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On a class of partial fractional integro-differential
inclusions

Aurelian Cernezﬂ

Abstract. A Darboux problem associated to a fractional hyperbolic
integro-differential inclusion defined by a Caputo type fractional deriva-
tive is studied. We obtain an existence result for this problem in the
situation when the values of the set-valued map are not convex by em-
ploying a method originally introduced by Filippov. Also, we provide
the existence of solutions continuously depending on a parameter for the
problem studied. This second result allows to deduce a continuous selec-
tion of the solution set of the problem considered.
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1. Introduction

In the last years one may see a strong development of the theory of differen-
tial equations and inclusions of fractional order (|4l 1T}, [15] [17] etc.). The main
reason is that fractional differential equations are very useful tools in order to
model many physical phenomena ([l 16, 18] 19, 20] etc.). In the fractional
calculus there are several fractional derivatives. From them, the fractional
derivative introduced by Caputo in [7] allows to use Cauchy conditions which
have physical meanings.

A Caputo type fractional derivative of a function with respect to another
function ([I5]) that extends and unifies several fractional derivatives existing
in the literature like Caputo, Caputo-Hadamard, Caputo-Katugampola was
intensively studied in recent years [1} [2 [3] etc.. In particular, existence results
and qualitative properties of the solutions for fractional differential equations
defined by this fractional derivative are obtained in |2} [3].

In the present paper we study Darboux problem inclusions of the following
form

(1.1) Dg’wu(ac,y) € F(z,y,u(z,y), (Io"wu)(x,y)) a.e. (z,y) €11,

(1.2) u(z,0) = pi(z), uw0,y) =p2(y) (v,y)€ll,

where Il = [ x 127 L = [O,Tl], I, = [O,T‘g]7 301() L — 1:{7 302() b = R
with 1(0) = ¢2(0), F(.,.) : Il x R x R — P(R) is a set-valued map, I*¥ is
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the generalized left-sided mixed integral and Dg’w is the fractional derivative
mentioned above, @ = (aj,a3) € [0,1) x [0,1) and ¥(.) = (¥1(.),¥=2(.)) €
Cl(I,R) x C1(I,R).

The goal of the present paper is twofold. First, we show that Filippov’s
ideas ([12]) can be suitably adapted in order to obtain the existence of a so-
lution of problem (|1.1] . We recall that for an ”ordinary” differential
inclusion defined by a hpschltman set-valued map with nonconvex values Filip-
pov’s theorem ([I2]) provides the existence of a solution starting from a given
"quasi” solution. At the same time, the result gives an estimate between the
"quasi” solution and the solution of the differential inclusion. Secondly, we
obtain the existence of solutions continuously depending on a parameter for
problem —. This result is, in fact, a continuous version of our first re-
sult. In the proof of this second theorem we essentially use a result of Bressan
and Colombo ([6]) concerning the existence of continuous selections of lower
semicontinuous multifunctions with decomposable values. Our second theorem
allows us to deduce a continuous selection of the solution set of the problem
considered.

The results in the present paper extend and unify similar results obtained
for partial fractional integro-differential inclusions defined by Caputo frac-
tional derivative ([§]), by Hadamard fractional derivative ([9]) and by Caputo-
Katugampola fractional derivative ([10]).

The paper is organized as follows: in Section 2 we recall some preliminary
results that we will use in the sequel and in Section 3 we prove the main results
of the paper.

2. Preliminaries

Consider 8 > 0, f(.) € L([0,7],R) and v(.) € C™([0,T],R) such that
W(t) >0Vt e0,T].

Definition 2.1 ([T, 15]). a) The 9 - Riemann-Liouville fractional integral of
f of order B is defined by

7 1 (1) / () (0 (8) — ()P f(s)ds

where I' is the (Euler’s) Gamma function defined by I'(8) = [~ t7~te~"dLt.
b) The v - Riemann-Liouville fractional derivative of f of order 5 is defined
by

e __ ! L dn t’s — ()P (s)ds
D) = o G ) OO =) (9

where n = 8] + 1.
c¢) The v - Caputo fractional derivative of f of order § is defined by

DG f(t) = DPVIf(t) -
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where fgc] (t)=( ,1(t) 4ykg(t), n =B if a € N and n = 8] + 1, otherwise.

We note that if 3 = m € N then Dg’wf(t) = fq[pm} (t) and if n = [8] +1 then

DEYF() =ty Jo ¢/ —wwWH%vW<MSAm>ﬁw>=tme
obtains Caputo’s fractlonal derlvative (@), if (t) = In(t) one obtains Caputo-
Hadamard’s fractional derivative ([13]) and, finally, if ¢(t) = t° one obtains
Caputo-Katugampola’s fractional derivative ([14]).

Consider I; = [0,T1], I = [0, T3] and II = [0, 7] x [0, T»]. Denote by £(II)
the o- algebra of the Lebesgue measurable subsets of IT and by B(R) the family
of all Borel subsets of R.

Let C(II,R) be the Banach space of all continuous functions from IT to R
with the norm ||u||c = sup{|u(z,y)|; (z,y) € [T} and L'(II,R) be the Banach
space of functions wu(-,-) : I — R which are integrable, normed by |u|/p1 =

0 o lu(w, y)ldady.

Next, a = (a1, as) € [0,1) x [0,1) and ¥(.) = (¢1(.),¥2(.)) € C*(I1,R) x
CI(IQ,R) such that ¢} (t) > 0,95(t) >0Vt e I.

Definition 2.2. a) The 1 mixed integral of order a of f(.,.) € L'(I[, R) is
defined by

(I ) (. Y) = tamray Jo Jo V1)U () (@r1(x) — ()™~ (¥2(y) -
Pa(t))*2 L f (s, t)dsdt.

b) The 1 mixed fractional-order derivative of order a of f(.,.) € L*(II, R)
is defined by

(D&Y Nla.y) = (1" Z) @) = ramiroas Jo Jy VA(05(0)
(461 (2) — 1 (5)) 7 (thaly) — o)) ™2 2ok (s, 1) dsdl.

In the definition above by 1 — a we mean (1 — a1,1 — as) € (0,1] x (0, 1].

Definition 2.3. A function u(.,.) € C(IL, R) is said to be a solution of problem
(1.1))-(1.2)) if there exists f(.,.) € L'(IT,R) such that

(2.1) flw.y) € F(a,y,u(z,y), I*Yu)(z,y))  ae. (II),

(2.2) u(@,y) = vz, y) + T f)(z,y), (ey) €1,

where v(z,y) = p1(z) + ©2(y) — ©1(0).

The pair (u(.,.), f(.,.)) is called a trajectory-selection pair of problem (1.1)-
2.

The previous definition is justified by the fact that a simple computation
shows that u(.,.) satisfies Dg’wu(x,y) = f(z,y), u(z,0) = p1(x), u(0,y) =
w2(y), (x,y) € IT if and only if (2.2) is verified.

Let (X,d) be a metric space. The Pompeiu-Hausdorff distance of the
closed subsets A, B C X is defined by dy (A, B) = max{d*(4, B),d*(B, A)},
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d*(A, B) = sup{d(a, B); a € A}, where d(z,B) = inf{d(z,y);y € B}. With
cl(A) we denote the closure of the set A C X.

Recall that a subset D C L'(II,R) is said to be decomposable if for any
u(-),v(-) € D and any subset A € L(II) one has uxa + vxp € D, where
B = I\A. We denote by D the family of all decomposable closed subsets of
LY(IL,R).

Let G(.,.) : I x R™ — P(R") be a set-valued map. Recall that G(.,.)
is called £(II) ® B(R™) measurable if for any closed subset C C R™ we have
{(z,y,2) e Ix R™; F(z,y,2) NC} # 0} € L(IT) @ B(R™).

Consider the Banach space S := {(p,¥) € C(I1,R) x C(I2,R);¢(0) =
$(0)} endowed with the norm [[(¢,¥)[| = [|¢llo +[[¢]|c_and for (p,¢) € S

denote S(y, 1) the set of all solutions of problem (L.1)-(|1.2).
We recall now some results that we are going to use in the next section.

Lemma 2.4 ([21]). Let G(-,-) : Il — P(R"™) be a compact valued measurable
multifunction and h(-,-) : 11 = R™ a measurable function.
Then there exists a measurable selection g(-,-) of G(-,-) such that

9(z,y) = h(z,y)| = d(h(z,y),G(z,y)), a.e. (D).

Next (5, d) is a separable metric space and X is a Banach space. We recall
that a multifunction G(-) : S — P(X) is said to be lower semicontinuous (l.s.c.)
if for any closed subset C' C X, the subset {s € S;G(s) C C} is closed in S.

Lemma 2.5 ([6]). Let G*(.,.) : IIx S — P(R™) be a closed valued L(IT) @ B(.S)
measurable multifunction such that G*((x,y),.) is l.s.c. for any (x,y) € II.
Then the set-valued map H(.) defined by

H(s)={g € L'ALR"); g(z.y) € G*(z,y,5) a.e. (1)}

18 l.s.c. with nonempty decomposable closed values if and only if there exists a
continuous mapping q(.) : S — L*(II, R) such that

d(0,G*(z,y,s)) < q(s)(z,y) a.e. (I), Vs € S.

Lemma 2.6 ([6]). Let H(.) : S — D be a l.s.c. set-valued map with closed
decomposable values and let f(.) : S — L'(ILR"), p(.) : S — LY(ILR) be
continuous such that the multifunction G(.) : S — D defined by

G(s) = cl{h € H(s); |[h(z,y) = f(s)(z, 9)l| <p(s)(z,y) ae ()}

has nonempty values.
Then G(.) has a continuous selection.

3. The main results

In what follows we work under the following hypotheses.
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Hypothesis H1. F(.,.) : I xR xR — P(R) is a set-valued map with
non-empty, compact values that verifies:

i) For all u,v € R, F(.,.,u,v) is measurable.

ii) There exists L1, Lo > 0 such that for almost all (z,y) € II,

d (F(x,y,ui,v1), F(x,y,u2,v2)) < Li|uy — ua| + Lajvi — va],
Vul,’l)l,'l.tg,’l)g € R.
In what follows g(.,.) € L*(II,R) is given and there exists £(.,.) € L*(II,R,)
with M := sup(, e (I*"€)(x,y) < +oo which satisfies

d(g(z,y), F(z,y,w(z,y), [*Yw)(z,y))) < E(z,y)  ae. (ID),

where w(.,.) is a solution of the fractional hyperbolic differential equation

(3.1) D w(z,y) = g(z,y) (2,y) €11,

(3-2) w(@,0) = b1(z), w(0,y) =0a(y) (z,y) €Il

with (01,62) € S.
1 il aq a2
Set vi(w,y) = 61(x) + 62(y) — 61(0), (2,y) € I, Ky = L Grlsteala)
and K = Kl(Ll + Kng).

Theorem 3.1. Let Hypothesis H1 be satisfied, K < 1 and consider g(.,.),

£(;-), w(.,.) as above, (¢1,92) € S and v(z,y) = p1(z) + p2(y) — ¥1(0),
(z,y) € II.
Then there exists (v(.,.), f(.,.)) a trajectory-selection pair of problem (1.1))-

(1.2) such that

(3-3) lv(z,y) —w(z,y)| < llv = mlle + M

I
T @y el

(Ly + K1 Ly)(||v — vi|e + M)
(34) |f(z,) - g(z,y)| < ——— 21_K 1

Proof. We define fo(.,.) = g(.,.), vo(.,.) = w(.,.). By Lemma [2.4] there exists
a measurable function fi(.,.) such that fi(z,y) € F(m y,v0(x,y),
(I“%vy)(x,y)) a.e. (II) and for almost all (z,y) €

|f0($, y) - fl(x’ y)| = d(g(x,y), F(a:,y,vo(x,y), (I‘lﬂl’vo)(x7y))) < f(x,y)
Define, for (z,y) € 1T
vi(,9) = v(2,9) + rariran Jo S WSV (W (@) — 1(5)™ T (Wa(y)—
¢2(t))0¢2—1f1(57t)d3dt,

Since

w(z,y) = vi(2,y) + ranras Jo Jo VL)V (W1 (a) — ()™ ™ (Wa(y)—
Ua(t))*2 " fo(s, t)dsdt.

+&(z,y), a.e. (II).
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one has

01(8,9) — v0(,9)] < [l ) — 12 ()| + ey S 4 ()00
(Y1(z) = ()™ M (Wha(y) — ¥a(t) > fi(s, 1) = fo(s,t)|[dsdt <

o mnlle + rpai i 2 (WO () — ()= ()
’(/)2( ))O(2 15(8 t)dsdt < HI/—Z/1HC+M

From Lemma we deduce the existence of a measurable function f5(.,.)
such that fa(z,y) € F(z,y,v1(z,y), [*%v1)(z,y)) a.e. (II) and for almost all

(z,y) €
|f2( fl(xay | < d(f1<3;‘ y)aF(x7y"Ul(x’y)’(Iawvl)(x’y))) <

dH(F(w y,v0(,y), (15 vo) (), F (@, y, v1(x,y), (I*P01)(2,9))) <

Lifvi(z,y) — vo(z,y)| +L2\(—’a Vo) (2, y) — (I%%v1) (2, y)| <

Li(|lv = vlle + M) + Larariagy Jo Jo ¥1(8)0(0) @ () = (s))™

(1ha(y) — Y2 (1)*> M (||lv — villo + M)dsdt = (Ly + K1 La)(||v — wil|c + M).

Define, for (z,y) € I

va(@,y) = v, y) + rameras Jo I V5050 () — ()™~ (tay)—
1/)2( ))aQ 1f2($ t)det

and one has

e2(2,9) = 012, )| < iy Jo S5 VOO ~ ()~ (Wal)
i (0)°2 | fals,1) — 1 (5, 0)ldsdt < pratorazy o S 0 (s)h(0) (o ()

1(8)) H(a(y) — h2(t)** (L1 + K1 Lo)(||v — vi|c + M)dsdt =
K(||lv —wvllc + M).

Assuming that for some p > 2 we have already constructed the sequences
(i, )Py, (fi(L, )P, satisfying

(3.5) [vp(@,9) = vp-1(z, )| < KP7(|lv = wille + M) (,y) €11,

(3:6) 1fp(,y) = fp-1(z,9)| < (L1 + K1 Lo) KP72(|[v = il + M) ace. (ID).

We apply Lemma and we find a measurable function fj,41(.,.) such that
for1(x,y) € F(x,y,vp(x,y), [*Yvp,)(z,y)) a.e. (II) and for almost all (z,y) €
II

|fp1(@,y) = folz,y)| < d(fpia(z,y), F(z,y,vp-1(2,y), T*vp_1)(2,9)))
< dH(F(gc,y,vp(x,y),(I“’va)(m,y)),F(x Y, Up— 1(56 y) (Iu va,l)(.%y)))
< Lilvp(x,y) — vp—1(2, )| 4 La|(I%Yvp) (x,y) — (I*Yvp1) (2, y)| <
Li[KP=2(||v = vi]|e + M)] + Lo K1 KP72(|[v — e + M) =

(L1 + K1 Lo)KP~Y(|[v = vi]|c + M).

Define, for (z,y) € I
(3.7)

011 (5,9) = V() + pmerass S OL) 40 (1 (2) — () ()
—2(8))*2 ™ fpra (s, t)dsdt
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We have

op+1(2,y) = (@, )| < marrasy Jo Jo VL)) (W1 () — i (s))™
(00— Uyt - n@M%ﬁ<ﬁmmghkwl¢x>
(1 () — w ()7 (Wa(y) = ()= KPH(|[v — vilo + M)(Ly + K1 L)
dsdt = 1(||l/ — l/1||C + M)Kl( 1+ Kng) = Kp(Hl/ — VlHC + M)

From we deduce that the sequence (v,(.,.))p>0 is Cauchy in C(II, R),
so it converges to v(.,.) € C(II,R). Taking into account we infer that
the sequence (fy(.,.))p>0 is Cauchy in L'(II, R), thus it converges to f(.,.) €
LY, R).

Using the fact that the values of F(.,.) are closed we get that f(z,y) €
F(z,y,v(z,y), (I*v)(x,y)) ae. (II).

One may write successively,

ety Jo J3 VA ><w1(> w )™ L (4 (y) — Y1)
Fyls, Ddsdt — s fo S (s (8) (W () — 0 (5))° (o (y)
(1))~ 1f(8 t)dsdi] < ﬁf A W () — g ()
(Waly) — (D)2 [ fyls,6) — f(s Dldsdt < roamigasy S J2 w1 $)4(0)

a(
(¥1(x) = 1()* 7 (W2(y) — (1) *27H (L + K1 Lo)|up—1 (s, t)—
u(s, t)|dsdt < Kllup(.,.) —u(.)lle-

Thus, we pass to the limit in and we get that v(.,.) is a solution of problem
(1.1)- (1.2). At the same time, by adding inequalities for any (z,y) € I
we have
(3.8)
[op(, ) — w(@,y)| < [vp(ay) = vy (@, 9)| + |01 (@,y) — vpoala, )
e a2, ) — vr ()] + for(,y) — vl y)| <
(KP4 K72 4 4+ K+ 1)(|[v = w|o + M) < lz=alletM

Similarly, by adding inequalities (3.6 for almost all (z,y) € II we have

|fp(m>y) _g(l',y)| S |fp(xay) - fpfl(xay” + |fp71(xay)_
gy 2@yt ) = Ale )|+ i@y) — folay) <
B9 Ly 4 KyLo) (K72 4 ...+ K+ 1)(|[v - mille + M) + &(z,y) <

(L1+K1L2)”l'_i#+§(x,y).

Finally we pass to the limit with p — oo in and (| . ) and we get .
and ( .7 respectively, which completes the proof

Remark 3.2. If in Theorem ¥(t) = t we obtain Theorem 3.2 in [§]; if
in Theorem ¥(t) = In(t) we get Theorem 4 in [9] and if in Theorem
¥(t) = t° we cover Theorem 3.1 in [10].

If in Theorem [3.1] we take g = 0, w = 0, §; = 0, f3 = 0, then we obtain the
following existence result for solutions of problem (1.1})-(1.2]).
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Corollary 3.3. Let Hypothesis H1 be satisfied, K < 1 and assume that there
exists £(.,.) € L'(IT, Ry) with M := sup(, , en(I*Y€)(z,y) < +oo such that
d(0, F(x,y,0,0)) < &(x,y) V(z,y) € II.

Then there ezists v(.,.) € C(II,R) a solution of problem (LI)-(L.2) such

that
|lvllc + M

@yl < % Yy ell

In the last part of this paper we obtain a continuous version of Theorem
B.11
Hypothesis H2. i) S is a separable metric space, p1(.) = C(I1,R), p2(.) :
S — C(I3,R) and (.) : S — (0,00) are continuous mappings and ¢1(s)(0) =
p2(5)(0).

ii) There exists the continuous mappings 61(.) — C(I1,R),02(.) : S —
C(I3,R) g(.) : S = LYILR), &(.) : S — LY(I,R) and w(.) : S — C(IL,R)
such that 61 (s)(0) = 65(s)(0),

(Dw(s)&¥ (z,y) = g(s)(w,y) ae. (II), VseS,

w(s)(x,0) = 01 (s)(x), w(s)(0,y) = Oa(s)(y) (z,y) €Il, Vs €S,
d(g(s)(@,y), F(z,y,w(s)(@,y), (I w(s))(z,9))) < &(s)(w,y) ae. (I),Vs € S
and the mapping s — M(s) := sup(, ,yen(I*"€(5))(x,y) is continuous.
We use next the following notations v(s)(z,y) = ¢1(s)(z) + ¢2(s)(y) —

¢1(5)(0), vi(s)(w,y) = Oi(s)(x) + Oa2(s)(y) — 01(s)(0), (z,9) € I, a(s) =
SUp (e [¥(8)(2,y) —11(s)(z,y)|, s € 5.

Theorem 3.4. Assume that Hypotheses H1 and H2 are satisfied and K < 1.

Then there exist a continuous mapping v(.) : S — C(II,R) such that for
any s € S, v(s)(.,.) is a solution of problem which satisfies v(s)(x,0) =
1(5)(@), 1()(0,9) = 02(5)(y) (,9) € L5 € § and

a(s) +e(s) + M(s)
1-K

lv(s)(z,y) —w(s)(x,y)| < V(z,y) € II,Vs € S.

Proof. We make the following notations

vol., ) =w(.,.), &ls):= KP Ya(s) +e(s) + M(s)), p>1.

We consider the set-valued maps Go(.), Ho(.) defined, respectively, by

Go(s) = {h € L'(ILR); h(z,y) € F(z,y,w(s)(z,y), [ w(s))(z,y))a.e.(II)}
Ho(s) = cl{h € Go(s); |n(z,y) — g(s)(z,y)| <&(s)(z,y) + K%E(S)}o

Taking into account that d(g(s)(z,y), F(z,y, w(s)(z,y), I*Yw(s))(z,y)) <
E(s)(zyy) < &(s)(z,y) + Kils(s) the set Hy(s) is not empty.
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Set Fg(,y,5) = F(z,y,w(s)(z,y), I**w(s))(z,y)) and note that

d(0, Fg (z,y,5)) < |g(s)(z,y)| + &(s)(z,y) = & () (2, y)

and £*(.) : S — L'(I,R) is continuous.
Applying now Lemma and Lemma we obtain the existence of a
continuous selection fo of Hy such that Vs € S, (x,y) € 11,

fo(s)(x,y) € F(z,y,w(s)(z,y), I*Yw(s))(z,9)) a.e.(II), Vs €S,

|fo(s)(z,y) — g(s)(z,y)| < &o(s)(w,y) = &(s) (2, y) + K%E( ).
We define

vi(s)(x,y) = v(s)(z,y) + mfo I ()5 (8) (1 () — br ()1
(a(y) — a(t))*2 7 fo(s)(2, t)dzdt

and one has

[01(s) (2, ) = vo(s) (@, y)| < a(s) + rarayy Jo Jo V1)) (W (2)—
P1(2))* 7 (ha(y) — v2(8))*H fo(s)(2,t) — g(s)(2, t)|ddt < a(s)+
s Jo S W 2D (1) (0 () — 1 (2)) 7 (a(y) — Yalt)?>
(&(s)(z,t) + Kils(s))dzdt <a(s)+ M(s)+e(s) =:&(s), (x,y) €ll,seS.

We construct the sequences of approximations f,(.,.) : S — L'(IL,R),

vp(.,.) .8 = C(II, R) with the following properties:
a) fp(,,.): S = LYILR), v,y(.,.) : S — C(II,R) are continuous,

D) 000 € Pl ) ), (V0 (5)) (@), ave. (D), s € S,

c) [fp(s)(@,y) = fr-1(s)(z,y)| < (L1 + K1 L2)Ey(s), ae. (II), s € 5.

Dol Tots o e S ST () (o) —

P1(2))* 7 (W2 (y) — ¥a2(t)*2 7 fp(s) (2, t)dzdt, (z,y) €115 € S.

Assume that we have already constructed fi(.),vi(.) satisfying a)-c) and
define v,11(.) as in d). From c) and d) one has

|Up+1(5)(l’,y) —p(8)(@,9)| < tanriasy Jo Jo YL()U() (@1 (2)~
(3.10) 1) Ht2(y) — (t))a"‘ Hip(9)(2:8) = fo—1(s) (2, t)|dzdt <
' et Jo Jo D15 (W (2) — 1 (2))* (Yo (y) — o ()2
(L1 + K1Ls)&p(s)dzdt = Ky(Ly + K1L2)&p(s) = &pya(s).

On the other hand,
(3.11)
d(fp(s)(z,y), F(z,y, vpt1(s) (2, y), (Ia%pﬂ( ) (@,y))) <
Lyfvp4a(s )(CU y) — vp(s )(x,y)\ +L2m Jo fo 1(2)¥5(t)
—1(2))* 7 (W2(y) — Y2 (t)** vpr1(s) (2, ) — vp(s)(2,t)|d2d
(L1 + K1L2)&p11(8).

For any s € S we define the set-valued maps G,1(s) = {u € L'(II, R);
u(@,y) € F(@,y,vps1()(2,9), IV vps1(s)) (2, y) a.e. ()} and

Hyi1(s) = cl{u € Gpra(s); |u(z,y) — fp(s)(@,y)| < (L1 + K1L2)p41(5)}

(¥1(2)
t <
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We note that from (3.11) the set Hp1(s) is not empty.
Set F¥\ i (x,y,s) = F(2,y,vp41(5) (2, 1), [*vp41(s))(2,y)) and note that

(0, Fy i1 (2,9, ) < |fp(s)(@,9)| + (Ly + K1 Lg)Epya(s) = &5 (s) (2, y)

and &, ,(.) : S — L'(I,R) is continuous.
By Lemma and Lemma we obtain the existence of a continuous
function fp41(.) : S — L'(II,R) such that

fp+1<s>($7y) € F('T7yavp+1(s)(xvy)’ (Ia,va+1(s))<x’y)) a.e. (H>7 Vs €5,

[for1(s) (@, y) = fp(s)(@,y)| < (L1 4+ K1L2)Epy1(s) Vs €S, (z,y) € 1L
From (3.10), ¢) and d) we obtain

(3-12)  fopra(s)( ) = vp(s) (s )le < &prals) = KP(als) +(s) + M(s)),

(3.13) [for1(8)(, ) =fp(s) (s ) < KP~H (L1 4Ky Lo) Ty To(a(s) +e(s)+M(s)).

Thus, f,(s)(.,.), vp(s)(.,.) are Cauchy sequences in the Banach spaces
LY(IT,R) and C(IT,R), respectively. Conmsider f(.) : S — L'Y(IL,R), v(.) :
S — C(I1,R) their limits. The function s — a(s) + &(s) + M(s) is continuous,
hence locally bounded. Therefore, implies that for every s’ € S the
sequence f,(s’)(.,.) satisfies the Cauchy condition uniformly with respect to s’
on some neighborhood of s. Therefore, s — f(s)(.,.) is continuous from S into
LY(IL,R).

As before, from (3.12)), v,(s)(.,.) is Cauchy in C(IL, R) locally uniformly
with respect to s. Hence s — v(s)(.,.) is continuous from S into C(II, R). At
the same time, since v,(s)(.,.) converges uniformly to v(s)(.,.) and

d(fy(s)(x,y), F(a,y,v(s)(z,y), (I*Pv(s))(z,y)) <
(L1 + K1 Lo)|vp(s)(z, y) —v(s)(z,y)| ae (II), VselS

passing to the limit along a subsequence of f,(s)(.,.) converging pointwise to
f(s)(.,.) we obtain

F()(@,y) € F(x,y,0(s)(x,y), [*v(s))(2,y))  ae. (II), Vs € S.

One may write successively,

|t o S DA 0 (W (2) — ()2~ (W) — wa(8)) > 1f ()2,
t)dzdt — rrsorary Jo fo G (1) (W1 (@) — 1 (2)™ () — o))
F()(z0)dzdt] < e o R (2)04(0) (0 () — b1 (2))™ ~ ()

a(1))2 7 fol(s) (2 )dzdt] p(5) =, 1) — F(5) (= |dzdt<mfo I

at)
()05 () (1 () = ¥1(2))™ 7 (W2 (y) — ¥2(t))*2 (L + K1 La)|vp-1(s)(z,
t) —v(s)(zt)|dzdt < Kljvp-1(s)(.;-) —v(s)(; )le-

z)™

So, we pass to the limit in d) and we get V(z,y) € II,s € S

v()(@,y) = v(s)(®,Y) + rarrms o Jo VLU0 (@ (@) — v (2) T
($aly) — a(1))°2 7" £(s) (2, t)dzdt,
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i.e., v(s)(.,.) is the required solution.
Finally, by adding inequalities (3.10)) for all p > 1 we get

p+1

19 e -l < 60 o) 20 ),

Passing to the limit in ([3.14)) we obtain the conclusion of the theorem. O

Remark 3.5. If in Theorem ¥ (t) = t we obtain Theorem 3.7 in [§]; if in
Theorem ¥(t) = In(t) we find Theorem 6 in [9] and if in Theorem
P(t) =t we get Theorem 3.2 in [10].

Theorem @ allows to provide a continuous selection of the solution set of

problem (L.I))-(1.2).
Hypothesis H3. Hypothesis H1 is satisfied, K < 1 and there exists ¢(.,.) €
LYIL,Ry) with sup(, ,yer(I* @¥q)(x,y) < oo such that d(0, F(z,y,0,0)) <
q(z,y) a.e. (II).
Corollary 3.6. Assume that Hypothesis H3 is satisfied.

Then there exists a function v(.,.) : II x S — R such that

a) v(., (& n)) € S(&n), V(&n) €8S
b) (&,m) — v(., (&, m)) is continuous from S into C(II, R).

Proof. We take S = S, ¢1(u,n) = p, wa(p,m) = n V(u,m) € S, e(.) : S —
(0,00) an arbitrary continuous function, ¢g(.) =0, w(.) =0, &(s)(z,y) = q(z,y)
Vs = (u,n) € S, (x,y) € I and we apply Theorem in order to obtain the
conclusion of the corollary. O

Example 3.7. Consider the following problem

D(%’%)*(Ll)

a
C U(.f,y) =

3em U2 (1 + |u(z, y)|)

u(z,0) =z, u(0,y)=y* (z,y)€l0, 1] x [0,1],
where a € (0,3e°T'(2)?). In this case a1 = az = 3, ¥1(t) = () t,
p1(z) = 2, p2(y) = ¥*, Flz,y,u,v) = {m} T = T2 =1 A
straightforward computatlon shows that the Llpschltz constant of F' is L1 =
3627d(0 F(l’ y,O 0)) Wél{%’}'{l:[‘( )2,K KlLl W‘(%)Z<l
Therefore, we can apply Corollary and we obtain the existence of a
solution v(.,.) which satisfies

a.e. (x,y) € [0,1] x [0,1],

6e2 +a

| < ma V(z,y) €10,1] x [0,1].

l[u(z,y)
Example 3.8. Consider a; = ap = 5, P1(t) = o(t) = ¢, p1(x) = 22, paly) =
y. Ty =Tp = Land b€ (0, 1itr) Define F(,.) : [0,1]x[0, 1] xRxR - P(R)
2
by
|ul
1+ |u

F(z,y,u,v) =[-b ,0]U[0,b
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Since
d(0,F(z,y,0,0)) <b Vax,ye][0,1],
dg (F(z,y,u1,v1), F(2,y,u2,v2)) < blug —uz|+blvr —va| ¥V ui,uz,v1,vs € R,

in this case K; = ﬁ, K=K {1+ K)b= ﬁ(l + 5 ) 5)b and, taking
2 2

into account the choice of b, K < 1. Therefore, applying Corrollary [3-3] to the

problem

D(C%’%)’(l’l) (xz,y) € F(z,y,u (s,t)dsdt)

/ / Ve —s)(y —
u(@,0) =2 w(0,y) =y (a,y)€[0,1] x[0,1]
we obtain a solution, which satifies the following a priori bound

(b+2)r(3)"

3
1< sy —arrape "ovE0dxb

lu(z,y)

4. Conclusions

In this paper we studied a Darboux problem associated to a fractional
hyperbolic integro-differential inclusion defined by a Caputo type fractional
derivative and by a set-valued map with non-convex values. We obtained the
existence of solutions using a method originally introduced by Filippov. Also,
we provide the existence of solutions continuously depending on a parameter
for the problem studied. The last result allowed us to deduce a continuous
selection of the solution set of the problem considered.

The results in the present paper extend and unify similar results obtained
for partial fractional integro-differential inclusions defined by Caputo fractional
derivative, by Hadamard fractional derivative and by Caputo-Katugampola
fractional derivative.

Afterwards, such results are essential in order to obtain qualitative results
concerning the solutions of fractional differential inclusions defined by the Ca-
puto type fractional derivative considered such as: controllability along a ref-
erence trajectory, differentiability of solutions with respect to the initial condi-
tions of the problem considered.
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