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Mixed C'—cosine families of bounded linear operators on
non-Archimedean Banach spaces

A. Blal{'] A. El Amrani{ and J. EttayhT]

Abstract

In this paper, we introduce and check some properties of H — C'—cosine
and mixed C'—cosine families of bounded linear operators on non-Archimedean
Banach spaces. We show some results for H — C'—cosine and mixed
C'—cosine families of bounded linear operators on non-Archimedean Ba-
nach spaces. In contrast with the classical setting, the parameter of a
given mixed C'—cosine family of bounded linear operators belongs to a
clopen ball Q, of the ground field K. Examples are given to support our
work.
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1 Introduction and Preliminaries

Throughout this paper, X is a non-Archimedean (n.a) Banach space over a (n.a)
non trivially complete valued field K with valuation | - |, B(X) denotes the set
of all bounded linear operators on X, Q,, is the field of p-adic numbers (p > 2
being a prime) equipped with p-adic valuation |.|,, Z, denotes the ring of p-adic
integers is the unit ball of Q,. For more details and related issues, we refer to
[, [8] and [9]. We denote the completion of algebraic closure of Q, under the
p-adic absolute value | - |, by C, (see [7], p.45). Remember that a free Banach
space X is a non-Archimedean Banach space for which there exists a family
(ei)ien in X\{0} such that every element € X can be written in the form of a
convergent sum z = inei, x; € K and ||z|| = sup |z;|||ei]]. The family (e;);en
ppered ieN
is called an orthogonal basis. In a free Banach space X, each bounded linear
operator A on X can be written in a unique fashion as a pointwise convergent
series, that is, there exists an infinite matrix (a; ;) j)enxn with coefficients in
K such that

A= g aiyje; ®e;, and Vi €N, lim |a; ;||e;]| =0,
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where (Vj € N) e;- () =z (e;- is the linear form associated with ej) .
Moreover, for each j € N, Ae; = Z aije; and its norm is defined by
€N
H A H: sup |G‘Z]|||61H )
ij el

For more details see [4] and [5]. Now, as in [6], take r > 0, 2, is the open ball
of K centred at 0 with radius » > 0, that is Q, = {k € K : |k| < r}. In the
non-Archimedean context, the family {C(t), t € Q,}, C : Q, — B(X) is called
cosine family of bounded linear operators on X if

forallt, s € Q,, C(s+1t)+C(s—1t) =2C(s)C(t)

and C(0) = I, where I is the identity operator on X. For more details, we refer
to [1], [B] and [6]. Suppose that K = Q, and A is a bounded linear operator on

a free Banach space X satisfying ||A| < r = pv%ll, then the function defined by

e tQTL
forallt € Qs f(t) = (;) (Qn)!A” ug for a fixed ug € X is the solution
to homogeneous p-adic second order differential equation given by
d?u(t)
proa Au(t), u(0) = up.

The aim of this work is to introduce the mixed C'—cosine family of bounded
linear operators on non-Archimedean Banach space and study some of its
properties. We begin with the following definitions.

Definition 1.1 (6], Definition 1.12). Let r > 0 be a chosen real number such
that (T'(t)),cq, are well defined. A one-parameter family (7'(t)),.q, of bounded
linear operators from X into X is a group if

(i) T(0) = I, where I is the unit operator of X;
(ii) For allt, s € Q,, T(t +s) =T()T(s).

The group (T'(t)),cq, Will be called of class Cp or strongly continuous if the
following condition holds:

e For each z € X, lim ||T(¢t)x — z|| = 0.
t—0
A group of bounded linear operators (7'(t)),cq, is uniformly continuous if
and only if tliH(l) |T(t) —I]| =0.
—
The linear operator A defined by

T(t)x —
D(A)={z € X :lim Mz -z exists},
t—0 t

and

for each z € D(A), Az = lim Ttz
t—0 t

is called the infinitesimal generator of the group (7'(t)),cq, -
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Definition 1.2 ([2], Definition 2.3). Let r > 0 be a real number. A family
(S(t))teq, of bounded linear operators is said to be an H — Cy—group or a
generalized Cy—group of bounded linear operators on X if

(i) S(0) = I; where I is the identity operator of X.

(ii) thereis a Co—group (T'(t))tcq, of bounded linear operators and D € B(X)
such that for all ¢, s € Q,,

S(s+1t) = H(S(s), S(t))

(iii) for each x € X, S(-)x : @, — S(t)z is continuous on €2,.

The linear operator A defined by

D(A)={zx € X : lim Ste — exists}
t—0
and St
for each z € D(A), Az = lim M,
t—0 t

is called the infinitesimal generator of the H — Co—group (S()),cq -

From Definition when D = ol for a € K, we have the following
definition.

Definition 1.3 ([2], Definition 2.5). Let r > 0 be a real number. A family
(S(t))teq, is said to be a mixed Cy—group of bounded linear operators on X if

(i) S(0) = 1I;

(i) there is a Ch—group (T'(t))teq, of bounded linear operators and o € K
such that for all s,t € Q,,

H(S(s), S(t))
S(s)S(t) + a(S(s) _ T(s)) (S(t) _ T(t));

S(s+1)

(iii) for each z € X, S(-)x : Q, — S(t)x is continuous on 2.

The linear operator A defined by

D(A)={z € X : lim St — exists}
t—0
and g
for each x € D(A), Az = lim M,
t—0 t

is called the infinitesimal generator of the mixed Co—group (S(t)),cq, -
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Set A; = (1+ D)A — DAy, where Ay is the infinitesimal generator of the
C—group {T'(t)}+cq, and A is the infinitesimal generator of the H — C'—group
{S(t) }+eq, . Similarly, the proof of Theorem 2.10 of [2], we have.

Theorem 1.4. Let X be a non-Archimedean Banach space over K, let
{S(t)}teq, be an H — C—group family of bounded linear operators on X with
foralls € Q,., DS(s) = S(s)D and T'(s)D = DT(s). Set for allt € Q,., T1(t) =
(I +D)S(t) — DT(t), we have

(i) {T1(t)}ieq, is a C—group of bounded linear operators whose infinitesimal
generator is an extension of Aj.

(ii) If I + D is invertible, then for all x € X, and t € Q,,
S(t)x = (14 D) 'Ti(t)x + D(I + D)~ 'T(t)x.
From Example 2.7 of [2], we conclude the following example.

Example 1.5. Let r = p%, suppose that X is a non-Archimedean Banach
space over Qp, let Ay, A € B(X) such that A4y = ApA and || Ao|| < r. Set

for all t € Q,., S(t) = e + (A — Ag)e!o.

Then one can see that with D = —1, {S(t) }+cq, is a mixed Cy—group, where
for all t € Q,., T(t) = e*. In this case for all t, s € Q,, S(5)S(t) = S(t)S(s).

We have the following definition.

Definition 1.6 ([6], Definition 2.24). Let > 0 be a real number. A function
C:Q, — B(X) is called a Cj or strongly continuous operator cosine function
on X if

(i) €(0) =1,
(ii) For every t, s € Q,., C(t+s)+ C(t —s) =2C(t)C(s),
(iii) For each z € X, t — C(t)z is continuous on .

A cosine family of bounded linear operators (C(t)),cq, is uniformly continuous
if lim ||C(¢) — I]| = 0.

t—0
The linear operator A defined by

B o Cr -
DA)={xe X: }1_%2 e exists}
and o
for each z € D(A), Ax = lim 2M
t—0 12

is called the infinitesimal generator of the cosine family (C(t)):eq

e

We begin with the following lemmas.
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Lemma 1.7 ([6], Lemma 2.26). Let (C(t)),cq, be a strongly continuous cosine
family on X, then for each t € Q,., C(2t) = 2C(t)* — 1.

Remark 1.8. Let K = Q,. By Lemma [I.7} if p # 2, we have for all
teQ,, O(L)? =t

Lemma 1.9 ([6], Lemma 2.27). Let (C(t)),cq, be a strongly continuous cosine
family on X, then:

(i) For every t € Q,, C(—t) = C(t),
(i) For each t, s € Q,, C(t)C(s) = C(s)C(t).
We have the following theorem.

Theorem 1.10 ([6], Theorem 2.32). Let (C(t)),cq be a strongly continuous
cosine family satisfying : there is M > 0 such that for each t € Q, holds
IC(t)|| < M, and let A be its infinitesimal generator. Then, for every x € D(A),
AC(s)x = C(s)Az and C(s)x € D(A) for each s € Q..

Recall that Cf = {a € C, : [1 — a| < 1}. For each a € C; where p # 2, the
element

(1.1) Va=a? =" <§>(a—1)"

is the unique positive square root of a. For more details see [8], section 49, page
143.

Example 1.11 ([6], Example 2.28). Let K = C,, with p # 2. Consider the ball
Q, of C, with r = pp%ll. Let X be a free n.a. Banach space over C,, and (e;);en
be the canonical base of X. Define for each ¢ € €, and for x = Zmiei the
€N
family of linear operators C'(q)x = Z x; cosh(y/piq)es, where (u;),cy C CF is
ieEN

a sequence of positive elements of C,. It is routine to check that the family
(C(q))qeq, is well defined.

Proposition 1.12 ([6], Proposition 2.29). The family (C(q))qeq, of linear
operators given above is a cosine family of bounded linear operators, whose
infinitesimal generator is the bounded diagonal operator A defined by

Ax = Z Viixie; for each x = Z:ciei e X.

ieN i€N
Recall that k is the residue class field of K. Througout this paper, we
assume that K is a complete non-Archimedean valued field of characteristic
7ero (char(K) = 0) with char(k) =p (p is a prime integer number). We have

the following example.



80 A. Blali, A. El Amrani, J. Ettayb

Example 1.13 ([3], Example 2.1). Let X be a non-Archimedean Banach space
over K, let A € B(X) such that [|A| < r (: p%> ; it is easy to check that

th
for all t € Q,., C(t) =
7;\] (2n)!

bounded operators of infinitesimal generator A on X.

A™ is a strongly continuous cosine family of

We have the following lemma.

Lemma 1.14 ([3], Lemma 2.2). Let X be a non-Archimedean Banach space
over K let (C(t))ieq, be a strongly continuous cosine family on X. Then for
each t € Q, and n € N* there exist n + 1 constants ag,--- ,a, n K such that
C(nt) = apl + a1 C(t) + -+ - + a, C(t)™.
Theorem 1.15 ([3], Theorem 2.4). Let X be a non-Archimedean Banach
space over K, let A € B(X) such that ||A] < r (7" :pp;—ll) . Then, A is the
infinitesimal generator of a uniformly continuous cosine family of bounded
operators (C(t))ieq, -

We have the following proposition.

Proposition 1.16 ([3], Proposition 2.6). Let X be a non-Archimedean Banach
space over K, let (T'(t))teq, be a uniformly continuous group of bounded linear

operators on X. Set for allt € Q,., C(t) = w, (C(t)ieq, is a uniformly
continuous cosine family of bounded linear operators on X.

We have the following proposition.

Proposition 1.17 ([3], Proposition 2.28). There exists a Banach space X
over Q, and strongly continuous cosine family (C(t))ieq, of bounded linear
operators on X satisfying: there exists M > 0 such that for all z € X, t € Q,,
IC®)z]l < (1 + [t M) 2]

Definition 1.18 ([I], Definition 2.1). Let » > 0 and C' € B(X) be invertible.
A one parameter family (C(t))teq, of bounded linear operators from X into X
is called a C'—cosine family if

(i) €(0) =0
(ii) For every ¢, s € Q. C’(C(t +s)+C(t— s)) = 20()C(s);

(iii) For each z € X, Q, — C(t)z is continuous on €2,.

The linear operator A defined by

D(A) = (o e X : 1m 2SD7 =T i),
t—0 t2
and » .
for each = € D(A), Az = C~'lim 2M’
t—0 t2

is called the infinitesimal generator of (C(t))teq,..
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We have the following remark.

Remark 1.19 ([1], Remark 2.1). Generally in Definition [1.18} if C € B(X) is
just injective (not invertible), we have

Ct)x — Cx

D(A)={ze X : }gr(l) 2 e exists in the range of C'}.

We start with the following statements.

Lemma 1.20 ([I], Lemma 2.1). Let X be a non-Archimedean Banach space
over K, let (C(t)),cq, be a C—cosine family on X, then for each t € Q,,
CC(2t) =20(t)? — C%

Remark 1.21 ([I], Remark 2.2). Suppose that K = Q,,. From Lemma if
p # 2, we have for all t € Q,., C(%)? = %HCQ

Lemma 1.22 ([I], Lemma 2.2). Let (C(t)),cq, be a C—cosine family on X,
then:

(i) For every t € Q,, C(—t) = C(t),
(i) For each t, s € Q,, C(t)C(s) = C(s)C(¢t).

Proposition 1.23 ([I], Proposition 2.1). Let X be a non-Archimedean Banach
space over K, let (C(t))teq, be a C1—-cosine family with infinitesimal generator
A and Cy € B(X) be invertible such that for all t € Q,,CoC(t) = C(t)Ca, then
(C2C(t))teq, is a C1Cy—cosine family on X.

We have the following theorem.

Theorem 1.24 ([I], Theorem 2.1). Let X be a non-Archimedean Banach space

over K, let A € B(X) such that ||A]] < r = p%. Then A is the infinitesimal
generator of a uniformly C'— cosine family of bounded linear operators (C(t))icq,. -

We have the following theorem.

Theorem 1.25 ([I], Theorem 2.2). Let (C(t))icq, be a C—cosine family
satisfying: there exists M > 0 such that for each t € Q,., ||C(t)|| < M, and let A
be its infinitesimal generator. Then, for every x € D(A), t € Q,, C(t)x € D(A),
and AC(t)x = C(t)Ax.

Definition 1.26 ([I], Definition 2.5). Let r > 0 be a real number. A family
(S(t))teq, of bounded linear operators is said to satisfy p-adic H—generalized
cosine family of bounded linear operators on X if

for all t, s € Qy, S(s+1t) + S(s —t) = H(S(s), S(t)),
where H : B(X) x B(X) — B(X) is a function.

Remark 1.27 ([1], Remark 2.5). If H(S(s), S(t)) = 25(5)S(t), with S(0) = I,

(S(t))teq, is a cosine family of bounded linear operators on X.



82 A. Blali, A. El Amrani, J. Ettayb

We have the following definition.

Definition 1.28 ([I], Definition 2.6). Let r > 0 be a real number. A family
(S(t))teq, of bounded linear operators is said to be an H — Cy—cosine family
or a generalized Cy—cosine family of bounded linear operators on X if

(1) S(0) = I; where I is the identity operator of X.
(2) Forallt, s€Q,,
S(s+t)+S(s—t) = H(S(s), S(t))
25(s)S(t) + ZD(S(s) - C(s)) (S(t) - C(t)),

where (C(t))ieq, is a Co—cosine family of bounded linear operators with
the infinitesimal generator Ay and D € B(X).

(3) For each z € X, S(-)z: Q. — X is continuous on ;.

The linear operator A defined by

B o St —x
DA)={zeX: 2%% — exists}
and g
for each x € D(A), Az = 2lim M7
t—0 2

is called the infinitesimal generator of the H — Cp—cosine family (S(t)),cq. -

2 Main results

We introduce the following definition.

Definition 2.1. Let r > 0 be a real number and C' € B(X) be invertible.
A family (S(t))ieq, of bounded linear operators is said to satisfy a p-adic
H — C'—cosine Cauchy equation of bounded linear operators on X if

for all £, s € Q,, (S(s+1)+ S(s —1))C = H(S(s), S(t)),
where H : B(X) x B(X) — B(X) is a function.

Remark 2.2. 1f H(S(s), S(t)) = 25(s)S(t) with S(0) = C, (S(t))seq, satisfies
the first and second conditions of C'—cosine family of bounded linear operators
on X.

Definition 2.3. Let r > 0 be a real number and C' € B(X) be invertible. A
family (S(t))ieq, of bounded linear operators will be called an H — C'—cosine
family or a generalized C'—cosine family of bounded linear operators on X if
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(i) S(0)=¢;

(i) there is a C'—cosine family (C(¢)):eq, of bounded linear operators and
D € B(X) such that for all ¢, s € Q,,

C(S(s+t)+S(s—1t) = H(S(s), S(t))
= 25(s)S(t) +2D(5(s) — C(s))(S(t) — C(1));

(iii) for each z € X, S(-)x : Q. — S(t)z is continuous on €2,.

The linear operator A defined by

. St)xr—Czx
D(A)={zeX: }gr(l) QT exists}
and < .
for each z € D(A), Az =2C ! lim M7
t—0 t2

is called the infinitesimal generator of the H — C'—cosine family (5()),cq -

Remark 2.4. Let (S(t))teq, be a generalized C'—cosine family on X, if D =0,
then (S(t))teq, is a C'—cosine family of bounded linear operators on X.

2.1 Question

Can you characterize the infinitesimal generator of an H — C'—cosine family
of bounded linear operators on infinite dimensional non-Archimedean Banach
space ?

Definition 2.5. Let r > 0 be a real number and C' € B(X) be invertible.
A family (5(¢))teq, is said to be a mixed C—cosine family of bounded linear
operators on X if

(i) S(0) =05

(i) there is a C'—cosine family (C(t)):cq, of bounded linear operators with
infinitesimal generator Ay and « € K such that for all s,t € Q,.,

C(S(s+1t)+S(s—1) = H(S(s), S(t))
= 25(s)S(t) +2a(S(s) — C(s))(S(t) — C(1));

(iii) for each x € X, S(-)x : Q, — S(¢)x is continuous on €,.

The linear operator A defined by

_ oS —Cx
DA ={zeX: }51(1) 2——F——— exists}
and < .
for each z € D(A), Az =2C ! lim M7
t—0 t2

is called the infinitesimal generator of the mixed C'—cosine family (S(t)),cq. -
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Remark 2.6. Let (S(t))ieq, be a mixed C—cosine family on X, if a = 0, then
(S(t))teq, is a C'—cosine family of bounded linear operators on X.

We have the following example.

Example 2.7. Let r = prffll, suppose that X is a non-Archimedean Banach
space over C,, A,C' € B(X) such that C is invertible, AC' = CA and || 4| <.

2n
Set for all £ € ,, S(t) = Cch(tA) + tACsh(tA), where ch(tA) = 3 4
(2n)!
_— neN
and sh(tA) = Z ﬁflznﬂ. Then one can see that with D = —I,
n !

neN
{S(t)}teq, is an H — C'—cosine family, where for all ¢t € Q,., C(t) = Cch(tA).

In this case for all t, s € Q,, S(s)S(t) = S(¢)S(s).
We have the following lemma.

Lemma 2.8. Let X be a non-Archimedean Banach space over K, let {S(t) }ieq.
be an H — C—cosine family on non-Archimedean Banach space X, then for all
te ., S(—t)=S5() and CS(t) = S(t)C.

Proof. By Definition 2.5/ and s = 0, we have for all t € Q,, CS(—t) = CS(t).
Since C' is invertible, we get for all ¢ € Q,., S(—t) = S(t). It is easy to see that
teq,, CS(t)=5()C. O

The following proposition gives a condition under which an H — C'—cosine
family commutes.

Proposition 2.9. Let X be a non-Archimedean Banach space over K, let
{S(t) }teq, be an H — C—-cosine family on X. If I + D is injective and for all
t, s €y, C(s)S(t) = S(t)C(s), then for all t, s € Q,, S(s)S(t) = S(t)S(s).

Proof. Assume that I+ D is injective and for all ¢, s € Q,, C(s)S(t) = S(¢)C(s),
then for all ¢, s € Q,.,

25(s)S(t) + 2D (5(3) - C(s)) (S(t) - C(t))
= C(S(s+t)+S(s—1))
= C(S(t+s)+S(t—s))
= 25(t)S(s) + 2D (S(t) — C(t)) x (5(3) - C(s)).

Thus, (I + D)(S(t)S(s) - S(S)S(t)) = 0, then for all t, s € Q,, S(s)S(t) =
S()S(s). O

From Proposition we conclude the following proposition.

Proposition 2.10. Let X be a non-Archimedean Banach space over K, let
{5() }teq, be a mized C—cosine family on X with {C(t)}ieq, be a C—cosine
family and o € K\{—=1} such that for all t, s € Q,, C(s)S(t) = S(t)C(s), then
for allt, s € Q., S(s)S(t) = S(t)S(s).
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Set A1 = (1 + a)A — Ay, where o € K\{—1} and A is the infinitesimal
generator of the C'—cosine family {C(¢) }+cq, and A is the infinitesimal generator
of a mixed C'—cosine family {S(t)}+cq,. We have the following theorem.

Theorem 2.11. Let X be a non-Archimedean Banach space over K,

let {S(t)}ieq, be a mized C—cosine family of bounded linear operators on X with
a € K\{-1}. Set for allt € Q,, C1(t) = (1 + «)S(t) — aC(t), then {C1(t) }ieq,
is a C'—cosine family of bounded linear operators whose infinitesimal generator
is an extension of Ai. Furthermore, for all x € X, and t € Q,.,

L othe+ o).

S(t)le—i—a TTa

Proof.
(i) Trivially, C1(0) = (1 4+ «)S(0) — aC(0) = C.

(ii) For all ¢, s € Q,., z € X, we have

C(Cl(s+t)+01(s—t))x
_— +a)(S(s+t) +S(s—t))q; —a(C(s+t) +C(s —t))x

= (1+a)(25()S(1) +20(S(s) — C(s)) x (S(1) = C(1)) )& — 2aC(5)C (1)
= 2(14+a)S(s)S(t)x +2a(1 + a)S(s)S(t)x
—20(1+ a)S(s)C(t)r — 20(1 + a)C(s)S(t)x
+2a(l+ a)C(s)C(t)xr — 2aC(s)C(t)x
= 2(14a)?S(s)S(t)r — 2a(1 + a)S(s)C(t)x
—2a(1 4+ a)C(s)S(t)x + 2a(1 + a)C(s)C(t)x
—2aC(s)C(t)x

= 2((1+a)8(s) — aC(s)) x (1 +a)S(t) — aC(t) )
= 201 (s)Calb).

Since (C(t))teq, and (S(t))tcq, are continuous, then (C(t))icq, is continuous.
Thus, (C1(t))teq, is a C— cosine family of bounded linear operators on X.

(iii) Finally, we show that an extension of A; is the infinitesimal generator
of {C1(t)}icq,, Let B be the infinitesimal generator of {Cy(t)}icq, and let
z € D(A1) = D(A) N D(Ap). By definition of D(A) and D(Ay), we have
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M) = Apz. Then,

90~ lim (M) = Az and 2C~! lim < 2

t—0 12 t—0

2C~! lim (7C1 (tif - g”)

t—0

— 20 'lim (

t—0

1+ a)St)zr — aC(t)x — x)
2
= 2010 i (M)

Ct)r — z)

—2aC " lim (
t2

t—0

exists in X. It follows that € D(B) and A;z = Buz, then the infinitesimal
generator of (C1(t))ieq, is an extension of Aj. O

Put Ay = (1+ D)A — DAy, where D € B(X) and Ay is the infinitesimal
generator of the C'—cosine family {C(¢) }+cq, and A is the infinitesimal generator
of an H — C'—cosine family {S(t)}+eq,, similar the proof of Theorem we
conclude the following theorem.

Theorem 2.12. Let X be a non-Archimedean Banach space over K, let
{S(t) }teq, be a commuting H — C'—cosine family of bounded linear operators
on X with for all s € Q,., DT(s) = T(s)D and DS(s) = S(s)D. Set for all
teQ,, Ci(t) =+ D)S(t) — DC(t), we have

(i) {C1(t)}req, is a C—cosine family of bounded linear operators whose infinites-
1mal generator is an extension of Aj.

(ii) If I + D is invertible, then for all x € X, and t € Q,,

S(t)r = (14 D)~*Cy(t)x + D(I + D)~ *C(t).
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