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New decomposition forms of bioperation-continuity
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Abstract. In this paper, we introduce some new types of sets via bi-
operation and obtain new decomposition forms of bioperation-continuity
using these sets and finally using the notions of a bioperation some well
known concepts of continuity are generalized.
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1. Introduction

Generalized open sets play a very important role in General Topology and they
are now the research topics of many topologist worldwide. Indeed a significant
theme in General Topology and Real analysis concerns the various modified
forms of continuity, separation axioms etc. By utilizing generalized open sets.
Kasahara [5] introduced the concept of an operation on topological spaces and
the notion of vy-open sets, the collection of all y-open sets is denoted by 7.
Ogata and Maki [II] introduced the notion of 7,y which is the collection
of all 4 V 4/-open sets in a topological space (X,7) and Umehara et al. [I3]
introduced the notion of 7(, ..y which is the collection of all (v,+")-open sets
in a topological space (X, 7) that generalized the notions of v V 4'-open sets
in a topological space (X,7). In this paper, using the bioperation (v,7’),
we introduce new types of sets and find the relationships between them and
obtain a new forms of decomposition of bioperation-continuity. Finally we can
see that these new concepts of continuity using these bioperations, generalizes
well-known concepts of continuity.

2. Preliminaries

The closure and the interior of a subset A of (X, 7) are denoted by Cl(A4) and
Int(A), respectively.
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Definition 2.1. [5] Let (X, 1) be a topological space. An operation 7y on the
topology T is a function from T on to power set P(X) of X such that V. C V7
for each V. € 1, where V7 denotes the value of T at V. It is denoted by
viT— P(X).

Definition 2.2. [1] A topological space (X, T) equipped with two operations,
say, v and ' defined on 7 is called a bioperation-topological space, it is denoted

by (X, 7,7,7).

Definition 2.3. [T1] A subset A of a topological space (X,T) is said to be
vV v -open set if for each x € A there exists an open neighborhood U of x such
that UY UUY C A. The complement of vV ~'-open set is called vV ~'-closed.
Tyv~ denotes set of all vV~ -open sets in (X, ).

Definition 2.4. [T3] A subset A of a topological space (X,T) is said to be
(v,7")-open set if for each x € A there exist open neighborhoods U and V
of x such that UY U VY c A. The complement of (v,7')-open set is called
(7,7')-closed. 7,y denotes set of all (,7')-open sets in (X, 7).

Remark 2.5. Observe that from Definitions and[2.4} each vV ~'-open set
is a (v,7')-open set, but the converse is not necessarily true as we can see in
the following example.

Example 2.6. Let X = {a,b,c} and 7 = {0, X, {a}, {b}, {a,b}}. We define
the operations v,y : 7 — P(X) as follows: v({a}) = {a}, v({b}) = {b, ¢},
7({a,b}) = {a, b}

7' ({a}) = {a, 0}, 7' ({b}) = {b}, 7v'({a,b}) =

Observe that: Ty = {0, X} and 7y, = {0, X, {a, b} }

Example 2.7. Let X = {a,b,c} and 7 = {0, X, {a}, {b},{a,b}}. We define
the operators v,7 : 7 — P(X) by v(A) = Cl(A4) and v'(A) = Int(CL(A)) for
all A€ 7. Then ¢y 1) = Tyyy = {0, X}

Definition 2.8. [13] For a subset A of (X, ), Cl¢, )(A) denotes the inter-
section of all (7y,~')-closed sets containing A, that is, Cl(y 1 (A) = {F: A C
F,X\F € 70,40 }.

Definition 2.9. Let A be any subset of X. The Int(, 1 (A) is defined as
Int(y 4 (A) =U{U : U is a (v,7')-open set and U C A}.

Definition 2.10. Let (X, 7) be a topological space and A be a subset of X and
~v and ~' be operations on 7. Then A is said to be

1. (v,7")-a-open if A C Int(y 4 (Cly 4 (Int(y 4y (A)))
2. (v,7')-preopen [3] if A C Inty ) (Cliy 1) (A))

3. (7v,7")-semiopen [10] if A C Cl(y 1 (Int(y 4y (A))
4. (v,7")-semipreopen (or (v,~')-B-open) if

A C Cliy, ) (It (1) (Cliy,41) (4)))
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5. (v,7)-regular open [9] if A= Int(y 1 (Cly 1 (A)).

Remark 2.11. The union of all (v,~')-semipreopen sets contained in A is
called the (y,~")-semipreinterior of A and denoted by spInt, .\ (A). The com-
plement of a (7,~")-semipreopen set is called a (y,~')-semipreclosed set. It is
clear that spInt, 1 (A) = AN Cle, 4y (Intey 1) (Cly 4 (A))).

Remark 2.12. Observe that if in Deﬁm’tion the operations v and ' are
the identity operations, we obtain well-known concepts studied in general topol-
ogy such as: a-open set [7], [12], preopen set [§], semiopen set [Z], semipreopen
set [2].

Definition 2.13. Let (X, 7) and (Y, o) be two topological spaces and let ~,~' :
T — P(X) be operations on 7. A mapping f : (X,7) — (Y,0) is said to
be (y,v')-continuous (resp. (v,v')-a-continuous, (y,~")-precontinuous, (v,v')-
semicontinuous, (v,7')-semiprecontinuous) if for each x € X and each open
set V of Y containing f(x) there exists a (y,7")-open set U containing x (resp.
(v,7')-a-open set, (v,')-preopen set, (v,7')-semiopen set, (v,v")-semipreopen
set) such that f(U) C V.

3. Some subsets in topological spaces

Through this section, let (X, 7) and (Y, o) be two topological spaces, and let
v,7 : 7 — P(X) be operations on .

Definition 3.1. A subset A of a topological space (X, T) with the operations
v, v is called:

1. af, n-set if Int(y 1) (Cl(y,4y (Int 4y (A))) = Int(, 1) (A),
2. t(y,yny-set if Int(y ) (Cly 4 (A)) = Int, 4 (A),
8. 8(yqry-set if Cliy yny(Int(y 4 (A)) = Int(y ) (A),
4. BE, 4ny-set if Cliy ) (Int(y 5) (Cliy 41 (A))) = Int(y 57) (A).

Remark 3.2. Observe that if in Deﬁm’tion the operations v and ' are the
identity operations, we obtain well-known concepts studied in general topology
such as B-set [1I], t-set and o*-set.

Example 3.3. Let X = {a,b,c} and 7 = {0, X,{a},{c},{a,c},{a,b}}. We
define the operations v,y : 7 — P(X) as follows

_ A if A ={a} or {c},
4 _{ AU{a,c} if A # {a} and {c}

and AV = int(CI(A)).

1. T(%,y/) = {@,X, {C}}
2. of set = {0, X,{a}, {b},{a,b}}.

(v~
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8. tyy-set = {0, X, {a},{b}, {a,b}}.
4. 8(yy-set = {0, X, {a}, {b},{a,b}}.
5. /82%7/)'567& = {(Z)a X, {a}7 {b}v {a7 b}}

Proposition 3.4. The following are equivalent for a subset A of a space (X, T)
with the operations ~y, ~'

1. Aisa oz?%,y,)—set,

2. A is a (vy,7)-semipreclosed set,
8. Int(y ) (A) is a (v,7')-reqular open set.
Proof. Straightforward. O

Proposition 3.5. Let A be a subset of a space (X,T) with the operations -,

!

7y

*

(v:7") -set.

1. A (v,7')-semiopen set A is a t(y ,-set if and only if it is an «
2. Ais (v,7)-a-open and g, n-set if and only if it is (v,v)-regular open.

Proof. 1. Let A be a (v,7')-semiopen and A an a(*

. ny-Set. Since A is (v,7')-
semiopen,

Cliy,y) (5,41 (4)) = Cliy 1) (A)

and

Int(,y’,y/)(CI(%,yz)(A)) = Int(,yﬁ/)(CI(%,Y/)(Int(,yy,y/)(A))) = Int(,yﬁ,yz)(A).

Therefore, A is a t(, /-set.
2. Let A be a (v,7')-a-open set and an oy, n-set. Then Inty o) (Cly ) (A)) =

A and hence Int(y ) (Cliy,4)(A)) = Int(y 4 (Cliy, Ity (A))) = A. The
converse is obvious. O

Definition 3.6. A subset A of a topological space (X, 1) with the operations
v, v is called a

1. Cyyy-set if A=UNV, where U € 7(, ) and V is an az‘,m,)-set,

2. By n-setif A=UNV, where U € 7, and V is a t(, . -set,

3. Siyn-set if A=UNV, where U € T(y 4y and V' is a $( ,)-s€t,

4. Byyny-set if A=UNV, where U € 14 ) and V is a ﬂ(*%v,)—set,

5. **-open set if spInt(y 1 (A) = Int, ) (A).

Example 3.7. Observe that in Example [2.6,
1 T(y ) = {0, X, {a, b}}
2. o, n-set = {0, X, {a},{b},{c} . {a,c},{b,c}}.
3. tiyny-set = {0, X, {c}}.
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4. s(on-set = {0,X, {a}, {b}. {e}, {a,c}. {b,c} ).

5. Bt y-set = {0, X, {c}}.

6. Cryn-set = {0, X, {a}, {b}, {c}, {a, b}, {a, ¢}, {b, c}}.
7. Biyoyset = {0. X, {e}, {a. D}}.

8. Sty )-set = {0, X, {a}. (b}, {c}. {a.b}, {a.c}, {b,c}}.
9. Byny-set = {0, X, {c}, {a, b}}.

10. B**-open set = {0, X, {a,b}}.

Proposition 3.8. Let (X,7) be a topological space with the operations v, v
and A a subset of X. Then the following hold:

1. If A is a t(y )-set, then A is an a@ﬁ,)-set,

*

2. If Ais a 5(y)-set, then A is an af, -

set,
8. IfAisa 5677/)—8615, then A is both a t( ) -set and a s(, ) -set.
4. t(y,4)-s€t and s, ) -set are independent notions.

Proof. (1) Let A be a t(y,41)-SEL. Then T(,Y’,Y/)—IH’L(T(%,Y/)—CI(A)) = T(y~')"
Int(A) D 7(y,y)-Int(7(4,,)-Cl(7y-Int(A4))) D 7(;,,-Int(A) and hence 7.,y -
Int(7yy+-Cl(Tyvq-Int(A))) = 7yv4-Int(A). Therefore, A is an o, ,-set.

(2) and (3) are proved in a similar form as (1).

(4) The following examples shows that the notions of a t(, /) -set and a s /-
set are independent.

Remark 3.9. The converse of the statement in Proposition are not true
as seen in the following examples.

Example 3.10. Let X = {a,b,c} and 7 = {0, X, {a}, {c},{a,c},{a,b}}. We
define the operations v,y : 7 — P(X) as follows

y Ay A if A ={a} or {c},
AT=4 _{Au{a,c} if A # {a} and {c}.

Then 74,y = {0, X, {a},{c},{a, c}}. If we take A ={a}, then A is an af, .-
set and a t( y-set, but it is neither a sy )-set and nor a B(*%W,)-set.

Example 3.11. If in Ezample and Ezample we take A = {b}, then
gf*is an ??v,v’)'set and a s(yy-set, but it is neither a t(y-set and nor a
(v.y) 5t

Proposition 3.12. Let (X,7) be a topological space with the operations vy, v
and A a subset of X. Then the following hold:

1. If A is an 04(*7 7,)-set, then it is a C, ) -set,
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2. If A is a t(, ., -set, then it is a B(, ) -set,
3. If A is a s(,)-set, then it is a S, ) -set,
4. If A is a ,BZ‘,Y y-set, then it is a By ) -set.

Proof. 1. Let A be an a?,m,)
and hence A is a C(, ,)-set.
2. Let A be at(, ) -set. If we take U = X € 7(,,), then A = UN A and hence
Ais a By )-set.

3. Let A be a s(,-set. If we take U = X € 7, ), then A = U N A and
hence A is a S(, 4/)-set.

4. Let A be a B(*%W/)—set. If we take U = X € 7(,,,), then A = U N A and
hence A is a B, ,)-set. O

-set. If we take U = X € 7, 4, then A=UNA

Remark 3.13. The converse of the statements in Proposition are not
true. In Ezample {a,b} is a C, y-set (resp. By yn-set, S(yq0)-set,
B,y -€t), but it is not an aaﬁ,)—set (Tesp. t(y,yy-5€t, 5(y )-Set, ﬂz‘%ﬂ/)—set).

Proposition 3.14. Let (X, 7) be a topological space with the operations vy, v'.
1. Every B, -set is a C( 4y -set,
2. BEvery S(y~-set is a C(y )-set,
3. Bvery B(y,,n-set is both a B, ,-set and a S ) -set.

Proof. The proof follows from Proposition and Definition [3.6] O

Remark 3.15. The converse of the statements in Proposition |3.14] are not
true and By, ,y-set and S, 4y -set are independent notions. In Example
{a,b} is a By -set but it is not a Sy ) -set and not a P ) -set. In Example
{b} is a C(y ) -set and a S(y ) -set but it is neither a B, )-set nor a

By, -S€t.

Remark 3.16. Observe that if (X, 7) is a topological space with the operations
v, v'. Then B**-open and (*-set are independent notions. See Example .

Remark 3.17. We have the following implication diagram.

By,4)-s€t — B(*mv,)—set — B(y,1)-set
A Ve N\ \:
S(yyn-set = 8(y4)-set 4 tyyy-set  — By y)-set

¢
a?%v’)_set
v

Ciyr)-set
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Theorem 3.18. For a subset A of a space (X, T) with the operations v,~', the
following properties are equivalent:

1. Ais (v,7')-open,

2. Ais a (7v,7)-a-open set and a C(y ) -set,

3. Aisal(y,y)

4. Avis a (v,7')-semiopen set and a S, ) -set,
)

5. Aisa (v,

Proof. The proofs of (1)—(2), (1)—(3), (1)— (4), (1)—(5) are obvious.
(5)—(1): Let A be a (v,7')-semipreopen set and a f(, ,-set. Since A is a
B(y,y-set, A =U NV, where U is a (v,7')-open set and V is a ﬁ{%,y,)—set. By
the hypothesis, A is also (v,7’)-semipreopen and we have

") -preopen set and a B(%A{/)-set,

-semipreopen set and a B(%y)-set.

A C Cliy Ity 5y (Cliy,51) (A)))
= Cly 50 (It (y 3y (Cliy, 4 (U NV)))
C Cliyyy (It(y 3 (Cliy 41y (U) N Cliy 41 (V)
= Cliy 41 (It (y 5y (Cliy, ) (U)) NIty ) (Cliy 4 (V)
C Cliyyy(Inty )(Cl(v ) (UN) N Clig 1) (It (Cliy ) (V)
C  Clpy,yy(Int gy 4 (Cliy 4y (U))) NIty 4y (V).
Hence
A = UNV

= UnV)nU
(Cliy 77y (Int (47 (Cliy,) (U))) NIty 5y (V) NU
= (Cl(%,Y (Int(,Y ' )(Cl(,Y 4 ( ))) N U) N Intw ’Y’)(V)

Notice A = UNV D U NInt, (V). Hence A = U N Int(y (V). (2)=(1),
(3)—=(1), (4)—(1) are shown simllarly

N

4. Decompositions of (v,~)-continuity

Definition 4.1. Let (X, 1) and (Y, 0) be two topological spaces, v,~' operations
on 7. A function f : (X,7) = (Y,0) is said to be C( ) -continuous (resp.
By 41y-continuous, S ) -continuous, B, -continuous) if for each V € o,
F7HV) is a Cy yry-set (resp. By r)-set, S(yr)-set, Byyqr-set).

Remark 4.2. It is clear that the definition of C(., . -continuous function (resp.
B(y,4y-continuous, S( ) -continuous, B(,Y_,,Y/)-continuous) generalize the no-
tions of Cryy~r-continuous function (resp. By -continuous, Sy -continuous,
By~ -continuous) defined in [f)] and also in the case that the operations v and
~' are the identity operations, it is easy to see that Deﬁm’tion generalizes
the well-known concepts of continuity in general topology such as; a-continuous
function [1Z], semi continuous functions [6]], precontinuous function [8], (-
continuous function [1].
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Proposition 4.3. Let f : (X,7) = (Y,0) be a function and vy, operations
on 7. Then

1. Bvery B, y)-continuous function is C’(%W/)—continuous.
2. Every Sy~ -continuous function is C( ) -continuous.
3. Bvery B(y 4 -continuous is both By, ) -continuous and S( )-continuous.

Proof. The proof follows from Proposition O

Theorem 4.4. Let (X,7) and (Y,0) be two topological spaces and let ~v,~'
operations on 7. For a function f : (X,7) — (Y,0), the following properties
are equivalent:

1. f is (v,7)-continuous.
is (7,7')-a-continuous and C( ) -continuous.
3. fis (v,7')-precontinuous and By ., -continuous.
4. f is (v,7')-semicontinuous and S ~)-continuous.
5. fis (7,7)-semiprecontinuous and B ) -continuous.
Proof. The proof follows from Theorem [3.18] O

Remark 4.5. The notions of (7y,7')-a-continuity, C ) -continuity, (v,7')-
continuity, B -continuity, (y,7")-semicontinuity, S ) -continuity, (v,7')-
semiprecontinuity and (vy,7')-continuity are independent of each other as seen
in the following examples.

Example 4.6. Let X = {a,b,c} and 7 = {0, X, {a},{c},{a,c}, {a,b}} and
o={0,X,{a},{c}, {a,c}}. We define the operators v,7 : 7 — P(X) by

oA A if A ={a},
AT=A1 _{ AU{a.c) if A+ {a}.

Then 7(y ) = {0,X,{a},{a,c}}. Define a function f : (X,7) = (Y,0) as
fla) = f(b) = a, f(c) = c. Then f is Cy )-continuous (resp. By -
continuous, (7y,7")-semicontinuous and (vy,~")-semiprecontinuous), but it is not
(7,7')-a-continuous (resp. vV v'-precontinuous, S~ -continuous and B -
continuous).

Example 4.7. Let X = {a,b,c} and 7 = {0,X,{a},{a,b}} and
o = {0,X,{a}, {b},{a,b}}. We define the operators v,y : 7 — P(X) by
v(A) = CI(A) and ~'(A) = Int(CL(A)) for all A € 7. Then () = {0, X}.
Define a function f : (X,7) = (Y,0) as f(a) = f(¢) = a, f(b) = b. Then
[ is both Sy -continuous and (v,~")-precontinuous, but it is neither (v,7')-
semicontinuous nor B(, . -continuous.
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Example 4.8. Let X = {a,b,c,d} and 7 = {0, X, {a},{b}, {c}, {a,b},
{a,c},{b,c},{a,b,c},{a,b,d}} and o = {0,Y,{a},{b},{a,b}}. We define the
operations v,y : T — P(X) by

Int(C1(A4)) i A ={a},

ClA)  if A # {a).
Then Ty = {0, {a},{c}, {a,c},{a,b,d}, X}. Define a function f: (X,7) —
(Y,0) as f(a) = f(c) = a, f(b) = f(d) = b. Then f is By ~)-continuous, but

it is not (v,v')-semiprecontinuous.

A“’AV/{

Example 4.9. Let X = {a,b,c} and 7 = {0, X, {a},{c},{a,c},{b,c}} and
o={0,X,{a}}. We define the operations v,7 : 7 — P(X) by

A :{ Int(CI(A)) if A = {a},

X if A # {a}.
Then 7'(77 = {0,{a}, X}. Define a function f : (X,7) = (Y,0) as f(a) =
fle) = (b) = b. Then f is (v,7)-a- contmuous but it is not Cpy -
contznuous,
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