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On almost pseudo M-Projectively symmetric Riemannian
manifold

Mohabbat Al{f], Quddus Khan[| and Mohd Vasiullg]

Abstract. In this paper, we have studied an almost pseudo M-
projectively symmetric Riemannian manifold and obtained some inter-
esting and fruitful results on it.
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1. Introduction

Let (M™, g) be a Riemannian manifold of dimension n with the Riemannian
metric g and V be the Levi-Civita connection with respect to the metric g. In
1971, Pokhariyal and Mishra [§] introduced and studied a new curvature tensor
of type (1,3) in an n-dimensional Riemannian manifold known as M-projective
curvature tensor (M) and defined by

M(X,Y,Z)=K(X,Y,Z) - [Ric(Y, Z)X — Ric(X, Z)Y

1
2(n—1)
(1.1) +9(Y, 2)R(X) — g(X, Z)R(Y)],

where K denotes the Riemannian curvature tensor of type (1,3), Ric denotes
Ricci tensor of type (0,2) and R denotes Ricci tensor of type (1,1), and defined
by

(1.2) Ric(X,Y) = g(R(X),Y).

Consequently (1.1) gives

M(X,Y,Z,V)=K(X,Y,Z,V) - [Ric(Y, Z)g(X,V)

1
2(n—1)
— Ric(X, Z)g(Y, V) + Ric(X, V)g(Y, Z)
(13) - RIC(Yv V)g(Xv Z)]v
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where K and M denote the Riemannian curvature tensor of type (0,4) and
M-projective curvature tensor of type (0,4), respectively, and are defined by

(1.4) K(X,Y,Z,V)=g(K(X,Y,Z),V),
and
(1.5) M(X,Y,Z,V)=g(M(X,Y,Z),V).

From (|1.3]), we have
M(XaYvZa V) = _M(Ya Xa Z7 V)7

(1.6) M(X,Y,Z,V) = -M(X,Y,V, Z),
M(X,Y,Z,V)=M(Z,V,X,Y)

and

(1.7) M(X,Y,Z,V)+M(Y,Z,X,V)+ M(Z,X,Y,V)=0.

If {e;} is an orthonormal basis of the tangent space at each point of the manifold
and ¢ running from 1 to n, then, from (1.3]), we have

(1.8) iM(X,Y,ei,el = 2": M(e; e, Z, V)

i=1

and

iM (e;,Y,Z e;) = i MY, e, e;, Z

i=1

(1.9) = ﬁmic(x Z) - Zg(¥.2),

where r = """, Ric(e;, e;) is the scalar curvature.
It is known that in Riemannian manifold the curvature tensor K satisfies
the following

(1.10) (divE)(X,Y, Z) = (VxRic)(Y, Z) — (VyRic)(X, Z),

where (divK)(X,Y,Z) = Yi", 9((Ve, K)(X,Y,Z),e;) and ‘div’ denotes the
divergence.

A non-flat Riemannian manifold (M™",g), (n > 2), is called a pseudo sym-
metric manifold [2] if its curvature tensor K satisfies the following condition:
(VuK)(X,Y,Z,V) = 2a(U)K(X,Y, Z,V) + «(X)K(U,Y, Z,V)

a(Y)K(X,U,Z,V) + a(Z)K(X,Y,U,V)
(1.11) +a(V)K(X,Y, Z,U),
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for all differentiable vector fields X,Y,Z, U,V and « is called the associated
1-form, and is defined by

(1.12) 9(X, P) = a(X).

Such a manifold is denoted by (PS),. If a = 0 in (L.II), then the pseudo
symmetric manifold becomes a locally symmetric manifold.

A non-flat Riemannian manifold (M™, g), (n > 2), whose M-projective cur-
vature tensor M satisfies the following condition:

(VuM)(X,Y,Z,V) =20(U)M(X,Y,Z, V) + a(X)M(U,Y, Z,V)
+aY
(1.13) +a(V

)M(X,U. 2, V) +a(Z)M(X,Y,U,V)

YM(X,Y, Z,U).

is called a pseudo M-projectively symmetric manifold and is denoted by (PM PS),,.
De and Ghazi [3] introduced the notion of almost pseudo symmetric mani-

folds. A Riemannian manifold (M", g), (n > 2), is said to be an almost pseudo

symmetric manifold if its curvature tensor K of type (0,4) satisfies the following

condition:

(VoK) (X,Y,Z,V) = [a(U) + BU)K(X,Y,Z,V) + o(X)K(U,Y, Z,V)
Y)K(X,U,Z,V) + a(Z)K(X,Y,U,V)

+ af
(1.14) +a(V)K(X,Y, Z,U),

where « and S are non-zero 1-forms defined by g(X, P) = «(X), 9(X,Q) =
B(X). Such a manifold is denoted by (APS),. Here the vector fields P and
Q are called the basic vector fields of the manifold corresponding to the asso-
ciated 1-forms a and (3, respectively. If the basic vector fields P and @ are
orthonormal, then

(1.15) a(P)=1, B@Q)=1 and g(P,Q)=0.
Ifa=p1in , then the (APS),, reduces to a (PS),.

A Riemannian manifold is said to be almost pseudo M-projectively sym-
metric manifold (M™, g), if the following condition is satisfied

(VuM)(X,Y,Z,V) = [a(U) + BU)M(X,Y,Z,V) + «(X)M(U,Y, Z,V)
+a(Y)M(X,U,Z, V) +a(Z)M(X,Y,U, V)

(1.16) +a(V)M(X,Y, Z,U),

where o and S are as stated earlier. Such a manifold is denoted by (APM PS),,.
A Riemannian manifold is said to be an Einstein manifold if [7]

(1.17) Ric(X,Y) = %g(X, Y).
A non-flat Riemannian manifold is said to be a quasi-Einstein manifold if [4]

(1.18) Ric(X,Y) = ag(X,Y) + ba(X)a(Y),
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where a and b are scalar functions.
The Ricci tensor of type (0,2) is said to be of Codazzi type of Ricci tensor
if it satisfies the condition ([I], p.- 355)

(1.19) (VxRic)(Y, Z) = (VzRic)(Y, X).
From ([1.19)), it follows that
(1.20) dr(X) =0.

The above results will be used in next sections.

2. (APMPS),, (n > 2) with constant scalar curvature

Taking covariant derivative of (|1.3]) with respect to U and using ([1.16)), we
have

1
2(n—1)
+ (VyRic)(X, V)g(Y, Z) — (VyRic)(Y, V)g(X, Z)]

+ [(U) + BU)M(X,Y, Z,V) + a(X)M(U,Y, Z,V)

(VUR)(XaKZ7 V) =

[(VuRic)(Y, Z2)g(X, V) — (VuRic)(X, Z)g(Y, V)

+a(YYM(X, U, Z,V)+ a(Z)M(X,Y,U, V)
(2.1) +a(V)M(X,Y, Z,U).
Contracting (2.1)) over U and V' and then using (1.8) and (1.9)), we get
1

(divK)(X,Y, Z) =

2(7’L — 1) [(VXRIC)(K Z) - (VYRiC)(X, Z)

+ 390¥, 2)dr(X) = S9(X, Z)dx (V)]
+20(M(X,Y,2)) + B(M(X,Y, 2)

i ma(X)[Ric(Y, 2)—-9(Y,2)]

(2.2) -3 (n”_ Fa)Rie(X, 2) - %g(X, 7).
In view of the relation gives
;?Z = i’; [(VxRic)(Y, Z) — (VyRic)(X, Z)]
= oo Y 2 (X) = g(X, Z)dx(Y)
+2a(M(X,Y,2)) + B(M, X,Y, Z)
+ ma(X)[Ric(Y, Z) - ﬁg(Y, 7))
(2.3) - ﬁa(Y){Ric(X, Z) - %g(X7 2)}.
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Taking Y = Z =¢; in , we get

g SEB (D) - B a0 - S a(R0) - La()

2(n—1) 2 1) 2(n—1)

As the scalar curvature r is constant, then the relation reduces to

a(R(X)) =

Consequently in view of , the above relation gives
Rie(X, p) = ~g(X, p).

This leads to the following:

Theorem 2.1. In an almost pseudo M-projectively symmetric Riemannian
manifold of constant scalar curvature, - is an eigenvalue of Ricci tensor Ric
corresponding to the eigenvector p.

3. (APMPS),, (n>2) with Codazzi type of Ricci tensor

We suppose that 2a(M(X,Y,Z)) + B(M(X,Y, Z)) = 0, then by virtue of
(1.19) and (1.20) the relation (2.3)) reduces to

n , r
ma(X)[RIC(Yv Z) - Eg(Y, 7))
n , r
Putting X = P in (3.1)), we get
(3.2) t{Ric(Y, Z) — ~g(Y. 2)] = Rice(Y, Z) = ~a(Y)a(2),
where t=a/(P) is a non-zero scalar.
From we have
~ __ "
(33) Ric(Y, Z) = mg(K Z) n(t — l)a(Y)a(Z).
This can be written as
) o Tt _ T
(34) Ric(Y,Z)=ag(Y,Z)+ba(Y)a(Z); a= ni=1) and b = ni=1)

which is a quasi-Einstein manifold. Thus, we have the following result:

Theorem 3.1. Consider an almost pseudo M-projectively symmetric mani-
fold whose Ricci tensor is of Codazzi type. The manifold is a quasi-Finstein
manifold, provided 2a(M(X,Y,Z)) + 8(M(X,Y,Z)) = 0.
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Let us suppose that the M-projective curvature tensor M (X,Y, Z, V) satis-
fies Bianchi’s second identity, that is,

(3.5) (VuM)(X,Y,Z,V)+ (VxM)(U,Y,Z,V)+ (VyM)(X,U, Z,V) = 0.
Taking cyclic sum of over U, X, Y and then using , we get
[a(U) + BU)M(X,Y, Z,V) + a(X)M(U,Y, Z,V)
+a(Y)M(X,U,Z, V) + a(Z)M(X,Y,U, V) 4+ a(V)M(X,Y, Z,U)
+ [ X) + BX) MY, U, Z,V) + (UMY, X, Z,V)
+a(X)M(U,Y, Z,V) +a(Z)M(Y,U, X, V) + a(V)M(Y,U, Z, X)
+ [(Y)+ B M (U, X, Z,V) + a(Y)M(X,U, Z,V)
(3.6) +a(U)M(Y,X,Z,V)+a(Z)MU,X,Y,V)+a(V)MU,X,ZY) = 0.
In view of and the relation gives
[BU) = a(U)IM(X,Y, Z,V) + [B(X) — «(X)]M(Y,U, Z,V)
(3.7) +BY) —aW) MU, X,Z,V)=0
which implies
n(U)M(X,Y,Z,V)+n(X)M(Y,U,Z,V)
(3.8) +n(Y)M(U, X, Z,V) =0,

where n(U) = B(U) — a(U) = g(U, p).
Contracting (3.8)) over U and V' and using (1.9)), we get

IM(X,Y,2)) = 5o sn(ORIe(Y, Z) = 2g(Y, 2))
(3.9) +ﬁn(Y){Rm(x, Z) - %g(X, Z)} = 0.
Using in (3.9), we have
(3.10) n(M(X,Y, Z)) = 0.
Now putting U = p in and using (3.10)), we get
(3.11) n(p)M(X,Y, Z) = 0.

Hence, either the manifold is M-projectively flat, or n(p) = 0. But an M-
projectively flat manifold is of constant curvature. Then p is a null vector field
or the manifold is of constant curvature.

Thus we can state the following theorem:

Theorem 3.2. In an Einstein (APMPS),, (n > 2), if the M-projective cur-
vature tensor satisfies Bianchi’s second identity, then the manifold is either
a manifold of constant curvature, or the vector field p defined by g(U,p) =
B(U) — a(U) is a null vector field.



On almost pseudo M-projectively symmetric Riemannian manifold 61

4. Ricci symmetric (APMPS),, (n > 2)

Contracting (2.1) over X and V and using (1.9)), we get

(VuRic)(Y, Z)

B ﬁ[(” —1)(VyRic)(Y, Z2) + g(Y, Z)dr(U)

—(VuRic)(Y, Z2)] + [a(U) + BU)][Ric(Y, Z) — %Q(Y, Z)]

2(n—1)

+a(M(U.Y. 2)) + o(Y)[Ric(U. 2) ~ ~g(U, Z)]

2(n—1)

D (Z)[Ric(Y,U) — %g(K U)] + a(M(U, Z,Y)).

(@) 5y

If the manifold is Ricci symmetric then
(4.2) (VyRic)(Y,Z)=0 V UY,Z

which on contraction over Y and Z gives

(4.3) dr(U) = 0.
Using and in (4.1)), we have

2= ) + AONRiC(Y 2) = (¥, 2)]

oMUY, 2)) + 550 (V)Rie(U, 2) = 1o(U. 2)
(4.4) + ﬁa(Z)[Ric(Y, U) — %g(Y, U)] + a(M(U, Z,Y)) = 0.
Taking Y = Z =e; in , we get
(4.5) a(R(U)) = Za(U).

n
Putting Z = P in (4.4) and using (1.15)), (4.5) we get
Ric(Y, U) = ~g(Y.U).
Hence the manifold is an Einstein manifold.
This leads to the following theorem:

Theorem 4.1. A Ricci symmetric (APMPS),, (n > 2), is an Einstein man-
ifold provided the basic vector fields are orthonormal vector fields.

Taking covariant derivative of (|1.3) with respect to U and using the condi-
tion of Ricci symmetric manifold, we get

(VuM)(X,Y,2,V) = (VuK)(X,Y. Z,V).

This leads to the following;:
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Theorem 4.2. Every Ricci symmetric (APMPS),, (n > 2), is an almost
pseudo symmetric manifold.

Taking covariant derivative of ([1.3]) with respect to U and then taking cyclic
sum with respect to U, X and Y, we get

(VuM)(X,Y,Z,V) + (VxM)(Y,U,Z,V) + (VyM)(U,X.Z,V)
=(VyK)(X,Y,Z,V)+ (VxK)(Y,U, 2, V) + (VyK)(U,X.Z,V)

— T[(VURic)(Y, 2)9(X,V) 4+ (VyRic)(X, Z2)g(U,V)

2(n — 1)
+ (VxRIiQ)(U, 2)g(Y, V) — (VuRic)(X, Z)g(Y, V)
— (VxRic)(Y, Z)g(U, V) — (VyRic)(U, Z)g(X, V)
+ (VuRic) (X, V)g(Y, Z) + (VxRic)(Y, V)g(U, Z)
+ (Vy Rie)(U, V)g(X, Z) — (Vy Rie)(Y, V)g(X, Z)
(4.6) — (VyRic)(X,V)g(U, Z) — (VxRic)(U,V)g(Y, Z)]

which in view of Bianchi’s second identity, the above relation gives
(VoM)(X,Y,2,V) + (VxM)(Y, U, Z,V) + (Vy M)(U. X.Z,V)
1

~ 50—y [(VeRiO) (Y, 2)g(X, V) + (VyRic) (X, 2)g(U, V)

(4'7) - (VYRiC) (X’ V)g(U, Z) - (VXRiC)(U’ V)g(Y, Z)]

If the manifold is a Ricci symmetric manifold [6], then the relation (4.7) reduces
to

Hence we can state the following theorem:

Theorem 4.3. In a Ricci symmetric (APMPS),,, (n > 2), the M -projective
curvature tensor satisfies Bianchi’s second identity.

5. Existence of an (APMPS),

We define a Riemannian metric g on the 4-dimensional real number space
R* by the relation

(5.1) ds® = gizdz'de? = x*[(dz')? + (do?)? + (dz?)?] — (dz?)?,

where 4,5 = 1,2,3,4. Then the non-vanishing components of covariant and
contravariant metric tensor are

(5.2) g11=go2 = gaz3 = ', gaa = —1
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and

1

44
- -1
zl g

(5.3) gl = g2 = g3 =

In the metric considered the only non-vanishing components of the Christoffel
symbols are (see [5])

(5.4) {i}:{é}:{é}:z;’
(5:5) {212} = {313} = _ﬁ'

The non-zero derivatives of equations (5.4)) and (5.5)) are as follows:

(5.6) ail{111}:£1{122}:ail{133} :_ﬁ’

e et ) = 5 ) = 2
The Riemannian curvature tensor is as follows:
2 o m m}
(5.8) R, = ; 1t Zlk Z{
oy L] (Lot} o)
=I =IT

The non-zero components of (I) in (5.8) are as follows:

o (1 1
1 - -
Kom = . {22} T Eh

0 1 1
1 — =
Ko = g {33} T 2(xl)?
(

and the non-zero components of (II) in are:

= {51 L) = {3} Lo} = { }{ )
b= {5} Gof =4 o) = L) U~ 1)
o= {iaf {oaf A o) = L) U3 - ()

Now using these components in (5.8]), we get

1 _ gl 2 _
Koy = K331 = — and  Kjizy =

4(z1)?
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Thus the non-vanishing components of the Riemannian curvature tensor of type
(0,4), up to symmetry, are

K = K = —— R < = —
1221 1331 opl’ 2332 =
and the Ricci tensor of type (0,2)
. ij 1
Riciy = gY Kyij1 = — (@12’
Ri — 0T Koo — — 1
1022 = g~ N 2452 = A(z1)2’
Ri — (T Kain = — 1
1€33 = 97" 183453 = A(z1)2’

Ricas = g Ky454 = 0.

The scalar curvature r is

r= gHRicll + g22Ri(222 + g33Ri033 + g44RiC44 = —

2(1’1)3 :

Now, the non-vanishing components of the M-projective curvature tensor are
as follows:

- - 7 ~ 1
. Mygor = Mgy = ———, Mgz = —
(5.9) 1221 1331 gapt: Mass2 =31
and their covariant derivatives
(5.10) Nzt 1 = Missi1 = ———— Npggoq = ——
. 12211 = Mizs11 = 24(z1)?’ 2332,1 = 312’

where ‘,” denotes the covariant derivative with respect to the metric tensor.
Note that the associated 1-forms are as follows:

if i= -4 ifi=
(5.11) a;(z) = {0’1 fi=1 Bi(x) = { “ Fi=l

. ) .
x+, otherwise —x*, otherwise,

at any point x € R*. To verify the relation (I.16)), it is sufficient to check the
following equations:

(5.12) M1221,1 =[on + /31]M1221 + 01M1221 + 0¢2M1121 + G2M1211 + 041M12217

(5.13) M1331,1 = [ou + B1]Mizs1 + oy Mizsy 4+ s Mz + a3 Mizig + ay Missg,

and

(5.14) Magza1 = [ + B1] Mazaz + aaMizss + asMayzg + a3 Magio + ao Masa: .
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Since for the other cases relation (1.16) holds trivially. By (5.9), (5.10) and
(5.11), we get

RH.S. of (512 = [a1 + Bi1]Misa1 + a1 Misar + a1 Mooy
= [3a1 + A1) Mi221

:3(0)(_ 247;51) + (_%> x (_ 247951>

=L.HS. of

By a similar argument it can be shown that (5.13) and (5.14)) are also true. So
the manifold (R?*, g) is an (APM PS),.
In consequence of the above, one can say that

Theorem 5.1. There exist a manifold (R*, g) which is an almost pseudo M-

projectively symmetric Riemannian manifold with the above mentioned choice
of the 1-forms.
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