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Applications of the (p,q)-derivative involving a certain
family of analytic and te-univalent functions

Ahmed M. Abd-EltawaHh]

Abstract. In this paper, we introduce a new subclass of analytic and
te-univalent functions in the open unit disc associated with the operator
%i‘f,‘;, which is defined by using the (p,q)-derivative. We find estimates

for the first two Taylor-Maclaurin coefficients |az| and |as| for functions in
this subclass, and we obtain an estimation for the Fekete-Szegé problem
for this function class. Our results generalize some previously published

results.
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1. Introduction

Let A denote the class of all functions of the form:
o0
(1.1) f2) =2+ 3 apst,
k=2

which are analytic in the open unit disc U = {z € C : |z| < 1}. Also let S
denote the class of all functions in A which are univalent in U.
For the function f, given by (1.1), and ¢ € A, given by

((2) =2+ Y bp,
k=2
the Hadamard product (or convolution) of f and ¢ is defined by
(F Q) (2) = 24 D anbi2® = (C+ f) (2).
k=2

The theory of g—calculus plays an important role in many fields of mathe-
matical, physical, and engineering sciences. The first application of the g—calcu-
lus was introduced by Jackson in [I5, [16]. Recently, there is an extension of
g—calculus, denoted by (p, ¢)—calculus which is obtained by substituting ¢ by
q/p in g-calculus. The (p,q)—integer was introduced by Chakrabarti and Ja-
gannathan in [I1]. For definitions and properties of the (p,q)—calculus, one
may refer to [9] 24].
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For 0 < g < p <1, the (p; ¢)—derivative operator for f is defined as in [2]:

f(PZ)*f(qz)’ if 2€eU* ::Uf{O};

(p—q)z
(1.2) Dpof(2) = /
F), if =0,
From (|1.2) we deduce that
Dypqf(2) Z D ql arz"" (z € ),
k=2

where the (p, ¢)—bracket number is given by

PP —d*
(1.3)[k,p,q] = Zp'“ AR
Jj=

= pr +p*q+p’“*3q2+~-~+qk’1 (0<g<p<l),

which is a natural generalization of the g—number. Clearly, we note that

[k,1,q] = [k:]q = % and lim,__,;- [k, 1,q] = k. Also, we note that D, f(z) —

f'(2)as p=1and ¢ — 1~, where f  is the ordinary derivative of the function
I
By using (1.3) the (p, ¢)—shifted factorial is given by

1, if k=0;

(k,p,q]! = k
I11li,p.ql, if keN:={1,23,..},

i=1

and for any positive number §, the (p, q)—generalized Pochhammer symbol is
defined by
1, if k=0

[6717’ q]k = k

[H6+i-1,p,q], if keN.
i=1

For the function f € A, we define the operator %35 , 1 A— Aas follows:

RYDTf(2) « MDY (2) = 2Dyo f(2),

Apyq A,p,q

where the function M$ )\ "7 is defined, in terms of the Gamma function I', by

04757 z = +Z[ 5—’_1 (a+6+k_’y+2)[)‘+17pa(ﬂk—1 k
A T(a+B—v+2)T(B+k+1)[k—1p,q

B>-1; a>y—1;v>0A>-1;0<g<p<l;z€l).
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A simple computation shows that

(1'4) aﬁgf =z+ le)kakz
k=2
where
(15) o = Flat+B -7+ (B+E+1) [k p g

FrB+1)T(a+B+k—7+2)[A+1,p,q]
B>-1L a>y—1Lvy>06A>-10<qg<p<1).

Wenotethatﬂ?g’lﬁ’;f()—>zf/()a5'y p=l,a=A=0and ¢ — 1.
Also, for y = A =1 and a = 0 we have RV21 £(2) = f(2).

1,p,q

Remark 1.1.
(i) Fra=0and y=p=1,
BiafE) = %5)
= ZJrZ )\+1 qk ) apz® A>-1;0<qg<1l;z€U),
where the operator J was studied by Arif et al. [5];

(ii) For A =1, % =1, and we obtain

RS F(2)
— RS(2)

o _ z o=y

Y I R T A G
1= e ), (7F) wa

z

- atB-7+2TB+k+1)]
- HZ{ NCESI a+ﬂ+k—v+2)}akz

B>-1 a>2y—1;7v>0;z€U),

where the operator %7 was introduced and studied by Aouf et al. [4]
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(iii) For v = A =1,
Ry f(z) = Qf(2)

()L
{

_ (+ﬁ+1 { F(B+k+1) } "
T@E+1) = |T(a+p+k+1)] "

B>-1; a>0;z€U),

where the operator Qf was introduced and studied by Jung et al. [17];
(iv) Fora=y=A=1and g =g,
Ripal(z) = Jef (2)
= C+1/Oztc‘1f(t)dt

ZC

_ c+1 &
B z+z<c+k+1> ke

(c>-1;2€U),

where the operator J.f (z) was introduced by Bernardi [6] and we note
that Jif (2) = Jf(z) was introduced and studied by Libera [19] and
Livingston [20].

According to the Koebe one-quarter theorem, see Duren [12], the images of

U under every univalent functions f € S contain a disc of radius % centered at

0. Thus, every univalent function f on U has an inverse f~!, defined by
FFHfR) =2 (z€U)
and
Frt ) =w (ol <r(fim(n > 7).
where 7o (f) is the radius of the image of U under f, and
(1.7) h(w) = fH(w) = w—agw? + (202 — az)w® — (543 — Sagas + ag)w* + ....

A function f € A is said to be bi-univalent in U if both f and f~! are univa-
lent in U. Let X denote the class of all bi-univalent functions in U given by
(L.1). Some examples of functions in the class X are —log (1 —z), and

3 log (Hz) )

_Z
1-2?
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Abd-Eltawab [I] introduced the concept of te-univalency associated with
an operator, which is a generalization and extension of the concept of bi-
univalency. For f € A, let Si‘f ,, denote the class of all functions given by

(T4), which are univalent in U. It is well known that every function RS2 f

Apq
o8,y - a By )
€ SA,p,q has an inverse (%A’p’q ) , defined by

gRTf(2) ==z (z€U),

and
(e} (87 (e} 1
REET f(g(w)) = w <Iw| <ro(REDT i ro(RYDT f) > 4> :
where
-1
(1.8) gw) = (R7F) ()

= w — hpaw® + [2¢3a3 — Pzaz) w

- [51/1%6@ — 5Ynipgasas + 1/1404] w* + ..,

and 1, is given by (|1.5]).
A function f given by (1.1) is said to be te-univalent in U associated with

-1
the operator %i’g’;’, if both %i’g’;f and (?Rif;’ ) are univalent in U. Let

Ei’ﬁ’g denote the class of all functions given by (1.1)), which are te-univalent

in U associated with %i‘g;

Remark 1.2.

i) For A = 1, we have 9?7 = %87 denote the class of all functions
1,p.q
given by (L.1]), which are te-univalent in U associated with the operator
R57 f(2), where the operator R3” f(z) is given by (L.6);

0,8,1 _
1,p,q — 2.

For two functions f and g, which are analytic in U, we say that f is sub-
ordinate to g, written f (z) < g (z) if there exists a Schwarz function s, which
(by definition) is analytic in U with s(0) = 0 and |s(z)| < 1 for all z € U, such
that f(z) = g(s(z)), z € U. Furthermore, if the function g is univalent in U,
then we have the following equivalence, (cf., e.g., [10] , and [22]):

f(2) < g(2) & f(0) = g(0) and f(U) C g(U).

Let ¢ is an analytic function with positive real part in the unit disc U, which
satisfies the following conditions:

(ii) For A=+ =1 and o =0, we have ¥

©(0)=1and ¢ (0) >0

and is so constrained that ¢ (U) is symmetric with respect to the real axis.
Ma and Minda [2I] unified various subclasses of starlike and convex functions
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consisting of functions f € A satisfying the subordination Z;(S) < ¢ (z) and
1+ 21{,7(2) < ¢ (2), respectively. A function f is bi-starlike of Ma-Minda type
or bi-convex of Ma-Minda type if both f and f~! are, respectively, Ma-Minda
starlike or convex (see [3]). Many interesting examples of the functions of
the class X, together with various other properties and characteristics asso-
ciated with bi-univalent functions can be found in the earlier work (cf., e.g.,
[7, 18, 23]). Brannan and Taha [8] introduced certain subclasses of bi-univalent
functions similar to the familiar subclasses of univalent functions consisting of
starlike, convex and strongly starlike functions. They investigated the bound
on the initial coefficients of the classes bi-starlike and bi-convex functions. Re-
cently, many researchers (see [I], B} [14]) introduced and investigated some new
subclasses of ¥ and obtained bounds for the initial coefficients of the function
given by . For a brief history and interesting examples in the class X, (see
[20)).

Earlier in 1933, Fekete and Szegd [13] made use of Lowner’s parametric
method in order to prove that, if f € S and is given by ,

‘a3—ua§|§1+2(exp(—12)\)\> (0<A<1).
For some history of Feketo-Szeg6 problem for class of starlike, convex and close-
to-convex functions, refer to work produced by Srivastava et al. [28]. Besides
that, some authors [I} 26, [31] have studied the Feketo-Szegd inequalities for
certain subclasses of bi-univalent functions.

The object of the present paper is to introduce a new subclass of analytic
and te-univalent functions in the open unit disc associated with the operator
%if; based on the Ma-Minda concept, and the bound for second and third
coefficients of functions in this class are obtained. Also the Fekete-Szegé in-
equality is determined for this function class. Our results generalize several
well-known results in [3, [14], 25 [29] [3T] and these are pointed out.

In order to derive our main results, we have to recall here the following
lemmas.

Lemma 1.3. [27] If p € P then |ck| < 2 for each k, where P is the family of all
functions p analytic in U for which Re {p(2)} > 0, p(z) = 1+c1z+c22? +c323+
e for z € U.

Lemma 1.4. [30] Let k,l € R and z1,22 € C. If |z1] < x and |z2| < x then

2|k|x  for |kl =l
((k+1) 21 + (k=) 2| <
2|llx  for |kl <|If.

2. Coefficient Bounds for the Function Class %577 [, 7]

Apyq

We begin this section by assuming that ¢ is an analytic function with
positive real part in U with ¢ (0) = 1 and ¢’ (0) > 0 and is so constrained that



Applications of the (p,q)-derivative involving a certain family 143

© (U) is symmetric with respect to the real axis. Such a function has a series
expansion of the form:

(2.1) ©(2) =14 Byz + By2® + B32® + ... (z€U)

where B1, By, Bs, ... are real and By > 0.

Unless otherwise mentioned, we assume throughout this paper that the
function ¢ satisfies the above conditions, 8 > -1, a >y —1,v > 0, n > 1,
A>-1,0<g<p<landzeU.

Definition 2.1. A function f, given by ([1.1)), is said to be in the class E?\"g’; [©, 7],
if the following subordination conditions hold true:

a,B,y
. D, (2) 8,
(2.2) fe Zi:gvg with (1 —mn) 71’2 + nqu%if’;f(z) <p(2),

and

g(w
(2.3 (1= 2 4 D) < o (),
where the functions 87 f, and g are given by (1.4), and (L.8), respectively.

A,p,q

It is interesting to note that for appropriate values of parameters involved
in the class E‘j\‘f ’; [©,n], we have the following known and new classes:

(i) For n = 1, the class Ef:g’; [, 7] reduces to the class Ei’fi’;’ [¢], that rep-

resents the functions f € Zi’}’i’; that satisfy the following subordination
conditions:

Dy f(2) <9 (2),
and

qug(w) =¥ ('LU) s

where the functions %35; f and g are given by (1.4) and (1.8]), respec-
tively;

(i) For A\=p=1and ¢ — 1~, we have §R‘flﬁq’y (2) =RG7f(2),

’

lim Dy RCT f(2) — (R (2),
q—1

and

lim Dpqg(w) — g/ (w),
qg—1

therefore the class E(l\l”f”; [¢,n] reduces to the class £%# [, 7], that rep-

resents the functions f € X% that satisfy (2.2) and (2.3) for %ig;f(z),

’

qu%i’ﬁ’; (2) and Dpeg(w) replaced with R37 f(2), (R37f) () and

g (w), respectively, where the operator %g” is given by (1.6) and g =
-1
()
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(iii)

(iv)

(vi)

(vii)

(viii)

Ahmed M. Abd-Eltawab

For A=~v=p=1 a=0and ¢ — 17, we have %gf;f(z) = f(2),
glw) = h(w), Do DpRITef(z) — f(z) and
lim,_,1- Dpgg(w) — h'(w), therefore the class Ea’ﬁ 7 ¢, n] reduces to
the class By, (p,7), that represents the functions f € S that satisfy (2.2)
and (2.3) for %i‘g;f( ) DpgRSP7 £(2), g(w) and Dypug(w) replaced with

Aipq
f(2), f (2), h(w) and ' (w), respectively, where the functions f and h are
given by (1.1)) and (1.7)), respectively. The class By, (p,n) was introduced
and studied by Omar et al.[25];

For A = v =9 =p =1, «a = 0, and ¢ — 1~ we have
lim,_ ;- pq%? f’qf(z) — [ (2), limq_,lf qug(w) — h (w), where
the functions f and h are given by (|1.1)) and , respectively. Therefore
the class X3 B . [, m] reduces to the class ’Hg ( ), which was introduced
and studled by Ali et al.[3];

¢
Forszzpzl,azO,go:(%fz) (0<¢<1),and ¢ — 1~ we

have ®7'75 f(2) = £(2), g(w) = h(w), limg_1- DypeRTT f(2) — £(2)
and hmq_ﬂ_ Dpeg(w) — h/( ), where the functions f and h are given
by (1.1) and ( ., respectively. Therefore the class Ea’ﬁ 7 ¢, n] reduces
to the class Bs (¢,n) (0 < ¢ <1), which was 1ntr0duced and studied by
Frasin and Aouf [14];

For A=y=p=1,a=0, (p—M(O<O’<1) and ¢ — 1~ we

have R7'77) f(2) = f(2), g(w) = h(w), limg—1- DpRy74 f(2) — f(2)
and lim,__,;- Dyqg(w) — h (w), where the functlonb f and h are given
by (1.1) and (1.7), respectively. Therefore the class Ei‘ﬁ’g [, ] reduces
to the class By (0,1) (0 < o < 1), which was introduced and studied by
Frasin and Aouf [14];

ForA=~v=n=p=1,a=0,p= (sz)g (0<¢<1),and ¢ — 1~ we
have lim, ;- DpRYY 0 f(2) — f'(2), limq_)l—qug( w) — h'(w),
where the functions f and h are given by (1.1)) and ( ., respectively.
Therefore the class E(”M [¢,n] reduces to the class HS (0 < ¢ <1),
which was introduced and studied by Srivastava et al.[29];

14(1-20)z

1-z

1~ we have lim,_ - qu?R(l):f’qlf(z) — (), lim,_ ;- Dpeg(w) —
' (w), where the functions f and h are given by and (1.7)), re-
spectively. Therefore the class 377 [, 7] reduces to the class Hy (o)

Aspyq
(0 < o < 1), which was introduced and studied by Srivastava et al.[29].

ForA=~rv=np=p=1,a=0,¢= (0<o<1),and ¢ —
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Theorem 2.2.
If f, given by (1.1)), is in the class E‘j\‘ﬁ’; [p,m], then

BBy

(2.4) laz| <
a1+ 0B~ D] B + 14020 - P (B - B

)

and

By n B}
L+n(B.pd—Dvs  [1+q(2pq — D

where Y, k € {2,3}, is given by (L.5).

Proof. 1f f € 2357 [, 1], from (2.2), [2.3), and the definition of subordination

Apyq
it follows that there exist two analytic functions u,v : U — U with u (0) =

v (0) = 0, such that

(2.5) las| <

REPf(2
eo  a-p et et ) — e,
and
(2.7 (1-m) 2 4 Dyg) = o 0 )

We define the functions p and ¢ in P given by

1+u(z
(2.8) p(z) = 1_ugz§ =1+p1z+p22” +p3z® + ...,
and
1+v(z
(2.9) q(2) = 1_1)8 =1+ qz+ @2 +¢2°+ ...
It follows from ({2.8]) and . ) that
_P(Z)_l_lil 1 _ﬁ 2
(2.10) u(z)ip(z)—&—li 22+2 P25 )% + oy
and
a1 a1 gt
(2.11) v(z)—q(z)+1— 2z—|—2 2= |z + ..

Using (2.10) and (2.11) with (2.1] . ) lead us to

2
o(u(z) =g (Pﬂ;}) =1+ 8204 [L (= 8) B+ 13 2+ .
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and
p0() = (435) =1+ B2z + [L (e = §) B+ 1aiBo] 22+

On the other hand,

S 1 (2)
(1—0)#+Uqu%quf( z)

=1 + [1 + 77([27]7, Q] - 1)] ¢2a22 + [ + 77([3717, Q] - 1)] ¢3a322 + ceey

and
+ Uqug(w) = 1- [1 +n ([Z,p, Q] - 1)} Yaaow
+[1+7([3,p,q] = 1)] (29305 — Ysaz) w® + ...

Now, equating the coefficients in ) and ., we get

(- 2

(212) [+ (29,6~ D]ihaa = 22,
1 2
(2.13) 1+n(3,p,q —1)]za3 = 3 <p2 5 ) B + 4plB2,
(214 [+ (2,00 D] o = 220
and
2

(215) U+n@@d—M@%ﬁ—%%);(q—>&+q£2
From and , we get
(2.16) PL=—q
and

2 2 2 B% 2 2
(2.17) 2[L4n (12,9, = D) v303 = - (P +a1) -

Now from (2.13), (2.15) and (2.17)), we obtain
2[1 47 ([3,p,q] — )] ¥303
B B, - B
= 71(’}72+Q2)+% (P%JF‘I%)

2(By — By) [1+7(12.p,q] — 1)]>¥3a3
B2 :

B
= 71(202+CI2)+
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Therefore, we have

B? (p2 + q2)
493 [[1+ 0 ([3,p,a] = DI B} + (B1 — Ba) [+ n(12,p,0] - 1)]]

Applying LemmdT.3] for the coefficients ps and g2, we immediately have

BivDB;

o1+ 0 .00 = 01 B+ 140 2o = OF (81— )|

(2.18) a3 =

las] <

This gives the bound on |as| as asserted in (2.4]).
Next, in order to find the bound on |as|, by subtracting (2.15)) from ([2.13])

and using ([2.16)), we get

1 3 1 1 @ 1

= 3 <p2 — 21) Bi+ (piBs =5 (qz -5 ) Bi - 14iB
1

= §B1 (P2 — q2) -

It follows from (2.17)) and (2.19) that

Bil+n(3pa -V +a) 1,
Mrned-nE 2 )

2[14+n([3,p,q] — 1)]¥3a3 =

and then,
s = B (p} +ai) n B (p2 — g2)
8L+n(2pa — D)y 4A1+n([3,p.a —1)]¥s

Applying Lemm4I.3| once again for the coefficients p1, pa, ¢1 and ga, we readily
get

jas| < 51 " B

as| > .
L+n(2.p.q - D vs  [L+n(3.p.d—1)]¢s

This completes the proof of Theorem [2.2 O

Taking 7 = 1 in Theorem [2:2] we get the following corollary:
Corollary 2.3. If f, given by (1.1), is in the class Ef:g’g [©], then

Bi1vB;

lag| <
ony B0l B + 2 (B2 - o)

)

and

B B
3’p’q] ¢3 [27p7q]2¢3,
where i, k € {2,3}, is given by (1.5).

las| < [
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Taking A = p = 1 and ¢ — 17 in Theorem we get the following
corollary:

Corollary 2.4. If f, given by (1.1)), is in the class 57 [p,n], then
BivB;

lag| <
uny |0+ 20) B+ (L) (8- o)

Y

and
‘ ‘< By n B%
as| = )
= 2ys 1) s
where
¢:F(a+ﬁ—’y+2)1“(b’+k+1) 53
PTTB+ DT (a+B+k—v+2) o
Remark 2.5.

(i) Taking vy =1 and a = 0 in Corollar we obtain the result obtained
by Omar et al. [[25], Theorem 2.2];

(ii) Taking v = n = 1 and « = 0 in Corollary we obtain the result
obtained by Ali et al. [[3], Theorem 2.1];

¢
(iii) Taking v =1, « = 0 and ¢ = (%) (0 < ¢ <1) in Corollary we
obtain the result obtained by Frasin and Aouf [[14], Theorem 2.2|;

(iv) Takingy=1, a =0 and ¢ = w (0 <o < 1) in Corollary we

obtain the result obtained by Frasin and Aouf [[14], Theorem 3.2[;

¢
(v) Takingy=n=1,a=0and ¢ = (1+Z) (0<¢<1)in Corollary

1—=

we obtain the result obtained by Srivastava et al. [[29], Theorem 1];

(vi) Takingy=n=1,a=0and ¢ = w (0<o<1)in Corollary
we obtain the result obtained by Srivastava et al. [[29], Theorem 2].

3. Fekete-Szeg6 Problem

Theorem 3.1. If f, given by (1.1)), is in the class Ei’g’ql [p,m], then

la3 - M@%l <
Y
Tt Taom meaTE for ll Fuz| =
[1+n([3,p,a]-1D)]¢3 ‘1 T [14+7([2,p,q)—1D)])*(B1—Ba2)
[1+n([3,p,q-1)]B?

)

Y3
v3

[1+n(3,p,q] — 1)) Bi+
[1+n(2,p,q) — 1)]* (B1 — Bo)

where p € Cyand ¢y, k € {2,3}, is given by(1.5)).

B? 1—p

ll —pl >
tn((2p.al i) (B Ba)
14+n([2,p,g]=1)]"(B1—B>

ll + [1+n([3,p,q]-1)]B?

3

)

for
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Proof. Let f € E?\‘f”; [¢,m] and from (2.19)), we have

—ﬁa By (p2 — ¢2)
BT T A (Bopd - DIvs

(3.1)

Multiplying (2.18]) by (172 — u) we get

(3.2) (& B ’u) B} <1—M%§>(1’2+q2)

= 19s[[Ln(Bp.a - DIBZH(Bi—Ba) 1+ n(2p.al - DI°]

Adding (3.1)) and (3.2)), it follows that
(3.3)

agf/ué:f?z[ (L(H)er)m*@(“)*wlp,q]—lﬂ)% }’

and it follows
(3.4)
B

1 1
a3 — pas] = 77 (L) + =) P2 + (£ W) — by @ |-
where
B (1- 1)
L(p) = Ya
[L+n(3,p.q — DI B2+ [1+7(2,p.q] — 1)]* (B1 - Ba)

Since Bi, Bg, Bs, ... are real, By > 0, |p2| < 2, |¢g2| < 2 and from Lemm we
conclude that

o for o <|L(p)] <

1 .
[1+n([3,p,q]=1)]3 1+n([3,p,q]-1)°

|a3 — ,uag <

%‘L(H)‘ for |L(H)|Zm-
This completes the proof of Theorem O

Taking 7 = 1 in Theorem [3.1] we get the following corollary:

Corollary 3.2. If f, given by (L1)), is in the class 2527 [¢], then

Apyq

— ¥l <

Bl for '1 ng‘ =
[B.p,qlvs [2,p,4]*(B1—Bs) | .
1+ [3,p,4] B7 '

az — pa3| <

B} (1=} - ﬂ%g >

¥s][3,p,q B} +(2,p.q)* (B1—Ba)| for ’1 + W%BZ) ,
sD,q| B

where p € Cyand ¢y, k € {2,3}, is given by(1.5)).
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Taking ¢ = 0 in Theorem we obtain the following corollary which
improves the corresponding result in Theorem

Corollary 3.3. If f, given by (L.1)), is in the class ©5°°7 [, 0], then

A,p,q
las] <
BlB—%BQ c
B— _2[1+ ([37 i) ]_1)]
EXETX =y for (—007 Trrd P }U
[0,00);
1
B} for (—[1+n([37p7q]—1)] 0} U
— 2 [1+7n([2,p,q]-1)]*’
[L+n([3,p,¢] = D)] B+ {72[1%([3,,,@]71)] *[1+n([37p7q]*1)])
s [1+n(([2»p7fﬂ)—1)] Ln(2.p.a-DF * n(2.p.a-1)° )
By — By

where Yy, , k € {2,3}, are given by(1.5)).

Taking A = p = 1 and ¢ — 17 in Theorem H the class Zf{g; [0, 7]

reduces to the class X% [, 7] and we get the following corollary:

Corollary 3.4. If f, given by (L.1)), is in the class X7 [p,n], then

— ¥l <
ol for ! Fuz| =

(1+2n)3 (14n)*(B1—B2) | .

I+ m=ne |

2
a3z — paz| <
B?‘I*u% 1—u%§ >
T [T ) A \1+i(1+<?)+253>§f”
n) b7y ’

L(a+B—y+2T(B+k+1) 1. _ o g
LB+ (at+p+E—+2)7 v 7 D"

Remark 3.5. (i) Taking v = 1 and o = 0 in Corollary3.4] we obtain the
result obtained by Omar et al. [[25], Theorem 2.7];

where p € C,and ¥y, =

(ii) Taking v = n = 1 and @ = 0 in Corollar we obtain the result
obtained by Zaprawa [[31], Theorem 1].

4. Conclusion

In our results, by using the (p, q)-derivative operator, the generalized
class Z(/\]f; [¢,n] was introduced. We find estimates for the first two Taylor-
Maclaurin coefficients |as| and |ag| for functions in this class. Moreover, the
Fekete-Szegd inequalities of the analytic function belonging to this introduced
class was investigated. The results obtained in this study generalize some of

the previously obtained results. We mention that all the above estimations for
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the first two Taylor-Maclaurin coefficients and Fekete-Szeg6 problem for the
function class Zi’f ’; [¢,n] are not sharp. To find the sharp upper bounds for
the above function class, it still is an interesting open problem, as well as for

lan|, n > 4.
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