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RC—Class on some fixed point theorems for multivalued
monotone mappings in ordered uniform spaces

Arslan Hojat Ansarﬂ Demet Binbasiogh@ and Duran Turkoghﬂ

Abstract. In this paper, we use the concepts of RC—class function
which was introduced by A. H. Ansari in [§] and define a new order
relation with RC'—class function. Then we prove some new fixed point
and coupled fixed point theorems in ordered uniform spaces.
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1. Introduction

Considerable literature of fixed point theory dealing with contractive or
contractive type mappings (e.g. [II, 2 B} @ 6 Bl [7, O, 10, 8, 11, 12} 13| [14]
15, 16, (18, 19, 20], 211, 221 23| [8, [13]). Some of them are about fixed point and
coupled fixed point theorems in partially ordered metric spaces [5], [9, 10} [TT], 12|
17,23]. Aamri and El Moutawakil have presented the concept of an E—distance
function on uniform spaces [2]. I. Altun and M. Imdad have defined a partial
order relation in uniform spaces using the concept of an E—distance function
[7]. In this work, we use the relation on uniform spaces and we give RC'—class
function on some fixed point theorems for multivalued monotone mappings in
ordered uniform spaces. Now, we will talk about some relevant concepts in
uniform spaces. We term a pair (X,9) to be a uniform space. The uniform
space consist of a X # () with a uniformity 9 with a filter on X x X which
includes the diagonal A = {(z,z) :x € X}. 'V € ¥ and (x,y) €V, (y,x) € V
then x and y are said to be V-close. Also a sequence {x,} in X, is said to be
a Cauchy sequence with regard to uniformity ¢ if for any V' € 1, there exists
N > 1 such that z,, and x,, are V-close for m,n > N. An uniformity ¢ defines
a unique topology 7 () on X for which the neighborhoods of z € X are the
sets V() ={y € X : (z,y) € V} when V runs over 9.

A uniform space (X, ) is said to be Hausdorff if and only if the intersection
of all the V' € ¥ reduces to diagonal A of X i.e. (z,y) € V for V € ¢ implies
z = y. Notice that Hausdorffness of the topology induced by the uniformity
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guarantees the uniqueness of limit of a sequence in uniform spaces. An element
of uniformity 9 is said to be symmetrical if V = V=1 = {(y,z) : (x,y) € V}.
Since each V' € ¢ contains a symmetrical W € ¢ and if (x,y) € W then z
and y are both W and V-close and then one may assume that each V € 9
is symmetrical. When topological concepts are mentioned in the context of
a uniform space (X,4), they are naturally interpreted with respect to the
topological space (X, 7 (9)).

2. Preliminaries

We will talk about definitions and lemmas in the continuation of this work.

Definition 2.1 ([2]). Let (X,¥) be a Hausdorfl uniform space. A function
p: X x X = Rt is said to be an E-distance if

(p1) For any V' € ¥ there exists 6 > 0 such that p(z,2) < 6 and p(z,y) <4
for some z € X, imply (z,y) €V,

(p2) p(z,y) <p(z,2) +p(2,9), Vo,y,2 € X.

The following lemma embodies some useful properties of E-distance.

Lemma 2.2 ([I, 2]). Let (X,9) be a Hausdorff uniform space and p be an
E-distance on X. Let {x,} and {yn} be arbitrary sequences in X and {a,},
{Bn} be sequences in Rt converging to 0. Then, for x,y,z € X, the following
holds:
(a) If p(n,y) < ap and p(zn,2) < By for alln € N then y = z. In
particular, if p(z,y) =0 and p(x,z) =0, then y = z.
(b) If p (0, yn) < ap and p(xy,2) < By for alln € N, then {y,} converges
to z.
(c) If p(Tn,xm) < ay for all m > n, then {x,} is a Cauchy sequence in
(X,9).
Let (X,9) be a uniform space equipped with E-distance p. A sequence in X
s p-Cauchy if it satisfies the usual metric condition. There are several concepts
of completeness in this setting.

Definition 2.3 ([T}, 2]). Let (X,) be a Hausdorff uniform space and p be an
FE-distance on X. Then
(i) X said to be S-complete if for every p-Cauchy sequence {z,} there
exists ¢ € X with lim p(x,,z) =0,
n—oo
(ii) X is said to be p-Cauchy complete if for every p-Cauchy sequence {z, }

there exists € X with lim ,, = « with respect to 7 (9),
n—roo

(iii) f:X — X is p-continuous if lim p (z,,x) = 0 implies
n—oo
lim p (fan, fz) =0,
n—oo

(iv) f:X — X is 7 (¢¥)-continuous if lim x,, = z with respect to 7 (9)

n—oo
implies nler;Ofxn = fx with respect to 7 (9).
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Remark 2.4 ([2]). Let (X,9) be a Hausdorff uniform space and let {z,} be

a p-Cauchy sequence. Suppose that X is S-complete, then there exists = €

X such that lim p(z,,2) = 0. Then Lemma 1 (b) gives that lim z, = =
n—o0 n— oo

with respect to the topology 7 () which shows that S-completeness implies
p-Cauchy completeness.

Lemma 2.5 ([13]). Let (X,¥) be a Hausdorff uniform space, p be E-distance
on X and ¢ : X — R. Define the relation” <7 on X as follows;
r2yez=yorply) <p@)—ey).
Then” <7 is a (partial) order on X induced by .

In September 2014 the concepts of RC'—class and LC—class for Caristi’s
fixed point theorem (see Definition and [2.10) were introduced by A. H.
Ansari in [g].

Definition 2.6. Let F' : R? — R,R; C R be a function. F is said to be an
RC—class if F' is continuous and satisfies

F(s,t) > 0=s>t
F(,t) = 0

s < t= Fle,s)> F(e,t)
t < e<s= F(s,e)+ F(e,t) < F(s,t)
9+ R—oR, Fg(s),g(t) 20=s<t

where s,t,e € R.
In the following, you can see some examples of RC'—class functions.
Example 2.7. Forn € Nand a > 1,

F(s,t)=s—1 g(t) = —t

F(s,t) = 374 Togt)y=1-1
F(S,t) — 52n+1 _ t2n+1 g( )
F(s,t) = a® —a ;9

F(s,t)=a*—at+t—s g(t) = —t
Fls,t) =™ 21 g
F(s,t) =e"" =1 ;9

Remark 2.8. F(s,t) ="' —1>s—t, s>t
Remark 2.9. |¢ (zm) — ¢ (xn)| <e = F(p(zm), ¢ (z,)) = 0

Definition 2.10. We say that H: Rt — R* is an LC —class function if H is a
continuous and increasing function such that H(t) > 0,¢ > 0,H(0) = 0 and

H(s+t) < H(s) + H(t).

and

v <y = H(x) <H(y)
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Example 2.11. Fora >1,m >0and n € N

H(t) 1—a
H(t) = mt

H(t) = mt

H(t) = log,1+t
H(t) = log, 1+ ¥t

are some examples of LC'—class function.
Remark 2.12. H(t) =log, 1+t <t,a > Ina.

Lemma 2.13. Let (X,9) be a Hausdorff uniform space, p be E-distance on X
and ¢ : X — R be an one to one function. Define the relation” <7 on X as
follows;

Ty r=yorpry) < Flp(r),ey))

where F' is RC—class. Then” <7 is a (partial) order on X induced by .

3. The Fixed Point Theorems of Multivalued mappings

Lemma 3.1. Let (X,9) be a Hausdorff uniform space and p an E-distance
on X, p : X = R be an one to one function which is bounded below and
7 =<7 the order introduced by ¢. Let X be also a p-Cauchy complete space,
T : X — 2% be a multivalued mapping, [z,+00) = {y € X : 2 < y} and
M={ze X |T(z)N[z,+00) # 0}. Suppose that:

(i) T is upper semi-continuous, that is x, € X and y, € T (x,) with
Tn — To and Yn — Yo, implies yo € T (xo) ;

(it) M # 0;

(1) for each x € M, T (x) N M N [z, +00) # 0.

Then T has a fized point x* and there exists a sequence {x,} with

Tp—1 STy €T (xp-1),n=1,2,3, ...

such that x,, — x*. Moreover, if ¢ is lower semi-continuous, then x, < x* for
all n.

Proof. By the condition (i7), take g € M. From (i), there exist z1 € T (z¢) N
M and z¢ < z1. Again from (ii7), there exist o € T (x1)NM and thus z; < zo.
Continuing this procedure we get a sequence {xz,} satisfying

Tpo1 Ry €T (Xp-1), n=1,2,3 ..

So by the definition of 7 < 7, we have ..o (z2) < ¢ (x1) < ¢ (x9) i.e. the
sequence {p (x,)} is a non-increasing sequence in R. Since ¢ is bounded from
below, {¢ (z,)} is convergent and hence it is Cauchy i.e. for all € > 0, there
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exists ng € N such that for all m > n > ng we have |¢ (zn) — ¢ (2,)] < €.
Since x, = z,, and by Remark 3, we have z,, = x,, or

p(xruxm) < F((p(xn)’(p(mm))
< €

which shows that (in view of Lemma 1 (c¢)) that {z,} is p-Cauchy sequence.
By the p-Cauchy completeness of X, {x,} converges to z*. Since T is upper
semi-continuous, z* € T (z*) .

Moreover, when ¢ is lower semi-continuous, for each n

p (xny LC*) = "}gnoop (‘Tna xm)

IN

lim sup F(p (20) , ¢ (2m))
F(p (zn), lim inf(z,))
F(p(xn), ¢ ().

So x,, <X z*, for all n. O

IN

Similarly we can prove the following.

Theorem 3.2. Let (X,9¥) be a Hausdorff uniform space and p an E-distance
on X, ¢ : X — R be an one to one function which is bounded above and
7 <7 the order introduced by ¢. Let X be also a p-Cauchy complete space,
T : X — 2% be a multivalued mapping, (—oco,x] = {y € X : y < z} and
M={ze X |T (z)N(—o0,x] # 0}. Suppose that:

(i) T is upper semi-continuous, that is x, € X and y, € T (x,) with
Tn — To and yn — Yo, implies yo € T (xo) ;

(i) M #0;

(iii) for each x € M, T (x) N M N (—o0, x| # 0.

Then T has a fized point x* and there exists a sequence {x,} with

Tpo1 = Tp €T (Xp-1),m=1,2,3, ...

such that x,, — x*. Moreover, if p is upper semi-continuous, then x* < x,, for
all n.

Corollary 3.3. Let (X,9) be a Hausdorff uniform space and p be an E-distance
on X, p : X = R be an one to one function which is bounded below and
7 <7 the order introduced by ¢. Let X be also a p-Cauchy complete space,
T : X — 2% be a multivalued mapping and [z,+00) = {y € X : = < y}.
Suppose that:

(i) T is upper semi-continuous, that is x, € X and y, € T (x,) with
Zn — To and Y, — Yo, tmplies yo € T () ;

(i) T satisfies the monotonic condition: for any x, y € X with x <y and
any u € T (x), there exists v € T (y) such that u < v;

(111) there exists an xo € X such that T (zo) N [zg, +00) # (.
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Then T has a fized point x* and there exists a sequence {x,} with
Tpn1 Xop €T (xn—l) ,n=1,23 ..

such that x,, — x*. Moreover, if ¢ is lower semi-continuous, then x, < x* for
all n.

Proof. By (iii), 9 € M = {z € X : T (z) N [z, +0) # 0}. For z € M, take
y € T(z) and z = y. By the monotonicity of T, there exists z € T'(y) such that
y =z Soy € M,and T (z) N M N [z,+00) # 0. The conclusion follows from
Theorem 1. O

Corollary 3.4. Let (X,9) be a Hausdorff uniform space and p be an E-distance
on X, ¢ : X — R be an one to one function which is bounded above and
7 <7 the order introduced by ¢. Let X be also a p-Cauchy complete space,
T : X — 2% be a multivalued mapping and (—oo,x] = {y € X : y =< x}.
Suppose that:

(i) T is upper semi-continuous;

(i) T satisfies the monotonic condition; for any x,y € X with x <y and
any v € T (y), there exists uw € T (x) such that u < v;

(iii) there exists an xo € X such that T(zo) N (—o0, zo] # 0.

Then T has a fized point x* and there exists a sequence {x,} with

Tp—1 2 Tp € T('Tn—l)vn =12,..

such that x,, — =*. Moreover, if ¢ is upper semi-continuous, then x,, = x* for
all n.

Corollary 3.5. Let (X,9) be a Hausdorff uniform space and p be an E-distance
on X, ¢ : X = R be an one to one function which is bounded below and ” <7
the order introduced by . Let X be also a p-Cauchy complete space, f : X — X
be a map and M = {x € X : x < f(x)}. Suppose that:

(i) f is T (9)-continuous;

(i) M # 0

(1) for each x € M, f (z) € M.

Then f has a fized point z* and the sequence

Tn-1 X Tp = f(zpn_1),n=1,2,3,..

converges to x*. Moreover, if p is lower semi-continuous, then x, =< x* for all
n.

Corollary 3.6. Let (X,) be a Hausdorff uniform space, p an E-distance on
X, p: X = R be an one to one function which is bounded above, and” <7 the
order introduced by . Let X be also a p-Cauchy complete space, f : X — X
be a map and M = {x € X : x> f(x)}. Suppose that:

(i) f is T (¥)-continuous;

(i) M #0;

(1i1) for each x € M, f (z) € M.
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Then f has a fixed point x* and the sequence
Tn—1 = T = f(xn—1)7 n = 1727?”

converges to x*. Moreover, if ¢ is upper semi-continuous, then x, = x* for all
n.

Corollary 3.7. Let (X,9) be a Hausdorff uniform space, p an E-distance on
X, ¢ : X — R be an one to one function which is bounded below, and” <7 the
order introduced by . Let X be also a p-Cauchy complete space, f : X — X
be a map and M = {x € X : x = f (x)}. Suppose that:

(i) f is 7 (¥)-continuous;

(ii) f is monotone increasing, that is for x <y we have f (z) =< f (y);

(iii) there exists an xg, with xo < f (x0).

Then f has a fixed point x* and the sequence

Tp—1 = Tpn = f (xn—l) n=123, ..

converges to x*. Moreover, if ¢ is lower semi-continuous, then x, =< x* for all
n.

Example 3.8. Let A = {a,b,c} and 9 ={V C AxA: A CV}. Definep: Ax

A= RT as p(z,z) =0 for all z € A, p(a,b) = p(b,a) =2, p(a,c) = plc,a) =1

and p(b, c) = p(c, b) = 3. By the definition of 9, VﬂﬁV = A and this shows that
€

the uniform space (A, ¥) is a Hausdorff uniform space. Furthermore, p (a,b) <
p(a,c) +p(eb), pla,c) <pla,b) +p(bc)and p(b,c) < p(b,a)+pl(a,c) for
a,b,c € A and thus p is an E-distance on A. Next define p: A - R, ¢ (a) =3,
v (b) =2,¢(c) =1.8ince p(a,c) =p(c,a) =1 < p(a)—¢(c), therefore a =< c.
But as p (b,a) = p(a,b) =2 %| ¢ (a) — ¢ (b) | therefore a A b and b £ a. Again,
b £ ¢ and ¢ £ b which show that this ordering is partial and hence (4,¥) is
a partially ordered uniform space. Define g : A — A as g(a) = a, g(b) = b
and g(c¢) = ¢, then we can verify that all conditions of Corollary 5 are satisfied
and g has a fixed point. Notice that p(g(a), g (b)) = p(a,b). This shows that
g is neither E-contractive nor E expansive, therefore the results of [2] are not
applicable in the context of this example.

Corollary 3.9. Let (X,9) be a Hausdorff uniform space, p an E-distance on
X, ¢: X = R be an one to one function which is bounded above and” <7 the
order introduced by ¢. Let X be also a p-Cauchy complete space and f : X — X
be a map. Suppose that:

(i) [ is T (9)-continuous;

(ii) f is monotone increasing, that is, for v <y we have f (x) X f (y);

(iii) there exists an xo with xo = f (zo) .

Then f has a fixed point x* and the sequence

Tp—1 E Tp = f (:Cn—l)a n = 172737

converges to x*. Moreover, if ¢ is upper semi-continuous, then x, = x* for all
n.
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Theorem 3.10. Let (X,v) be a Hausdorff uniform space, p an E-distance on
X, ¢ : X = R be an one to one and continuous function bounded below and
7 <7 the order introduced by p. Let X be also a p-Cauchy complete space,
T : X — 2% be a multivalued mapping and [z,+00) = {y € X : = < y}.
Suppose that:

(i) T satisfies the monotonic condition: for each x <y and eachu € T (x)
there exists v € T (y) such that u < v;

(i) T (x) is compact for each x € X;

(iii) M = {zx € X : T (z) N [z, +00) # 0} # 0.

Then T has a fized point xg.

Proof. We shall prove that M has a maximal element. Let {z,},ca be a totally
ordered subset in M, where A is a directed set. For v,u € A and v < p, one
has z, = z,,, which implies that ¢ (z,) > ¢ (x,) for v < p. Since ¢ is bounded
below, {¢ (z,)} is a convergence net in R. So it is a Cauchy net i.e. for all
€ > 0, there exists ng € N such that for all v < p we have | ¢ (z,) —¢ (2,) |< €.
By the p-Cauchy completeness of X, let x, converge to z in X.

For given p € A, from Remark 3

plzy,z) = li{np(xwxv) < lignF(ga (@), () = Flo(zu),¢(22)). So
z, = zforall peA.

For p1 € A, by the condition (¢), for each u,, € T(z,), there exists a v, € T'(2)
such that u, =< v,. By the compactness of T'(z), there exists a convergence
subnet {v, } of {v,}. Suppose that {v, } converges to w € T'(z). Take A' such
that p' > A" implies u, < v, 2 v,.

We have

p (s w) = lmp(uy, v,) <TmF(p () (vu)) = Flp (uu) o (w)).

So u, = w for all u and
p(z,w) = limp (ups w) < 113117(90 (up) ¢ (w)) = Flp (2), ¢ (w)).

So z = w and this gives that z € M. Hence we have proven that {z,} has
an upper bound in M.

By Zorn’s Lemma, there exists a maximal element x in M. By the definition
of M, there exists a yo € T(xg) such that xg < yo. By the condition (i), there
exists a zg € T (yo) such that yo < zo. Hence yg € M. Since z( is a maximal
element in M, it follows that yo = 2o and xg € T(zg). So zg is a fixed point
of T. O

Theorem 3.11. Let (X,9) be a Hausdorff uniform space, p an E-distance on
X, p: X = R be an one to one and continuous function bounded above and
7 <7 the order introduced by p. Let X be also a p-Cauchy complete space,
T : X — 2% be a multivalued mapping and (—oo,x] = {y € X : y < x}.
Suppose that

(i) T satisfies the following condition; for each x <y and v € T(x), there
exists u € T'(y) such that u < v;

(i) T(x) is compact for each x € X;
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(iii) M ={z € X : T () N (—o0,z] # 0} # 0.
Then T has a fized point.

Corollary 3.12. Let (X,9) be a Hausdorff uniform space, p an E-distance
on X, ¢ : X — R be an one to one continuous function bounded below and
7 X7 the order introduced by . Let X be also a p-Cauchy complete space and
f:X — X be a map. Suppose that;

(i) [ is monotone increasing, that is for x <y, f(z) = f(y);

(i) there is an xo € X such that xo < f (zg).

Then f has a fized point.

Corollary 3.13. Let (X,9) be a Hausdorff uniform space, p an E-distance
on X, ¢ : X — R be an one to one continuous function bounded above and
7 <7 the order introduced by p. Let X be also a p-Cauchy complete space and
f:X — X be a map. Suppose that;

(i) [ is monotone increasing, that is for x <y, f(z) =< f(y);

(i) there is an xo € X such that xo = f (zg).

Then [ has a fized point.

4. The Coupled Fixed Point Theorems of Multivalued
Mappings

Definition 4.1. An element (z,y) € X x X is called a coupled fixed point of
the multivalued mapping T: X x X — 2% if z € T (2,y), vy € T(y, ).

Theorem 4.2. Let (X,9) be a Hausdorff uniform space, p an E-distance on X,
@ : X — R be an one to one function bounded below and” <7 be the order in
X introduced by ¢. Let X be also a p-Cauchy complete space, T : X x X — 2%
be a multivalued mapping, [v,+0) = {y € X : z <X y}, (—oo,y] = {z €
X:z =y} and M ={(z,y) e X x X : 2z 2y, T(z,y) N [z,+00) # O and
T(y,z) N (—o0,y] # 0}. Suppose that:

(i) T is upper semi-continuous, that is, , € X, yp € X and z, €
T(xn,yn), with T, — o, yn — Yo and z, — 2o implies zo € T(x0,Yo);

(it) M # 0;

(i) for each (z,y) € M, there is (u,v) € M such thatw € T (x,y) N[z, +00)
and v € T(y,z) N (—o0,y]

Then T has a coupled fized point (x*,y*) i.e. z* € T (z*,y*) and y* €
T(y*,x*). Also there exist two sequences {x,} and {y,} with

Tn—1 j Ty € T(xn717yn71)7 Yn—1 i Yn € T(ynflamnfl)a n= 1a2737
such that ©, — =* and y, — y*.

Proof. By the condition (i%), take (xo,y0) € M. From (4i7), there exist (z1,y1) €
M such that z; € T(zo,%), To<xx1 and y1 € T(yo, o), y1 = Yo. Again
from (4i7), there exist (w2,y2) € M such that xe € T(z1,y1), T1<T2 and
y2 € T(y1,71), y2 2 41
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Continuing this procedure we get two sequences {z,} and {y,} satisfying
(Tn, yn) € M and

Tp—1 3 Tp € T(xnflvynfl)a n=12 .

and
Yn—1 t Yn S T(y’nflvxnfl)a n= 1727
So
To X1 2. X2 X DY D D2 2
Hence

oz) > @ @) > . > p(@n) > o > 0 (yn) > . > 0 (1) > ¢ (yo) -

From this we get that ¢ (x,) and ¢ (y,) are convergent sequences. By the
definition of ” <7 as in the proof of Theorem 1, it is easy to prove that {z,}
and {y,} are p-Cauchy sequences. Since X is p-Cauchy complete, let {z,}
converge to z* and {y,} converge to y*. Since T is upper semi-continuous,
z* € T(x*,y*) and y* € T(y*,x*). Hence (x*,y*) is a coupled fixed point of
T. O

Corollary 4.3. Let (X,9) be a Hausdorff uniform space, p an E-distance
on X, ¢ : X — R be an one to one function bounded below, and 7 < 7 be
the order in X introduced by . Let X be also a p-Cauchy complete space,
f i XxX = X be a mapping and M = {(z,y) € X x X : z 2 y and
x = f(x,y) and f(x,y) < y}. Suppose that;

(i) f is T (9)-continuous;

(i) M # 0

(iti) for each (x,y) € M, x X f(x,y) and f(y,z) < y.

Then f has a coupled fixed point (z*,y*), i.e. z* = f(z*,y*) and y* =
f(y*,2*) and there exist two sequences {x,} and {y,} with x,_1 X z, =
F@n—1,Yn-1), Yn-1 = Yn = fWn-1,Zn-1), n = 1,2,... such that z, — z* and
Yn = Y*

Corollary 4.4. Let (X,9) be a Hausdorff uniform space, p an E-distance
on X, ¢ : X — R be an one to one function bounded below, and 7 < 7 be
the order in X introduced by . Let X be also a p-Cauchy complete space,
f i XxX = X be a mapping and M = {(z,y) € X x X : z < y and
x = f(x,y) and f(x,y) < y}. Suppose that;

(i) f is T (9)-continuous;

(i) M # 0

(1) f is mized monotone, that is for each x1 =< x2 and y1 = Yo, f(z1,y1) =
f(*er yQ)'

Then f has a coupled fized point (z*,y*) and there exist two sequences
{xn} and {yn} with xn_1 < T = f(Tn—1,Yn-1)s Yn-1 = Yn = [ Yn—1,Tn-1),
n=1,2,... such that z, = x* and y, — y*.
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Theorem 4.5. Let (X,v) be a Hausdorff uniform space, p an E-distance on
X, ¢: X = R be an one to one continuous function, and” <7 be the order in
X introduced by ¢. Let X be also a p-Cauchy complete space, T : X x X — 2%
be a multivalued mapping, [r,+00) = {y € X : =z <X y}, (—o0,y] = {z €
X:z=2yh and M ={(z,y) € X x X : 2 2y, T(z,y) N [z,+0) # O and
T(y,x) N (—o0,y] # 0}. Suppose that;

(i) T is mized monotone, that is for x1 < y1, x2 = yo and u € T(x1,y1),
v € T(y1,x1), there exist w € T(x9,y2), 2 € T (y2,x2) such that u = w, v = z;

(it) M # 0;

(111) T (z,y) is compact for each (z,y) € X x X.

Then T has a coupled fized point.

Proof. By (i), there exists (zo,y0) € M with zo =X yo, T (z0,v0)N[To, +00) # 0
and T(y()v:EO) n (7OO,y0] 7& 0. Let C = {(I,y) To 2T, Y 2 Yo, T(Qj,y) N
[,400) # 0 and T(y, 2) N (—00,y] # B}. Then (2o, o) € C. Define the order
relation ” <7 in C by

(x1,71) = (T2,%2) © @1 2 22, Y2 2 U1.

It is easy to prove that (C, =) becomes an ordered space.

We shall prove that C' has a maximal element. Let {z,, ¥, }vea be a totally
ordered subset in C, where A is a directed set. For v, n € A and v < p, one has
(v, Yo) 2 (2, Ypu) - So xy =, and y, = Yy, which implies that

¢ (20) 2 ¢ (z0) > w(z) > ¥ (y0)
and
(o) <o (yu) <@ (y) < @ (20)

for v < p.
Since {¢ (z,)} and {¢ (y,)} are convergence nets in R. From

P(Tw, ) < F(p(20), ¢ (2)) and p (Y, yo) < F(p (Yu) s ¢ (o)),

we get that {z,} and {y,} are p-Cauchy nets in X. By the p-Cauchy com-
pleteness of X, let z, converge to x* and ¥, converge to y* in X. For given
pE A,
p(xy,x®) = limp(e,,z,) <HmF(p (24), ¢ (20)) = F(e (24) ¢ (27))
PYu.y”) = Hmp(yu, yo) <UmF (e (y0), ¢ (yu)) = Flp (y0) . ¢ (47))-

Soxp 2z, 2o and y, = y* = yo for all p € A.

For 1 € A, by the condition (¢), for each u, € T (z,,y,) with z,, < u, and
vy € T(yu,x,) with v, < y,, there exist w, € T(z*,y*) and 2z, € T(y*,z*)
such that u, < w, and v, > z,. By the compactness of T'(z*,y*) and T'(y*, z*),
there exist convergence subnets {w,, } of {w,} and {2} of {,}. Suppose that
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{w,} converges to w € T'(x*,y*) and {z, } converges to z € T'(y*,z*). Take
A', such that p' > A' implies u, <X v, X v,. We have

P w) = limp(uy, ) ST (p (), @ (w0 ) = F(p (us) 0 (w)
p(z0,) = limp(,,v.) SUmF(p (v,) 0 (va) = Fle(2), 0 (vn)).

So z, 2u, 2w and z 2 v, <y, for all u. Also

p(l'*,w) = hullnp(xu‘auu‘) S 1LIIHF(Q0 (‘Tu‘) , P (uu')) = F(QD (;L‘*) 7@(“’))
p(zy7) = limp(v,,y.) STmF(p (o) 0 (he) = Fle(2) 0 (47)-

So z* < w and z < y*, this gives that (z*,y*) € C. Hence we have proven that
{Zu,Yu}pen has an upper bound in C.

By Zorn’s lemma, there exists a maximal element (x,y) in C. By the defini-
tion of C, there exist u € T (E, g?) ,veT (@, i) , such that zg < u, v < 1o and

r =< u, v X y. By the condition (i) there exist w € T'(u,v), z € T(v,u) such
that 2o < u < w and 2 < v =< yo. Hence (u,v) € C and (z,3) < (w.v).

N—

Since (5,2_/ is a maximal element in C, it follows that (5, @) = (ﬁ, 5) , and

it follows that x = u € T(x,u) and y = v € T(y, ). So (a:,y) is a coupled
fixed point of T. U

Corollary 4.6. Let (X,9) be a Hausdorff uniform space, p an E-distance
on X, p: X — R be a continuous function, and ” <7 be the order in X
introduced by @. Let X be also a p-Cauchy complete space and f: X x X — X
be a mapping. Suppose that;

(i) f is mized monotone, that is for x1 X y1, x2 = y2 and f(x1,y1) =
f(y2, 22);

(ii) there exist xq,yo € X such that xg 2 f (xo,y0) and f (yo, o) = yo.

Then f has a coupled fixed point.
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