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Warped-twisted products and Einstein-like manifolds

Sibel Gerdan AydlrEﬂ and Hakan Mete Ta§tarE|

Abstract. We study warped-twisted product manifolds in the form
o My X5, My with warping function f> on M> and twisting function f;.
We give a necessary and sufficient condition for a warped-twisted prod-
uct to be a doubly warped product. We also give some conditions for
such manifolds to be a twisted and a base conformal warped product.
Moreover, we give some results for Einstein-like warped-twisted product
manifolds of different classes.
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1. Introduction

Let (Mj,¢91) and (Ma, g2) be Riemannian manifolds and f; and fo be pos-
itive smooth functions on My x My. Then doubly twisted product manifold[I1]
M =¢, My xf, My is the product manifold M; x My furnished with the met-
ric tensor g = f22ﬂ'fgl + f127r§gg, where m; : My x My — M; is canonical
projections for ¢ = 1,2. Each function f; is called a twisting function of
(M =y, My xp, Ma,g).

If the functions f; and f5 in the above, depend only on the points of M7 and
My, respectively, then we get doubly warped product manifold M =z, My x ¢, Mo
[5] with the metric g given by g = (f2 o m2)°m g1 + (f1 0 m1)%75g2. Then each
function f; is called a warping function of (5, My x ¢, Ms,g) for i = 1,2. If
fi=1or fo =1 in the definition of doubly twisted product manifold, then
(M7 %y, Ma,g) or (5, My x Ma,g) is called a twisted product manifold [2]. In
that case fi or fy is called a twisting function.

Moreover, f; = 1 or fo = 1, in the definition of doubly warped product
manifold, then we get (M Xy, Ma, g) warped product manifold [1] with warping
function fi.

In [13], we defined a new subclass of doubly twisted product under the name
of nearly doubly twisted product of type 1. In this article, we rename of such
products as warped-twisted products.
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Let (y, M1 %y, M3, g) be a doubly twisted product manifold. If f, depends
only on the points of Ma, then (y, My Xy, Ms,g) is a warped-twisted product
manifold with the metric tensor g = (f3 o 7T2)27Ti<g1 + f1271'§g2. In which case,
f2 is called a warping function and f; is called a twisting function of (z, M1 X s,
Msy, g). In this case, if the function f; depends only on the the points of Mo,
then the warped-twisted product r, M; X s, M5 becomes a base conformal warped
product [4]. We say that a warped-twisted product is non-trivial if it is neither
doubly warped product nor warped product or base conformal warped product.
Remark 1.1. Let (My, g1) and (Maz, g2) be pseudo-Riemannian manifolds with
Levi-Civita connections V! and V2, respectively. By usual convenience, we de-
note the set of lifts of vector fields on M; by £(M;) and use the same notation
for a vector field and for its lift. On the other hand, each 7; is a positive homo-
thety, so it preserves the Levi-Civita connection. Thus, there is no confusion
using the same notation for a connection on M; and for its pullback via ;.

Now, we recall some facts for later use [10].

Let (M, g) be a Riemannian manifold of dimension m and V be the Levi-
Civita connnection on M. Let {e1,€a,...,em} denote the local orthonormal
frame field of (M, g).

The Ricci tensor S of (M, g) is defined by

(1.1) S(U,V) = §(R(e;, UV, e;)

for any vector fields U,V on M, where R is the Riemannian curvature tensor
of M. B
The scalar curvature 7 of (M, g) is given by

m

(1.2) =3 Sleiei).

i=1

For a vector field U on M, divergence of U is defined by
(1.3) divl =Y g(Ve,U,e).
i=1

For a function f € C*°(M) and a vector field U on M, the Hessian tensor
of f is given by
(1.4) HY(U)=VgVf
and the Hessian form of f is given by
(1.5) (U, V) = g(H! (U),V).
For a function f € C°(M), the Laplacian of f is defined by

(1.6) Af = divV}.



Warped-twisted products and Einstein-like manifolds 103

2. Warped Twisted Product Manifolds

In this section, we give the covariant derivative formulas, Ricci tensor, Weyl
conformal curvature tensor and scalar curvature of a warped-twisted product
manifolds in the form y, My Xy, My, where f5 is a warping function on M, and
f1 is a twisting function. We also give a necessary and sufficient condition for
such manifolds to be a doubly warped product. We also give some conditions
for such manifolds to be a twisted and a base conformal warped product.

Remark 2.1. From now on, throughout this article, M denotes a warped-twisted
product manifold in the form g, M1 X 5, M with warping function fo € C*°(My),
twisting function f; and endowed with the Riemanninan metric g.

Lemma 2.2. Let M be a warped-twisted product manifold. Then, we have

(2.1) VxY = VLY — g(X,Y)VI,
(2.2) VxU =VyX =U()X + X(k)U,
(2.3) VuV = ViV 4+ UKWV +V(k)U — g(U,V)Vk,

for X, Y € L(My) and U,V € L(Ms), where k = log f1, | =log f2 andl = lom,
which is the pullback of | via 7.

Proof. The proof follows from Proposition 1 of [7] with X(I) = 0, for X €
L(My). O

For X,Y € L(M;), we define [7]
(2.4) BE(X,Y) = XY (k) — (T4 V) (k).
Then the Hessian form h* of k on (M, g) satisfies

(2.5) W (X, U) = XU (k) — X(K)U (1) — X (k)V (k),

(2.6) RMX,Y)=hNX,Y) - XY (k) - X(k)Y (1) + g(X,Y)g(VE, Vi),

where U € L(Ms).

Remark 2.3. From now on, throughout this paper, we denote by [ the pullback
of [,ie.,l=1oms.

Now let S and S be Ricci tensor of (M, g) and (M;, g;), respectively. Then
we have the following relations:

Lemma 2.4. Let M be a warped-twisted product manifold. Then, we have
S(X,Y) = SYX,Y)+Rr(X,Y)- mz{h’f(x, Y)+ X(k:)Y(k)}

(2.7) —g(X, Y){Al +g(VI, vz)},
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(2.8) S(X,U) =1 —ma)XU(k) + (m1+m2—2)X(K)U(),

S(U, V) = S*U,V)+h*U,V)+ 1 —mo)h5(U, V) +moU(k)V (k)
—g(U, V){Ak +g(Vk,Vk:)}

(2.9) —m {hg(U, V) + UV ) — UV (k) — U(k;)V(l)}

for XY € L(My) and U,V € L(M>).

Proof. The above equations can be easily obtained from Proposition 3 of [7]
with X (1) =0, for X € L(M;). O

Now let 71 and 72 be scalar curvature tensors of (M, g;) and (Ma, g2), re-
spectively. Let {e1,...,€my,€ms+1s---»€m;+ms | De an orthonormal basis of M,
where  {fze1,..., foem,} is an orthonormal basis of M; and
{fiemi+1,---, f1€m,+my} 1S an orthonormal basis of M;. Then we have the
following relation from Lemma [2.4}

Lemma 2.5. Let M be a warped-twisted product manifold and let T be the
scalar curvature of M. Then, we have

7’1 7'2 ~ x mao ma
= 5 A D)+ Ag(k) — A (k) — — Ay(l
A R R
(177712)
+TA2(]€) - mgg(P1Vk, P1Vk) - mlAl - 2m1g(Vl, VZ)
1
(2.10) —mg{Ak + g(VE, Vk)} + mag(PyVk, PVk) + 2my g(PoVk, V1)

for XY € L(M;) and U,V € L(Ms), where Al(k) = th(ei,ei),
i=1

mi+ma

Ag(k)y = > h¥(eiei), Ak = Ay(k) + Ag(k) and Vk = PyVk + P,Vk.
1=mi+1

Definition 2.6. Let (M, g) be a Riemannian manifold of dimension m. Then

the Weyl conformal curvature tensor field of M is the tensor field W of type
(1,3) defined as

WX, Y)Z
= RxyZ
+m1_2{5(5<, 2)Y - S(V, 2)X + 3(X, 2)QY — (¥, 2)@)‘(}
ey e 27 - a7 20X

for any vector fields X, 5? and Z on M, where @ is the Ricci operator and 7 is
the scalar curvature of M [17].
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Lemma 2.7. Let M be a warped-twisted product manifold. Then, for X €
L(M1) and U,V € L(Ma), the Weyl conformal curvature tensor W satisfies
(m1—1)

(2.12) WOVIX = s

{XU(k)V - XV(k)U},

where m; = dimM;, i=1,2.
Proof. Let X € L(M;) and U,V € L(Ms). Then we have
-
(m1 + mo — 2)

from (2.11), since g(U, X) = ¢g(V,X) = 0. If we use (2.8) in (2.13), we get
@12). O

(2.13) W(U,V)X = R(U, V)X + {S(U, X))V = S(V, X)U},

Definition 2.8. Let M be a warped-twisted product manifold. Then we say
that My is Weyl conformal flat along My if W(U,V) = 0 and M; is Weyl
conformal flat along My if W(X,Y) = 0, where X,Y € L(M;) and U,V €
L(Ms).

Now, we are ready to give an another main result.

Theorem 2.9. Let M be a warped-twisted product manifold and dimM; > 1.
Then (M, g) can be expressed as ¢ doubly warped product manifold 7, My x ¢ Mo
of (My,g1) and (Ma, g2) with warping functions f1 and f, if and only if My is
Weyl conformal flat on My, where §o = f2go for some positive smooth function
f on Ms.

Proof. If (M, g) is a doubly warped product manifold of (M, g1) and (Ma, g2)
with warping functions f; and f, then we have V (k) = 0 for V € £(Ms). Thus,
the assertion comes immediately from .

Conversely, if W(U,V)X = 0 for all X € L(M;) and U,V € L(Mz), then
we have

(2.14) XV(k)U — XU(K)V =0,

from . For linearly independent vector field U and V, we deduce that
XV(k) = XU(k) = 0 from (2.14). Hence, it follows that f; = e* = a(z)b(y),
where a and b are positive smooth functions on M; and Ms, respectively.
Then, we can write the metric g as g = f3(y)g1 + a*(z)g2, where go = b*(y)go.
Therefore, (y, M1 x5, Ma,g) is a doubly warped product with f = a. O

Definition 2.10. A vector field V on a Riemannian manifold (M, g) is called
torse-forming, if it satisfies [15]

(2.15) ViV =2X +u(X)V

for any vector field X on M, where )\ is a function, yu is a 1-form. If the 1-form
w in (2.15)) vanishes identically, then the vector field V is called concircular
I3, (12, @6, 14].
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Now, we give another characterization for a warped-twisted product admit-

ting a concircular vector field.

Proposition 2.11. Let M be a warped-twisted product manifold. Then

a) If M admits a concircular vector field in L(Mn), then p, My x5 My is a
twisted product.

b) If M admits a concircular vector field in L(Ms), then p, My Xy, Ms is a
base-conformal warped product.
Proof. Let M be a warped-twisted product manifold. Then

a) Let X be a concircular vector field in £(My), then for any V € L£(Ms),
we have

(2.16) VX =AV

from (2.15). By using (2.2), we obtain
V)X + X (k)V =V

from (2.16)). Hence, we get V(1) = 0 for all V' € L(M5). Which means that the
function [ is constant, so f, is also constant. Thus, f, M7 Xj My is a twisted
product.

b) Let U be a concircular vector field in £(Ms), then for any Y € L(M;),
we have

(2.17) VyU = \Y

from (2.15). By using (2.2), we obtain
UDY +Y(k)U =XY

from (2.17). Hence, we get Y (k) = 0 for all Y € £(M;). Which means that
the function k& = In f; depends only points of M,. Thus, f,M; xy My is a
base-conformal warped product. O

3. Einstein-Like Warped-Twisted Products

In [8], Gray defined Einstein-like Riemannian manifolds of different classes.
Mantica and Shenawy studied Einstein-like warped product manifolds in [9].
Besides this, El-Sayied and etc. [6] consider the Einstein-like doubly warped
products and its applications. In this section, we introduce the different classes
of Einstein-like warped-twisted product manifolds.

Class A. A Riemannian manifold (M, g) admitting a cyclic parallel Ricci
tensor, that is,

(Vx8)(Y,2)+ (Vy9)(Z,X) + (V29)(X,Y) =0,
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for any vector fields X,Y,Z on M is called an Einstein-like manifold of class
A. Tt is noted that the above condition is equivalent to

3.1) (VxS)(X,X) =0,
for any vector field X on M. The inheritance property of Class A is given by
the following result.

Theorem 3.1. Let M be an FEinstein-like warped-twisted product of class A.
Then

a) (M, g1) is an Einstein-like manifold of class A if and only if
(VXR)(X, X) = ma{(VihT)(X, X) +2X (k)hi (X, X)}
(3.2) —29(X,X)S(VI, X),
b) (Ms, g2) is an Einstein-like manifold of class A if and only if
(VERM) (U, U) + (1 = mo) (Vi h5) (U, U)
= mi(Vihy)(U,U) = 2mahs (U, U)U (k)
+2U(f1) f192(U, U)K + g(U, U)U (K°)
+2m1 {hy (U, U)U (1) — hy(U, U)U (k)
—hs (U, U)U (1)}
(3.3) +4U (k)S(U,U) — 2¢9(U,U)S(VEk,U)
for X € L(My) and U € L(Ms), where k® = ANk + ||VE||?.

Proof. Let M be an Einstein-like warped-twisted product of class A. Then, for
any vector field X on M, we have (VxS)(X,X) =0, from (3.1).

a) (Mj, g1) is an Einstein-like manifold of class A if and only if

(3.4) (VESH (X, X) =0.
for any vector field X on M;. On the other hand, from (2.1]) and (2.7]), we have

(VxS9)(X, X)

= X(S(X,X))—-28(VxX,X)
X(SM(X, X) +hH(X, X) —mo{h¥(X, X) + X (k)X (k)} — g(X, X)I°)
—28(VLX — g(X, X)VI, X).

= X(SYX,X))-281(VEX, X)+ X(h(X, X)) - 2n (VL X, X)
—ma{ X (h}(X, X)) — 2h5 (X, X)} = ma X (X (k) X (K)) — X (9(X, X)I°)
+2ma Vi X (k) X (k) + 29(VL X, X)I° + 29(X, X)S(VI, X).

for X € L(M;). Then, we find

0 = (Vx9)(X,X)
= (VxSH(X,X)+ (Vkh)(X, X)
(3.5) —ma(VE ) (X, X) — 2ma X (X (k)X (k) — (Vi g)(X, X)I°

+2ma Vi X (k) X (k) + 29(X, X)S(VI, X).
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If we use (2.4) and (3.4)), we have

(3.6) 0 = (Vx9)(X, X)
= (Vxh)(X, X) — ma(Vihi)(X, X)
(3.7) —2mo X (k)R (X, X) + 29(X, X)S(VL, X).

So, (3.2)) follows from ([3.6)).

b) (Ms, g2) is an Einstein-like manifold of class A if and only if

(3.8) (V282)(U,U) = 0
for any vector field U on Ms. On the other hand, from (2.3)) and (2.9)), we have
(VUS)( U)

= U(S(U,U))—258(VyU,U)

= U(S*(U,U) +h*U,U) + (1 — ma)h5(U, U) + maU(k)U (k) — g(U, U)E®)
—myU(hb(U,U) +UMU(1) = UDU (k) — U (k)U(1))
—28(V3U +2U(k)U — g(U,U)VE,U)

= U(S*(U,U)) —28*(VZU,U) + U(R*(U,U)) — 2K (VEU,U)
+(1 = mo){U(h5(U,U)) — 2h5(V;U,U)}
—mi {U(h5(U,U)) = 2h5(ViU, U)} + mofU (U (k)U (k) — 2VEU (k)U (k) }
—U(g(U,U)k® + 2¢(VZU, U)k® — g(U, U)U (k)
—m{UUU1) 20U U (k))}
—m {=2VEUU(1) +2VHU (W)U (k) + 2VEU (KU (1)}
—4U (k)S(U,U) 4 29(U,U)S(Vk,U)

for U € L(Ms). Then, we find

0 = (VuS)(U,U)
= (VESH)(U,U) + (ViR (U, U)
+(1 = ma)(VEh5) (U, U) —my (Vi hy) (U, U)
+2mahl (U, U)U (k) — (V,9)(U, U)k® — g(U, U)U (k)
(3.9) —m {20(U (1)U (1) — 20U (1)U (k) —2U(U(k))U (1)}
—m{=2VEU U () + 2VZU DU (k) + 2VEU (k)U (1)}
—4U(k)S(U,U) 4 2¢(U,U)S(Vk,U).

If we use and , we have
0 = (VEh*)(UU) + (1 = ma)(VEhs) (U, U)
—m1 (VEhs) (U, U) + 2mah (U, U)U (k)
(3.10) —2U(f1) f192(U, U)k® — g(U, U)U (k°)
—2m {h (U, U U (1) — hL(U, U)U (k

) = h5 (U, U)U(1)}
—AU (k)S(U,U) + 29(U,U)S(Vk,U).
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So, (3.3) follows from (3.10).

For a singly warped product, one can obtain the following result.

Corollary 3.2. Let M be an FEinstein-like singly warped product of class A.
Then

a) (My,g1) is an Finstein-like manifold of class A if and only if
(3.11) (VERH(X, X) =0,

b) (Ms, g2) is an Finstein-like manifold of class A if and only if
(3.12) (VERL)(U,U) 4 20L(U, UYU (1) = 0
for X € L(M,) and U € L(Ms).

Class B. If the Ricci tensor of a Riemannian manifold (M, g) is a Codazzi
tensor, i.e.,

(3.13) (Vx9)(Y,2) = (Vy8)(X,2),

for any vector fields X,Y, Z on M, then (M, g) is called an Einstein-like mani-
fold of Class B. This condition is equivalent to one of the following conditions:

i) The Riemann tensor of (M, g) is harmonic, or

ii) The Weyl conformal tensor of (M, g) is harmonic and the scalar curva-
ture of (M, g) is constant.

The factor manifolds are Einstein-like of Class B according to the following
result.

Theorem 3.3. Let M be an FEinstein-like warped-twisted product of class B.
Then

a) (My,g1) is an FEinstein-like manifold of class B if and only if

(VXE)(Y, Z) — (Vyh) (X, Z)
= mp{(VXh))(Y,Z) - (Vyhi) (X, 2)}
+mo{h¥ (X, Z)Y (k) — h¥(Y, Z) X (k)}
(3.14) —9(X, Z2)S(Y, Vi) + g(Y, Z)S(X, VI),
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b) (Ms, g2) is an Finstein-like manifold of class B if and only if

(VER*)(V, W) — (V3R (U, W)
+(1—ma){(Virhs)(V, W) — (V-h5)(U, W)}
= m{(Vihs)(V, W) — (Vi h) (U, W)}

H2U(f1) f192(V, W) = 2V (f1) f192(U, W) } k°
+g(V, W)U (k®) — g(U, W)V (k°)
—ma {5 (U, W)V (k) — h5(V, W)U (k)}

(3.15) +my {hS (U, W)V (1) — hE(U, W)V (1)}
+my {=hy(U, W)V (k) — hy(V, W)U (1)}
+mi {5 (V, W)U (D) + hy(V, W)U (k) }
~U(k)S(V, W)+ V(k)S(U,W)
+9(U,W)S(V,Vk) — g(V.W)S(U, Vk)

for X,Y,Z € L(M;) and U,V,W € L(My), where k® = Ak + || VK|

Proof. Let M be an Einstein-like warped-twisted product of class B.

a)(My, ¢1) is an Einstein-like manifold of class B if and only if
(3.16) (VxSH(Y.2) = (Vi S')(X, Z),

for any vector fields X,Y, Z on M;. On the other hand, from ([2.1) and ,
we have

(VxS)(Y,2)
= X(S(Y,2)) -8(VxY,Z) - S(Y,VxZ)

=X(S(Y,2)) - S(VLY — g(X,Y)VI,Z) — S(Y,V Z — g(X, Z)VI)
= X(S'(Y, 2)) + X(W'(Y, 2)) — moA X (W} (Y, Z)) + X (Y (k) Z(k))}
-X(g(Y, 2))l°
—{SHVXY. Z) + h'(VXY, Z) — mo{h} (VX Y, Z) + VYV (k) Z(k)}
—9(VxY, Z)I°}
—{SNY,VXZ) + W (Y, VX Z) — mo{hf (Y, V5 2) + VX Z (k)Y (k)}
—g(Y,Vx 2)I°}
+9(X,Y)S(VI, Z) + g(X, Z)S(Y, V1)
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for X,Y,Z € L(M;). Then, we find
(VXS)(Y Z)
= ( HY.2)) = SHVXY,Z) = SH (Y, Vk Z)
X(W'(Y,2)) = (VXY Z) = WY,V Z)
—mz{X(h’“( \Z)) = hi(VXY, Z) = 1§ (Y, Vx Z)}
—{X(9(Y, 2))I° = g(VXY, Z)I° = g(Y, VX 2)I°}}
—ma{ X (Y (k) Z (k) = VXY (k) Z(k) = VX Z(k)Y (k)}
+9(X,Y)S(VI,Z) + g(X, Z2)S(Y,VI)
If we use , we have
(VxS)(Y, Z)
= (VxSH(Y,2) + (VXh)(Y, Z) = mao(Vih})(Y, Z)
(3.17) —mo{hf (X, Y)Z(k) + hY(X, Z2)Y (k)}
+9(X,Y)S(VI, Z2) + g(X, 2)S(Y, VI).
If we interchange X and Y in , we obtain

(VyS)(X, 2)
= (V¥ SH)(X,2) + (Vyh)(X, Z) = ma(VyhY)(X, Z)
(3.18) —ma{h{ (Y, X)Z(k) + hi (Y, Z) X (k)}

+9(Y, X)S(VL,Z) + g(Y, 2)S(X, VI).
Hence, from (3.13), (3.17), (3.18) and (3.16)), we have
0 = (VXI)(Y,2)— (Vyh')(X,Z)
(3.19) —ma{(VXh{)(Y, Z) — (Vy-hi)(X, 2)}
—ma{ R (X, 2)Y (k) = hi (Y. 2) X (k)}
+9(X,2)S(Y, V) —g(Y,2)S(X, VI).

So, (3.14) follows from (3.19).

b) (Ms, g2) is an Einstein-like manifold of class B if and only if

111

(3.20) (VESH(V, W) = (V§.S2)(U, W),
for any vector fields U, V, W on M;. On the other hand, from and .,
we have

(VUS)(V W)

US(v,w)) —=S(VyV,W) = S(V,VyW)

= USHV,W) + W5 (VW) + (1 = ma)hs (V,W) + maV (k)W (k)

—g(V,W)E®)

—myU(RL(V, W) + V(OW (1) — V(D)W (k) — V (k)W (1))
—S(VEV + UK)V +V(k)U — g(U,V)VEk, W)
~S(V,VEW +U(k)W + W (k)U — g(U,W)Vk)
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for U, VW € L(M,). Then, we find

(VuS)(V,W)
= U(S*(V,W)) + UBS(V,W)) + (1 — ma)U (h5(V, W)

+meU(V (k)W (k)) — U(g(V, W)k®)
—my {U(hy(V, W) + U(V(OHW (1))
—U(VOW (k) = UV (k)W (1))}
—{SH(VHV, W) + BE(VEV, W) + (1 — ma)h5 (VEV, W)
+maVEV (kYW (k) — g(VEV, W)k®}
—{—m {RY(VEV, W) + VEV ()W (1)
—VEVI)W (k) — ViV ()W (D)}}
—{SP(V,VEW)) + 5 (V, VW) + (1 — ma)h5 (V, Vi W)
+ma Vi, W (k)V (k) — g(V, Vi, W)k®}
—{—ma {5 (V, VEW) + VEW ()V (1)
—ViW (k) (1) = VEW )V (k)}}
—2U(k)S(V,W) = V(k)S(U,W) — W (k)S(V,U)

If we arrange this equation, we have

(VuS)(V,W)

= U(S*(V,W)) = S*(Vi,V,W)) = S*(V, Vi W))
+U(RE(V,W)) — hE(VEV, W) — hE(V, VEW)
+(1—ma){U (h5(V,W)) = h5(V5V, W) — hi(V, Vi, W)}
—my {U (hy(V, W) = hy(V{V, W) — hby(V, VEW)}
—{Ug(V,W)E® = g(VEV, WK — g(V, VEW)k®}
—g(V,W)U(k°)
+ma{U(V (k)W (k) + U(W (K))V (k) — Vi,V (k)W (k)
—VEW (k)V (k)}
—m{UWV(OW (1)) = UV (OW (k) — UV (k)W (1)
—m {=VEV(OW () + VEVIOW (k) + VEV (E)YW
—m {=VEW V() + VEW (K)V () + VEW (I
—2U(k)S(V,W) = V(k)S(U W) - W(k)S(V,U
+9(U,V)S(Vk, W) + g(U,W)S(V, Vk).

)}
(D}
V(k)}

)
)
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If we use m, we have

(VUS)(V W)
= (Vi S)(V,W) + (VER*) (VW) + (1 — ma) (Vi h5) (VW)

—my (VERY) (V, W)

—(VEg)(V,W)k® — g(V, W)U (k°)
(3.21) +mo{hE (U, VYW (k) + h5 (U, W)V (k)}

—my {hy (U, VIW (1) + hb (U, W)V (1) — hy(U, V)W (k)}

—ma{=h5 (U, W)V (1) = h5(U, V)W (I) — hy,(U, W)V (k)}

—2U (k)S(V,W) — V(k)S(U,W) — W (k)S(V,U)

+9(U, V)S(VE, W) + g(U,W)S(V, Vk).

If we interchange U and V in (3.21]), we obtain

(VvS)(U,W)

= (VVS)(U,W) + (VERE) (U, W) + (1 — m)(Vi-hs) (U, W)
—ma (Vh) (U, W)
— (Vi g) (U, W)k® — g(U, W)V (k°)

(3.22) +ma{hs (V,U)W (k) + h(V, W)U (k)}

—my {h(V, U)W (1) + hy(V, W)U (1) — h(V, U)W (k)}
—my{—h5(V,W)U(l) — h5(V, U)W (I) — h5(V, W)U (k)}
=2V (k)S(U,W) -U((k)S(V,W) = W(k)S(U,V)
+9(V,U)S(VE, W) + g(V, W)S(U, Vk:).

Hence, from (3.13)), (3.21)),(3.22) and ([3.20)), we obtain

0 = (VEhH(V, W) — (Vi h*)(U,W)
+(1 = m2){(Vih5)(V, W) — (Vi-h5)(U, W)}
—my{(Vhh)(V, W) — (Vi hb) (U, W)}
=2U(f1) fr92(V, W)K® + 2V (f1) f192(U, W)K®
—g(V,W)U(K°) + g(U, W)V (k°)
+ma{h (U, W)V (k) — h5(V, W)U (k)}
—my {hy (U, VYW (1) + hs (U, W)V (1) — hy(U, V)W ()}
—my{=h5 (U, W)V (1) = h5(U, V)W (I) = hy,(U, W)V (k)}
+my{—h5(V, W)U (1) — h3(V,U)W (1) — h5(V, W)U (k)}
=2U(k)S(V,W) = V(k)S(UW) - W(k)S(V,U)
+2V(K)S(U, W)+ U(k)S(V,W) + W (k)S(U, V)
—g(V,U)S(Vk, W) — g(V,W)S(U, Vk).

So, (3.15) follows from the above equation.

For a singly warped product, one can obtain the following result.

113
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Corollary 3.4. Let M be an Finstein-like singly warped product of class B.
Then

a) (M1, g1) is an Einstein-like manifold of class B if and only if
(3.23) (VXR)(Y, Z) = (VyR') (X, Z) =0

b) (Ms, g2) is an Finstein-like manifold of class B if and only if
(3:24)  (Virha)(V.W) = (Virh) (U, W) = —hy (U W)V (1) + hy (VW)U (D)
for XY, Z € L(My) and U, V,W € L(My).

Class P. If a Riemannian manifold (M, ) has a parallel Ricci tensor, i.e.,
(3.25) (Vg9 (Y,Z2)=0

for any vector fields X,Y, Z oniM , then (M, g) are called Einstein-like mani-
folds of Class P. In this case, (M, g) are also called Ricci symmetric manifolds.

Theorem 3.5. Let M be an FEinstein-like warped-twisted product of class P.
Then

a) (M, g1) is an Einstein-like manifold of class P if and only if

(VXh)(Y,2) = ma(Vihi)(Y,Z)
+ma{h{(X,Y)Z(k) + hi (X, Z)}Y (k)
(3.26) —g(X,Y)S(VI,Z) — g(X, 2)S(Y, Vi),
b) (Ms, g2) is an Finstein-like manifold of class P if and only if
(VERR) (VW) + (1 = ma) (Vi h5)(V, W)
= mi(VEho)(V.W) +2U(f1) frg2(V, W)k
+g(V, W)U (k°) — mo{h5 (U, V)W (k) + hi (U, W)V (k)}
+my {hS (U, VYW (1) + h5(U, W)V (1) — by (U, V)W (k)}
+ma {=h5(U, W)V (1) — h5(U, V)W (1) — hy (U, W)V (k)}
+2U(k)S(V,W) + V(k)S(U, W)+ W (k)S(V,U)
—g(U,V)S(VE,W) — g(U W)S(V,Vk)
(3.27)
for X,Y,Z € L(My) and U,V,W € L(Ms), where k® = Ak + || Vk||?.

Proof. Let M be an Einstein-like warped-twisted product of class P.

a)(Miy, ¢1) is an Einstein-like manifold of class P if and only if

(3.29) (Vi)Y 2) =0
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for any vector fields X,Y, Z on M;. On the other hand, from (3.17)), we have

(VxS)(Y,2) = (VS)H(Y,Z)+ (V) (Y, Z) = ma(VXhD)(Y, Z)
(3.29) —ma{hy(X,Y)Z(k) + h§(X, Z)Y (k)}
+9(X,Y)S(VI,Z) + g(X, Z2)S(Y, Vi)

for X,Y,Z € L(M;). Thus, using (3.25)) and (3.28) in (3.29), we obtain ([3.26]).

b) (Ms, g2) is an Einstein-like manifold of class P if and only if
(3.30) (VZS5)(V,W) =0
for any vector fields U, V, W on M. On the other hand, from , we have
(VuS)(V, W)
= (VES*)(V,W) + (VER") (V. W)

+(1 = ma)(VERE)(V, W) — ma (Vi hs) (V, W)
=2U(f1) fr92(V,W)k® — g(V, W)U (k°)

(3.31) +mo{ W (U, VYW (k) + k5 (U, W)V (k)}
—my{Ry(U, V)W (1) + hy(U, W)V (1) = hy (U, V)W (k) }
—mi{—=h3(U,W)V () = hy(U, V)W (1) — hy(U, W)V (k)}
—2U(k)S(V,W) =V (k)S(U,W)—-W(k)S(V,U)
+9(U,V)S(VE,W) 4+ g(U,W)S(V,VE)

for U, V,W € L(Ms). Thus, using (3.25)) and (3.30) in (3.31]), we obtain (3.27)).
O

For a singly warped product, one can obtain the following result.

Corollary 3.6. Let M be an Finstein-like singly warped product of class P.
Then

a) (My,g1) is an Finstein-like manifold of class P if and only if
(3.32) (Vxh)(Y,Z) =0,
b) (Ma, g2) is an Einstein-like manifold of class P if and only if
(3.33) (Vo) (VW) = =hy(U, V)W (1) = hy(U, W)V (1)
for X, Y, Z € L(My) and U,V,W € L(Ms).
Class Z ® A. Let (M, g) be a Riemannian manifold of dimension m and a

tensor 7T is defined by

2T
=5 - g.
T m—|—2g
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If the tensor 7 is Killing, then (M, g) are called Einstein-like manifolds of class
7 ® A. This condition is equivalent to

(3.34) 0=(VgT)(X,X)

for any vector field X on M. The inheritance property of Class T @ A is given
by the following result.

Theorem 3.7. Let M be an Einstein-like warped-twisted product of class T @ A.
Then

a) (My,g1) is an Finstein-like manifold of class T ® A if and only if
(Vih)(X, X)
= ma(Vxhi)(X, X)
+2mo X (k)RY (X, X) — 29(X, X)S(VI, X)

2 m—+ 2
(3.35) +m{VXTg(X,X) Rl 2v}(Tlgl(X,X)},

b) (Ms, g2) is an Finstein-like manifold of class T ® A if and only if

(VERE)(U,U) + (1 — ma)(Vihs) (U, U)
= my(Vihy) (U, U) — 2mahl (U, U)U (k)
+2U(f1) f192(U, U)k® + g(U,U)U (K°)
+my {205 (U, UYU (1) — 205 (U, U)U (k) — 2pE (U, U)YU (1)}
+4U (k)S(U,U) — 29(U, U)S(Vk,U)

2 m+2
to g (VuneUU) = o SViT (U, U)}

(3.36)
for X € L(My) and U € L(M,), where k* = Ak + || VE||?.

Proof. Let M be an Einstein-like warped-twisted product of class Z & A.
a)(My, ¢1) is an Einstein-like manifold of class Z & A if and only a tensor
T = 8"~ ;2 g; is Killing, i.c.,

(3.37) 0= (VYTH(X,X)

for any vector field X on Mj. On the other hand, from (3.34), we have

0 = (VxT)(X,X)
= (VxS)X.X) = —(Vx(rg) (X, X)

(VaS)(X, X) = —=—(Var)g(X, X).
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for all X € £(M;). Then, using (3.5)), we find
0 = (Vx8H(X,X)+ (Vih) (X, X)
—ma (V) (X, X) — 2ma X (k)R (X, X)

(3.38) _mi—i—Q(vXT)g(X’X)'

If we add and subtract Vﬁ((m{ig 91)(X, X) right side of the equation l}
we have

27!
mi + 29
+H(Vich') (X, X) = ma(Vihi)(X, X) — 2ma X (k)hi (X, X)

+29(X, X)S(VI, X) — (Vxm)g(X, X)

0 = (Vx8)(X,X) - Vi( 1)(X, X)

m 4+ 2
1

21
3.39 +V4
(3.39) X(m1 n

291)(X’X)'

So, using (3.39) and (3.37)), we obtain ([3.35)).

b)(Ma, g2) is an Einstein-like manifold of class Z @ A if and only a tensor

T2 =52 - nf;;gg is Killing, i.e.,

(3.40) 0= (VT (U,U)
for any vector field U on Ms. On the other hand, we have
0 = (VuT)(U,U)
— (VuS)U.U) ~ = (Vulrg)(U.V)

(VUS)(Uv U) (VUT)g(Ur U)

Cm+2
for all U € L(Ms;), from (3.34). Then, using (3.9), we find

0 = (VeSH(U,U)+ (VEh*) (U, U) + (1 — m2) (Vi hs) (U, U)
—my (Vi) (U, U)
+2mahl (U, U)U (k) — (Vi9) (U, U)k® — g(U, U)U (k)
—m {20 (U, U)U (1) — 2h5(U, U)U (k) — 25 (U, U)U (1)}
(3.41) —4U(k)S(U,U) + 29(U,U)S(Vk,U)

2 (VO ),

If we add and subtract V?](mQ;; 92)(U, U) right side of the equation 1} we
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have

272

mo + 29
+2mah (U, U (k) — 2U (f1) fr92(U, Uk — g(U, U)U (k°)
—my {20, (U, UYU (1) — 205U, U)U (k) — 25U, U)U (1)}
—4U(k)S(U,U) + 29(U,U)S(Vk,U)

0 = (V§S*)(U.U) - Vi(

2)(U,U)

(3.42) —mLH(vUT)g(U, )
2

+Vi( 2)(U,U).

m2—|—29

So, using (3.42)) and (3.40]), we obtain (3.36]).
O

Class A@ B. Let (M,g) be a Riemannian manifold of dimension m. If

(M,g) has a constant scalar curvature, then (M,g) are called Einstein-like
manifolds of class A@® B. Hence, from (2.10)), one can prove the following
theorem.

Theorem 3.8. Let M be an Einstein-like warped-twisted product of class A ® B.
Then, (M, g1) and (Ms, g2) are Einstein-like manifolds of class A® B if and

only if

my

(& C ~ ~ m
¢ o= gt AL+ Aa(k) — S AL(k) — S5 Ag(l)
2" h f2 fi
(1 7m2)
+?A2(k) - mgg(P1Vk:,P1Vk) - mlAl - 2mlg(Vl, Vl)
1

—mg{Ak + g(Vl@ Vk)} + ng(PQVk, PQVk) + 2mlg(P2Vk, Vl)

where ¢, c1 and co are constant scalar curvature of (M, g), (M1, g1) and (Ma, g2),
respectively.
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