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Fixed point on complex partial b-metric spaces with
application to a system of Urysohn type integral
equations

Ismat Beiﬂ Arul Joseph Gnanaprakasanﬂ and Gunaseelan Manﬂ

Abstract. Sufficient conditions for existence of common fixed point on
complex partial b-metric spaces are obtained. Our results generalize and
extend several well-known results. In the end we explore applications of
our key results to solve a system of Urysohn type integral equations.
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1. Introduction

Backhtin [3] and Czerwik [5], presented the concept of b-metric spaces and
provided a framework to extend the results already known in the classical set-
ting of metric spaces. Azam, Fisher, and Khan [2] gave the notion of complex
valued metric spaces and proved some common fixed point theorems under the
contraction condition. Rao, Swamy, and Prasad [10] introduced the definition
of complex valued b-metric space, and a scheme to extend the results in this
setting, as well as proving the common fixed point theorem under contraction
conditions. Dhivya and Marudai [7] introduced the concept of complex par-
tial metric space and suggested a plan to extend the results to this setting, as
well as obtained common fixed point theorems under the rational contraction
condition. Afterward several other researchers have introduced and studied
intriguing concepts in metric spaces and their applications [[1], [4], [6], [8],[11]].
Recently Gunaseelan [9] further extended and introduced the concept of com-
plex partial b-metric space and proved the existence of fixed point of contractive
mappings. In this paper, we prove some common fixed point theorems on com-
plex partial b-metric spaces under rational type weakly increasing mappings
with application to solve a system of Urysohn type integral equations.
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2. Preliminaries

Let C be the set of complex numbers and wq,ws, w3 € C. Define a partial
order < on C as follows:
w1 X wy if and only if R(w1) < R(ws), Z(wy) < Z(wa).
Consequently, one can infer that w; < ws if one of the following conditions is
satisfied:

(1) R(w1) = R(wa), Z(w1) < Z(w2),
(i)R(w1) < R(wz), Z(w1) = L(w2),
(111)R(w1) < R(WQ), I(wl) < I(wg

(iV)R(UJl) = R(wg), I(wl) = I(WQ
In particular, we write w; 3 we if wi # wy and one of (i), (4i) and (i74) is
satisfied and we write w1 < wy if (4i%) is satisfied. Notice that

(a) If 0 = wy 3 wa, then |wi| < |wal,

(b) If w1 < we and wa < w3 then wy < w3,

(¢) If n,y € R and 1 <~y then nw; < yw; for all 0 < w; € C.

Definition 2.1. [I0] Let T be a non-void set and let s > 1 be a given real
number. A function §: T x T — C is called a complex valued b-metric on T if
for all Z,0,8 € T the following conditions are satisfied:

(i) 0 X 6(Z,0) and 6(Z,0) = 0 if and only if Z = o;

(ii) 6(Z,0) = 0(0, 2);

(iii) §(Z,0) 2 s[d(Z,8) + 6(8,0)].

The pair (T,0) is called a complex valued b-metric space.
Here C*(= {(B,0)|3,0 € RT}) and RT(= {8 € R|3 > 0}) denote the set
of non negative complex numbers, and the set of non negative real numbers,
respectively.

Definition 2.2. [7] A complex partial metric on a non-void set T is a function
@b : T x T — C* such that for all Z,0,8€ T:

(1) 0 X (2, 2) = peb(Z,0)(small self-distances)

(i) pon(Z.0) = punlc Z)(symmetry)

(iil) peb(Z, Z2) = p(Z,0) = pep(o, o) if and only if Z = o(equality)

(IV) pcb(zv U) = pcb(Za ﬁ) + pcb(ﬁa U) - pcb(ﬁa ﬁ) (trzangulamty)

A complex partial metric space is a pair (T, pep) such that T is a non-void set
and g, is the complex partial metric on Y.

Definition 2.3. [9] A complex partial b-metric on a non-void set Y is a function
Sep 2 T x T — CT such that for all Z,0,8 € T:

(i) 0 X 6ep(Z, 2) % 0e(Z, o) (small self-distances)

(ll) 6cb(Z’ U) = 5cb(07 Z) (Symmetry)

(iii) dep(Z, Z2) = 0p(Z,0) = dep(0, 0) iff Z = o(equality)

(iv) 3 areal number s > 1 and s is independent of Z, o, 8 such that d.,(Z,0) <
5[6017(2’ /6) + 5cb(ﬁ7 U) - 5cb(6a /8) (triangularity).

A complex partial b-metric space is a pair (T,d.) such that Y is a non-void
set and d.p is the complex partial b-metric on Y. The number s is called the
coefficient of (T, dcp).
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Example 2.4. [9] Let T = R* and ., : Tx YT — C* be defined by 64 (2, 0) =
[maz{Z,0}]> +|Z — of® + i{[maz{Z,0}]> + |Z — o3} for all Z,0 € T. Then
(T,6e) is a complex partial b-metric space with coefficient s = 23, but it is
neither a complex valued b-metric nor a complex partial metric.

Now, we define Cauchy sequence and convergent sequence in complex partial
b-metric spaces.

Definition 2.5. [9] Let (Y, d.) be a complex partial b-metric space with co-
efficient s. Then:

(i) The sequence {Z,} in T converges to Z € Y, if lim,, 400 0cp(Zn, Z) =
den(Z, 2).

(ii) The sequence {Z,} is said to be Cauchy sequence in (Y, ) if
limy, ;00 Ocb(Zn, Zm) exists and is finite.

(iii) The space (T, dp) is said to be a complete complex partial b-metric space
if for every Cauchy sequence {Z,} in T there exists Z € T such that
11mn,m~>+oo 6cb(Zn; Zm) = hmn~>+oo 5cb(Zna Z) = 5cb(Z; Z)

(iv) A mapping R: Y — T is said to be continuous at Zy € T if for every
€ > 0, there exists t > 0 such that R(B;,, (Z0,t)) C Bs,, (R(Z0,¢)).

Definition 2.6. Let (T,d.) be a complex partial b-metric space with co-
efficient s > 1. Let (T,=<) be a partially ordered set and for all elements
comparable to each other. A pair (L, M) of self-maps of Y is said to be weakly
increasing if UZ < MU Z and NZ X UM Z for all Z € Y. If U = M, then
we have UZ < U2Z for all Z € Y and in this case, we say that L is weakly
increasing mapping.

Definition 2.7. Let (T,0.) be a complex partial b-metric space with coeffi-
cient s > 1. A point Z € T is said to be common fixed point for the pair of
self mappings (U,M) on Y is such that Z2 =U1Z =NZ.

Theorem 2.8. [9] Let (T,6) be a complete complex partial b-metric space
with coefficient s > 1 and U : T — Y be a mapping satisfying:

0ecp(UZ,Uo) = A[0ep(Z,UZ) + dep (0, Uo)]

for all Z,0 € Y, where X € [0,2]. Then U has a unique fized point Z* € T
and 6op(Z2*, 2*) = 0.

3. Main Results

In this section we prove some common fixed point theorems on complex
partial b-metric space for rational type weakly increasing mappings.
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Theorem 3.1. Let (T,0.) be a complete complex partial b-metric space with
the coefficient s > 1 and M, U: T — Y be two weakly increasing mappings such
that

Yécb(Z,UZ)(scb(O’, |_|O')
5Cb(Z,O')
forall Z,c € Y, 6p(Z,0) £ 0 with Y > 0,Y + A <1 or §s(LZ,Mo) =0 if

0cb(Z,0) = 0. If U or M is continuous then the pair (U, M) has a common fized
point B € T and 0.(8,8) = 0.

dep(LZ,MNo) = + Adep(Z,0)

Proof. Let Zy be an arbitrary point in T and define a sequence as follows:

Zoky1 = UZg;
Z2k}+2 = rlZQk-‘rL k= 0,1,2,....

Since U and M are weakly increasing,

Zi=UZy XNUZy=NZ = 2y

Zo=MNZ UMNZ =UZy = Z3.
Continuing this way, we have 21 < Z5, < ... 2 Z, X Z,41..
Assume that 6. (Z2k, Zok+1) > 0 for all k € N. If not, then ng = Zopy1 for
some k. Then for all those k, 2o, = 2241 = UZ5, and the proof is completed.

Assume that d.p(Z2k, Zak+1) > 0 for k = 0,1,2,.... As 2y and Zop4q are
comparable, so we have

Oev(Zokt1, Zokt2) = 0ot (UZ2k, MZ0k41)
Oeb(Zok, UZok)0ct (Zok+1, M Z2k41)

Ocb(Z2k, Z2k+1)
= Y0t (Zok41,MNZok+2) + Aeb (Z2k, Zok41)

A
Seb (Zok+1, Zok42) = - Y5cb(22k722k+1)-

IA
=<

+ Abeb(Zoks Zok41)

A
Now with n = Fp—t we have

Seb(Zon i1, Zonra) = hdp(Zak, Zaki1) = ... 2 h2F16,4(20, 21).

For n > m, we get

Scb(Zmy Zn) = 80e(Zm, Zms1) + 820 (Zmits Zma2) + 0 + 8" 0 (Zn—1, Zn)
- 5cb(Zm+1> Zerl) - 5cb(Zm+2a Zm+2) - 5cb(Zm+37 Zm+3)
— ... *5cb( " th_l)

(sn™ + ™ o 8" )8 ( 20, 21)

= s (1 +sn+--+s"" "™ N54(20, 21)

8 m
SN 5020, 21).
s1

IA

PN

1—
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Consequently,

—
©

=

=

|6cb(Zma Zn)l S

- (21, 20)| = 0

as m,n — +oo which implies that lim,, ,— oo 0ct(Zm, Zr) = 0 such that Z,
is a Cauchy sequence in Y. Since (T, d.p) is complete, there exists 8 € T such
that Z, — 8 and

5cb(ﬂ,ﬂ) = hl>n+ 6Cb(572n) hm 5cb(Zn,Z ) 0.

mn~>

Without loss of generality, suppose that MM is continuous in (T, ). Therefore
MZop4+1 — MNB in (T, 60). That is

5cb(|_|ﬁ7 Hﬁ) = nll)r-&{loo §cb(mﬁ7 |_|Z2n+1) = ngr—ir-loo 5cb(|_|ZZn+17 |_|Z2n+1)~
But
dep(MB,MB) = ngffoo Seb(MZ2n41,MNZ2p41) = ngffoo deb(Zant2, Zont2) = 0.

Next we will prove (3 is a fixed point of M.

601)(“67 B) j 3{6Cb(l_lﬁ7 H2'72714-1) + 5cb(ﬂZ2n+la ﬁ)} - 6cb(|_|Z2n+1a |12271—1-1)-

As n — +oo, we obtain |§. (M3, 8)] < 0. Thus, 64(75,8) = 0. Hence
8eb(B,8) = 0ep(8,718) = dep(MB,MB) = 0 and so MB = B. Therefore LB =
ng =g and d. (6, 8) = 0. O

In the absence of the continuity condition for the mapping M, we get the
following theorem.

Theorem 3.2. Let (T,0.) be a complete complex partial b-metric space with
the coefficient s > 1 and M, U: T — T be two weakly increasing mappings such
that

Yo (Z, UZ)(SCb(O', |_|O)
5cb(Z; O’)
forallZ 0 €Y, 0(Z2,0) 0 withY >0, AL >0, Y+A <1ords(LZ,Mo)=0
if 9ep(Z,0) = 0. Suppose T satisfies the condition that, for every increasing

sequence {Z,} with Z, —  in T, we necessarily have § = sup Z,,, then the
pair (U,M) has a common fixed point 5 € Y and §.(5,5) = 0.

Proof. We know that Z, < 8 for all n € N. Following the proof of Theorem
it is enough to prove that (3 is a fixed point of LI. Suppose § is not a fixed
point, then we have d.(3,U8) = w > 0 for some w € C, we obtain
w =X 3[5011(67 Z2n+2) + 6<,b(22n+27 U/B)] - 6cb(22n+2a 22n+2)
= 5[0t (B, Zan+2) + 0 (MZ2n 11, UB)] — deb(Zan+2, Zon+2)
(

)
ST (B, Zamsa) + v 2 Zan i1 1 Zan11)00 (B, LIF)
)

(5cb(I_IZ, HJ) =<

+ Adep(Z,0)

Oct(Zan+1, B)
+ Kb (Z2n+15 B)] — 0cb(Zo2nt2, Z2n+2)-
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Suppose (5, 8) = 0, taking limit as n — +oo, we have w < 0, which is a
contradiction. Therefore 8 is a fixed point of L.

For 6.(8,6) # 0, taking limit as n — 400, we have w =< Ydz,(8,UB) +
Adep(B, ) and so, |w| < (Y + A)|wl|, since Y + A < 1, we get a contradiction,
which implies that 8 = US. Therefore, by Theorem [3.1] we get U =138 =
and (8, 8) = 0. O

Theorem 3.3. In addition to Theorem suppose that the set of common
fixed points of LI and M s totally ordered if and only if LI and M have a unique
common fixzed point.

Proof. Suppose now that the common fixed points of U and M are totally or-
dered. We have to prove that common fixed points of LI and M are unique.
Assume that on the contrary § and ¢ are distinct common fixed points of LI
and M. By supposition, we replace p by 8 and o by ¢ in Theorem [3.1] we obtain
for 54(8,q) # 0,

501)(5’ Q) = 5cb(|—|5a I_IQ)
6cb(5a I—lﬂ)acb(% I_IQ)
j v 5cb(ﬁa Q)
= )\6cb(ﬂ7 Q)v

+ A(Scb(ﬂa q)

which is a contradiction. Hence 8 = ¢q. Conversely, if LI and M have only
one common fixed point then the set of common fixed point of LI and M being
singleton is totally ordered. O

Corollary 3.4. Let (Y,ds) be a complete complex partial b-metric space with
the coefficient s > 1 and M: T — Y be a weakly increasing mapping such that

Y0ep(Z,MZ)dep(0, Mo

Mz, <
6Cb( Z7 J)_ 5cb(ZaG)

=+ A(Scb(z70')

forallZ 0 €Y, 0(Z,0) 0 withY >0, A >0, Y+ A <1ordu(LZ,Mo)=0
if 6ep(Z,0) = 0. Suppose N is continuous or for every increasing sequence { Z, }
with Z, — B in Y, we necessarily have 8 = sup Z,, then M has a fized point
B €T and dop(8,8) = 0. Moreover, the set of fized points of N is totally ordered
if and only if M has a unique fixed point.

Corollary 3.5. Let (Y,d.) be a complete complex partial b-metric space with
the coefficient s > 1 and M: T — T be a weakly increasing mapping such that

Y&Cb(z, I‘I”Z)dcb(a, ﬂnd)

M"2,Mo) <
%e("2,M"0) = 5(Z.0)

+ Ao (2, 0)

forallZ,0 €Y, 0(Z,0) 0 withY >0, A >0, Y+ A <1ords(LZ,Mo)=0
if 0cp(Z,0) =0. Then M has a unique fized point.
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Proof. By Corollary we obtain 8 € T such that M"8 = 3. Suppose
de(MB, B) = 0, the proof is finished. If 6.,(M3, 8) # 0, we have

5517('_'53 5) = 5517('_' |—|n ﬂv Hnﬁ) = 5Cb(|_|n r 57 HTLB)
6cb(ﬂ/3,;:(6ﬂ>§c;()ﬂ, TB) 4 464(8,18)
= (Y + A)(S-Cb(ﬁv l_lﬂ)v

=Y

which is a contradiction. Therefore NS = 3. O

Example 3.6. Let T = {1,2,3,4} be endowed with the order Z < ¢ if and
only if 0 < Z. Then < is a partial order in Y. Define the complex partial
b-metric space dqp : T x T — CT as follows:
(Z,0) der(Z,0)
(LD, 2.2) 0
(1,2),(2,1),(1,3),(3,1),(2,3),(3,2),(3,3) e
(LA),(4,1),(2.4),(1,2),(3.4),(4,3),(44) | 07
It is easy to verify that (T, ) is a complete complex partial b-metric space
with the coefficient s > 1 for y € [0, §]. Define L,M: YT — T by LZ =1,

n(z) = {1 if Z e {1,2,3}

2 itZ2=4.

Then, LI and M are weakly increasing with respect to < and continuous. Now
for Y = A = %, we consider the following cases:

(a) If Z=1and o € T—{4}, then U(Z) =M(0) =1 and 6, (LU(Z),M(c)) =0
and the conditions of Theorem [3.1] are satisfied.

(b) If Z2=1,0=4, then UZ =1, Mo = 2,

Sep(UZ,Mo) = e®¥ < 9 A e

_ (0)9e? 24y
=Y 0c2iy + A9e
5cb(Za UZ)dcb(O', HU)
= (2, 0).
Y 50(Z.0) + Aden(Z,0)

(c) f Z2=20=4,then UZ =1,MNo =2,

Sep(UZ,Mo) = ¥ < (Y +90)e™
(62iy)962iy

Qe21y
501)(27 uz)dcb(gv HU)

= Z,0).
e

+ A9e%W
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(d) If Z=3,0=4, then UZ =1, Mo = 2,

Sep(UZ,M0) = e*¥ < (Y +94)e'?Y

(eQiy)geQiy

_ 21y

=Y 9e2iy + A9e

L 0ap(Z,UZ)dep(0,Mo)

=Y 50(Z.0) + Ao (Z, 0).

() f Z2=4,0=4,then UZ =1, Mo =2,

Sep(UZ,M0) = > < 9(Y + A)e'?Y
B (9e2)9e%y 2y
565(2, LIZ)(SC;,(J, HG’)
(501,(2, 0’)

+ Ao (2, 0).

Moreover, for Y = A = é, with A+ A = % < 1, the conditions of Theorem
[3:1] are satisfied. Therefore, 1 is the unique common fixed point of LI and
M.

4. Application

Now we prove an existence theorem for the common solution of two Urysohn
type integral equations. Consider the following system of Urysohn type integral
equations.

(4.1) Z(q) = b(q) + [Y Gi(q, s, Z(s))ds
' Z(q) = blq) + [ Ga(q, s, Z(s))ds,

where
(RO) Z(g) is an unknown variable for each ¢ € [z,y], z > 0,
(R1) b(q) is the deterministic free term defined for g € [z, y],
(R2) Gi(g,s) and Ga(g, s) are deterministic kernels defined for ¢, s € [z, y].
Let T = (Clz,y],R™), ¢ > 0 and 6 : T x T — R™ defined by
5e(Z2,0) =|Z -0l +2+i(|Z - 0" +2),

for all Z,0 € T.

Obviously (C[z,y], R™, ) is a complete complex partial b-metric space with
the constant s > 1. Further let us consider a Urysohn type integral system as
under the following conditions:

(1) blg) € T;
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(2) for all ¢, s € [x,y], we have

G1(q,s,i(s)) = Ga(s, k,b(s) / G1(s, k,i(k))dk)

and

%@&W»iQ@@M®+/%M%W@W$

(3) G1,G2 : [z,y] X [r,y] x R" — R™ are continuous functions satisfying

i—g2 2
20y—z) y-—=

G1(g,5,i(s)) — G2(g,s,5(s))| X \/

We apply Theorem [3:I]to prove the existence of a unique solution of the system

)

Theorem 4.1. Let (Clz,y],R™, pcp) be a complete complex partial b-metric

space, then the system (4.1)) under the conditions|(1)H(3) has a unique common
solution.

Proof. For Z € T and q € [z, y], we define the continuous mappings U, M : T —
T by

uam:mw+/ﬂh@&Z@Ma

and

NZ(s) =b(q) + /y Ga(q,s, Z(s))ds

From the condition the mappings LI and M are weakly increasing with
respect to <. Indeed, for all g € [z,y], we have

M@:wwf%m@a»@

/Ggskb /Glskz )dk)

—|—/ Ga(q,s,UZ(s))ds

Therefore UZ(q) =< M(UZ(q)). Similarly, one can easily see that MZ(s) =<
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U(MZ(s)). Next we have
Sen(LUZ(q),Mo(q)) = |U Z(q) — No(q)* + 2 +i(| U Z(q) — No(q)]* +2)

- / |G, 5, 2()) — Calg, 5,0(s) Pp + 2

</ (G1(g,2, 2 >>—Gz<qas,o<s>>|2dp+z)

j/x (Q(yﬂ;) yQI)dp+2
H(/: <2|§y_j|j)_y2r>dp+2)
_ |i—2j|2+i(|i—2j|2)

_ 2 - 2
j|Z jl 14 (% 2JI +1)

2
= (i —g* +2+i(ji = §|* +2))
- Aéeb(iaj)a

for all Z,0 € Y. Hence, all the conditions of Theorem are satisfied for
Y + A(= 3) < 1 with Y = 0. Therefore, the system of integral equations ([4.1])
has a unique common solution. O

5. Conclusion

In this paper, we proved some common fixed point theorems on complex
partial b-metric spaces for a pair of weakly increasing mapping satisfying ra-
tional type contraction conditoion. An illustrative example and application to
Urysohn type integral equations on complex partial b-metric space is given.
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