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An iterative algorithm for minimization and fixed point
problems of two families of pseudononspreading
mappings in Hadamard spaces
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Oluwatosin Temitope Mewomdﬂ, and Godwin C. Ugwunnad

Abstract

Using the S-type iteration process, we introduce a modified proximal
point algorithm for approximating a common solution of the minimiza-
tion problem and fixed point problem in Hadamard spaces. In particular,
we establish strong convergence of the proposed algorithm to a common
solution of a finite family of the minimization problem and the fixed
point problem of two finite families of generalized k-strictly pseudonon-
spreading mappings. Numerical example in support of our main result is
given to illustrate its applicability. Our work improves and extends some
recent results existing in the current literature.
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1 Introduction

Let C be a nonempty subset of a metric space (X,d). A point z € C is called
a fixed point of a mapping T : C' — C' if Tz = x. The set of all fixed points of
T is denoted by F(T).

The mapping T : C — C is called:

IDepartment of Mathematics, Government College University, Lahore, Pakistan,
e-mail: labbas.mujahid@gmail.com, ORCID iD: |orcid.org/0000-0001-5528-1207

2School of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal,
Durban, South Africa. e-mail: |[izuchukwuc@ukzn.ac.za, ORCID iD: orcid.org/0000-0002-
8262-8605

3Department of Mathematics and Statistics, King Fahd University of Petroleum and Min-
erals, Dhahran, Saudi Arabia. e-mail: arahim@kfump.edu.sa, ORCID iD: orcid.org/0000-
0001-6695-0939

*School of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal,
Durban, South Africa. e-mail: mewomoo@ukzn.ac.za, ORCID iD: orcid.org/0000-0003-0389-
7469

°Corresponding author

SDepartment of Mathematics, University of Swaziland, Kwaluseni, Swaziland.
e-mail: ugwunnadidu@yahoo.com, ORCID iD: orcid.org/0000-0002-2711-7888


https://doi.org/10.30755/NSJOM.14084
mailto:abbas.mujahid@gmail.com
https://orcid.org/0000-0001-5528-1207
mailto:izuchukwuc@yahoo.com
https://orcid.org/0000-0002-8262-8605
https://orcid.org/0000-0002-8262-8605
mailto:arahim@kfump.edu.sa
https://orcid.org/0000-0001-6695-0939
https://orcid.org/0000-0001-6695-0939
mailto:mewomoo@ukzn.ac.za
https://orcid.org/0000-0003-0389-7469
https://orcid.org/0000-0003-0389-7469
mailto:ugwunnadi4u@yahoo.com
https://orcid.org/0000-0002-2711-7888

156 M. Abbas, C. Izuchukwu, A. R. Khan, O. T. Mewomo, G. C. Ugwunnadi

(i) contraction if there exists k € (0,1) such that
d(Tz,Ty) < kd(x,y) Vz,y € C;
if K =1, then T is called nonexpansive;
(ii) asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with

lim k,, = 1 such that

n—r00

d(T"x, T"y) < kpd(z,y) Yo,y € C, n > 1;

(ili) quasinonexpansive if F(T) # () and
d(p,Tz) <d(p,x) Vp € F(T), xz € C,

(iv) nonspreading (see [24]) if
2d*(Tz, Ty) < d*(Tx,y) + d*(Ty, ) Va,y € C;

(v) k-strictly pseudononspreading (see [38]) if
(2 — k)d*(Tx, Ty) < kd*(z,y) + (1 — k)d*(y, Tz) + (1 — k)d*(x, Ty)
(1.1) + kd*(z, Tx) + kd*(y, Ty) Vz,y € C,
which is equivalent to
172 = Tyl|* < |z — y|I* + klle — Tz — (y — Ty)||*
(1.2) +2(x —Tz,y—Ty) Yo,y €« C C H,
where H is a real Hilbert space (see [38] [42]);

(vi) generalized asymptotically nonspreading (see [39]) if there exist two map-
pings f,g: C — [0,7], v < 1 such that

A (T"z, T"y) < f(z)d*(T"x,y) + g(z)d*(T"y, ) Y,y € C, n €N,
and
0< f(z)+g(x) <1VzeC;
if n =1, then T is called (f,g)-generalized (or simply generalized) non-
spreading;
(vil) (f,g)-generalized (or simply generalized) k-strictly pseudononspreading if
there exist two mappings f,g: C — [0,7], ¥ < 1 and k € [0,1) such that
(1 = k)d*(Tx, Ty) < kd*(z,y) + [f(x) — K] d*(Tz,y)
+ [9(z) — k] d*(x, Ty) + kd*(z, Tx)
(1.3) + kd?*(y, Ty) Va,y € C,

and
0< flx)+g(z)<1Vzel.
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It is known that nonexpansive mappings and nonspreading mappings with
nonempty fixed point set are quasinonexpansive. Every nonspreading mapping
is k-strictly pseudononspreading with £ = 0. We note that a generalized non-
spreading mapping T with f(z) = g(z) = 1 Va € C reduces to a nonspreading
mapping. Moreover, we make the following remarks about generalized k-strictly
pseudononspreading mappings.

Remark 1.1. (i) Clearly, every generalized nonspreading mapping is gener-
alized O-strictly pseudononspreading.

(ii) Every k-strictly pseudononspreading mapping is a generalized k-strictly
pseudononspreading mapping. Indeed, if T is a k-strictly pseudonon-
spreading mapping, then by Definition (v), there exists k € [0,1) such
that

(2 = k)d*(Tx, Ty) < kd*(z,y) + (1 - k)d*(Tz,y)
(1.4) + (1 — k)d?*(z, Ty) + kd*(z, Tz) + kd*(y, Ty),
which implies
k k 1k
(1 — 2) d*(Tz,Ty) < §d2(x,y) + (2 — 2> d*(y, Tx)

1

k k k
(1.5) + <2 - 2) d*(x, Ty) + 5d?(gg,Tx) + 5d2(y,Ty).

That is,
(1 - k/) d2(T1'7Ty) < k‘/d2(.’E, y) + (f(.’E) - k/) d2(T£L',y)
(1.6) +(g(a) — k) d*(z, Ty) + K'd* (2, Tx) + K'd(y, Ty),
where f(z) = g(z) = 3, Vo € C and k' = £ € [0,1). Hence, T is a
generalized k-strictly pseudononspreading mapping.
However, converse of the statements given in Remark are not always true

as indicated by the following examples.

Example 1.2. Let T : [0,00) — [0, 00) be defined by

#17 lfl' Z ]-7
Tx = z+ 15
0, if z €[0,1).

Then, T is a generalized k-strictly pseudononspreading mapping, but not k-
strictly pseudononspreading mapping.

Example 1.3. Let T : [0,00) — R defined by

_— {—3x, if z € [0, 1],

1 if z € (1,00).

T’
Then, T is a generalized k-strictly pseudononspreading mapping but it is nei-
ther a k-strictly pseudononspreading mapping nor a generalized nonspreading
mapping.
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The approximation of fixed points of nonlinear mappings is one of the most
flourishing area of research in mathematics that has enjoyed a prosperous de-
velopment in the last fifty years or so. Thus, it has attracted and continued to
attract the interest of researchers due to its extensive applications in diverse
mathematical problems such as inverse problems, signal processing, game the-
ory, fuzzy theory and many others, see [2], B [30, [34] 85 [36] and the references
therein. Moreover, many mathematical problems emanating from biology, eco-
nomics, computer science, are among others which can be modelled as a fixed
point problem. It is well known that the pivot of the metric fixed point theory
is the Banach contraction mapping principle, which states that a contraction
mapping T defined on a complete metric space X always has a unique fixed
point, and for any starting point x; € X, the sequence defined by the Picard
iteration process x,+1 = Tx,, n > 1, converges strongly to that fixed point.
However, there are several examples in literature (see [10]) which show that for
a nonexpansive mapping, its Picard iteration process may not converge to its
fixed point, even when the fixed point exists. As a result of this, considerable
efforts have been made to approximate fixed points of not only nonexpansive
mappings, but more general mappings, by developing different iteration pro-
cesses. For example, the Mann iteration process is defined in a Hilbert space
H as follows: 7 € C C H and

(1.7) Tnt1 = (1 —ap)zn + apyTay,, Yo > 1,

where {a;,} is a sequence in (0,1). The Ishikawa iteration process is defined as
follows: 1 € C' C H and

1.8
( ) Yn = (1 - ﬂn)xn + BTz, Vn>1,

{an = (1= an)xn + anTyn,

where {a,} and {f,} are sequences in (0,1). For so many years, many re-
searchers have studied the above iteration processes and their modifications
to approximate fixed points of nonexpansive mappings and wider classes of
mappings and related optimization problems in both Hilbert spaces and Ba-
nach spaces (see, for example [4, 15 18| 2T] 29] B3] 43| 48] and the references
therein).

Recently, Agarwal et al. [I] introduced and studied the following S-iteration
process: 1 € C C H and

(1.9)

Tnt+l = (1 - an)Txn + anTyn
Yn = (1= Bn)xn + BTy Vn > 1,

where {ay,} and {8, } are sequences in (0,1). It was observed in [I] that itera-
tion proce is independent of and (1.7), and has a better convergence
rate than ([1.8)) and for contractions. The study of fixed point problems for
nonlinear mappings using the above iteration processes have recently been ex-
tended from the framework of Hilbert spaces and Banach spaces to Hadamard
spaces (see, for example [17, [32] BT} [46] and the references therein).
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On the other hand, approximating solutions of the minimization problems has
been of great interest in optimization theory, nonlinear analysis and geometry.
Let X be a CAT(0) space and f : X — (—o0, 00] be a proper, convex and lower
semi-continuous mapping. The minimization problem is to find z € X such
that

(1.10) f(x) = min f(y).

yeX

Recall that the mapping f is convex if

f is proper if D(f) := {z € X : f(z) < +oo} # 0, where D(f) denotes the
domain of f. The mapping f : D(f) — (—o0, 0] is lower semi-continuous at a
point € D(f) if

(1.11) f(z) <liminf f(z,),

n— oo

for each sequence {z,} in D(f) such that lim x,, = z; f is said to be lower
n—oo

semi-continuous on D(f) if it is lower semi-continuous at any point in D(f).
For any A\ > 0, the resolvent of f in X is defined in [5] as

1
Foon_ : 2
JA(x)—arggg(l f(y)+2Ad (y, )|,

where argmingex f stands for arguments of minima of f. It was established
in [19] that J { is well defined and that it is a nonexpansive mapping for all
A > 0. For simplicity, we shall write Jy for the resolvent of a proper, convex
and lower semi-continuous mapping f. Furthermore, we denote the solution set
of problem by argmingex f(y). In [5], it was shown that F(.Jy) coincides
with argmin,cx f(y).

The Proximal Point Algorithm (PPA) is known to be one of the most pop-
ular and successful methods for solving . The PPA was introduced by
Martinet [28] in 1970 and was further developed by Rockafellar [4I] for the
approximation of solution of in the framework of Hilbert spaces. Later
in 2013, Bacék [0] introduced and studied the PPA in CAT(0) spaces. To ap-
proximate solution of , Bacdk [6] proposed the following algorithm: For
arbitrary z; € X, define the sequence {x,} by

(112 o = angmiy (£ + ).

where A, > 0 for all n > 1. Under the conditions that f has a minimizer in
X and Y07 | A\, = oo, he proved that {z,,} A-converges to a minimizer of f.
In 2014, Bacdk [7] studied a split version of the PPA for minimizing sum of
convex mappings in Hadamard spaces.

Researchers are now beginning to approximate common solution of the mini-
mization problem and the fixed point problem for nonexpansive mappings in
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Hadamard spaces. In 2015, Cholamjiak, Abdou and Cho [I1] proposed the fol-
lowing modified PPA using the S-type iteration process for two nonexpansive
mappings in a Hadamard space: For arbitrary x; € X, define the sequence

{xn} by

Zp = argmingex [f(y) + id%y,xn)} )
(1.13) Yn = (1 = Bn)xn © BnT12n,
Tnt+1 = (1 - an)Tlxn 2 OénTQy»,“ Vn > 1’

where f : X — (—o0,00] is a proper, convex and lower semi-continuous map-
ping, T1, T5 are nonexpansive mappings on X, {«a,} and {8, } are sequences in
(0,1) satisfying some conditions, and {\,} is a sequence such that A, > A > 0
for all n > 1. They obtained strong convergence results of the iteration process
to a common solution of the minimization problem and the fixed point
problem for two nonexpansive mappings under some compactness conditions.
Later in 2016, Chang et al. [9] proposed the modified PPA, using the S-type
iteration process for four asymptotically nonexpansive mappings in Hadamard
spaces, and obtained strong convergence results of their proposed algorithm
to a common solution of the minimization problem and the fixed point prob-
lem for four asymptotically nonexpansive mappings under some compactness
conditions. Very recently, Ugwunnadi et. al. [47] studied a hybrid PPA for
approximating a common solution of the minimization problem and the fixed
point problem for a demicontractive mapping in a Hadamard space, and ob-
tained a strong convergence result.

Motivated by the recent interest on PPA and these ongoing research, it is
natural to consider the following question.

Question: Can we propose a modified S-type PPA for two finite families of
generalized k-strictly pseudononspreading mappings in Hadamard spaces, and
establish its strong convergence without the compactness assumption on the
mappings involved?

In this paper, we consider the above question by proposing and studying a
modified S-type PPA, and establish its strong convergence for our proposed
iteration, to a common solution of a finite family of the minimization problems
and the fixed point problems of two finite families of generalized k-strictly
pseudononspreading mappings in Hadamard spaces. Numerical example for
our main result is also given to illustrate its applicability. Our work improves
and extends the results of Bacék [6], Bacdk [7], Cholamjiak, Abdou and Cho
[11], Chang et al. [9], and many other results existing in the literature.

2 Preliminaries

In this section, we recall some definitions and useful results that will be needed
in proving our main results.

Let (X,d) be a metric space and z,y € X. A geodesic path joining z to y is
an isometry ¢ : [0,d(x,y)] — X such that ¢(0) = «, ¢(d(x,y)) = y. The image
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of a geodesic path joining x to y is called a geodesic segment between x and .
When it is unique, this geodesic segment is denoted by [z, y]. The metric space
(X,d) is said to be a geodesic space if every two points of X can be joined by
a geodesic segment and it is said to be a uniquely geodesic space if every two
points of X are joined by only one geodesic segment. A subset C of a geodesic
space X is said to be convex, if for all z,y € C, the segment [z,y] is in C. A
geodesic triangle A(z1,x9,x3) in a geodesic space X consists of three points
x1, 29,23 in X (known as the vertices of A) and a geodesic segment between
each pair of vertices (known as the edges of A). A comparison triangle for the
geodesic triangle A(xy,z2,23) in X is a triangle A(z1, 22, 23) 1= A(Z1, Ta, T3)
in the Euclidean plane R? such that d(x;, x;) = dr2(Z;, ;) for all i, j € {1,2,3}.
A metric space (X, d) is called a CAT(0) space if it is geodesically connected
and if every geodesic triangle in X is at least as ”thin” as its comparison triangle
in the Euclidean plane R?. Let t € [0, 1], we write (1 — t)z @ ty for the unique
point z in the geodesic segment joining z to y for each x,y in a CAT(0) space
X such that d(z,z) = td(z,y) and d(z,y) = (1 — t)d(z,y).

Let X be a CAT(0) space. Denote the pair (a,b) € X x X by ab and call it a
vector. Then, a mapping (.,.) : (X x X) x (X x X) — R defined by

(ab, cd) = % (d(a,d) + d*(b, c) — d*(a, c) — d2(b,d)) Ya,b,c,d € X

is called a quasilinearization mapping (see [8]). It is easy to verify that <£, c71> =
—(ab, cd), (ab,cd) = (@, cd)+(eb, cd) and (ab, d) = (cd, ab) for all a, b, ¢, d, e €
X. A geodesic space X is said to satisfy the Cauchy-Swartz inequality if
(@b, ed) < d(a,b)d(c,d) VYa,b,c,d € X. It has been established in [8] that a
geodesically connected metric space is a CAT(0) space if and only if it sat-
isfies the Cauchy-Schwartz inequality. It is known that CAT(0) spaces are
uniquely geodesic spaces (see [31), 45] [46]) and complete CAT(0) spaces are
called Hadamard spaces. Examples of CAT(0) spaces includes: FEuclidean
spaces R", Hilbert spaces, simply connected Riemannian manifolds of non-
positive sectional curvature, R-trees, Hilbert ball ([I6], [20]), hyperbolic spaces
[40]. For more properties of CAT(0) spaces, see [12 [32 1], [45] and the refer-
ences therein.

Let {x,} be a bounded sequence in X and r(.,{x,}) : X — [0, 00) be a continu-
ous mapping defined by r(x, {z,}) = lim supd(z, x,,). The asymptotic radius of

n— oo

{zn} is given by r({z,}) := inf{r(x,{z,}) : € X} while the asymptotic cen-
ter of {z,,} is the set A({z,}) = {z € X : r(z,{z,}) = r({zn})}. It is known
that in a Hadamard space X, A({z,}) consists of exactly one point. A sequence
{z,} in X is said to be A-convergent to a point x € X if A({z,,}) = {z} for
every subsequence {x,, } of {z,}. In this case, we write A- lim z, = x (see

I3, 23)). H’o

Definition 2.1. Let C be a nonempty closed and convex subset of a Hadamard

space X. A mapping T : C' — C is said to be A-demiclosed, if for any bounded

sequence {z,} in X such that A- lim x, = « and lim d(x,,Tx,) = 0, then
n—oo n—oo
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x="Tx.

Definition 2.2. Let C be a nonempty closed and convex subset of a CAT(0)
space X. The metric projection is a mapping Po : X — C which assigns to
each x € X the unique point Poz in C such that

d(x, Pox) = inf{d(z,y) : y € C}.
Recall that a mapping T is firmly nonexpansive (see [22]) if we have that
d*(Tz, Ty) < T:cTy,x?; Vr,y € X.

It follows from the Cauchy-Schwartz inequality that firmly nonexpansive map-
pings are nonexpansive. An example of a firmly nonexpansive mapping is the
metric projection (see [22, Corollary 3.8]).
We will need the following known lemmas.

Lemma 2.3. ([31, {5, [46]). Let X be a CAT(0) space. Then, for x,y,z € X
and t € [0, 1], the following hold:

(i) d(z,tx © (1 —t)y) < td(z,x) + (1 — t)d(z,y),
(ii) d*(z,tx ® (1 —t)y) < td?(z,2) + (1 — t)d?(z,y) — t(1 — t)d*(z,v),
(iii) d?(z,tx ® (1 —t)y) < 2d%(z,x) + (1 — )2d%(z,y) + 2t(1 — t)(z%, Z0)).

Lemma 2.4. ([/4]). Let C be a nonempty, closed and convex subset of a
CAT(0) spaceX Let {z;;i=1,2,...,N} C C, anda; € (0,1), i =1,2,...,N
such that Z _,0o; = 1. Then the followmg inequalities hold:

N N
d < @aixi> < Zaid(z,xi), Vz e C,

=1 i=1
N N N
d? (z,@aixz) < Z (z,x;) Z aiozde(mi,mj), Vz e C.
i=1 i=1 i j=1,i%]

Lemma 2.5. ([26]). Every bounded sequence in a Hadamard space has a A-
convergent subsequence.

Lemma 2.6. [31, [/, [{6]. Let X be a Hadamard space, {z,} be a bounded se-
quence in X and x € X. Then {x,} A-converges to x if and only if
lim sup(7,, 2, y#) < 0 Vy € X.

n—oo
Lemma 2.7. [Tj|]. Let X be o Hadamard space and T : X — X be a nonez-
pansive mapping. Then T is A-demiclosed.

Lemma 2.8. [2]]. Let X be a Hadamard space and f : X — (—o0,o0] be a
proper convex and lower semi-continuous mapping. Then, for all z,y € X and
A > 0, we have

(2.1) ﬁdQ(JAx y) — ﬁd2($ y) + ﬁd (x, Jaz) + () < fy).
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Lemma 2.9. [{9]. Let {a,} be a sequence of non-negative real numbers satis-
fying
Ap41 S (1 - Oén)@n + anén + Yn, N 2 07
where {an}, {6n} and {yn} satisfy the following conditions:
(i) {on} C [0,1], E22 0, = 00,
(i) limsup,, , ., 0n <0,
(113) v > 0(n > 0), X227 < 00.
Then lim,, o a, = 0.

Lemma 2.10. [27]. Let {a,} be a sequence of real numbers such that there
exists a subsequence {n;} of {n} with an; < a,,;11 Vj € N. Then there exists
a nondecreasing sequence {my} C N such that my — oo and the following
properties are satisfied by all (sufficiently large) numbers k € N:

my < Q1 0nd G < Qi1

In fact, mp, = max{i <k :a; < aj4+1}.

3 Main Results

Lemma 3.1. Let X be a Hadamard space and f : X — (—o0, 00| be a proper
convex and lower semi-continuous mapping. Then,
d(J/{amm) <d(Jfz,x) for0<A<pandz e X.

Proof. For x,y € X, we obtain from the definition of the resolvent of f that
f(Juz) + idz(J z,2) < f(y) + idQ( x)
m 2% ul, AV 2% Yy, x).

In particular, we have that

1 1
(3.1) f(Juz) + Zd2(,]ugr:,gc) < f(JIhx) + ZdQ(JAx,x).
Similarly, we obtain

1 1
(3.2) f(JIhx) + ﬁcﬁ(g])\x, z) < f(Jux) + ﬁdQ(JMx,a:)

Adding (3.1) and (3.2), we obtain that

d*(Jyzw, x) — %dQ(JAx,x) < d*(J,x,x) — %dQ(JMx,x).

(1 — :) d*(Jye,x) < (1 - :) d*(J,x, ).

As 0 < A < p, so we obtain that

That is,

d(re,z) < d(Jyx, ).
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Lemma 3.2. Let C be a closed and convex subset of a Hadamard space X
and f; : X = (—o0,00], i=1,2,...,N be a ﬁmte family of proper convex and
lower semi- contmuous mappings such that NY_; argminge x fi(y) # 0. Let {u,}
and {zn} be bounded sequences such that

tn = Po(Jym o Ty o0 Jy@ 0 Jyon (2n)),

where {AS)}, 1 =1,2,..., N is a sequence such that 2D > A >0 for each

t=1,2,...,N andn > 1. If lim d(up, z,) = 0, then lim d(Jy\) zn,2n) = 0,
n—oo n—oo

for eachi=1,2,...,N.

Proof. Let p € ﬂf\’zlarg minyex fi(y).

Set wa'H) = J)\(i)w,(f), for each i =1,2,..., N,

where wy(ll) = zn, for all n > 1. Then,
2 3 N+1
w7(L) = )\511)(2”)’ w7(b) = AP o J)\%l)(zn% ceey w’gz ) = A o J)\%Nfl) o
)\g) ] J/\1) (Zn)
By Lemma 2.8, we obtain
i+1)
2)\< 7 d-(p,wn ) 2/\< 7

As f(p) < f( (+1) ) we have that

(p, i) + Sl d(wl wi*D) + fiV) < f(p).

d*(w, wiT) < d*(p,wP) — d(p, wi ).

Taking sum in the above inequality from ¢ = 1 to i = N, we obtain

Zd2 wit) < dP(p,2n) — d*(p,w(NHY)
< d2(pyza) — & (p,un)
< [dp, un) + d(un, 20)]* = & (p, un)
< d*(2n, un) 4 2d(2n, un)d(p, uy) — 0 as n — oo,
which implies
(3.3) lim d(w®, wi*t)y =0, i=1,2,...,N.

n— oo

By (3.3) and the triangle inequality, we obtain for each ¢ = 1,2,..., N, that

(3.4) lim d(z,, w™) = lim d(wP, wit) = 0.

n—oQ n—oo

Also, since )\Sf) > A > 0 for all n > 1, we obtain by Lemma and (3.3)
that

d (w'SLi)7 J/\(,;)wﬁf)) <d ( W, NG >w(l))

(3.5) —0,asn—o00, i=1,2,...,N.
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Since Jyu is nonexpansive, we have from (3.3) and (3.4) that

d(Jyr 2, o wl?) < d( Ty zn, Ty wl ) + d(Tyow, Tyww?)
(3.6) < d(zp, wY) + d(wlY W) = 0, as n — oco.

n
By (3.3)-(3.5), we obtain
d(Jy@2zn, 2n) < d (J,\mzn, JA<i>w§f)> +d (JA<¢>wg)7w£f))
(3.7) +d (w,(f),w,(fﬂ)) +d (wﬁf“% zn) — 0 as n — oo.
That is,

lim d(Jy¢)zn,20) =0, i=1,2,..., N.

n— oo
O

Lemma 3.3. Let C be a closed and convex subset of a Hadamard space X
and T : C — C be (f,qg)-generalized k-strictly pseudononspreading mapping
with k € [0,1) such that F(T) # 0, where f,g : C — [0,7], v < 1 and
0 < flx)+g(x) <1 forallz e C. Let Tg : C — C be defined by Tgx =
Bx @ (1 — B)Tx Va € C, where % < B <1 with f(p) # 0 for each p € F(T).
Then,

(a) F(Tp) = F(T),
(b) T3 is quasinonexpansive.

Proof. (a) If =0, then Tg = T. Thus, F(T) = F(T3). Now, let 8 # 0.

For each p € F(T;), we have that p = Tgp and by Lemma (i), we have
d(p, Tp) < Bd(p, Tp), which implies (1 — 8)d(p, Tp) < 0.

Since 8 < 1, it follows that p € F(T'). Thus, F(T3) C F(T).

We now show that F(T') C F(Tg). Let p € F(T), then Tp = p and by Lemma
(i) we have

d(p, Tsp) = d(p, Bp ® (1 — B)p) < 0, which implies that p € F(Tj). Thus,
F(T) C F(1p). Therefore, F(T) = F(T).

(b) First, observe that if T is (f, g)-generalized k-strictly pseudononspreading
mapping, then for each p € F(T) and x € C, we obtain

d*(p, Tz) < f(p)d*(p,x) + g(p)d*(p, Tx) + kd*(z,T),
which implies
(1—g(p)d®(p, Tx) < f(p)d®(p,x) + kd®(z,Tx).

Since f(p) + g(p) < 1, we obtain

(3.8) d*(p, Tx) < d*(p, ) + fé;)dz(x,Tac).
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By Lemma (ii) and (3.8)), we have for each z € C and p € F(T) = F(1p)
that

d*(Tgp,Tpx) = d*(p,fr® (1~ p)Tx)
S Bd2(p7 :L‘) + (1 - ﬁ)dQ(pa T{E) - ﬁ(l - B)dQ(vax)
< B+ (1L 5) | Pa) + 5P T
—B(1 = B)d*(z, Tx)
= P+ (-0 (505 - 8) P T
< & (pa).
Therefore, T3 is quasinonexpansive. O

Theorem 3.4. Let C be a closed and convex subset of a Hadamard space X
and h; : X — (—o00,00], i =1,2,..., N be a finite family of proper convex and
lower semi-continuous mappings. For each j =1,2,...,m, let T; : C — C be
a finite family of (f;,g;)-generalized k;-strictly pseudononspreading mappings
with k;j € [0,1), where fj,g; : C = [0,7], v <1 and 0 < f;(z) + g;(xz) <1 for
allz € C, and Sj : C — X be a finite family of (f},g’;)-generalized K';-strictly
pseudononspreading mappings with k; € [0,1), where f;,g; : C —[0,7'], v <1
and 0 < fi(z) + gi(x) < 1 for all x € C. Suppose that T' := (ﬂ;»”:lF(Tj)) N
(ﬂ;»”:lF(Sj)) (N argminge x hi(y)) # 0. Let u,zy € X be arbitrary and the
sequence {x,} be generated by

zn = (1 —typ)xn @ thu,

U = Po(Jyon o J (N1 O @ © i (zn)),
Yn = (O)un &) ,6 T(ﬂ Uy P 51(12)T(,8,2)Un D ...
®By" )T(ﬁ,m)um

Tpt1 = a%O)T(57m)un ® a%l)S(ml)un @ a%Q)S(ayz)un
@@l StamyYns 1> 1,

where Tz jyx = fr®(1—B)Tjz and S(o jyr = ar® (1 —a)S;, j—1,2,..., m,
foralxz el such that T( 5y and S(g ;) are A-demiclosed with f( ) <pg<l,

fi(lp) #0 and w5 < a <1, fi(p) # O respectively, for each j =1,2,...,m
and for eachp € ( jle(Tj)) ( jle(Sj)), {tn},{)\g)}7{ﬂ7(f)} and {agf)}

are sequences in (0,1) satisfying the following conditions:

C1: lim t, =0,

n—oo

C2: > |ty = 00,

Cs3: o<a<a££>, P <b<1, j=01,2...,m such that Y7 jof)) =1
andzj‘zoﬁn :1f0’l” alln > 1,
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Cy: {)\,(f)} is a sequence such that AD > A6 forallm>1i=12...,N
and some XV > 0.

Then, {x,} converges strongly to an element of T'.

Proof. Let p € I'. Then for each j = 1,2,...,m, we have by Lemma that
p =T(,jP = S(a,;)p, and Tz ;) and S(, ;) are quasi-nonexpansive mappings.
Set Cpﬁyn = )\ng) o J>\$LN—1) 0--:0 )\;2) @) JAS)’ where (I)())\n = 1. Now by 1' and
Lemma [2.4] we have

d(paxn+l) < OésLO)d(P» T(,B m)un) +O‘ (pv S(a 1)Un) +O¢ )d(pa S(a Q)Un)

4+ Oégz )d(p, S(a7m)yn)

< a%o)d(p, Up) + asll)d(p, un) + aﬁf)d(p, Up) + -+ Oz%m)d(p, Yn)
m—1
< Z Ol%j)d(p, ) + an w(o (p7 Un) + /By(ll)d(pa T(B,l)un)
§=0
+B82d(p, Tyg 2)un) + -+ + B AP, T(5,m)un)]
m—1
< Y aPd(p,un) + oMd(p,un)
=0
(3.10) = d(p,un)
< d(p,®Y z)
< d(p, (I)ivn_lzn)
(3.11) < d(p,zn)
< max{d(p,zn),d(p,u)}
< max{d(p,z1),d(p,u)}.

Therefore, {d(p,z,)} is bounded. Hence, {x,}, {yn}, {zn} and {y,} are all
bounded.
From (3.9), Lemma (i) and condition C1, we obtain that

(3.12) d(zn, Tn) < tpd(u, ) — 0, as n — oo.

We need to consider two cases for our proof.
Case 1: Suppose that {d(p,x,)} is monotonically non-increasing. Then

lim d(p, z,) exists. Without loss of generality, we may assume that
n—oo

(3.13) lim d(p,z,) =c¢>0.

n—oo

Since P¢ is firmly nonexpansive therefore, we have

1
*(p. 1) < (i 0N, 22 p) = 5 (P, un) + d(p, OF, 20) = d* (un, @3 20)) ,
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which together with (3.10)), (3.10), (3.12)) and (3.13]), implies that

&P (un, @Y 2,) < &(p, @Y zn) — &(p, uy)
S d2(p7 @ﬁ\vnzn) - d2(p, xn+1)
< dQ(p, zn) - dQ(p, $n+1)
(3.14) —d*(p,py1) — 0 as n — oo.

We now show that lim d(u,, Jy@»u,) =0, i=1,2,...,N.
n—oo
Indeed, it follows from Lemma [2:8] that

1 1 _ 1 _
KdQ(p, ‘I’f\vnzn)—ﬁdz(p’ ‘I’f\vn 1Zn)+ﬁd2(¢’f\\22n7‘1’i\i Ya)+f (23 ) < f(p).

Since f(p) < f (@gvn), we have by (3.10), (3.13) and (3.12)) that

P(ON 20, @3 " 12) < dP(p, @3 z) — dP(p, @ 20)
S dQ(pyéivn_lzn) —d2(p,$n+1)
S d2(p7 Zn) —d2(p,$n+1)
< dQ(znv -'En) + Qd(zru xn)d(p7 CCn)
(3.15) + [d®(p,zn) — d*(p, Tnt1)] = 0, as n — oco.

Similarly, we obtain by Lemma [2.8] (3.10), (3.13) and (3.12) that

() 2, @) P2n) < dP(p, @Y Pzn) — dP(p, @ '2y)

< dB(p @Y Pan) — & (p 2F 20)
< d*(p, ‘I’f\vn_zzn) —d*(p,Tpt1)
(3.16) < d*(p, zn) — d*(p,tpy1) — 0, as n — oo.

Continuing in this manner, we can show that

Jim @ (DX 72z, OF z,) = -oe = lim d*(®F 20, @3, 2n)
(3.17) = lim d*(®} 2,,2,) = 0.
n—oo "

Thus,

d(tn, 2n) < d(tn, @ﬁ\vnzn) + d(CIﬂAVnzn7 q)ivn—lzn)
(3.18) +d(®) 2, @Y P2) + -+ d(R 20, 20),
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which implies by (3.14)), (3.15]), (3.16) and (3.17)) that
(3.19) lim d(up, z,) = 0.

n—oo

It follows from (3.19) and Lemma that

d(J)\(i)un»un)
< d(Jx@ un, Iz 2n) + d(JIxi) Zns 2n) + d(2n, un)
< 2d(un, zn) + d(Jy@) 2n, 2n) = 0, asn — 00, 1 =1,2,..

N.

)

That is,

(3.20) lim d(un, Jyiun) =0, for each i =1,2,...,N.

Next, we show that nh_)rrolod(un,xn) = 0 and hm d(p7 yn) = ¢. By (3.12) and
7 we obtain
(3.21) lim d(uy,z,) =0.

n— oo

Again, by (3.9), we have
d(p, xn+1) < Ot(o)d(p, T(B m)un) + a(l)d(p, S(a,l)un) + ag)d(p, S(a,2)un)
+- +a (pv S(a m)yn)

< (O)d(pa Un) +a 1)d(pa un) =+ O‘( )d(p, un) +ee a%m)d(pa yn)
(1= a{)d(p,un) + o d(p, yn)

(1 - O‘(m))d(p Zn) + a(m)d(p’ yn)
(1= al™) [(1 = ta)d(p, z0) + tud(p,u)] + a™d(p, yn)
(1 —al™)d(p, z,) + ta(1 — o™ )d(p, u) + ™ d(p, yn),

VAN VAN VANNERE

which implies
1
Qln

It then follows from ([3.13)) and conditions C1 and C3 that
(3.22) ¢ =liminfd(p,z,) < hm 1nf d(p, yn)-

n—oo

Also, by (3.9), we have

dp,yn) < BPVd(p,un) + BPd(p, T(g,1)un) + BPd(p, T(5,2)un)
+ oo B d(p, Ty, myun)

d(p, un)

d(pa Zn)

d(p,zn) + ty [d(p,u) — d(p,=,)],

(3.23)

IN N CIA
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which implies that

(3.24)im sup d(p, yn) < limsup (d(p, x,) + ty, [d(p,u) — d(p, z,)]) = c.

n—oo n— oo
Thus, by (3.22) and (3.24)), we have
(3.25) lim d(p,yn) = c.
n—oo

We now show that lim d(u,,T(g jyu,) = 0, for each j = 1,2,...,m and

n—oo
lim d(up,yn) = 0.
n— oo

Indeed, by (3.9), Lemma 2.4 and Lemma we have

m m
d*(p,yn) < BOE (p,un) + > BP A (p, Tig jyun) — Y BY B d® (tn, Ty jyun)
j=1 =1
- Y BYBYE(Ts 5 uns Tiryun)
jyr=1,j%#r
< d(p,un) = > B BD A (un, T 5y tm)
j=1
(3260 — Y BBV (Tp 5y, Tpryin),
jyr=1,j%#r
which implies
> BOBP P (un, Tis jyun) < d*(pun) — d*(p, yn)
j=1
< d2 ('U'ru xn) + Zd(una xn)d(pv xn)
(327) + d2(10, xn) - d2(pa yn)

By (3.13)), (3.21)), (3.25)) and condition C3, we obtain that

(3.28) nhﬁngo d(un, T(g,jyun) =0, j =1,2,...,m.

Thus, by (3.9), (3:28) and Lemma [2.4] we have

d(una yn) < 5£O)d(un7 un) + 621)61(11,”, T(,B,l)un) + ﬂg)d(un’ T(,B,Q)un)
(3.29) +oe ﬁ,(lm)d(un,T(ﬂ)m)un) — 0 asn — 0.

Next, we show that lim d(un, S, jyun) = 0, for each j = 1,2,...,m — 1, and
n—oo

nlggod(yna S(a,m)yn) =0.
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By (3.9), (3.23), Lemma and Lemma we obtain

m—1
dz(pa mn+1) S a’SLO)dZ(p7 T(ﬁ,m)un) + Z O‘sLj)dz(pa S(a,j)uﬂ)
j=1

+ agzm)dQ(pa S(a,m)yn)

- agLO)av(zj)dQ(T(ﬁ,m)un7S(a,j)un)

= > a™aP d*(S(am)Yns Sajytin)
j=1

m—1

- Z agzj)agzr)d2(s(a,j)unaS(a,r)un)

Jir=1g#r
m—1

< d(pun) = Y oo d (Tgmytn, Sa,yun)
j=1

—afPal™Md? (Ttg,m)tns S(e,m)Yn)

m—1

= > alMaDd(S(a,myYn: Saj)tin)

Jj=1
m-— .

(3.30) = D ol d(S(atn: Saryun),
Jyr=1,j#r

which implies by (3.13) and (3.21) that
m—1

Z Oé%o)()églj)dQ (T(B,m)um S(,Lj)un) + Oé%o)a;m)dQ (T(B’m)un, S’(mm)yn)

j=1

[

S dz(pv un) - dQ(pv xn+l)
(3.31) — 0 as n — 0.

This together with condition C3, implies that

(332) nhﬁnolo d(T(/g’m)un, S(a,j)un) = 0, j = 1, 2, cee, M — 1
and

(3.33) lim d(T(B,m)um S(a’m)yn) =0.

n—oQ

By (3.28), (3.32) and triangle inequality, we obtain
(334) nhﬁngo d(un, S(a,j)un) = 0, j = 1, 2, ey — 1.
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Furthermore,

d(Yn, S(a,m)yn) < d(Yn, un) + d(un, T(ﬂ,m)un) + d(T(ﬂ,m)una S(a,m)yn)a
which implies by (3.28)), (3.29) and (3.33) that
(3.35) nlgr;o d(Yn, S(a,m)yn) = 0.

Moreover, as {z,} is bounded and X is a Hadamard space so by Lemma
there exists a Subsequence {zn,} of {x,} such that A—klim Tn, =2 € C. It
— 00

follows from and (3.29) that there exist subsequences {u,, } of {u,} and
{Yn,, } of {yn} such that A- hm 0 U, = 2 = A- hm 0 Y- Since T(g ;) and S(q,j)

are A-demiclosed, it follovvs from 3.28), (3. 34) 3.35) and Lemma |3.3| that
z € (N7 (T(m)) (M1 F(Sp,0)) = (ML F(T5)) N (N7 F(S))). —Also,
since Jy«) is nonexpansive for each i=1,2,...,N, we obtain by (3.20) and
Lemma [2.7| that z € N, F(Jy ) = (N argmingex fi(y)). Hence z € I
Furthermore, for arbitrary u € X, we have by Lemma [2.6] that

(3.36) lim sup (24, zz,,) < 0,

n—roo

which implies by condition C1 that
(3.37) limsup (t,d*(z,u) + 2(1 — t,)(z4, Z2,,)) < 0.
n— oo

We now show that {z,,} converges strongly to z. By (3.10) and Lemma [2.3[ii)
(iii), we obtain

(2, 0041) < dP(z,2,)
< (1= t)2d% (2, 20) + 242 (2,u) + 2t (1 — t,) (20, 22,,)
(3.38) < (1 —ta)d*(z,20) + tn (tad?(2,u) + 2(1 — t,) (20, Z2,,)) -

Hence, by (3.37) and Lemma 2.9} we conclude that {z,,} converges strongly to
z.

Case 2: Suppose that {d?*(p,x,)} is monotonically non-decreasing. Then,
there exists a subsequence {d?(p,xn,)} of {d?(p,z,)} such that d?(p,z,,) <
d*(p,xn,+1) for all i € N. Thus, by Lemma there exists a nondecreasing
sequence {my} C N such that mj — oo, and

(339d2(p, xmk) < d2(p7 xmk+1) and d2(p7 xk) < d2(pa xmk+1) Vk € N.
Thus, by (3.10), (3-39) and Lemma [2.3] we obtain
0 < kh%rgo (dg(pa CE7nk+1) - dg(pu xmk))

< limsup (d2 D, Tpt1) dQ(]% xn))
n—roo

< limsup (d2 (p, zn) — (pa xn))
n—oo

< limsup ((1 — t,)d*(p, z) + tnd?(p,u) — d*(p, z,,))
n—oo

= limsup [tn ( —d? (ps xn))] 0,

n—roo
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which implies that

(340) lim (d2(pa xmk-‘rl) - d2(pa xmk)) =0.

k—o0

Following the arguments as in Case 1, we can show that

(3.41) Jim. (tmpd®(2,u) + 2(1 =ty )(ZU, 2Ty ) < 0.

Also, by we have
d* (2, Tmpt1) < (L=t )d* (2, Ty ) F g, (b @2 (2,0) + 2(1 =ty ) (20, 22y )) -
Since d?(z, T, ) < d*(2, Zm,+1), We obtain
d*(2,2my.) < (tmyp d*(2,0) + 2(1 — b ) (ZUy 2Ty )) -
Thus, by we get
(3.42) lim d?(z,2pm,) = 0.

k— o0

It then follows from (3.39)), (3.40) and (3.42) that klim d?(z,z1) = 0. Therefore,
—00
we conclude by Case 1 that {z,} converges to z € T". O

By setting N = 2 = m in Theorem [3:4] we obtain the following result which
extends Theorems 3.1 and 3.2 in [II] and Theorem 3.1 in [9].

Corollary 3.5. Let C be a closed and convexr subset of a Hadamard space
X and h; : X — (—o00,00], i = 1,2 be a finite family of proper conver and
lower semi-continuous mappings. For each j = 1,2, let T; : C — C be a finite
family of (f;, g;)-generalized k;-strictly pseudononspreading mappings with k; €
[0,1), where f;,g9; : C — [0,7], v < 1 and 0 < fj(x) + gj(z) < 1 for all
x € C, and S5 : C — X be a finite family of (f},g’;)-generalized k';-strictly
pseudononspreading mappings with k; € [0,1), where f;,g; : C —[0,7'], 7" < 1
and 0 < fi(z) + gj(x) < 1 for all z € C. Suppose that T := (N3_, F(T})) N
(ﬂ?le(Sj)) N (N2 argmingex hi(y)) # 0. Let u,z1 € X be arbitrary and the
sequence {x,} be generated by

zn = (1 —tp)z, ® thu,
= Po(Jy@ o Jym(2n)),
(3.43) ©) A
Yn = Un@ﬁn T(,é’l un@ﬂn (8,2)Un;

Tp+1 = agl )T(B,Q)un () an S(a,l Up ©® asLQ)S(aQ)yna n Z 17
where Tig jyr = B @ (1 ﬁ)Ta:andSaJx—am@(l—a)Sx j=12,
forallxz e’ such that T(g jy and S(g ;) are A-demiclosed wzth < B <1,
fi(p) # 0 and f( y S o<1, fi(p) # O respectively, for each j=1,2 and

for each p € ( jle(Tj)) N (ﬂ?le(S’j)), {tn}, {)\53)}, {@(Lj)} and {an)} are
sequences in (0,1) satisfying the following conditions:
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C1: limt, =0,

n—00

C2: ZZOZI t, = 00,

C3:0<a<a, BY) <b<1, j=0,1,2 such that Zizoa%j) — 1 and
2 )89 =1 for alln > 1,

C4: {)\S)} s a sequence such that AP =A@ forallm>1, i=1,2 and some
A0 > 0.

Then, {x,} converges strongly to an element of T

In view of Remark we obtain the following corollaries which extend and
improve the main results of Osilike and Isiogugu [37], Bacdk [7] and Bacék [6].

Corollary 3.6. Let C' be a closed and conver subset of a Hadamard space X
and h; : X — (—o00,00], i =1,2,..., N be a finite family of proper convex and
lower semi-continuous mappings. For each j = 1,2,...,m, let T; : C = C
be a finite family of (f;, g;)-generalized nonspreading mappings, where f;,g; :
C =07, v<1,0< fi(x) +gj(x) <1 forallz € C, and S; : C - X
be a finite family of (f}, g;)-generalized nonspreading mappings, where f;, g; :
C = [0,7], v < 1,0 < fi(z) + gj(x) <1 for all x € C. Suppose that
L= (N7, F(T5) N (N2, F(Sy) N (NI, argmingex hi(y)) # 0. Let u,xy € X
be arbitrary and the sequence {x,} be generated by

2n = (1 —tp)xn @ thu,
uy = Po(J v o Jy(w-ry o0 A@ ©Jya) (zn)),

Yn = B un @ B T, @ B Touy @ . ..
@Bn Tmun,
Tptl = ST, ® ol Syu, & ol Sou, & ..

Bal™ S, n > 1,

where {t,}, {/\ﬁf)}, {57(1]')} and {oa(lj)} are sequences in (0,1) satisfying the fol-
lowing conditions:

C1: limt, =0,

n—oo

C2: >ty = 00,

Cs:0<a<al, B <b<1,j=012...m such that T}y af =
and Y70 B9 =1 for alln > 1,

Cy: {)\S)} is a sequence such that AD S A@ foralln>1,4i=1,2...,N
and some X)) > 0.

Then, {x,} converges strongly to an element of T.
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Corollary 3.7. Let C be a closed and convex subset of a Hadamard space X
and h; : X — (—o0,00], i =1,2,..., N be a finite family of proper conver and
lower semi-continuous mappings. For each j = 1,2,...,m, let T; : C = C
and S; : C — X be finite family of k;-strictly pseudononspreading mappings
with k; € [0,1) and finite family of kj-strictly pseudononspreading mappings
with kj € [0,1) respectively. Suppose that T' := (ﬂTle(TJ)) N (ﬁ;.”:lF(Sj)) N
(ﬂf;largminyex hl(y)) # 0. Let u,x1 € X be arbitrary and the sequence {x,}
be generated by

zn = (1 = ty)xn ® thu,

Uy, = PC(J)\&,N) o J/\;N,l) o0 @o J/\Ell)(zn)),

Yn = BT(LO)un @ 57(11)T(5,1)Un @ 57(12)T(/3,2)Un D...
SB" T mytin,

Tpt1 = a%O)T(B,m)u,L @ ozg)S(a)l)un &) ag)S(a,g)un D ...
B S )Yy 1> 1,

(3.45)

where T(g jyx = Pr®(1-F)Tjz and Sy j)r = ar® (1 —-a)S;z, j=1,2,...,m,
for all x € C such that k; < 8 < 1 and k;- < «a < 1. For each i,j =
0,1,2,...,m, {tn},{/\g)},{ﬁy)} and {ozgf)} are sequences in (0,1) satisfying
the following conditions:

C1: limt, =0,

n—0o0

C2: Y0ty = o0,

C3:0<a<a Y <b<1 such that Z;”:Oa;j) =1 and E;":OB,@ =1
for alln > 1,

Cy: {/\ﬁf)} is a sequence such that AD > A@ foralln>1,1=12...
and some X > 0.

N

)

Then, {x,} converges strongly to an element of T.

4 Numerical Example

We give numerical example to illustrate Theorem Let X = R, endowed
with the usual metric and C' = [0,100]. Then,

0, if x <0,
Po(z)=<¢=z, ifze€][0, 100],
100, if z > 100

is a metric projection onto C'. For m = 1, we define S: C' — R by

s —3x, ifx€[0,1],
Tr =
L if z € (1, 100].

x’
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Then, S is an (f/, ¢')-generalized k’-strictly pseudononspreading mapping with

K =2 and f',g': [0, 100] — [0, 19] defined by

i if 1 1 1
flla)y={w ! z € [0,1], and J@) =i z€0,1]
7, if z € (1,100] 10 if ¢ e (1,100].

Also, we define T : C' — C by

xTr = 10
0, if 2 €[0,1).

Then, T is an (f, g)-generalized k-strictly pseudocontractive mapping with k =
0 and f,g: [0,100] — [0, %] defined by

i 1
f(z) = {07 e Lol and g(x) = {(”110)2’ if 2 € [1, 100],

2, ifzelo,1) 0, if z €[0,1).

Clearly, F(T) N F(S) = {0}. Thus, we can choose a = -5 = X and 8 =0.

(0
Then, Sqz = 22 + (1 — %) Sz and Tz = Tz.
Let N = 2. Then for i = 1,2, we define hy,hs : R = (—00,00] by hy(z) =
11B1(z) —b1|* and ha(z) = 1| Ba(x) — bo|?, where By (z) = 2z, By(x) = 5z and
b1 = by = 0. Since B; is a continuous and linear mapping, so for each ¢ = 1,2,

h; is a proper convex and lower semi-continuous mapping (see [28]). Thus, for
An = 1, we have that (see [28])

1
Jii(z) = Proxp,x = arg;réi(rjl (hl(y) + §\y — x|2)
= (I+B!B;) '(z+ Bl'b).
_ 1 (0) _ _=n (1) _ 2n45 p0) _ _n (1) _ nt1
Take tn = g, on = 355, on’ = 5pis, B’ = gipp and B’ =

Now, conditions C1-C4 are satisfied.
Hence, for u,z; € R, our Algorithm (3.9) becomes:

zn = (1 =tz + thu,

(4.1) uy = Po (Jy (100 (20))) »

- Yn = 7(10)Un + Bv(ll)Tﬁun;

Tn+1 = O‘;O)Tﬂun + O‘S“Ll)sayny n > 1.

Case I: Take 1 =1 and v = 0.1.
Case II: Take 1 = 0.5 and v = 0.1.
Case III: Take z1 = 0.5 and u = 2.
The following table shows results of our numerical experiment based on MAT-
LAB version R2016a software.
Declaration
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Iteration | Errors for Case | Errors for Case Il Errors for Case 11

Numbers u=0.1 u=0.1 u=2
1 1.0000 0.5000 0.5000
2 0.7560 0.3760 0.3000
3 0.1715 0.0857 0.0858
4 0.0485 0.0246 0.0367
5 0.0149 0.0077 0.0192
6 0.0049 0.0027 0.0116
7 0.0017 0.0010 0.0077
8 0.0007 0.0005 0.0055
9 0.0003 0.0003 0.0041
10 0.0002 0.0002 0.0032
11 0.0001 0.0001 0.0026
12 0.0001 0.0001 0.0021
13 0.0001 0.0001 0.0018
14 0.0001 0.0001 0.0015
15 0.0001 0.0001 0.0013

TABLE 1. Showing numerical results for Case I, Case Il and Case IlI.

0.8 T T

Case |
Case Il
Case Il

0.7

0.6

05

04r

Errors

031

021

0.1r

"

0 5 10 15
Iteration number (n)

Figure 1: Errors vs number of iterations for Case I, Case II and Case III.
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