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Kenmotsu manifolds endowed with the semi-symmetric
non-metric ¢-connection to its tangent bundle

Uday Chand DeE| and Mohammad Nazrul Islam Kharﬂﬂ

Abstract. The goal of this paper is to study the complete lift of
the semi-symmetric non-metric ¢-connection on a Kenmotsu manifold
to its tangent bundle T'M and to obtain a relation between the semi-
symmetric non-metric ¢-connection D€ on Kenmotsu manifolds with
respect to Levi-Civita connection D by utilizes specialized mathemati-
cal operators. on T'M. Next, the complete lifts of the curvature tensor,
the scalar curvature and the Ricci tensor on T'M are constructed and
show that Ricci tensor is symmetric on 7M. Finally, a study of the com-
plete lift of curvature tensor concerning the semi-symmetric non-metric
¢-connection to its tangent bundle T'M is done which shows that if the
complete lift of the curvature tensor of D€ vanishes on TM, then the
Kenmotsu manifold is locally isometric to the hyperbolic space H™(1) on
TM.
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1. Introduction

The differential geometry of the tangent bundle have been substantially
studied by Yano and Kobayashi [27], Yano and Ishihara [26], Tani [24], Pandey
and Chaturvedi [7, 22] and the first author [I8],[I7]. The vertical, complete and
horizontal lifts of tensors and connections from manifold to its tangent bun-
dles were developed by Yano and Ishihara [26]. Tangent bundle immersed with
quarter-symmetric and semi-symmetric non-metric connections on an almost
Hermitian and a Kéahler manifolds was studied by the first author [I7) [I5]. Re-
cently, Akpinar [2], studied the complete lift of Weyl connection to the tangent
bundle of hypersurface.

On the other hand, the study of semi-symmetric metric and linear connec-
tions on differential manifold were started in early 1930 by Friedman and Schou-
ton [I0] and Hayden [II]. The notion of semi-symmetric metric ¢-connection
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was introduced by Yano and Imai [25]. Most recently, Barman et al [5] stud-
ied a special type of semi-symmetric non-metric ¢-connection on a Kenmotsu
manifold and they proved that if the curvature tensor of Kenmotsu manifolds
admitting a special type of semi-symmetric non-metric ¢-connection D van-
ishes, then the Kenmotsu manifold is locally isometric to the hyperbolic space
H™(1). Numerous investigators [8] 20} 21 23] have studied Kenmotsu manifolds
and gave their theories.

Let M be an n-dimensional differentiable manifold of class C'*° with the
Levi-Civita connection D. Let U and W be vector fields on M. Then a linear
connection D is known as symmetric connection on M if the torsion tensor T
of D defined by

(1.1) T(U,W) = DyW — DwU — [U, W]

vanishes, otherwise it is non-symmetric. If the torsion tensor 7" satisfies
(1.2) TUW)=a(W)U — (U)W

and

(1.3) (Dug)(W, Z) = —m(W)g(U, Z) — n(Z)g(U, W)

where

(14) 7(U) = g(P,U),

7 is 1-form, ¢ is a Riemannian metric and P is a vector field, then a linear
connection D is called a semi-symmetric non-metric connection [IJ.

The present paper is organized as: Section 2 presents basic definitions of
the tangent bundle, lifts, Kenmotsu manifold and semi-symmetric non-metric
¢-connection on a Kenmotsu manifold. Section 3 discusses the complete lift
of the semi-symmetric non-metric ¢-connection on a Kenmotsu manifold to its
tangent bundle T'M and to obtain a relation between the semi-symmetric non-
metric ¢-connection D€ on Kenmotsu manifolds with respect to Levi-Civita
connection D¢ on T'M. In Section 4, the complete lift of the curvature tensor,
the scalar curvature and the Ricci tensor on the tangent bundle is constructed
and shows that Ricci tensor is symmetric. Moreover, a study of the complete lift
of curvature tensor concerning the semi-symmetric non-metric ¢-connection to
its tangent bundle is done which shows that if the complete lift of the curvature
tensor of D¢ vanishes on T M, then the Kenmotsu manifold is locally isometric
to the hyperbolic space H"(1) on T M.

2. Preliminaries

Let M be a differentiable manifold and T'M = {J ), T, M be the tangent
bundle, where T,,M is the tangent space at point p € M and 7 : TM — M
is the natural bundle structure of T'M over M. For any coordinate system
(Q,z") in M, where (z") is local coordinate system in the neighborhood Q,
then (7=1(Q),z",y") is coordinate system in TM, where (z",y") is induced
coordinate system in 7=1(Q) from (z") [26].



Kenmotsu manifold.....tangent bundle 105

2.1. Vertical lifts

If f is a function in M, then fV is the vertical lift of function f in TM
such that f¥ = fom. Suppose that 7 is a 1-form in M. Then vertical lift "
of the 1-form 7 is given by 7V = (1;)V (dz?)V, where n; are local components
of n. Let U and ¢ be the vector field and tensor field of type (1,1) in M. Then
UV and ¢V be the vertical lift of U and ¢, respectively, in TM and given by
the form of components

(2.1) uY: < xg )
and
(22) (g 0 )

where 2 and qblh are local components of U and ¢, respectively.

2.2. Complete lifts

If f is a function in M, then the complete lift f© of the function f in TM
has components of the form f¢ = 4°0;f = 0f, where Of is exterior derivative
of f. Suppose that 1 is a 1-form in M. The complete lift n¢ of 5 in TM has
components of the form n¢ = (9n;,n;), where dn; is exterior derivative of 7;.
Let U and ¢ be the vector field and tensor field of type (1,1) in M. Then U®
and ¢© are the complete lifts of U and ¢, respectively, in TM and given by the
form of components

SCh
(2.3) Ue . < St >
and
S e 0
(2.4) oV < Y )

where 2" and¢? are local components of U and ¢, respectively.
The complete lift of D on TM is denoted by D and given by

(2.5) DSeW€ = (DyW)©, DSWY = (DyW)V.

Proposition 2.1. [77, [26] Let M be the differentiable manifold and TM its
tangent bundle. Then

(2.6) (fU)Y = fruv,(fu)° = fU” + fYu,
(2.7) vV =00V fC =0 = (U U = (U))°,
(2.8) 0" (fV) =00V (U) =n“(U") =nU)",n°(U) = n(U)°,
(2.9) ¢VUC = (¢U)" ¢~CUC (oU)“,
(2.10) o,w)Y =we,wV]=[UuY,we,[U,W]|¢ = [UC,WC}.
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Moreover, let L and K be arbitrary tensor fields in the manifold M. Then,
by definition

(LeK)Y =LVeK" (LoK)’ =L@ K" +L"V @ K,

(L+K)Y =LV +KY,(L+K)° =1L+ K°,

where L€ and K€ are the complete lifts of arbitrary tensor fields of L and K
on T'M.

2.3. Kenmotsu manifolds

A (2n+1)-dimensional differentiable manifold M is called an almost contact
structure and denoted by (¢, &, n) if there are given a tensor field ¢ of type (1,
1), a vector field £ and a 1-form 7 on M satisfying [3] [6]

(2.11) ¢*=—I+n®E& 1) =1, $(§=0 nog=0.

Let g be a Riemannian metric such that

(2.12) 9(oU, oW) = g(U, W) —n(U)n(W)
and
(2.13) 9(U, &) =n(U),

for arbitrary vector fields U and W on M, then the structure (¢, £, n, g) is called
the almost contact metric manifold.

Let Q be 2-form on M given by Q(U, W) = g(U, $W). The almost contact
metric manifold is said to be an almost Kenmotsu manifold if

dn = 0;dQ2 = 2n A Q.

Any normal almost Kenmotsu manifold is a Kenmotsu manifold M. An almost
contact metric structure (¢,&,n,g) is a Kenmotsu manifold M [12] iff

(2.14) (Dydp)W = g(oU, W)€ —n(W)oU.

Let R and S be the curvature tensor and the Ricci tensor of M, respectively.
The Kenmotsu manifold M has the following properties [4] [9]:

(2.15) Dy¢ = U-—-o¢U),

(2.16) (DumW = g(UW)§ —nU)n(W)
(2.17) RUW)E = U)W —n(W)U,

(2.18) RE U)W = nU)W —g(U W),

(2.19) nRUW)Z) = g(UW)n(W)—gW,Z)nU),
(2.20) SU,¢) = —2nn(0).
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2.4. Semi-symmetric non-metric ¢-connection on a Kenmotsu man-
ifold

Let (M*"*! g) be a Kenmotsu manifold with a Riemannian metric g and
the Levi-Civita connection D. The linear connection D on M is defined by

(2.21) DyW = DgW — (W)U — 2n(U)W + g(U, W)E,

for arbitrary vector fields U and W on M. With the help of (1.1)) and using
(2.21)), the torsion tensor T of M with respect to the connection D is given by

(2.22) T(U,W) = DyW — DwU — [U W] =n(W)U — n(U)W.

The linear connection D satisfying (2.22)) is a semi-symmetric connection.
In view of (2.21]), the metric g satisfies the relation

(Dug)(W,Z) = Dyg(W,Z)—g(DuW,Z) — g(W,Dy Z)
(2.23) = 4n(U)g(W, Z) # 0,

for all vector fields U, W, Z on M. The linear connection D satisfying (2.22)
and ([2.23) is called a semi-symmetric non-metric connection [28]. By making
use of (2.13)), (2.16)) and (2.21]), tensor field ¢ satisfies the relation

(2.24) (Dy¢)(W) = Dy¢W — ¢(DyW) = 0.

The linear connection D defined by (2.21) satisfying (2.22), (2.23) and (2.24)) is
a special type of semi-symmetric non-metric ¢-connection on Kenmotsu mani-
folds [5].

3. Proposed theorem on the complete lift of semi-sym-
metric non-metric ¢g-connection on a Kenmotsu mani-
fold to its tangent bundle

In this section, a study is done on the complete lift of semi-symmetric non-
metric ¢-connection on a Kenmotsu manifold to its tangent bundle and we
establish the relation between the Levi-Civita connection D¢ and the semi-
symmetric non-metric ¢-connection D¢ on T'M.

Let M be a Kenmotsu manifold and TM its tangent bundle. Let fV, UV,
nV,¢Y, DV and f€, U n%, ¢%, D be the vertical and the complete lifts on
the tangent bundle T M of a function f, a vector field U, a 1-form 7, a tensor
field ¢ of type (1,1) and an affine connection D, respectively, on the manifold
M [14), 16).

Operating the complete lift on (1.1)), (1.2]), (2.13)-(2.12) by mathematical
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operators, the obtained equations are

(3.1) (¢°)? = —I+n" 0 -,

(3.2) e = V¢V =0, n9Y =nV¢% =1,

(3.3) 99" = ¢VeC =¢VeY =¢%¢Y =0,

(3.4) g(U®,¢%) = n“U°),

(3.5) " og? = n0¢" =n0¢" =n" 0" =0,
g“((@U)C, (eW)) = ¢C (U, W) = (U )" (W)

(3.6) - (UMW),

for arbitrary vector fields UY and W& on TM. Let D¢ be the complete lift of
the Levi-Civita connection D of a Riemannian metric g. The complete ¢ of
a tensor field ¢ on T'M satisfies the relation

(DG YW = g9((oU)", W)Y + g°(((pU)", WE)C
(3.7) — W) (eU)” =0V (W) ((eU)C.

Let R® and S¢ be the complete lifts on T'M of the curvature tensor R and
the Ricei tensor S of M, respectively. The following relations are given by [13]

(3.8) DGe€? = U~ (oU)°€Y — (¢U)"€°,
(DGen”)(WC) = ¢%Ue, W) —n“U)n" (W)
(3.9) - V(U W),

RC(UC7WC)£C _nC(WC>XV —nV(WC)UC

(3.10) + CWUOwWY 49V (UHwe,
RC(fC,Uc)Wc — UC(UC)WV+77V(UC)WC

(3.11) - S, WO — g WY, W),

(3.12) SCwe, 9 = —2mCU°),

n“(ROWUE,WNZE = go W W' (W)

(3.13) — ¢

for any vector fields US, W on TM.

Let M be an almost contact metric manifold with a Riemannian connection
D and TM its tangent bundle. The linear connection D and the tensor H of
type (1,1) are related by [19]

(3.14) DyW = DyW + H(U, W),
where

(3.15) H(U,W) = %[T(U, W) +T'(U,W) +T'(W,U)).
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and

(3.16) g(T'(UW), Z)=g(T(Z,U),W).

Using and , the obtained equation is

(3.17) T'(U,W) =nU)W — g(W,U)E.

Making use of and in , then the equation becomes
(3.18) HU,W)=—-n(W)U —2n(U)W + g(U, W)E.

Thus, a semi-symmetric non-metric ¢-connection D on a Kenmotsu manifold
is given by

(3.19) DyW = DyW — n(W)U — 2n(U)W + g(U, W)E.

Operating the complete lift on (1.1), (L.2), (1.4), (3.14), (3.15) and (3.16)

by mathematical operators, the obtained equations are

(3.20) (U, W = DSeW¢ - DU — U, W]
= WOV +9" (WU

(3.21) - YUYWV -V (UHWE,

(3.22) DSWC = DEWC + HY (U, W),

where

1
(3.23) HEWUC,W¢) = i[TC(UQ W+ 17U W+ T'C(WC,U)).

and
(3.24) 9o (T (U, W), 29) = ¢“(TC(29,U°), W),
From (3.20) and (3.24)), we infer

U WE) = =S WY, U - g? (WU
(3.25) + CWUOWY 49V (Uwe.
Using (3.20)) and (3.25)) in (3.23)), entails that

mCUYWY -2V (U)W

(3.26) + oWV, U + (WU )Y,

where HC is the complete lift of H.
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Thus a semi-symmetric non-metric ¢-connection D¢ in a Kenmotsu mani-
fold with respect to D on T'M is given by

DgeW = DgeWC —q“WUY —n¥(weue
mC(UHYWY — 2V (U Yyw¢
(3.27) + goWY, U +¢o (W, U)eY.

Thus equation (3.27)) is the relation between the Levi-Civita connection D¢
and the semi-symmetric non-metric ¢-connection D¢ on TM. Therefore, we
have the following theorem:

Theorem 3.1. Let D be the semi-symmetric non-metric ¢-connection on a
Kenmotsu manifold M and D€ its complete lift on the tangent bundle TM.
Then the relation between the Levi-Civita connection D€ and the semi-symme-
tric non-metric ¢-connection D€ on TM is given by equation .

4. Some calculations for Curvature tensor of a Kenmotsu
manifold to its tangent bundle

In this section, the complete lift of the curvature tensor, the scalar curvature
and the Ricci tensor on the tangent bundle are constructed and it is shown
that Ricci tensor is symmetric. A study of the complete lift of curvature tensor
concerning the semi-symmetric non-metric ¢-connection to its tangent bundle is
done which shows that if the complete lift of the curvature tensor of D¢ vanishes
on T'M , then the Kenmotsu manifold is locally isometric to the hyperbolic space
H™(1) on TM.

Let D be the semi-symmetric non-metric ¢-connection on M and TM
its tangent bundle. The curvature tensor R of M with respect to the semi-
symmetric non-metric ¢-connection D is defined by [5]

(4.1) R(U,W)Z = DyDwZ — DwDyZ — Dy 7,

for arbitrary vector fields U and W on M.
Operating complete lifts on (4.1), the obtained equation is

(4.2) RC(UC, WC)ZC = Dchg/cZC — D%cDchC — D[({]C’WC]ZC.

From (3.27) it follows that
(4.3) _ _ _
DgeDfye 29 = Do Diye 2 — Dien® (W) (92)" — Dgen” (W) (62)°.

In view of (3.27)), (4.2), (4.3) and (3.7), the obtained formula for the curvature
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tensor RC of the connection D¢ on tangent bundle TM is

RC(U°,w%)z¢
= ROWUY,WZC + (Dwn)“(29)U"

+ (Dwn)(Z2V)U° + (Dwn)V(ZC)UC
— (Dyn)°(Z2°YWY — (Dyn)€(ZVYWC — (Dun)¥ (29)W¢
+ WM ZOUY + (WY (2 U°
+ (W ZUC = (U mC(Zz )WY
44) = UM ZYWE =gV (U (29w E,

where RC(UY, W) Z% is the curvature tensor of the connection D®.
A relation between the curvature tensor of TM concernig the semi-symme-
tric non-metric ¢-connection D¢ and the Levi-Civita connection D¢ is given

by the equation (4.4)).

The following theorem is obtained:

Theorem 4.1. Let M be the Kenmotsu manifold and TM its tangent bun-
dle. Let R be the curvature tensor of a Kenmotsu manifold M concernig
semi-symmetric non-metric ¢-connection D. Then the curvature tensor R¢
concernig the semi-symmetric non-metric ¢-connection D€ on TM is given by

equation .
Using and in , the obtained equation is
RO(WC,w)zC¢ = REWC,WC)zC + ¢S WV, Z2UC + ¢¢(WC, z°)UV
(4.5) - g9WUY,Zz9W° - ¢c(U°, ZzoWV.
From , we obtain
(4.6) RO(UC, W) z¢ = —RE(W°,U“)Z°.
and
(4.7) REWE, W z¢ + RE(W€C, z9YU°® + RC(z2°,U°)WC =o0.

The equation (4.7)) is the first Bianchi identity with respect to D on Kenmotsu
manifolds to its tangent bundle 7M.
Taking the inner product of (4.5) with X ¢, provide

EC(UC,WC,ZC,XC)
RC(UC,WC,ZC,XC) +gC(WC,ZC)gC(UV,XC)
+ gCWY,Z%¢ (U, X9) = g“ (U, 299" (WY, X)
(4.8) — g9 WUV, z%¢° (W, X°).

where . B
RO, W, 2¢ XY) = g% (RO(U, W) 27, X)
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and ~
ROWE, WY, 29 X% = g°(RO(UC, W) 29, X°).
Equation (4.8) turns into

RE(WUC,WC, 29 X%) = —RE(UY, WY, X, Z°).

Setting U® = X¢ = ef,i = 1,2,..,2n + 1 in (4.8)), where {e¢,i =

i

1,2,...,2n + 1} is a local orthonormal basis of TM and summing up for i =
1,2,...,2n 4+ 1 and making use of (3.3]), we get
(4.9) SCwWe,z% =8°WY, 2 4 2ng® (W°, 29),

where S¢ and S¢ represent the Ricci tensor of TM with respect to D¢ and
D respectively.
Equation (4.9) becomes

SCw¢e, 29 =892z w°).

Let ¢ and 7¢ represent the scalar curvatures of connections D¢ and D,
respectively, on T'M , where r and 7 represent the scalar curvatures of con-

nections D and D, respectively, on M. Then 7 = Z?Zfl SC(ef,ef) and

i€

r= Zfifl SC (¢, ef) where 7€ = 7 =constant and r® = r =constant.
Setting W¢ = Z¢ = ¢ in (4.9), where {e{,i = 1,2,...,2n + 1} is a local
orthonormal basis of TM and summing up for ¢ = 1,2, ...,2n + 1 and making

use of (3.3), we get
F=r+2n2n+1).

Therefore, the following theorem is obtained:

Theorem 4.2. Let M be the Kenmotsu manifold and T M its tangent bundle.
Let D€ be complete lift of the semi-symmetric non-metric ¢-connection D on
TM. Then ~
(i) The curvature tensor RS on TM is given by
RC(UC,C )ZC _ RC(UC7WC)ZC +gC(WV,ZC)UC+gC(WC7ZC)UV
gC(UV,ZC)Wc _ gC(Uc,ZC)WV.
(ii) The Ricci tensor S is given by
SCWe, 29 =8°W, Z°) + 2ng® (W, 29).
(iii) The scalar curvature 7 is given by

F=r+2n2n+1),

(iv) RE(UY, W)z = —RY (W, U“)z“ .
(v) RE(UC, W) ZC + RO (W, Z°)U® + R (2, U)W = 0.
(vi)The Ricci tensor S€ is symmetric.

(vii) RC(UC, W€, 2¢,XC) = —RC(UC, W€, XC, ZC).
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Definition 4.1. [5] A Kenmotsu manifold with respect to the Levi-Civita
connection is of constant curvature k if its curvature tensor R is of the form

g(R(U’W)Z7X) = k[g(VV,Z)g(U,X)
(4.10) - g(U, Z)g(W, X)].

Operating complete lifts on the above equation, the obtained equation is

gC(RC(Uc,Wc)Zc,Xc) — k[gC(Wc,Zc)gc(UV,XC)

+ goWY,Z2%¢% (U, X°)
gC(UC,ZC)gO(WV,XC)
g (

(4.11) — ¢OWUY,z%¢° W, x,

where k is a constant.
If R =0, then || becomes

ROWU°, W, 29 X% = ¢°WU° 2%¢°W"Y, X
+ goUY,2%¢° (W, X
— YW, z%¢“(UY, X°)
(412) - gC(WVvZC)gC(UCvXC)'
In view of (4.11)) and (4.12)), we have
g (RE(U°, W29, XC) = klg°(WC,2%¢° (U, X°)

gC(WV7ZC)gC(UC7XC)
- gCoU°, Z% g (WY, X
g (U, 2%g“ (W, XY,

such that k = —1. This shows that the Kenmotsu manifold with respect to
DY on TM is of constant curvature k — 1. Therefore, the following theorem is
obtained:

Theorem 4.3. Let M be the Kenmotsu manifold and T M its tangent bundle.
If the complete lift of the curvature tensor of D€ wanishes on TM, then the
Kenmotsu manifold is locally isometric to the hyperbolic space H™(1) on TM.

Definition 4.2. [5 B] Let (M, g) be Kenmotsu manifold and T'M its tan-
gent bundle. For each plane p in the tangent space T, (M), the sectional cur-
vature K (p) is defined by

R(U,W,U, W)

(4.13) Kw) = Swmgww) — g e

where {U, W} is orthonormal basis for p. Clearly K(p) is independent of the
choice of the orthonormal basis {U, W}.
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Putting Z¢ = X¢ XY = W in (4.12), the obtained equation is

RUC, WU, W) = ¢%Wwe u)g“w", we)

+ goUY,U)gcwe,we)

- gC(Wc7Uc)gC(UV7WC)

(4.14) — WV, U (U, W).

Operating complete lift on (4.13)), reveals that

B RE(UC, W, U, W)
-~ g(UC,UC)g(WC, W) — g(UC, WC)?'

(4.15) K(p)

where ]?C(U C W U WY is given in 1' Therefore, the following theo-

rem is obtained:

Theorem 4.4. Let M be the Kenmotsu manifold and T'M its tangent bundle.
If the complete lift of the curvature tensor of D€ wanishes on TM, then the
sectional curvature on TM 1is given by .
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