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Sequential fractional differential equations with nonlocal
integro-multipoint boundary conditions

Bashir Ahmad12, Ymnah Alruwaily3,
Ahmed Alsaedi4 and Sotiris K. Ntouyas5

Abstract. This paper is concerned with the existence and uniqueness of
solutions for sequential Caputo fractional differential equation equipped
with integro multipoint boundary conditions. In the proposed problem,
the nonlinearity depends on the unknown function as well as its lower
order fractional derivatives. We apply standard fixed point theorems to
obtain the desired results, which are well-illustrated with the aid of ex-
amples.
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1. Introduction

Fractional-order boundary value problems have been extensively studied by
many authors during the last few years. In particular, the study of fractional
differential equations complemented with nonlocal and integral boundary con-
ditions gained much popularity. It has been mainly due to the importance of
the nonlocal conditions in describing some peculiar phenomena taking place at
interior points or sub-intervals of the given domain [8]. On the other hand,
integral boundary conditions help to model blood flow problems [3] and regu-
larizing ill-posed parabolic backward problems [25].

Fractional calculus is found to be of great value in appropriate modelling of
many real-world problems arising in several fields of physical and applied sci-
ences. For examples and details, see [16], [18], [27], [12]. Multi-term fractional
differential equations also received considerable attention as these equations ap-
pear in the mathematical models related to practical situations, for instance,
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the behavior of real materials [24], an inextensible pendulum with fractional
damping terms [26], etc. For further applications, see [10], [17], [15], [9].

A great interest was shown in the study of the boundary value problems
involving sequential fractional differential equations (a sub-class of multi-term
fractional differential equations). For some recent works on this class of bound-
ary value problems, we refer the reader to the articles [5], [2], [13], [6], [1], [20],
[7], [14], [4], [11], [23], [19], [22].

In this paper, motivated by aforementioned work, we investigate the exis-
tence of solutions for a nonlinear Liouville-Caputo type fractional differential
equation of the form:

(1.1) µ cDqx(t) + ξ cDq−1x(t) = f(t, x(t),cDpx(t),cDp+1x(t)), t ∈ [a, b],

3 < q ≤ 4, 0 < p ≤ 1, supplemented with nonlocal integro-multipoint bound-
ary conditions

(1.2) x(a) = σ(x), x′(a) = 0, x(b) = 0, x′(b) =

m∑
i=1

αix(ηi) +

∫ b

a

x(s)ds,

where cDq denotes the Caputo fractional differential operator of order q ∈ (3, 4],
a < η1 < η2 < · · · < ηm < b, f : [a, b]×R3 −→ R is a given continuous function,
σ is a nonlinear function defined on C([a, b],R) and µ, ξ (µ, ξ ̸= 0), αi ∈ R, i =
1, 2, · · · ,m.

The rest of the paper is arranged as follows. In Section 2, we prove a basic
result related to the linear variant of the problem (1.1)-(1.2), which plays a
key role in the forthcoming analysis. We also recall some basic concepts of
fractional calculus. The main results are presented in Section 3.

2. Preliminaries and auxiliary result

Before presenting an auxiliary lemma, we recall some basic definitions of
fractional calculus [16].

Definition 2.1. The Riemann-Liouville fractional integral of order p with
lower limit for a function g : [a,∞) −→ R is defined as

Ipg(t) =
1

Γ(p)

∫ t

a

g(s)

(t− s)1−p
ds, p > 0,

provided the integral exists.

Definition 2.2. For (n-1)-times absolutely continuous function g : [a,∞) −→
R, the Caputo derivative of fractional order p is defined as

cDpg(t) =
1

Γ(n− p)

∫ t

a

(t− s)n−p−1g(n)(s)ds, n− 1 < p ≤ n, n = [p] + 1,

where [p] denotes the integer part of the real number p.
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Lemma 2.3. [16] For n − 1 < q ≤ n, the general solution of the fractional
differential equation cDqx(t) = 0, t ∈ [a, b], is

x(t) = c0 + c1(t− a) + c2(t− a)2 + . . .+ cn−1(t− a)n−1,

where ci ∈ R, i = 0, 1, . . . , n− 1. Furthermore,

Iq cDqx(t) = x(t) +

n−1∑
i=0

ci(t− a)i.

Let us consider the linear sequential fractional differential equation

(2.1) µ cDqx(t) + ξ cDq−1x(t) = ψ(t), 3 < q ≤ 4, t ∈ [a, b],

equipped with nonlocal integro-multipoint boundary conditions

(2.2) x(a) = σ∗, x′(a) = 0, x(b) = 0, x′(b) =

m∑
i=1

αix(ηi) +

∫ b

a

x(s)ds,

where ψ ∈ C([a, b],R), a < η1 < η2 < · · · < ηn−2 < b, µ, ξ (µ, ξ ̸= 0), αi ∈ R,
i = 1, 2, · · · ,m and σ∗ ∈ R

Lemma 2.4. Let ψ ∈ C([a, b],R). Then the unique solution x ∈ C4([a, b],R)
of the problem (2.1)-(2.2) is given by

x(t) =
σ∗

Λ
ω1(t)−

ω2(t)

µ

∫ b

a

e
−ξ
µ (b−s)Iq−1

a ψ(s)ds

+ω3(t)
[ ξ
µ2

∫ b

a

e
−ξ
µ (b−s)Iq−1

a ψ(s)ds− 1

µ
Iq−1
a ψ(b)

+
1

µ

m∑
i=0

αi

∫ ηi

a

e
−ξ
µ (ηi−s)Iq−1

a ψ(s)ds

+
1

µ

∫ b

a

(∫ s

a

e
−ξ
µ (s−u)Iq−1

a ψ(u)du
)
ds
]
+

1

µ

∫ t

a

e
−ξ
µ (t−s)Iq−1

a ψ(s)ds,(2.3)

where

ω1(t) =
( A5

(b− a)2
−A3

)
e

−ξ
µ (t−a) +A3 −

A5

(b− a)2
+ Λ

+
ξ

µ

( A5

(b− a)2
−A3

)
(t− a)

+
( A1A5

(b− a)4
− A1A3

(b− a)2
− Λ

(b− a)2

)
(t− a)2,

ω2(t) =
A5(1− e

−ξ
µ (t−a))

Λ(b− a)2
− ξA5

µΛ(b− a)2
(t− a)

+
(Λ(b− a)2 −A1A5)

Λ(b− a)4
(t− a)2,
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ω3(t) =
(e

−ξ
µ (t−a) − 1)

Λ
+

ξ

µΛ
(t− a) +

A1

Λ(b− a)2
(t− a)2,(2.4)

A1 = 1− e
−ξ
µ (b−a) − ξ(b− a)

µ
,

A2 =
−ξ
µ
e

−ξ
µ (b−a) −

m∑
i=1

αie
−ξ
µ (ηi−a) −

∫ b

a

e
−ξ
µ (s−a)ds,

A3 = −
m∑
i=1

αi −
∫ b

a

ds, A4 = 1−
m∑
i=1

αi(ηi − a)−
∫ b

a

(s− a)ds,(2.5)

A5 = 2(b− a)−
m∑
i=1

αi(ηi − a)2 −
∫ b

a

(s− a)2ds,

and it is assumed that

(2.6) Λ = A2 −A3 +
ξ

µ
A4 +

A1A5

(b− a)2
̸= 0.

Proof. Rewrite the equation µ cDqx(t) + ξ cDq−1x(t) = ψ(t) as

cDq−1(µ D + ξ)x(t) = ψ(t).(2.7)

Applying the integral operator Iq−1 on both sides of (2.7) and solving the
resulting equation, we get

x(t) = b0e
−ξ
µ (t−a) + b1 + b2(t− a) + b3(t− a)2

+
1

µ

∫ t

a

e
−ξ
µ (t−s)Iq−1

a ψ(s)ds,(2.8)

where bi ∈ R, i = 0, 1, 2, 3 are unknown arbitrary constants. From (2.8) we
have

x′(t) =
−ξ
µ
b0e

−ξ
µ (t−a) + b2 + 2b3(t− a)

− ξ

µ2

∫ t

a

e
−ξ
µ (t−s)Iq−1

a ψ(s)ds+
1

µ
Iq−1
a ψ(t).(2.9)

Using the boundary conditions (2.2) in (2.8) and (2.9), we obtain

(2.10) b2 =
ξ

µ
b0,

(2.11) b1 = −b0 + σ∗,

(2.12) e
−ξ
µ (b−a)b0 + b1 + (b− a)b2 + (b− a)2b3 = I1,



Nonlocal fractional boundary value problems 147

(2.13) A2b0 +A3b1 +A4b2 +A5b3 = I2,

where Ai (i = 1, . . . , 5) are given by (2.5), and

I1 = − 1

µ

∫ b

a

e
−ξ
µ (b−s)Iq−1

a ψ(s)ds,

I2 =
ξ

µ2

∫ b

a

e
−ξ
µ (b−s)Iq−1

a ψ(s)ds− 1

µ
Iq−1
a ψ(b)

+
1

µ

m∑
i=1

αi

∫ ηi

a

e
−ξ
µ (ηi−s)Iq−1

a ψ(s)ds(2.14)

+
1

µ

∫ b

a

(∫ s

a

e
−ξ
µ (s−u)Iq−1

a ψ(u)du
)
ds.

Using (2.10) and (2.11) in (2.12) and (2.13), we get

b3 =
1

(b− a)2
I1 +

A1

(b− a)2
b0 −

σ∗

(b− a)2
,(2.15)

b0 =
1

A2 −A3 +
ξ
µA4

I2 −
A5

A2 −A3 +
ξ
µA4

b3

− A3

A2 −A3 +
ξ
µA4

σ∗.(2.16)

Solving (2.15) and (2.16) together we find that

b0 =
−A5

Λ(b− a)2
I1 +

1

Λ
I2 +

σ∗

Λ

( A5

(b− a)2
−A3

)
,(2.17)

b3 =
(Λ(b− a)2 −A1A5)

Λ(b− a)4
I1 +

A1

Λ(b− a)2
I2

+
σ∗

Λ

( A1A5

(b− a)4
− A1A3

(b− a)2
− Λ

(b− a)2

)
.

Putting (2.17) in (2.10) and (2.11), we find that

b1 =
A5

Λ(b− a)2
I1 −

1

Λ
I2 +

σ∗

Λ

(
A3 −

A5

(b− a)2
+ Λ

)
,

b2 =
−ξA5

µΛ(b− a)2
I1 +

ξ

µΛ
I2 +

ξσ∗

µΛ

( A5

(b− a)2
−A3

)
.

Inserting the values of b0, b1, b2 and b3 in (2.8) together with notations
(2.4), we obtain the solution (2.3). The converse of the lemma follows by direct
computation. The proof is completed. 2

To simplify the proofs in the forthcoming theorems, we establish the bounds
for the integrals arising in the sequel in the following lemma.
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Lemma 2.5. For ψ ∈ C([a, b],R) we have

(i)

∣∣∣∣∣
∫ b

a

e
−ξ
µ (b−s)Iq−1

a ψ(s)ds

∣∣∣∣∣ =
∣∣∣∣∣
∫ b

a

e
−ξ
µ (b−s)

(∫ s

a

(s− u)q−2

Γ(q − 1)
ψ(u)du

)
ds

∣∣∣∣∣
≤ |µ|(b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
∥ψ∥.

(ii)

∣∣∣∣∣ 1µ
m∑
i=0

αi

∫ ηi

a

e
−ξ
µ (ηi−s)Iq−1

a ψ(s)ds

∣∣∣∣∣
≤ 1

|ξ|Γ(q)

m∑
i=0

|αi|(ηi − a)q−1
(
1− e

−ξ
µ (ηi−a)

)
∥ψ∥.

(iii)

∣∣∣∣∣ 1µ
∫ b

a

(∫ s

a

e
−ξ
µ (s−u)Iq−1

a ψ(u)du
)
ds

∣∣∣∣∣ ≤ { (b− a)q−1

|ξ|Γ(q)

[
(b− a)

+
|µ|
|ξ|

(
e

−ξ
µ (b−a) − 1

)]}
∥ψ∥.

(iv)

∣∣∣∣∣ 1µ
∫ t

a

e
−ξ
µ (t−s)Iq−1

a ψ(s)ds

∣∣∣∣∣ ≤ (b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
∥ψ∥.

3. Existence of solutions

For 0 < p ≤ 1, let us consider the space G = {x : x, cDpx, cDp+1x ∈
C([a, b],R)} endowed with the norm defined by

∥x∥∗ = sup
t∈[a,b]

{|x(t)|+ |cDpx(t)|+ |cDp+1x(t)|}.(3.1)

In view of Lemma 2.4, we transform the problem (1.1)-(1.2) into an equivalent
fixed point problem as

x = Hx,(3.2)

where H : G −→ G is defined by

(Hx)(t) =
σ(x)

Λ
ω1(t)−

ω2(t)

µ

∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds

+ω3(t)
[ ξ
µ2

∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds− 1

µ
Iq−1
a f̂(x(b))

+
1

µ

m∑
i=0

αi

∫ ηi

a

e
−ξ
µ (ηi−s)Iq−1

a f̂(x(s))ds

+
1

µ

∫ b

a

(∫ s

a

e
−ξ
µ (s−u)Iq−1

a f̂(x(u))du
)
ds
]

+
1

µ

∫ t

a

e
−ξ
µ (t−s)Iq−1

a f̂(x(s))ds, t ∈ [a, b],(3.3)
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where ωi(t), i = 1, 2, 3 are defined by (2.4) and f̂(x(t)) = f(t, x(t),cDpx(t),
cDp+1x(t)). Notice that the fixed points of the operator H are the solution of
(1.1)-(1.2).

From (3.3), we have

(Hx)′(t) =
σ(x)

Λ
ω′
1(t)−

ω′
2(t)

µ

∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds

+ω′
3(t)

[ ξ
µ2

∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds

− 1

µ
Iq−1
a f̂(x(b)) +

1

µ

m∑
i=0

αi

∫ ηi

a

e
−ξ
µ (ηi−s)Iq−1

a f̂(x(s))ds

+
1

µ

∫ b

a

(∫ s

a

e
−ξ
µ (s−u)Iq−1

a f̂(x(u))du
)
ds
]
+

1

µ
Iq−1
a f̂(x(t))

− ξ

µ2

∫ t

a

e
−ξ
µ (t−s)Iq−1

a f̂(x(s))ds,

(Hx)′′(t) =
σ(x)

Λ
ω′′
1 (t)−

ω′′
2 (t)

µ

∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds

+ω′′
3 (t)

[ ξ
µ2

∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds

− 1

µ
Iq−1
a f̂(x(b)) +

1

µ

m∑
i=0

αi

∫ ηi

a

e
−ξ
µ (ηi−s)Iq−1

a f̂(x(s))ds

+
1

µ

∫ b

a

(∫ s

a

e
−ξ
µ (s−u)Iq−1

a f̂(x(u))du
)
ds
]
+

1

µ
Iq−2
a f̂(x(t))

− ξ

µ2
Iq−1
a f̂(x(t)) +

ξ2

µ3

∫ t

a

e
−ξ
µ (t−s)Iq−1

a f̂(x(s))ds.

By the definition of Caputo fractional derivative with p ∈ (0, 1) we have

cDp(Hx)(t) =

∫ t

a

(t− s)−p

Γ(1− p)
(Hx)′(s)ds,

cDp+1(Hx)(t) =

∫ t

a

(t− s)−p

Γ(1− p)
(Hx)′′(s)ds, t ∈ [a, b].(3.4)

We need the following hypotheses in the sequel.

(B1) The function f : [a, b] × R3 −→ R is continuous and there exists
l1 > 0 such that

|f(t, x1, x2, x3)− f(t, y1, y2, y3)|

≤ l1

(
|x1 − y1|+ |x2 − y2|+ |x3 − y3|

)
,

∀ t ∈ [a, b], xi, yi ∈ R, i = 1, 2, 3;
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(B2) The function f : [a, b]×R3 −→ R is continuous and there exists a function
ϕ ∈ C([a, b],R+) such that

|f(t, x1, x2, x3)| ≤ ϕ(t), ∥ϕ∥ = sup
t∈[a,b]

|ϕ(t)|,

for t ∈ [a, b], and each xi ∈ R, i = 1, 2, 3;

(B3) The function σ ∈ C([a, b],R) satisfies the Lipschitz condition:

|σ(x)− σ(y)| ≤ l2∥x− y∥, l2 > 0, ∀ x, y ∈ C([a, b],R);

(B4) The function σ ∈ C([a, b],R) and there exists k > 0 such that

|σ(x)| ≤ k∥x∥, ∀ x ∈ C([a, b],R).

For the sake of computational convenience, we set

λi = sup
t∈[a,b]

|ωi(t)| > 0, λ̃i = sup
t∈[a,b]

|ω′
i(t)| > 0, λ∗i = sup

t∈[a,b]

|ω′′
i (t)| > 0, i = 1, 2, 3,

E1 =
λ2(b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
,

E2 = λ3

{ (b− a)q−1

|µ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
+

(b− a)q−1

|µ|Γ(q)

+
1

|ξ|Γ(q)

m∑
i=0

|αi|(ηi − a)q−1
(
1− e

−ξ
µ (ηi−a)

)
+
(b− a)q−1

|ξ|Γ(q)

[
(b− a) +

|µ|
|ξ|

(
e

−ξ
µ (b−a) − 1

)]}
,(3.5)

E3 =
(b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
,

Ẽ1 =
λ̃2(b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
,

Ẽ2 = λ̃3

{ (b− a)q−1

|µ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
+

(b− a)q−1

|µ|Γ(q)

+
1

|ξ|Γ(q)

m∑
i=0

|αi|(ηi − a)q−1
(
1− e

−ξ
µ (ηi−a)

)
+
(b− a)q−1

|ξ|Γ(q)

[
(b− a) +

|µ|
|ξ|

(
e

−ξ
µ (b−a) − 1

)]}
,(3.6)

E∗
1 =

λ∗2(b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
,
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E∗
2 = λ∗3

{ (b− a)q−1

|µ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
+

(b− a)q−1

|µ|Γ(q)

+
1

|ξ|Γ(q)

m∑
i=0

|αi|(ηi − a)q−1
(
1− e

−ξ
µ (ηi−a)

)
+
(b− a)q−1

|ξ|Γ(q)

[
(b− a) +

|µ|
|ξ|

(
e

−ξ
µ (b−a) − 1

)]}
,(3.7)

Q1 = λ1 +
(b− a)1−p

Γ(2− p)
(λ̃1 + λ∗1),

Q2 = E1 + E2 + E3 +
(b− a)1−p

Γ(2− p)

(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3(3.8)

+E∗
1 + E∗

2 +
(b− a)q−2

|µ|Γ(q − 1)
+

|ξ|(b− a)q−1

µ2Γ(q)
+

( ξ
µ

)2

E3
)
.

Now we prove the existence of solutions for the problem (1.1)- (1.2) by
applying Krasnosel’skĭi fixed point theorem [21].

Theorem 3.1. (Krasnosel’skĭi fixed point theorem [21]): Let M be a closed,
convex, bounded and nonempty subset of a Banach space X and let F1,F2 be
the operators defined from M to X such that: (i) F1x + F2y ∈ M wherever
x, y ∈ M; (ii) F1 is compact and continuous; (iii) F2 is a contraction. Then
there exists z ∈ M such that z = F1z + F2z.

Theorem 3.2. Assume that (B1)− (B4) hold: Then the problems (1.1)-(1.2)
has at least one solution on [a, b] if

k

|Λ|
Q1 < 1,

l2
|Λ|

Q1 < 1,

where Q1 is defined by (3.8).

Proof. Consider a closed bounded and convex ball Sr = {x ∈ G : ∥x∥∗ ≤
r} ⊆ G, with

r ≥ Q2∥ϕ∥

1− k

|Λ|
Q1

,

where we have used (B2). Define operators H1 and H2 on Sr as

(H1x)(t) = −ω2(t)

µ

∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds

+ω3(t)
[ ξ
µ2

∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds

− 1

µ
Iq−1
a f̂(x(b)) +

1

µ

m∑
i=0

αi

∫ ηi

a

e
−ξ
µ (ηi−s)Iq−1

a f̂(x(s))ds
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+
1

µ

∫ b

a

(∫ s

a

e
−ξ
µ (s−u)Iq−1

a f̂(x(u))du
)
ds
]

+
1

µ

∫ t

a

e
−ξ
µ (t−s)Iq−1

a f̂(x(s))ds, t ∈ [a, b],

(H2x)(t) =
σ(x)

Λ
ω1(t), t ∈ [a, b].

Observe that
(Hx)(t) = (H1x)(t) + (H2x)(t), t ∈ [a, b].

Now we show that H1 and H2 satisfy all conditions of Theorem 3.1.
(i) For x, y ∈ Sr, by using Lemma 2.5, we have

∥H1x+H2y∥ ≤ ∥H1x∥+ ∥H2y∥

≤ krλ1
|Λ|

+
λ2(b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
+ λ3

{ (b− a)q−1

|µ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
+
(b− a)q−1

|µ|Γ(q)
+

1

|ξ|Γ(q)

m∑
i=0

|αi|(ηi − a)q−1
(
1− e

−ξ
µ (ηi−a)

)
+
(b− a)q−1

|ξ|Γ(q)

[
(b− a) +

|µ|
|ξ|

(
e

−ξ
µ (b−a) − 1

)]}
+

(b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
≤ krλ1

|Λ|
+ (E1 + E2 + E3)∥ϕ∥.

Similarly we have

∥(H1x)
′ + (H2y)

′∥ ≤ krλ̃1
|Λ|

+
(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3
)
∥ϕ∥,

∥(H1x)
′′ + (H2y)

′′∥ ≤ krλ∗1
|Λ|

+
(
E∗
1 + E∗

2 +
(b− a)q−2

|µ|Γ(q − 1)

+
|ξ|(b− a)q−1

µ2Γ(q)
+

( ξ
µ

)2

E3
)
∥ϕ∥,

∥cDp(H1x) +
c Dp(H2y)∥ ≤ (b− a)1−p

Γ(2− p)

[krλ̃1
|Λ|

+
(
Ẽ1 + Ẽ2

+
(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3
)
∥ϕ∥

]
,

∥cDp+1(H1x) +
c Dp+1(H2y)∥ ≤ (b− a)1−p

Γ(2− p)

[krλ∗1
|Λ|

+
(
E∗
1 + E∗

2 +
(b− a)q−2

|µ|Γ(q − 1)

+
|ξ|(b− a)q−1

µ2Γ(q)
+

( ξ
µ

)2

E3
)
∥ϕ∥

]
.

Hence

∥H1x+H2y∥∗ = ∥H1x+H2y∥+ ∥cDp(H1x) +
c Dp(H2y)∥

+∥cDp+1(H1x) +
c Dp+1(H2y)∥
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≤ kr

|Λ|

[
λ1 +

(b− a)1−p

Γ(2− p)
(λ̃1 + λ∗1)

]
+ ∥ϕ∥

[
E1 + E2 + E3

+
(b− a)1−p

Γ(2− p)

(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3 + E∗
1 + E∗

2

+
(b− a)q−2

|µ|Γ(q − 1)
+

|ξ|(b− a)q−1

µ2Γ(q)
+

( ξ
µ

)2

E3
)]

=
kr

|Λ|
Q1 + ∥ϕ∥Q2 ≤ r,

which shows that H1x+H2y ∈ Sr for all x, y ∈ Sr.
(ii) We prove that the operator H2 is a contraction. For x, y ∈ Sr, we have

∥H2x−H2y∥ = sup
t∈[a,b]

|H2x(t)−H2y(t)| ≤
l2λ1
|Λ|

∥x− y∥∗.(3.9)

Also, for all t ∈ [a, b], we have

∥(H2x)
′ − (H2y)

′∥ = sup
t∈[a,b]

|(H2x)
′(t)− (H2y)

′(t)|

≤ l2λ̃1
|Λ|

∥x− y∥∗.(3.10)

In view of (3.10), we obtain

∥cDp(H2x)−c Dp(H2y)∥ = sup
t∈[a,b]

|cDp(H2x)(t)−c Dp(H2y)(t)|

≤ sup
t∈[a,b]

{∫ t

a

(t− s)−p

Γ(1− p)
|(Hx)′(s)− (Hy)′(s)|ds

}
≤ l2λ̃1

|Λ|
(b− a)1−p

Γ(2− p)
∥x− y∥∗, ∀ t ∈ [a, b].(3.11)

Similarly, one can find that

∥cDp+1(H2x)−c Dp+1(H2y)∥ ≤ l2λ
∗
1

|Λ|
(b− a)1−p

Γ(2− p)
∥x− y∥∗.(3.12)

From the inequalities (3.9), (3.11) and (3.12), it follows that

∥H2x−H2y∥∗ = ∥H2x−H2y∥+ ∥cDp(H2x)−c Dp(H2y)∥
+∥cDp+1(H2x)−c Dp+1(H2y)∥

≤ l2
|Λ|

[
λ1 +

(b− a)1−p

Γ(2− p)
(λ̃1 + λ∗1)

]
∥x− y∥∗

=
l2
|Λ|

Q1∥x− y∥∗,

for all x, y ∈ Sr, with
l2
|Λ|Q1 < 1. This shows that H2 is a contraction.

(iii) H1 is compact.
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Continuity of f implies that the operator H1 is continuous on Sr. Also, the
operator H1 is uniformly bounded on Sr as

∥H1x∥ ≤ (E1 + E2 + E3)∥ϕ∥,

∥cDp(H1x)∥ ≤ (b− a)1−p

Γ(2− p)

(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3
)
∥ϕ∥,

∥cDp+1(H1x)∥ ≤ (b− a)1−p

Γ(2− p)

(
E∗
1 + E∗

2 +
(b− a)q−2

|µ|Γ(q − 1)
+

|ξ|(b− a)q−1

µ2Γ(q)

+
( ξ
µ

)2

E3
)
∥ϕ∥.

In consequence, we get

∥H1x∥∗ ≤
[
E1 + E2 + E3 +

(b− a)1−p

Γ(2− p)

(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3 + E∗
1

+E∗
2 +

(b− a)q−2

|µ|Γ(q − 1)
+

|ξ|(b− a)q−1

µ2Γ(q)
+

( ξ
µ

)2

E3
)]

∥ϕ∥

= Q2∥ϕ∥, ∀x ∈ Sr.

Now we prove that H1 is equicontinuous on Sr. Let t1, t2 ∈ [a, b] with t1 < t2
and x ∈ Sr. Then we have

|H1x(t2)−H1x(t1)|

≤ |ω2(t2)− ω2(t1)|
|µ|

∣∣∣ ∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds
∣∣∣

+|ω3(t2)− ω3(t1)|
[ |ξ|
µ2

∣∣∣ ∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds
∣∣∣

+
1

|µ|
|Iq−1

a f̂(x(b))|+ 1

|µ|

m∑
i=0

|αi|
∣∣∣ ∫ ηi

a

e
−ξ
µ (ηi−s)Iq−1

a f̂(x(s))ds
∣∣∣

+
1

|µ|

∣∣∣ ∫ b

a

(∫ s

a

e
−ξ
µ (s−u)Iq−1

a f̂(x(u))du
)
ds
∣∣∣]

+
1

|µ|

{∣∣∣ ∫ t1

a

(
e

−ξ
µ (t2−s) − e

−ξ
µ (t1−s)

)
Iq−1
a f̂(x(s))ds

∣∣∣
+
∣∣∣ ∫ t2

t1

e
−ξ
µ (t2−s)Iq−1

a f̂(x(s))ds
∣∣∣}

≤ ∥ϕ∥
{ |ω2(t2)− ω2(t1)|(b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
+|ω3(t2)− ω3(t1)|

[ (b− a)q−1

|µ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
+
(b− a)q−1

|µ|Γ(q)
+

1

|ξ|Γ(q)

m∑
i=0

|αi|(ηi − a)q−1
(
1− e

−ξ
µ (ηi−a)

)
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+
(b− a)q−1

|ξ|Γ(q)

(
(b− a) +

|µ|
|ξ|

(
e

−ξ
µ (b−a) − 1

))]}
+
∥ϕ∥
|µ|

{∣∣∣ ∫ t1

a

(
e

−ξ
µ (t2−s) − e

−ξ
µ (t1−s)

) (s− a)q−1

Γ(q)
ds
∣∣∣

+
∣∣∣ ∫ t2

t1

e
−ξ
µ (t2−s) (s− a)q−1

Γ(q)
ds
∣∣∣}

≤ ∥ϕ∥
{ |ω2(t2)− ω2(t1)|(b− a)q−1

|ξ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
+|ω3(t2)− ω3(t1)|

[ (b− a)q−1

|µ|Γ(q)

(
1− e

−ξ
µ (b−a)

)
+
(b− a)q−1

|µ|Γ(q)
+

1

|ξ|Γ(q)

m∑
i=0

|αi|(ηi − a)q−1
(
1− e

−ξ
µ (ηi−a)

)
+
(b− a)q−1

|ξ|Γ(q)

(
(b− a) +

|µ|
|ξ|

(
e

−ξ
µ (b−a) − 1

))]}
+

∥ϕ∥
|ξ|Γ(q)

{
(t1 − a)q−1

(
e

−ξ
µ (t2−t1) − 1− e

−ξ
µ (t2−a)

+e
−ξ
µ (t1−a)) + (t2 − a)q−1(1− e

−ξ
µ (t2−t1)

)}
.(3.13)

In addition, we have

|(H1x)
′(t)| ≤ ∥ϕ∥

(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3
)
.

Thus,

|cDpH1x(t2)−c DpH1x(t1)|

≤
∣∣∣ ∫ t1

a

(t2 − s)−p − (t1 − s)−p

Γ(1− p)
(H1x)

′(s)ds
∣∣∣

+
∣∣∣ ∫ t2

t1

(t2 − s)−p

Γ(1− p)
(H1x)

′(s)ds
∣∣∣]

≤ ∥ϕ∥
Γ(2− p)

(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3
)[

|(t2 − a)1−p

−(t1 − a)1−p|+ 2(t2 − t1)
1−p

]
.(3.14)

Similarly, we can find that

|(H1x)
′′(t)| ≤ ∥ϕ∥

(
E∗
1 + E∗

2 +
(b− a)q−2

|µ|Γ(q − 1)
+

|ξ|(b− a)q−1

µ2Γ(q)
+

( ξ
µ

)2

E3
)
,

and thus

|cDp+1H1x(t2)−c Dp+1H1x(t1)|
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≤
∣∣∣ ∫ t1

a

(t2 − s)−p − (t1 − s)−p

Γ(1− p)
(H1x)

′′(s)ds
∣∣∣

+
∣∣∣ ∫ t2

t1

(t2 − s)−p

Γ(1− p)
(H1x)

′′(s)ds
∣∣∣

≤ ∥ϕ∥
Γ(2− p)

(
E∗
1 + E∗

2 +
(b− a)q−2

|µ|Γ(q − 1)
+

|ξ|(b− a)q−1

µ2Γ(q)

+
( ξ
µ

)2

E3
)[

|(t2 − a)1−p − (t1 − a)1−p|+ 2(t2 − t1)
1−p

]
.(3.15)

The right hand sides of the inequalities (3.13)-(3.15) tend to zero as t2 −
t1 −→ 0 independent of x. Thus, the operator H1 is equicontinuous on Sr.
Therefore, by the Arzelá-Ascoli theorem, H1 is a relatively compact on Sr. So,
all conditions of Theorem 3.1 are satisfied, which implies that there exists a
fixed point of operator H. Therefore, the problem (1.1)-(1.2) has at least one
solution on [a, b]. The proof is completed. 2

Example 3.3. Consider the fractional boundary value problem.
(3.16)

4 cD
19
6 x(t) + 7 cD

13
6 x(t) = f(t, x(t),cD

1
3x(t),cD

4
3x(t)), t ∈ (0, 1),

x(0) = σ(x), x′(0) = 0, x(1) = 0, x′(1) =

4∑
i=1

αix(ηi) +

∫ 1

0

x(s)ds,

where q = 19/6, p = 1/3, a = 0, b = 1, µ = 4, ξ = 7, α1 = −2, α2 =
−5/4, α3 = −1/12, α4 = 2/39, η1 = 1/8, η2 = 1/4, η3 = 1/2, η4 = 3/4. Using
the given data, we find that Λ ≃ −0.39151 ̸= 0, Q1 ≃ 3.10393, Q2 ≃ 2.51497.

Consider σ(x) =
|x( 45 )|

23
(
1 + |x( 45 )|

) and

f(t, x(t),cD
1
3x(t),cD

4
3x(t)) =

cos t

t2 + 8

( (x(t) + 1)2

3 + (x(t) + 1)2

)
+ sin2(cD

1
3x(t))

+
|cD 4

3x(t)|
2(1 + |cD 4

3x(t)|)
.

For the above functions we have k = l2 = 1/23 and |f(t, x1, x2, x3)| ≤ ϕ(t),

for all t ∈ [0, 1] and xi ∈ R, i = 1, 2, 3, with ϕ(t) =
| cos t|
(t2 + 8)

+
3

2
, t ∈ [0, 1].

Furthermore, we obtain
kQ1

|Λ|
=
l2Q1

|Λ|
≃ 0.344700 < 1. Thus, all conditions of

Theorem 3.2 are satisfied, so we conclude that the problem (3.16) has at least
one solution on [0, 1].

4. Uniqueness of solutions

Next, we prove the uniqueness of solutions for the problem (1.1)-(1.2) via
Banach’s fixed point theorem.
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Theorem 4.1. Assume that (B1) and (B3) hold. Then the boundary value
problem (1.1)-(1.2) has a unique solution on [a, b] if

l2
|Λ|

Q1 + l1Q2 < 1,(4.1)

where Q1, Q2 are given by (3.8).

Proof. Setting sup
t∈[a,b]

|f(t, 0, 0, 0)| = N <∞, |σ(0)| = σ0, and selecting

r∗ ≥

σ0
|Λ|

Q1 +NQ2

1−
( l2
|Λ|

Q1 + l1Q2

) ,
we define Sr∗ = {x ∈ A : ∥x∥∗ ≤ r∗}, and show that HSr∗ ⊂ Sr∗ , where the
operator H is defined by (3.3). For x ∈ Sr∗ , and using the norm given by (3.1),
we find that

|f̂(x(t))| = |f(t, x(t),cDpx(t),cDp+1x(t))|
≤ |f(t, x(t),cDpx(t),cDp+1x(t))− f(t, 0, 0, 0)|+ |f(t, 0, 0, 0)|
≤ l1(|x(t)|+ |cDpx(t)|+ |cDp+1x(t)|) +N
≤ l1∥x∥∗ +N ≤ l1r

∗ +N ,

and

|σ(x)| = |σ(x)−σ(0)+σ(0)| ≤ |σ(x)−σ(0)|+ |σ(0)| ≤ l2∥x∥+σ0 ≤ l2∥x∥∗+σ0.

Then we have

|Hx(t)| ≤ |σ(x)|
|Λ|

|ω1(t)|+
|ω2(t)|
|µ|

∣∣∣ ∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds
∣∣∣

+|ω3(t)|
[ |ξ|
µ2

∣∣∣ ∫ b

a

e
−ξ
µ (b−s)Iq−1

a f̂(x(s))ds
∣∣∣+ 1

|µ|
|Iq−1

a f̂(x(b))|

+
1

|µ|

m∑
i=0

|αi|
∣∣∣ ∫ ηi

a

e
−ξ
µ (ηi−s)Iq−1

a f̂(x(s))ds
∣∣∣

+
1

|µ|

∣∣∣ ∫ b

a

(∫ s

a

e
−ξ
µ (s−u)Iq−1

a f̂(x(u))du
)
ds
∣∣∣]

+
1

|µ|

∣∣∣ ∫ t

a

e
−ξ
µ (t−s)Iq−1

a f̂(x(s))ds
∣∣∣

≤ (l2r
∗ + σ0)λ1
|Λ|

+ (E1 + E2 + E3)(l1r∗ +N ),

which, on taking the supremum for t ∈ [a, b], yields

∥Hx∥ ≤ (l2r
∗ + σ0)λ1
|Λ|

+ (E1 + E2 + E3)(l1r∗ +N ).(4.2)
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Furthermore, we can find that

∥(Hx)′∥ ≤ (l2r
∗ + σ0)λ̃1
|Λ|

+
(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3
)
(l1r

∗ +N ),

which implies that

∥cDpHx∥ = sup
t∈[a,b]

|cDpHx(t)| ≤
∫ t

a

(t− s)−p

Γ(1− p)
|(Hx)′(s)|ds

≤ (b− a)1−p

Γ(2− p)

[ (l2r∗ + σ0)λ̃1
|Λ|

+
(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3
)
(l1r

∗ +N )
]
.(4.3)

Similarly, we have

∥cDp+1Hx∥ = sup
t∈[a,b]

|cDp+1Fx(t)| ≤
∫ t

a

(t− s)−p

Γ(1− p)
|(Hx)′′(s)|ds

≤ (b− a)1−p

Γ(2− p)

[ (l2r∗ + σ0)λ
∗
1

|Λ|
+
(
E∗
1 + E∗

2 +
(b− a)q−2

|µ|Γ(q − 1)

+
|ξ|(b− a)q−1

µ2Γ(q)
+
( ξ
µ

)2

E3
)
(l1r

∗ +N )
]
.(4.4)

From the inequalities (4.2)-(4.4), it follows that

∥Hx∥∗ = ∥Hx∥+ ∥cDpHx∥+ ∥cDp+1Hx∥

≤ (l2r
∗ + σ0)

|Λ|

(
λ1 +

(b− a)1−p

Γ(2− p)
(λ̃1 + λ∗1)

)
+
[
E1 + E2 + E3

+
(b− a)1−p

Γ(2− p)

(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3 + E∗
1 + E∗

2

+
(b− a)q−2

|µ|Γ(q − 1)
+

|ξ|(b− a)q−1

µ2Γ(q)
+

( ξ
µ

)2

E3
)]

(l1r
∗ +N )

=
(l2r

∗ + σ0)

|Λ|
Q1 +Q2(l1r

∗ +N ) < r∗.

Thus, we conclude that H maps Sr∗ into itself for any x ∈ Sr∗ . Therefore,
HSr∗ ⊂ Sr∗ .

Now we show that H is a contraction. For x, y ∈ G and t ∈ [a, b], we obtain∣∣∣(Hx)(t)− (Hy)(t)
∣∣∣

≤ |σ(x)− σ(y)|
|Λ|

|ω1(t)|+
|ω2(t)|
|µ|

∣∣∣ ∫ b

a

e
−ξ
µ (b−s)|Iq−1

a f̂(x(s))− Iq−1
a f̂(y(s))|ds

∣∣∣
+|ω3(t)|

[ |ξ|
µ2

∣∣∣ ∫ b

a

e
−ξ
µ (b−s)|Iq−1

a f̂(x(s))− Iq−1
a f̂(y(s))|ds

∣∣∣
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+
1

|µ|
|Iq−1

a f̂(x(b))− Iq−1
a f̂(y(b))|

+
1

|µ|

m∑
i=0

|αi|
∣∣∣ ∫ ηi

a

e
−ξ
µ (ηi−s)|Iq−1

a f̂(x(s))

−Iq−1
a f̂(y(s))|ds

∣∣∣+ 1

|µ|

∣∣∣ ∫ b

a

(∫ s

a

e
−ξ
µ (s−u)|Iq−1

a f̂(x(u))

−Iq−1
a f̂(y(u))|du

)
ds
∣∣∣]+ 1

|µ|

∣∣∣ ∫ t

a

e
−ξ
µ (t−s)|Iq−1

a f̂(x(s))− Iq−1
a f̂(y(s))|ds

∣∣∣
≤ l2∥x− y∥

|Λ|
|ω1(t)|+

|ω2(t)|(b− a)q−1

|µ|Γ(q)
∥f̂(x)− f̂(y)∥

∣∣∣ ∫ b

a

e
−ξ
µ (b−s)ds

∣∣∣
+|ω3(t)|

[ |ξ|(b− a)q−1

µ2Γ(q)
∥f̂(x)− f̂(y)∥

∣∣∣ ∫ b

a

e
−ξ
µ (b−s)ds

∣∣∣
+
(b− a)q−1

|µ|Γ(q)
∥f̂(x)− f̂(y)∥

+
1

|µ|Γ(q)
∥f̂(x)− f̂(y)∥

m∑
i=0

|αi|(ηi − a)q−1
∣∣∣ ∫ ηi

a

e
−ξ
µ (ηi−s)ds

∣∣∣
+
(b− a)q−1

|µ|Γ(q)
∥f̂(x)− f̂(y)∥

∣∣∣ ∫ b

a

(∫ s

a

e
−ξ
µ (s−u)du

)
ds
∣∣∣]

+
(b− a)q−1

|µ|Γ(q)
∥f̂(x)− f̂(y)∥

∣∣∣ ∫ t

a

e
−ξ
µ (t−s)ds

∣∣∣.
Observe that

∥f̂(x)− f̂(y)∥ = sup
t∈[a,b]

|f̂(x(s))− f̂(y(s))|

≤ l1(|x(s)− y(s)|+ |cDp(x(s))−c Dp(y(s))|
+|cDp+1(x(s))−c Dp+1(y(s))|)

≤ l1(∥x− y∥+ ∥cDpx−c Dpy∥+ ∥cDp+1x−c Dp+1y∥)
≤ l1∥x− y∥∗, ∀ s ∈ [a, b],

which implies that

∥Hx−Hy∥ ≤
[ l2λ1
|Λ|

+ l1(E1 + E2 + E3)
]
∥x− y∥∗.

Also, for all t ∈ [a, b], we have

∥(Hx)′ − (Hy)′∥ ≤
[ l2λ̃1
|Λ|

+ l1

(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3
)]

∥x− y∥∗,

which implies that

∥cDpHx−c DpHy∥
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= sup
t∈[a,b]

|cDpHx(t)−c DpHy(t)|

≤
∫ t

a

(t− s)−p

Γ(1− p)
|(Hx)′(s)− (Hy)′(s)|ds

≤ (b− a)1−p

Γ(2− p)

[ l2λ̃1
|Λ|

+ l1

(
Ẽ1 + Ẽ2 +

(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3
)]

∥x− y∥∗.

In a similar manner, we have

∥cDp+1Hx−c Dp+1Hy∥
= sup

t∈[a,b]

|cDp+1Hx(t)−c Dp+1Hy(t)|

≤
∫ t

a

(t− s)−p

Γ(1− p)
|(Hx)′′(s)− (Hy)′′(s)|ds

≤ (b− a)1−p

Γ(2− p)

[ l2λ∗1
|Λ|

+ l1

(
E∗
1 + E∗

2 +
(b− a)q−2

|µ|Γ(q − 1)
+

|ξ|(b− a)q−1

µ2Γ(q)

+
( ξ
µ

)2

E3
)]

∥x− y∥∗.

Consequently, we obtain

∥(Hx)− (Hy)∥∗

≤
[ l2
|Λ|

(
λ1 +

(b− a)1−p

Γ(2− p)
(λ̃1 + λ∗1)

)
+ l1

(
E1 + E2 + E3 +

(b− a)1−p

Γ(2− p)

(
Ẽ1

+Ẽ2 +
(b− a)q−1

|µ|Γ(q)
+

|ξ|
|µ|

E3 + E∗
1 + E∗

2 +
(b− a)q−2

|µ|Γ(q − 1)
+

|ξ|(b− a)q−1

µ2Γ(q)

+
( ξ
µ

)2

E3
))]

∥x− y∥∗

=
( l2
|Λ|

Q1 + l1Q2

)
∥x− y∥∗.

Thus, by using (4.1), we deduce that the operatorH is a contraction. Therefore,
by applying Banach’s fixed point theorem we conclude that the boundary value
problem (1.1)-(1.2) has a unique solution on [a, b], which completes the proof.
2

Example 4.2. Consider the following fractional differential equation

(4.5) 4 cD
19
6 x(t) + 7 cD

13
6 x(t) = f(t, x(t),cD

1
3x(t),cD

4
3x(t)), t ∈ (0, 1),

supplemented with the boundary conditions of Example (3.3), and let σ(x) =
1

19
sinx

(2
3

)
,

f(t, x(t),cD
1
3x(t),cD

4
3x(t)) =

1

11
√
t4 + 9

(
arctanx(t) +c D

1
3x(t)

)
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+
cos(cD

4
3x(t))

33
.

Obviously

|f(t, x(t),cD 1
3x(t),cD

4
3x(t))− f(t, y(t),cD

1
3 y(t),cD

4
3 y(t))|

≤ 1

33

(
|x− y|+ |cD 1

3x−c D
1
3 y|+ |cD 4

3x−c D
4
3 y|

)
≤ 1

33
∥x− y∥,

with l1 = 1/33 and from the inequality

|σ(x(t))− σ(y(t))| ≤ 1

19
∥x− y∥,

we have l2 = 1/19 for all t ∈ [0, 1] and x, y ∈ R. In addition, we obtain
l2Q1

|Λ|
+ l1Q2 ≃ 0.493479 < 1. Therefore, all conditions of Theorem 4.1 are

satisfied, and we conclude that there exists a unique solution on [0, 1] for the
problem (4.5).

5. Conclusions

We have presented the existence and uniqueness criteria for solutions of a
sequential Caputo fractional differential equation complemented with nonlocal
integro multipoint boundary conditions. In the first step, we convert the given
nonlinear problem into a fixed point problem. Once the fixed point operator
is available, we make use of Krasnosel’skĭi’s fixed point theorem to obtain an
existence result for the problem at hand, while the uniqueness result is estab-
lished by applying the the contraction mapping principle. Our results are new
in the given configuration and enrich the literature on boundary value problems
involving sequential fractional differential equations.
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