong convergence theorem using the following iterative method:

Let {z,} be iteratively defined as follows:

xg = x € C,chosen arbitrarily,
C;=C=0Cy

Yn = VI [Bn  flan) + (1= By) V f(Knzn)],
U ; € C,such that

gj(fn,jﬁ Y) + (Ajun (Y tng)) + ¥ (y) — ¥5(un,;)
(VS (ung) = V) v — ung) 2 0,9y € C,
Cry1,; ={2€C, : Dy(z,upn;) < Dy(z,2,) + 05},
Cry1 =ML, Cryay,

Tpt1 = P(); zg, n>0.

n+1

where {8,} is a sequence in (0, 1) satisfying liminf 5,(1 — 8,) > 0, {r,} C
n—oo

(a,00) for some a > 0 and 0, = (1 — B,)tnsup,er Dy(p,zn). Then, {z,}

converges to u = Plfxo.

Motivated by the above works, we introduce an iterative algorithm and employ

the Bregman distance approach for approximating a common solution of a finite
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family of mixed equilibrium problem with a relaxed n-a monotone mappings
and a countable family of Bregman multivalued quasi-nonexpansive mappings
in a real reflexive Banach space. Using our iterative algorithm, we state and
prove a strong convergence result for the aformentioned problems. We give
some consequences of our main result and we display a numerical example to
show the applicability of the main result.

2 Preliminaries
We state some known and useful results which will be needed in the proof of

our main theorem. In the sequel, we denote strong and weak convergence by
7—” and ”—" respectively.

Definition 2.1. A function f: F — R is said to be super coercive if

lim M = 400,
z—oo ||z|
and strongly coercive if
flxn)

lznll—oo ||2Znl]

Lemma 2.2. [16] Let g : C x C — R be a bifunction satisfying conditions
(L1)-(L4), then A is closed and convex.

Definition 2.3. [10] Let C be a nonempty, closed and convex subset of a
reflexive real Banach space E. A Bregman projection of x € intdomf onto
C C intdomf is the unique vector Projé € C which satisfies

Df(Projéx,x) =inf{Dy(y,z):y € C}.

Lemma 2.4. [153] Let C be a nonempty, closed and convex subset of E and
z€FE. Let f: E— R be a Gateauzx differentiable and totally convex function.
Then

(i) q = Projl(x) if and only if (7 f(x) — 7 f(q),y — q), for all y € C;
(i1) Dy(y, Projé(x)) + Df(Projé(x),x) < Dy(y,x), for ally € C.

Lemma 2.5. [2]] Let E be a Banach space, v > 0 be a constant, p, be the
gauge of uniform convezity of f and f : E — R be a continuous uniformly
convez function on bounded subset of E. Then, for any x,y € B,., we have

P awnn) < S autten) - asajon(los - )
k=0 k=0

for alli,j € NU{0}, xp € Br,ax € (0,1) and k € NU {0} with > ap = 1.
k=0
Here, B, :={z € E : ||z|| <r}.
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Lemma 2.6. [13] Let E be a reflexive Banach space, f : E — R be a strongly
coercive Bregman function and V be a function defined by

V(z,z%) = f(x) — (z,2*) + f*(2¥), x € E, 2" € E".
The following assertions also hold:

Di(z, 7 f*(z")) =V (x,z¥), forallz € E and z* € E*.

V(z,z*)+ (v f*(z") —z,y") <V(z,z" +y*) forall z € Eand z*,y" € E™.

Lemma 2.7. [6] Let E be a reflexive Banach space with the dual E* and let C
be a nonempty closed convex and bounded subset of E. Let f : E — (—00, +00]
be a Legendre and Gateaux differentiable function. Let A : C — E* be n-
hemicontinuous and relaxed n-o monotone mapping and g : C x C — R be a
bifunction satisfying (L1), (L2) and (L4). Let ¢ : C — R be proper, convex
and lower semicontinuous. Forr >0 and x € E, define a map T, : E — 2€ by

(2.1) Tr(x) ={z € C: g(z,9) + (Ay,n(y, 2)) + ¢ (y) — ¥(2)
(22) F{ ()~ v ()y — 2 20, Vy € C).
Assume that

(i) n(a,x) =0, for allx € C;

(ii) n(z,y) +n(y,2) =0, Vy,z € C;
(iii) (Au,n(.,v)) is convex and lower semicontinuous for fized u,v € C;
(iv) a: E — R is weakly lower semicontinuous;

(v) a(w—y) +aly—=2) =0, ¥a,y € C.
Then,

(1) T, is single-valued,

(2) T, is a Bregman firmly nonexpansive type mapping, that is
(Vf(Ta) = f(Try), Trx = Try) < (Vf(@) =V (y), Trx — T,y),
Vz,yed,
(3) F(T) = EP(g,A);
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(4) T, is Bregman quasi nonexpansive satisfying

Dy(u,Trx) + Dy(Trx,x) < Dy(u,x);

(5) EP(g, A) is closed and convex.

Lemma 2.8. [13] Let E be a Banach space and f : E — R a Gateauz dif-
ferentiable function which is uniformly convexr on bounded subsets of E. Let
{zn}nen and {yn }nen be bounded sequences in E. Then,

lim D¢(yn,x,) =0= lm ||y, —z,|| =0.
n— o0 n—0o0

Lemma 2.9. [[2] Let E be a reflexive Banach space and f : E — R a convez
function which is bounded on bounded subsets of E. Then, the following asser-
tions are equivalent:

(i) f is strongly coercive and uniformly conver on bounded subsets of E;

(ii) dom f* = E*, f* is bounded on bounded subsets and uniformly smooth on
bounded subsets of E*;

(iii) dom f* = E*, f* is Fréchet differentiable and <7 f* is uniformly norm-to-
norm continuous on bounded subset of E*.

Lemma 2.10. [T1] If domf contains at least two points, then the function f
1s totally conver on bounded sets if and only if the function f is sequentially
consistent.

Lemma 2.11. [37] Let f : E — R be a Gateauz differentiable and totally
convez function. If zg € E and the sequence {Ds(xy, o)} is bounded, then the
sequence {x,} is also bounded.

Lemma 2.12. [/9] Let f : E — R be a continuous convex function which is
strongly coercive. Then, the following assertions are equivalent:

(i) [ is bounded on bounded subsets and uniformly smooth on bounded subsets

of E,

(i) f is Fréchet differentiable and <7 f* is uniformly norm-to-norm continu-
ous on bounded subset of E*,

(iii) domf* = E*, f* is strongly coercive and uniformly convex on bounded
subsets of B*.

Definition 2.13. Let E be a reflexive Banach space and C' be a nonempty
closed and convex subset of E. A Bregman projection of z € intdomf onto
C Cintdomf is the unique vector Pg(x) € C satistying

Dy (PL(x),x) = int{Ds(y,z) : y € C}.

Lemma 2.14. [36] Let C be a nonempty closed and convex subset of a reflexive
Banach space E and x € E. Let f : E — R be a Gateaux differentiable and
totally convex function. Then,

(i) z = Pé(a:) if and only zf <Vf( )—wvf(z),y—2) <0, VyeC.

(ii) Dy (y, PL(x)) + D(PL(x),x) < Ds(y,2) ¥y € C.
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Lemma 2.15. [13] Let f : E — RU{+00} be a convex function whose domain
contains at least two points. Then, the following statement hold:

(i) [ is sequentially consistent if and only if it is totally conver on bounded
subsets.

(ii) If f is lower semicontinuous, then f is sequentially consistent if and only
if it is uniformly convex on bounded subsets.

(#5i) If f is uniformly strictly conver on bounded subsets, then it is sequentially
consistent, and the converse implication holds when f is lower semicontinu-
ous, Fréchet differentiable on its domain and the Fréchet differentiable <7 f is
uniformly continuous on bounded subsets.

Lemma 2.16. [2], [/0] Let {an}nen be a sequence of real numbers such that
there exists a subsequence {n;}ien of {n}nen such that an, < an, ., for all
i € N. Then there exists a subsequence {my}ren C N such that my — oo and
the following properties are satisfied by all (sufficiently large) numbers k € N:

Uy, < Ay and ap < agr.
In fact, my = max{j <k:a; <ajs1}

Lemma 2.17. [3, [/1] Assume {a,} is a sequence of nonnegative real numbers
such that

ant1 < (1 —op)an + 040,, n >0,

where {on} is a sequence in (0,1) and {d,} is a real sequence such that
(i) > on =00
n=1

(i) limsup d, <0 or > |o,0,] < co.
n=1

n— o0

Then, lim a, = 0.
n—r oo

3 Main Results

Theorem 3.1. Let E be a real reflexive Banach space with E* its dual and C
be a nonempty closed convex subset of intdomf. Let f : E — (—o00,+00) be a
strongly coercive, Legendre, uniformly Fréchet differentiable and totally convex
function which is bounded on bounded subsets of E. Let T; : C — P(C),i =
1,2, ... be multivalued nonexpansive mappings such that Pr, : C — P(C) are
Bregman quasi-nonexpansive. For each j =1,2,3,.M let A; : C — E* be n-
hemicontinuous and relaxed n-o monotone mappings satisfying the assumptions
of Lemma gj : CxC — R be bifunctions satisfying (L1)—(L4),¢; : C = R
be proper, convex and lower semi-continuous functions. Suppose I' := [ﬂg’il
F(T;))NNIL,EP(g;, Aj)] # 0. For arbitrary u,zy € C, let {xy,} be the sequence



44 H.A. Abass, C. Izuchukwu, O. T. Mewomo, G.N. Ogwo, and O.K. Oyewole

generated by

b =V Buo ¥ F@n) + 3 Bus v FER)] % € Primy
un; € C, such that, .

(3.1) 9(un,j,y) + (Ajtn, g, 1Y, un,)) + 05 (Y) — v (un,;)
+%<Vf(un,j) - Vf(yn>7y - unj> >0, VyeC;

Jn € Argmaxz{Dy(Un;,yn), J=1,2,...; M}, Uy = tp,;
Tnt+1 = Vf*[anv,f(u) + (1 —an) Vf(%)]»n eN;

where {r,} C [a,00) for some a > 0, {a,,} and {B,} are sequences in (0,1)
satisfying the following conditions:

(i) > an =00, and liminf o, = 0;
n=0 n—oo

o0
(i) liminf 3, ; > 0 and > B, = 1.
Then {z,} converges strongly to z = Projffu, where Projlf is the Bregman

projection of C' onto T'.

Proof. Let & € T, then from (3.1) and (2.I), we have that u,; = T yn,
j=1,2---, M. Using Lemma [2.7] (3), we obtain that

(3.2) Dy(Z,un ;) = Dp(2,T? yp) < Dy(Z, yn).

From (3.1) and using the assumption that Pr,,i = 1,2, ... are Bregman quasi-
nonexpansive mappings, we obtain

Df(jvyn> = Df(i'ﬂ Vf*(ﬁn,o \Y4 f(xn) + Zﬁn,z Y f(ziz)))

i=1

< ﬂn,ODf(i'a xn) + Z Bn,in(i'a Z:’L)
i=1

00
< ﬁn,ODf(i‘7xn) + Z/Bn,in(ivxn)

=1

(3.3) =Ds(Z,zp).
We conclude from (3.2)), (3.3]) and the definition of w,_ ; in (3.1) that
(3.4) D¢(z,uy,) < Dy(Z, ).

Now, using (3.1) and (3.4]), we have that

Dy(@,2n11) = Dy(@, V" (an 7 f(0) + (1 — an) V f(@0)))
< anD¢(Z,u) + (1 — on)Ds(Z,Up)
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< anDf(Z,u) + (1 — an)Ds (T, 24)
(3.5) <max{Dy(z,u), Ds(Z,zn)}

By induction, we obtain
D¢(Z,2p41) < max{Ds(Z,u), Ds(Z,x1)}.

From Lemma [2.12] we have that f* is bounded on bounded subsets of E*.
Hence, 7 f* is also bounded on bounded subsets of E*. Therefore, {Dy(Z,z,)}
is bounded and in view of Lemma we obtain that {z,} is bounded. Let
s > sup{|| v f@n)|], || v f(z1)]] : n € N} and let p? : E* — R be the gauge
of uniform convexity of the conjugate function f*. We have from Lemma
Lemma and the assumption that Pr,,7 = 1,2, ... are Bregman quasi-
nonexpansive mappings that

Df(fa yn) = Df(i'v Vf* [5n,0 \V4 f(xn) + Zﬂn,z \V4 f(Z;)])

i=1

=1

= f(Z) = (%, Bno V f(wn) + Y Bui V f(20))

i=1

+ [ (Bno v fzn) + Zﬁn,z \V4 f(Z;))

i=1

< Buof (@) + Y Buif (®) = Buo(@ 7 f(n))
1=1

=Y BailVaf(20)) + Buof (7 f(wn))

i=1

+D Buif (V) = B0 Y Buipi (17 flwn) =71 (2)]])

i=1 i=1

= Bnolf (@) = (T, 7 f(2n)) + fH(V f(2n))]
+ Zﬁn,i[f(f) — (&, Vf () + £ (VS (2))]

— B0 Y Brirr (17 fan) = 7 f ()

i=1

= ﬁn,ODf(:E; xn) + Z ﬁn,in(fa Z:L)

i=1

80> Buipt (17 flan) = VFEDI)

i=1
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< BuoDp (T, 2n) + Y BuiD(V,an)

=1
- /Bn,O Z 5n,zp:(” \Y4 f(xn) - Vf(Z:L)H)
=1
(3.6) = Dy(%,20) = Bro Y Buipi (|| flan) = 7 F D))
=1

Using (3.2)), (3.5) and (3.6), we have that
D¢(Z, xn+1) < anDyf(Z,u) + (1 — an) Dy (Z, Wy,)

(3.7) — (L= an)Buo Y Buipi(l v flaa) = VFE)I).

i=1

The rest of the proof will be divided into two parts:
Case 1: Assume that there exists ng € N such that {D;(Z, z,)} is monotone
decreasing for all n > ng, then {D(Z,z,)} is convergent. Thus, we have that

D(Z,z,) — Dy(Z,xn41) — 0, as n — oo.
Now, from (3.7) and condition (i), we have that
0 .
1l B0 Y Buspt( 7 Flan) — VG =0.
i=1
Also, from condition (ii) and property of p¥, we obtain that

(3.8) li_)m |7 f(xn) — 7 f(22)]| =0, forall i = 1,2, ...

By Lemma we have that 3/ f* is uniformly norm-to-norm continuous on
bounded subsets, using this fact in (3.8), we obtain

(3.9) nhﬂn;o [|zn — 2,|| =0= nh%ngo d(xn, Tizy).
From (3.1]), we have

17 f(@n) = 7@l =D Buill v fl@n) = 7 f I

i=1

Hence, from (3.8)), we obtain that

(3.10) lim || 7 f(2n) — 7 f(yn)|| = 0.
n—oo

Since 7 f* is uniformly continuous, we have that

(3.11) nhﬂrr;Q l|zn — ynl| = 0.
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Since f is uniformly Fréchet differentiable on bounded subset of F, we have
that f is uniformly continuous on bounded subset of E. Thus we obtain from

(3:11), that
(3.12) lim [ f(zn) = f(yn)l| = 0.

n— o0

From (3.1)) and Lemma (4), we have

Dy (un,jyyn) < Dy(Z,yn) — Dy(Z,un, ;)

< Dy(E, 7 f (B0 7 fzn) + Y VF(2) = D(Z,un,)

i=1

IBn,ODf(i'vxn) + Zﬁnﬂ‘Df(jv Z:z) - Df(i‘7u”j)

=1
< Bn,ODf(ifaxn) + Zﬂn,in(fvxn) - Df("fvun’j)
i=1
= Df(jvxn) - Df(j’un,j)
(3'13) < Df(jvxn) + an[Df(jvu) - Df(j>un7j)] - Df<j7xn+1)7

which implies that

(3.14) lim Dy (up,;,yn) = 0.

n—oo

Hence, we have from Lemma [2.8] that

(3.15) lim ([t — gl = 0= lim_ [ — .

n— oo

Since f is uniformly Fréchet differentiable on bounded subset of E, by Lemma
we have

(3.16) Tim (| S )~ F )l = 0.
From (3.11)) and (3.15]), we obtain
(3.17) Tinn | — 2] = 0.

On the other hand, by the boundedness 7 f on bounded subsets of F, we obtain
Jim Dy (znt1,2n) = Hm [Dy(2n,p) = Dy (2nt1,p)
Han = p, V() = Vf(@ns1))] = 0.
By using Lemma 2.8 we get
(3.18) [|Znt1 — 2n|| = 0 as n — oo.

Since {z,} is bounded there exists a subsequence {z,,} of {x,} such that
Zp, — v, by (3.15) we obtain that u,, ; — v. Also, since Pr, for i =1,2,.. are
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Bregman quasi-nonexpansive, {z}%°; is bounded and converges weakly to v
by virtue of (3.9). Then, it follows that

d(v, Tiv) < d(v, 2}, ) + d(zh, , 20, ) + d(n,, Tizy,) + H(Tizy,, T;v)
(3.19) < d(v, 2y, ) +2d(z,, , Tn,,) + d(Ty,,v),
which implies
(3.20) lim d(v, T;v) = 0.

k—o0

This implies that v € T;v, for each i = 1,2, ... Hence, v € N2, F(T;).
Next, we show that v € ﬂj]\/ilEP(gj, A;). From (3.1), (3.16)), the fact that 7 f
is uniformly continuous and r,, > a, we have

(3.21) i LV Wnieg) = V(Yo

k—o00 Tng

From , we have
g(unk,ja y) + <Ajunk,j777(ya unk7j>> + %(y) - wj(unk,j)
1

Nk

=0,Vj5j=12,,..,m.

Using (L2), Lemma [2.7] (ii), it follows that

1
— |V [y 5) = VS W) Ntng s — Yl = (Ajung, 5, 1(Uny, 55 Y)) + V5 (Uny, )

'I"nk

—Yi(y) — gj(tn, j,y) Vy e C

> (Ajtng i, M(Uny 5> Y)) + V5 (Uny 5)
(3.23) —i(y) + 95, un, ;) VyeC.

Using (3.21)), the fact that u,, ; — v and taking lim inf as n — oo in the above
inequality, we get

(3.24)
0> (Ajv,n(v,y)) +v;(v) —¥i(y) +gi(v,y), VyeCand j=1,2,.., M.

Now for any ¢ € (0,1) and y € C, let y; = ty + (1 — t)v. Then y; € C and so

(3.25)
0 2 <AjU,7’](U,yt)> =+ wj(v) - w](yt) +gj(vvyt)’ v ye C a’ndj = 1727 7M
Therefore by L1, L2, Lemma 2.7 (ii), (iii) and (3.25), we have

0= gj(e,ye) + (A0, ye)) + 05 (Ye) — i (ye)
= gj(ye, ty + (1 = t)v) + (Ajv,n(ty + (1 = t)v,y1))
+ ity + (1 = t)v) — ¥ (ye)
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< tlgs(ye, y) + (Ao, 0y, ye)) + 5 (y) — i (ye)]
+ (1 =8)[gj(ye, v) + (Ajv,n(v, yr)) + i (v) —P;(ye)]
< tlgi (e, y) + (Ajv,m(y,y0)) + i (y) — ¥ (ye)]-

That is,

(3.26) 95 We, y) + (A0, 0y, ye)) + i (y) — ¥5(ye) = 0.
Since y; = ty + (1 — t)v, we have

(3.27)
gi(ty + (L = t)v,y) + (Ajv,n(y, ty + (1 — tv)) +;(y) — ¥ty + (1 —t)v) > 0.

By using (L3) and the lower semicontinuity of v, we obtain by allowing ¢t — 0
that

95 (v, y) + (Ajv,m(y,v)) + ¥ (y) —¥;(v) >0, Vy e C.

Hence, we obtain that v € EP(g;, A;), for each j = 1,2, ..M.
We now show that {x,} converges strongly to z = Projf:u. In view of Lemma

and (3.4]), we have that

Di(z,2n41) = D2,V f*an v f(u) + (1 — an) v f(Un)])
=V(z,an v f(u) + (1 —an) v f(Un))
<Vi(z,an 7 f(u) + (1 = an) V f(yn) — an(Vf(u) — 7 f(u))
(Ve v flu) + (1 = an) 7 f(@)] — 2, —an(V f(u) — v f(2)))
=V(z,an Vv f(2) + (1 = an)  f(W)
+ an(Tni1 — 2,V f(u) = v f(2))
= Dy(2, Vo v f(u) + (1 — an) v f(@)])
+ o (g1 — 2,V f(u) =V f(2))
< anDi(z,2) + (1 — an)Dy(2,0,) + an(zny1 — 2,V f(u) — 7 f(2))
(3.28) = (1 = an)Dy(2,20) + an(@ni1 — 2,V f(u) = Vf(2)).

Since {z,} is bounded, there exists a subsequence {x,, } of {z,} such that
ZTp, — ¢ and

limsup(zp41 — 2, Vf(u) — v f(2)) = klggo<x”’“+1 -2,V f(u) = v f(2)).

n— oo

By (3.18) and z,, — ¢, we get that z,,,+1 — ¢. Using this and Lemma
(i), we have

lim sup(zn41 — 2, Vf(u) — v f(2)) = kllﬂgo<$nk+1 -2,V f(u) = f(2)

= (g2 vf(w) - vf(2)
(3.29) <0.
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Applying Lemma[2.17and (3.29) in (3.28)), we have that {x,} converges strongly
to z.

CASE 2: Assume that {Df(z,z,)} is not monotone decreasing. Then there
exists a subsequence {ny}ren of {n}nen such that

Df(Z,xnk) < Df(Z,xnk+1),

for k € N, then by Lemma [2.16] there exists a nondecreasing sequence
{m }ren C N such that my — oo,

Df(zvxmk) < Df(Z,{Emk+1) and Df(Z,.’Ek) < Df(z’xkle)a
for all k € N. This together with (3.7]), conditions (i) and (ii) implies that
Jm pl (17 flan,) = v F(z,)1) = 0.
— 00
Following the same argument as in Case 1, we arrive at

linsup (., — 2 () = V() = Jim (@, — 2 75(w) = 7F(2).

k—o0

It follows from (|3.28]) that

(3.30)
Df(za xmk+1) < (1 - amk)Df(Za {ank) + am, <xm+1 -z, Vf(u) - Vf(z)>

Since Dy (2, Tm,,) < Dy(2,Tm, ), we have that

(3.31) W, Dy(2,2m,) < Dy(2,2m,) — Dy(z,Tm, )
+ am, <xmk+1 2 Vf(u) - Vf(z»
(3.32) < Oy Ty — 2,V f (1) = 7 f(2)).

In particular, since «a,,, > 0, we obtain

In view of (3.30), we deduce that

lim Dy(z,2m,) =0.

k—o0

This together with (3.31]) implies that
D¢(z,xm,.,,) = 0.

On the other hand, we have Df(z,x;) < Dyf(z,x541) for all & € N which
implies that {x;} — 2z as k — co. Thus, we obtain that x,, — zasn — co. O

We obtain the following consequences of our main result.
Suppose in Theorem we choose i = j = 1, then we obtain the following
result:



Mixed equilibrium problem and fixed point problem 51

Corollary 3.2. Let E be a real reflexive Banach space with E* its dual and C
be a nonempty closed convex subset of intdomf. Let f : E — (—oo,+0o0] be a
strongly coercive, Legendre, uniformly Fréchet differentiable and totally convex
function which is bounded on bounded subsets of E. Let T : C — P(C) be
a multivalued nonexpansive mapping such that Pr : C — P(C) are Bregman
quasi-nonexpansive. Let A : C — E* be n-hemicontinuous and relazed n-o
monotone mapping satisfying the assumptions of Lemma g:CxC—=R
be bifunction satisfying (L1) — (L4), ¢ : C — R be proper, convex and lower
semi-continuous functions. Suppose I := F(T)N EP(g,A) # 0. For arbitrary
u,x1 € C, let {x,} be the sequence generated by

un € C,  such that,

(3.33) 9(un, y) + (Aup, n(y, un)) +(y) — (un)
oV f(un) = 7 f(yn)sy —un) 20, Vy € C;
Tn4+1 = Vf*[aan(U)+(1 _an) Vf(un)]vn eN;

where {an } and {8} are sequences in (0,1), and {r,} C [a,00) for some a > 0
satisfying the following conditions:

(i) > a, = o0, and liminf cv,, = 0;
'rL:O n— oo

(ii) Tim inf 3, > 0.

Then {z,} converges strongly to Projffu, where ij{: s the Bregman projec-
tion of C onto I.

For approximating the common solution of a finite family of Variational-Like
Inequality Problem and common fixed point of a countable family of multival-
ued Bregman nonexpansive mappings we have the following as an application
of our main result:

Corollary 3.3. Let E be a real reflierive Banach space with E* its dual and
C be a nonempty closed convex subset of intdomf. Let f : E — (—o0,+0o0]
be a strongly coercive, Legendre, uniformly Fréchet differentiable and totally
conver function which is bounded on bounded subsets of E. Let T; : C —
P(C),i = 1,2,... be multivalued nonexpansive mappings such that Pr, : C —
P(C) are Bregman quasi-nonezpansie. For each j =1,2,3,. .M, let A; : C —
E* be n-hemicontinuous and relaxed n-a monotone mappings satisfying the
assumptions of Lemma Y; :+ C = R be proper, conver and lower semi-
continuous functions. Suppose I' := [ N2, F(Ti)ﬂﬂjM:lVLIP(C, Aj)] # 0.
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For arbitrary u,xq € C, let {z,} be the sequence generated by

Yn =V [Bno vV flzn) + iﬁn v f(2)], 2 € Prwn;
un,; € C, such that,
(3.34) (Ajtn,j,n(Y, tn,)) + ¥;(y) — ¥;(un,;)

+ 2 (Vf (Uny) = VF(n),y — un,) >0, ¥V y € C;
Jn € Argmaz{Dy(Un,,yn); J=1,2,.., M}, Uy = tUp;

Tp1 =V [on 7 fu) + (1= an) v f(@)],n €N;

where {ay} and {B,} are sequences in (0,1), and {r,} C [a,o0) for some a >0
satisfying the following conditions:

&)
(i) Y an =00, and liminf a;,, = 0;
n=0 n—oo

(i) liminf 3, ; > 0 and > Bn; = 1.
n— oo i=0

Then {x,} converges strongly to Projgu, where Projllc is the Bregman projec-
tion of C onto I.

Suppose in Theorem [3.I] we set E = H a real Hilbert space, then we obtain
the following as a consequence of our main result:

Corollary 3.4. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let T; : C'— P(C),i = 1,2,... be multivalued nonexpansive mappings
such that Pp, : C — P(C) are Bregman quasi-nonexpansive. For each j =
1,2,3,..M, let Aj : C — E* be n-hemicontinuous and relaxed n — oo monotone
mappings satisfying the assumptions of Lemma and g; : C x C — R be
bifunctions satisfying (L1) — (L4) and ¢; : C — R be proper, conver and lower
semi-continuous functions. Suppose I := [N, F(T;) ﬁjj\ilEP(gj, Aj] #0.
For arbitrary u,x; € C,| let {x,} be the sequence generated by

o0
Yn = 677,,0:1:77, + Z Bn’iZ;ﬂ zh € Pr,xy;
i=1

un; € C, such that,

(3.35) 9(unj, y) + (Ajtn g, 0y, un; ) + ¥5(y) — ) (un ;)
(U = Yny Y = Uny) >0, ¥V y € C;

Jn € Argma:ﬂ{”yn - unj||27 J=12, 7M}7m = Un;;

Tnt1 = aptu+ (1 — ap)tn,n € N;

where {a, } and {B,} are sequences in (0,1), and {r,} C [a,o0) for some a > 0
satisfying the following conditions:

(i) Y on =00, and liminf a;,, = 0;
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oo
(i) liminf 3, ; > 0 and > B, = 1.
n— 00 i=o
Then {x} converges strongly to Plfu, where Plf is the metric projection of C
onto T'.

4 Numerical Example

In this section we give a numerical example to show the efficiency of our main

result.

Let E =RxRand C = [-1,1] x [-1, 1]. Define a mapping A(z1,x2) = (21, x2)
for all x = (z1,22) € C, a: R xR — R by a(z1,z2) = §$% + §x§ for all x =
(z1,22) € Eand n: Cx C = R xR by n((21,22), (y1,¥2)) = (21 — 41,22 — ¥2)
for all (z,y) € CxC with z = (21, 22) and y = (y1, y2). Then, the mapping A is

a relaxed n-a monotone mapping. Indeed, for all x = (x1,22), y = (y1,y2) € C,
we have

(Az — Ay, n(z,y)) = (1 —y1), (22 — y2)) (21 — v1), (T2 — ¥2))
= [(z1— yl) + (22 — yz)z]
> Sl —y)? o+ (w2~ )] = ale — y).

Hence, A is a relaxed n-a monotone mapping.

Let un = (up,up), Yn = (Un>Yn); 20 = (25, 27) and y = (y1,2). Define the

bifunction g : C x C — R by g : (z,y) = —52? + 3zy + 2%, A(x) = =,
n(z,y) = 2(z — y) and ¥ (z) = 2. By using Lemma we have that

1
g(unay) + <Aun7n(y7 un)> + ¢(y) - ¢(un) + 7<un —Yn,Y — un> Z 07 Vy € RQ
1
= —5u + 3uny + 207 + un (2(y — upn)) + 32 — u + —(y- Up)(Up — Yn) > 0.

n
By simple calculations, we obtain

Yn

—Tr n T 4
w(Un) = r, +1°

That is,
1 2

1 1 Yn 2 2 Yn
tn = Tr.(4n) T, +1 ¢ U= o () 11r, +1

Let f: E — (—o00,400) be defined by f(x) = %4, then Vf(x) = 23, f(z*) =
1

32%3 and Vf*(2*) = 2*3. Choose the sequences r,, = n%‘l, ay = Sr D)
n

. Then, we use iteration (3.33)) of Corollary

We also consider the following cases for our numerical results.
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5,—0.25)T and u = (0.5, —0.25)7
,25)T and v = (0.5, —0.25)T,
,25)T and u = (—100, 30)7,
—1,3)T and u = (2, —40)7.

Case 1: 21 = (
Case 2: 71 = (
Case 3: 71 = (
Case 4: 71 = (

Acknowledgement: The authors sincerely thank the editor and anonymous
reviewers for their careful reading, constructive comments and fruitful sugges-
tions that substantially improved the manuscript. The first and fifth authors
acknowledge with thanks the bursary and financial support from Department of
Science and Innovation and National Research Foundation, Republic of South
Africa Center of Excellence in Mathematical and Statistical Sciences (DSI-NRF
COE-MaSS) Doctoral Bursary. The research of the second author is wholly
supported by the National Research Foundation (NRF) South Africa (S& F-
DSI/NRF Free Standing Postdoctoral Fellowship; Grant Number: 120784).
The fourth author is supported by the NRF of South Africa Incentive Funding
for Rated Researchers (Grant Number 119903). Opinions expressed and con-
clusions arrived are those of the authors and are not necessarily to be attributed
to NRF or CoE-MaSS.

References

[1] ABass, H. A., Ocgauist, F. U., AND MEwoMO, O. T. Common solu-
tion of split equilibrium problem and fixed point problem with no prior

knowledge of operator norm. Politehn. Univ. Bucharest Sci. Bull. Ser. A
Appl. Math. Phys. 80, 1 (2018), 175-190.

[2] ABass, H. A., Okekg, C. C., aND MEwoMO, O. T. On split equal-
ity mixed equilibrium and fixed point problems for countable families of
generalized K;-strictly pseudo-contractive multi-valued mappings. Dyn.
Contin. Discrete Impuls. Syst. Ser. B Appl. Algorithms 25, 6 (2018), 369—
395.

[3] ALAkOYA, T., JoLAOosO, L., A., T., AND MEwOMO, O. T. Inertial algo-
rithm with self-adaptive stepsize for split common null point and common
fixed point problems for multivalued mappings in banach spaces. Opti-
mization (2021).

[4] AvLakoya, T., JoLaoso, L., AND MEwOMO, O. T. Strong convergence
theorems for finite families of pseudomonotone equilibrium and fixed point
problems in banach spaces. Afr. Mat. (2020).

[5] ALakoya, T. O., Taiwo, A., MEwoMO, O. T., AND CHO, Y. J. An
iterative algorithm for solving variational inequality, generalized mixed
equilibrium, convex minimization and zeros problems for a class of
nonexpansive-type mappings. Ann. Univ. Ferrara Sez. VII Sci. Mat. 67,
1(2021), 1-31.



Mixed equilibrium problem and fixed point problem 55

Errors

. . | X *
0 - - ¥ *-

1 2 3 4 5 6 7 8 4 5
Iteration number (n) Iteration number (n)

*-
6

~ ¥

45 T T T T T T T 15 T T T

40 1

35 1

Errors
Errors

20 1

15 1 5 1

10 1

5 L ) L—-

0 0

0 50 100 150 200 250 300 350 400 0 50 100 150 200
Iteration number (n) Iteration number (n)

Figure 1: Errors vs Iteration numbers for Example 5.1: Case 1 (top left);
Case 2 (top right); Case 3 (bottom left); Case 4 (bottom right).



56 H.A. Abass, C. Izuchukwu, O. T. Mewomo, G.N. Ogwo, and O.K. Oyewole

[6]

[17]

[18]

Avr, B., AND HArRBAU, M. H. Convergence theorems for Bregman K-
mappings and mixed equilibrium problems in reflexive Banach spaces. J.
Funct. Spaces (2016), Art. ID 5161682, 18.

BAuscHkE, H. H., AND BORWEIN, J. M. Legendre functions and the
method of random Bregman projections. J. Conver Anal. 4, 1 (1997),
27-67.

BAuscHKE, H. H., BORwWEIN, J. M., AND COMBETTES, P. L. Essential

smoothness, essential strict convexity, and Legendre functions in Banach
spaces. Commun. Contemp. Math. 3, 4 (2001), 615-647.

BruwMm, E.; AND OETTLI, W. From optimization and variational inequal-
ities to equilibrium problems. Math. Student 63, 1-4 (1994), 123-145.

BREGMAN, L. M. A relaxation method of finding a common point of
convex sets and its application to the solution of problems in convex pro-
gramming. Z. Vydcisl. Mat i Mat. Fiz. 7 (1967), 620-631.

BurNaARriu, D., AND IuseM, A. N. Totally convex functions for fized
points computation and infinite dimensional optimization, vol. 40 of Ap-
plied Optimization. Kluwer Academic Publishers, Dordrecht, 2000.

BuTNARIU, D., REICH, S., AND ZASLAVSKI, A. J. There are many totally
convex functions. J. Convex Anal. 13, 3-4 (2006), 623-632.

BuTNARIU, D., AND RESMERITA, E. Bregman distances, totally convex
functions, and a method for solving operator equations in Banach spaces.
Abstr. Appl. Anal. (2006), Art. ID 84919, 39.

CHANG, S. S., AND WANG, X. R. Strong convergence theorems for a
countable family of multi-valued Bregman quasi-nonexpansive mappings
in reflexive Banach spaces. Numer. Funct. Anal. Optim. 38, 5 (2017),
575-5809.

CIORANESCU, 1. Geometry of Banach spaces, duality mappings and non-
linear problems, vol. 62 of Mathematics and its Applications. Kluwer Aca-
demic Publishers Group, Dordrecht, 1990.

ESKANDANI, G. Z., RAEISI, M., AND RAss1as, T. M. A hybrid extra-
gradient method for solving pseudomonotone equilibrium problems using
Bregman distance. J. Fized Point Theory Appl. 20, 3 (2018), Paper No.
132, 27.

Fang, Y. P., AND HuaNG, N. J. Variational-like inequalities with gen-
eralized monotone mappings in Banach spaces. J. Optim. Theory Appl.
118, 2 (2003), 327-338.

Izucaukwu, C., MEBAwWONDU, A. A., AND Mgwomo, O. T. A
new method for solving split variational inequality problems without co-
coerciveness. J. Fized Point Theory Appl. 22, 4 (2020), Paper No. 98,
23.



Mixed equilibrium problem and fixed point problem 57

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

Izucaukwu, C., OGwo, G., AND MEwWOMO, O. T. An inertial method
for solving generalized split feasibility problems over the solution set of
monotone variational inclusions. Optimization (2020).

JorAaoso, L. O., Arakoya, T. O., Taiwo, A., AND MEwoMO, O. T.
A parallel combination extragradient method with Armijo line searching
for finding common solutions of finite families of equilibrium and fixed
point problems. Rend. Circ. Mat. Palermo (2) 69, 3 (2020), 711-735.

JorAaoso, L. O., Arakoya, T. O., Tatwo, A., AND MEwoMO, O. T.
Inertial extragradient method via viscosity approximation approach for
solving equilibrium problem in Hilbert space. Optimization 70, 2 (2021),
387-412.

Joraoso, L. O., Taiwo, A., ALaAkoyA, T. O., AND MEwoOMO, O. T.
A strong convergence theorem for solving pseudo-monotone variational
inequalities using projection methods. J. Optim. Theory Appl. 185, 3
(2020), 744-766.

JoLAaoso, L. O., Taiwo, A., ALakoyA, T. O., AND MEwoMO, O. T.
A unified algorithm for solving variational inequality and fixed point prob-
lems with application to the split equality problem. Comput. Appl. Math.
39, 1 (2020), Paper No. 38, 28.

MAINGE, P.-E. Strong convergence of projected subgradient methods for
nonsmooth and nonstrictly convex minimization. Set- Valued Anal. 16, 7-8
(2008), 899-912.

NARAGHIRAD, E., AND YAO, J.-C. Bregman weak relatively nonex-
pansive mappings in Banach spaces. Fized Point Theory Appl. (2013),
2013:141, 43.

Oewo, G. N., Izucuukwu, C., AND MEwOMO, O. T. Inertial meth-
ods for finding minimum-norm solutions of the split variational inequality
problem beyond monotonicity. Numer. Algorithms (2021).

Oawo, G. N., IzucHukwu, C., AND MEwOMO, O. T. A modified extra-
gradient algorithm for a certain class of split pseudo-monotone variational
inequality problem. Numer. Algebra Control Optim. (2021).

OroNA, M. A., Avakova, T. O., OworaABl, A.-s. O.-E.; AND
MewoMO, O. T. Inertial algorithm for solving equilibrium, variational
inclusion and fixed point problems for an infinite family of strictly pseu-
docontractive mappings. J. Nonlinear Funct. Anal. 2021, 1 (2021), 1-21.

OroNaA, M. A., Avakova, T. O., OworaABl, A.-s. O.-E.; AND
MewoMmo, O. T. Inertial shrinking projection algorithm with self-
adaptive step size for split generalized equilibrium and fixed point prob-
lems for a countable family of nonexpansive multivalued mappings.
Demonstr. Math. 54, 1 (2021), 47-67.



58 H.A. Abass, C. Izuchukwu, O. T. Mewomo, G.N. Ogwo, and O.K. Oyewole

[30]

[33]

[40]

OwoOLABI, A.-s. O.-E.; ALAakova, T. O., AbeEoLu, T., AND MEWOMO,
O. T. A new inertial-projection algorithm for approximating common
solution of variational inequality and fixed point problems of multivalued
mappings. Numer. Algebra Control Optim. (2021).

OvEwoLE, O. K., ABass, H. A., AND MEwoMO, O. T. A strong con-

vergence algorithm for a fixed point constrained split null point problem.
Rend. Circ. Mat. Palermo (2) 70, 1 (2021), 389-408.

OvewoLE, O. K., JorLaoso, L. O., IzucHukwu, C., AND MEWOMO,
O. T. On approximation of common solution of finite family of mixed
equilibrium problems involving p — «a relaxed monotone mapping in a
Banach space. Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math.
Phys. 81, 1 (2019), 19-34.

OveEwoLE, O. K., MEwoMO, O. T., JoLAOSsO, L. O., AND KHAN, S. H.
An extragradient algorithm for split generalized equilibrium problem and

the set of fixed points of quasi-p-nonexpansive mappings in Banach spaces.
Turkish J. Math. 44, 4 (2020), 1146-1170.

REEM, D., AND REICH, S. Solutions to inexact resolvent inclusion prob-

lems with applications to nonlinear analysis and optimization. Rend. Circ.
Mat. Palermo (2) 67, 2 (2018), 337-371.

REEM, D., REICH, S., AND DE PIERRO, A. Re-examination of Bregman
functions and new properties of their divergences. Optimization 68, 1
(2019), 279-348.

REICH, S., AND SABACH, S. A strong convergence theorem for a proximal-
type algorithm in reflexive Banach spaces. J. Nonlinear Convexr Anal. 10,
3 (2009), 471-485.

REICH, S., AND SABACH, S. Two strong convergence theorems for a

proximal method in reflexive Banach spaces. Numer. Funct. Anal. Optim.
31, 1-3 (2010), 22—-44.

SuANTAI, S., CHO, Y. J., AND CHOLAMJIAK, P. Halpern’s iteration
for Bregman strongly nonexpansive mappings in reflexive Banach spaces.
Comput. Math. Appl. 64, 4 (2012), 489-499.

Tatwo, A., Avrakova, T. O., aAND MEwomo, O. T. Halpern-type
iterative process for solving split common fixed point and monotone vari-

ational inclusion problem between Banach spaces. Numer. Algorithms 86,
4 (2021), 1359-1389.

Tatwo, A., ArLakoyvA, T. O., AND MEwoMO, O. T. Strong conver-
gence theorem for solving equilibrium problem and fixed point of relatively
nonexpansive multi-valued mappings in a banach space with applications.
Asian-Eur. J. Math. (2021), 1-31.



Mixed equilibrium problem and fixed point problem 59

[41] Xu, H.-K. Another control condition in an iterative method for nonex-
pansive mappings. Bull. Austral. Math. Soc. 65, 1 (2002), 109-113.

[42] ZALiNEScU, C. Convex analysis in general vector spaces. World Scientific
Publishing Co., Inc., River Edge, NJ, 2002.

Received by the editors April 30, 2020
First published online August 30, 2021



	Introduction
	Preliminaries
	Main Results
	Numerical Example

