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Joint spectrum and a spectral inclusion theorem for
tensor product of semigroups on locally convex spaces
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Abstract. In the following paper, we deal with a specific type of
joint spectrum, which is the bicommutant joint spectrum. The obtained
results are used to establish a relation between the spectrum of the tensor
product of semigroups on locally convex spaces and the Cartesian product
of its components’ spectrums. In addition, a spectral inclusion theorem
for the tensor product of semigroups is given.
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1. Introduction

In this paper, we will look at the bicommutant joint spectrum of opera-
tor families on locally convex spaces. Based on the obtained results, we will
describe the spectrum of the tensor product of semigroups on locally convex
spaces in terms of the Cartesian product of their component spectra. In ad-
dition, we will prove a spectral inclusion theorem for the tensor product of
semigroups on locally convex spaces.

Many mathematicians have investigated the tensor product of semigroups
on Banach spaces [2, [9]. The authors introduced in [3] the tensor product of
semigroups on locally convex spaces and developed several properties.

Throughout this paper, X and Y will be two locally convex sequentially
complete Hausdorff spaces over the complex field C. Each system of continuous
seminorms I'x and I'y inducing the topology of X and Y, respectively, is called
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calibration. We will denote by (X,I'x), (Y,T'y) the space X, Y endowed with
the systems of seminorms I'x, I'y, respectively. £ (X) will denote the algebra
of the continuous linear operators on a locally convex space X.

According to Moore [I3] and Chilana in [4], a linear operator T : X — X
is called universally bounded with respect to a calibration I'x if there exists
K > 0 such that p(Tz) < Kp(x), for all z € X and p € T'x. We will
denote by Br, (X) the class of universally bounded operators with respect to
a calibration I'x.

Universally bounded operators acting on a locally convex space have been
studied by Moore, Chilana [I3] 4], and Joseph [8]. This class of operators has
also been investigated by Giles, Joseph, Koehler, Sims, and others [7], [12] [14].

Let X®,Y be the complemented tensor product of X and Y, where o
designates the injective or the projective topology on tensor product and I' =
I'x® Iy =: {p®aq :pel'x, g€ Fy} the generating family of seminorms for
the topology «a.

Let T € L(X) and S € L(Y). In the following, we will denote by B the
bicommutant of the family {T®QI, I®QS}.

The bicommutant joint spectrum of the family {T®al I®4S } on Banach
spaces was studied by Dash and Schechter [6] [17].

One of the main problems in the case of locally convex spaces is to describe
the bicommutant joint spectrum o (T®QI, I1&,S;BNBr (X®QY)) of the fam-
ily {T®al,l®a5} as the Cartesian product of the spectrum o (T, Br, (X)),
o (S, Br, (Y)) of T and S, respectively. Wrobel [20, Corollary 2.4.] treated this
problem, but it turns out that the obtained families I'y and I'; depend on the
initial calibration I and a fixed 11 @ 1o € X ® Y.

Inspired by the results of Wrobel [20, Theorem 2.1., Corollary 2.4.], the
novelty of our paper is to show that the families I'y and I's depend only on the
initial calibration I". Moreover, based on the obtained results, we will prove
a spectral inclusion theorem for the tensor product of semigroups on locally
convex spaces.

We have organized our paper into three sections.

In Section 2, we give some reminders about the theory of universally bounded
operators.

As a result of Theorems and in Section 3 we will show that if
I' = 'x®,I'y is the generating family of seminorms of the topology «, then

0 (T®al,180a5;BNBp o 1, (X0.Y)) =0 (T, Bry (X)) x 0 (S, Br, (Y)).

Finally, in Section 4, we will show that the spectrum of the tensor prod-
uct of semigroups is equal to the Cartesian product of the spectrums of his
components (Theorem . Also, we will be able to prove a spectral inclusion
theorem for tensor product of semigroups on locally convex spaces (Theorem

15).
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2. Preliminaries

A locally convex algebra (A, 7) is an associative linear algebra with a topol-
ogy 7 such that (A,7) is a Hausdorfl locally convex topological vector space
and for any element y € A, the maps z — zy and 2 — yx are continuous [I].

Next, we consider the simple convergence topology in £ (X), and we will
denote by L (X)) the linear space £ (X) with this topology. The multiplication
TS S, T € £(X) induces a structure of algebra on £ (X), and the algebra
Ly (X) is a locally convex algebra.

Let us recall the following;:

Definition 2.1 ([19]). If (X,T'x) and (Y,T'y) are locally convex spaces, then
for all seminorms p € I'x and g € I'y the application

Mpg s L(X, V) = RY,

defined by

q(T'x)
Mpq(T) = sup
P(I( ) p(z)#0 p(.%')

is called the mized operator seminorm of T associated with p and q. When
X =Y and p = g we use the notation p = my,.

)

Lemma 2.2 ([19]). If (X,T'x) and (Y,Ty) are locally convex spaces and T €
L(X,Y) , then

1. mpg (T) = sup q(Tz)= sup q(Tz),¥peTx,VgeTly.
p(z)=1 p(z)<1

2. q(Tr) <mp, (T)p(x) , Yz € X, whenever myq (T) < 0.

3. mpq (T) = inf {M > 0:¢(Tx) < Mp(z), Vo € X}, whenever myq(T) <
0.

Definition 2.3. Let X be a locally convex space. An operator T € L(X) is
universally bounded with respect to the calibration I'x if there exists ¢y > 0
such that

p(Tz) < cop(z), (Vo€ X, Vpel'x).

We denote by Br,(X) the class of all universally bounded operators with
respect to some calibration I'x.

Lemma 2.4 ([4])). Br, (X) is a unital normed algebra with respect to the norm
Illpy defined by

IT|p, =inf{M > 0:p(Tz) < Mp(z), Vx € X, Vp € I'x},
for any T € Br, (X).
Corollary 2.5. For each T € Br, (X) we have

TNl = sup{p(T) :p € Tx}.
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Definition 2.6 ([8]). Two families P, and Pa of seminorms on a linear space
are called B-equivalent (denoted P ~ P) provided each seminorm in each
family is a positive multiple of a seminorm in the other.

Proposition 2.7 ([§]). Let I'x be a calibration on X, then:
1. Bry (X) is a subalgebra of L(X).
2. (Bry (X),|IIr,) is a unitary normed algebra.

3. Let T a calibration on X, with the property I'x ~ T, we have Br, (X) =
Br (X) and [|-|lp = [Ilp-

Proposition 2.8 ([4]). Let 'x be a calibration on X. Then:

1. If (Ty,),, is a Cauchy sequence in (Bry (X),||-|p,) which converges to
an operator T, then we have T € Br, (X).

2. The algebra (Bry (X), ||, ) is complete if X is sequentially complete.

Definition 2.9 ([20]). Let (X,T'x) be a locally convex space. For T € L (X)
we set

1. A(T,Tx)={\eC:3Je > O0suchthatp (Ax — Tx)>cp(z),Vox € XVpeTx}.

2. We define the approximate point spectrum by setting oq, (T,.T'x) =
(A(T,Tx))" = C\A(T,Tx).

3. We define the residual spectrum by

or (T, Tx)={Ae A(T,I'x) : Im (A —T) is not dense in X}.

4. The point spectrum is defined as follows

op (T) ={A € C: \is an eigenvalue of T'}.
5. We put o (T') = {A € C: A — T is not invertible in £ (X)}.
6. The spectrum of T with respect to Br, (X) is defined by

o(T,Br, (X)) ={X € C: A —T is not invertible in Br, (X)}.

and the resolvent set of T with respect to Br, (X) will be the comple-
mentary set of o (T, Br, (X)), i.e

p(T’BFx (X)) = C\U(T’Brx (X))
= {)\ €C:RNT) = (M —T)" exists and % (A, T) € Br, (X)}.

It is clear that o, (T') C 0 (T') C o (T, Bry (X)).
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The following Proposition is similar to Theorem 4.6 in [18].
Proposition 2.10. Let T € Br, (X), then we have
1. X € 04p (T, T'x) if and only if there exist a sequence (z,), € X and
(pn),, € T'x such that for anyn € N, py, (z,) =1 and p,, (M = T) z,,) —
0 as n — +o0.
2. The set oqp (T, I'x) is closed.
3. 0ap (T, T'x) contains the boundary 0o (T, Br, (X)) of o (T, Br, (X)).
4. 04p (T, Tx) is a nonempty set.

The following proposition is proven using the same approach as Theorem
4.5 in [I7].

Proposition 2.11 ([I8]). Let T € L (X), then
o (T, Bry (X)) = 04p (T, Tx) Uo, (T, T'x) .

Let us recall the following
Let T € £(X), Let X’ denote the topological dual of X. We define the
transpose of T'

T X' = X'
y =T (y)

by setting for any 3y’ € X’ and v € X
T'(y) o= (2.7 () = (T (2)y) .

It is clear that for all A € C, (\[ — T)" = AI’ — T’ where I’ is the identity map
on X'

Lemma 2.12. Let T € L(X) then we have o (T") C o (T).

Proof. Let A € C\ 09 (T), then AI — T is invertible, and for all ' € X’ and
x € X we have

(z,2') = <(>\I —T)y YA -T) xo:> - <(M “TYW —-T) e, z>
- <ac A\ —T") [(AI - T)*l] / x'> - <x [(AI - T)*l}' A —T") x’> ,

!
then (A’ — T") is invertible and (\I — T') ™" = [(M . T)_l] . Hence, ) € C\
o0 (T"). O
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3. The Joint spectrum of tensor product of operators on
locally convex spaces

In the following, we will denote by X ® Y the algebraic tensor product of X
and Y, there exist two main topologies on X ®Y', the projective topology which
is denoted by m, and the injective topology which is denoted by €. Next, o will
denote the injective or the projective topology. We will denote by X ®, Y the
tensor product of X and Y equipped with the topology a.

A seminorm 7 on X ® Y is called a cross-semi-norm provided there exist
continuous seminorms p € I'x and g € T'y such that r (z®y) = p(x) ¢ (y) for
every @y € X ® Y. The projective and the injective topologies are defined
by the family of cross-semi-norms {p ®, ¢ : p € I'x, ¢ € I'y } where p ®, ¢ and
p e q are the canonical cross-semi-norms on X ®, Y and X ®. Y, respectively,
it is well known that for any z € X ®, Y we have p ®, ¢ (2) > p®.: ¢(z). In
the following X ®,Y will denote the completion of X ®, Y. We refer to [3] for
more details about tensor product of locally convex spaces.

Next, we shall assume that the space L (X ®QY) is sequentially complete
[15]. Ome should remark that a sufficient condition for the space of operators
Ly (X®O¢Y) to be sequentially complete is that X®,Y is barreled [16, II1,4.6],
[15].

Let us recall the following;:

Lemma 3.1. Let X be a locally convexr Hausdorff space and M a closed sub-
space of X. Let xg € X \ M, then there exist a seminorm p on X and p € X'
such that

1. (M) =0.

2. | (zo)| # 0.

8. @ e Uy, where UY is the polar of U, = {z € X : p(x) <1}.

Proof. We consider the quotient space X/M. We have M is closed then X/M

is a locally convex Hausdorff space. If I'x is a family of seminorms defining the

topology of X, we consider p : X/M — R defined by p ([z]) = igj{jp (z+y),
y

then the family T' = {p : p € T'x} defines the topology of X/M. Let ¢ : X —
X/M be the canonical surjection defined by ¢ (z) = [z] = x + M; ¢ is linear
and continuous [16].

Let 29 € X\ M, then ¢ (zg) # 0, so there exists p € I such that p ([zg]) # 0.
Let fo : C[zg] — C be defined by fo (A[zo]) = AP ([x0]), fo is a linear form
and we have | fo (A[zo])| = [Ap ([x0])| = [A[D ([zo]) = P (A]xo]), therefore fo is
continuous. Hence, the Hahn Banach extension theorem gives that fy can be
extended to a continuous linear form f : X/M — C such that J?lc[zo] = fo and

|[F (D) < p((a]), V[z] € X/M.

Let p = fo¢: X — C; ¢ is linear and continuous and we have

1. For any x € M, ¢ (z) = f (¢ (2)) = f(0) =0, so ¢ (M) = 0.
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2. | (wo)| = | F (& (x0))| = | f ([zo])| = | fo ([zo])| = P ([zo]) # O.
3. If x € Up, then p(z) <1 and we have

o (@) = [f([=])| <p([2]) <p(2) <1,
therefore ¢ € US .
O

Definition 3.2 ([2I]). For a given n-tuple a = (a1, ..., a,) of pairwise commut-
ing operators from £ (X), we define

{a}:={be L(X):ba; = a;bfor 1 <j<n}

and
{a}*“:={be L(X):bc=chbforall ce {a}}.

{a}“ and {a}“ are called the commutant of a and the bicommutant of a,
respectively.

It is clear that the bicommutant {a}““ is a commutative subalgebra of £ (X).

Definition 3.3 ([20]). Let A denote an algebra with a unit element e over the
complex numbers field C, and let M be a subset of A. For a; € A (i=1,..,n)
denote by p (a1, ..., an; M) the set of all those (A1, ..., A,) € C™ such that there
exist b € M (i=1,..,n) with

n

Z bz (/\16 — ai) = €.

i=1

The set p (a1, ..., an; M) is called the joint resolvent of (ay,...,a,) with re-
spect to M.

The set o (a1, ..., an; M) = C"\ p (a1, ...,an; M) is called the joint spectrum
of (ai,...,a,) with respect to M.

Next, the spectrum of an element x of A, denoted o (z, A), is the set of
complex numbers for which Ae — z is not invertible in A.

Let us recall the spectral mapping theorem for joint spectra in Banach
algebras.

Theorem 3.4 ([6]). Let A be a commutative unital Banach algebra and let
a; € A (i=1,.,n) and let P(z1,...,2,) be a polynomial in n variables then
we have
Plo(al,...,an; A)] =0 (P(a,..,an),A).
The following proposition is proved with the same method as Proposition
4 in [3].

Proposition 3.5. Let T € L(X) and S € L(Y), if there exist two calibrations
I'x andTy on X andY, respectively, such thatT € Br, (X) and S € Br, (Y),
then T®oS € Bp g, (X&aY).
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The following theorem characterizes the spectrum of operators of the form
T®qI with T € L£(X) in terms of the spectrum of T; however, it is not a
straightforward corollary of the previous proposition. It is also crucial to prove
Theorem

Theorem 3.6. Let T € L(X), then we have
0 (T&ul, Br g ry (X&,Y)) = 0 (T, Bry (X)).

Proof. First of all, we show that o (T®a1, By ¢ 1, (X®.Y)) Co (T, Bry (X)).

Let A € p (T, Bry, (X)), then AI—T is invertible and (Al — T) ™" € Bp, (X),
and we have I € Br, (Y), therefore by Proposition M =T) ' &al €
Br g.ry (X®.Y), and we have:

(A1 =1)7 &al) (A&l = Téal) = (A&l = T&uT) (M = T)" &al)
= [&al.

Hence, A € p (T®a1, Br_ .1y (X®a.Y)).

For the reverse inclusion, let A € o (T, Bry, (X)) = 04p (T, 'x) Uo,. (T, T'x),
then there are two cases.

If X € 04y (T,Tx), then for any € > 0 there exist x € X and p € I'y such
that

(M =T)z) < ep(2).
Let y € Y \ {0} then there exists ¢ € I'y such that ¢ (y) # 0, so one obtains

p@aq ((/\I@al — T®a1) (ZC ® y)) = p®ocq ((>\I Ra L —T R I) (17 ® y))
=P ®a (M =T)z&ay)
=p(M=T)x)q(y)
<ep(x)q(y)
= epRaq(z®Y),

therefore, A € o, (T@oj7 Fx®ary).

Now, if A € o, (T, T x) then Im (A — T') is not dense in (X,T'x). By Lemma
we can find ¢ € X’ such that ¢ (Im (Al — T')) = 0. Then we have, for any
r€X,0=(AN—-T)z,0) = (x, \I' =T") ¢). Therefore (\I' = T")¢ =0 €
X', which is equivalent to T"¢ = Ay, and hence X € o, (T").

Let ¢ € Y\ {0} arbitrary, then forall z@ y € X YV’

<w®y, (T®al)/<p®¢> = (Tx @y, 0 @¢) = (Tx,0) (y, V)

= (2, T'p) (y, ) = (x, Ap) (y, )
:)‘<x790> <y’w> Z/\<$®ya<ﬁ®¢>

then by linearity, we get for all z € X ® Y

(2 (T8al) g8 %) = Mz p @ 0).
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Let cp(/%)aw be the continuous extension of p® 1 to X&.Y, we have cp®a¢ S
(X®QY) and for all z€ X ®,Y

(2 (T8aD) p&atr) = A(z, p8a0).
By density of X ®, Y in X&,Y, it follows that for any z € X®,Y
(2. (T&al) p&at)) = A (2, 9800)
= (2, \p®a1)) .
Finally, we have found ¢®,1) € (X&,Y) such that
(T&al) p&at) = Ap®a,

therefore A € o, ((T@al)/), but we have o, ((T@OJ)/> Co ((T@OJ)/> -
o (T®QI) and o (T®QI) Co (T®al7 Br_ é.ry (X®QY)).
Hence, A € o (T®QI,BFX®QFY (X®QY)). O

Lemma 3.7. LetT € L(X) and S € L(Y), and let B denote the bicommutant
of T®oI and I&,S in the algebra L (X®QY), then we have

Oap (T,T'x) X 04p (S, Ty) Co (T®QI, I&,8: BN Br_ .1y (X®QY)) .
Proof. If (A, p) € 04p (T, T'x) X 0gp (S, Ty ).

Suppose that (A, 1) € p (T®a 1, 1045;B N Br.é.ry (X®4Y)), then there
exist by,bo € BN Br g 1, (X®,Y) such that

(3.1) [&01 = by (A[@oI — T I) + by (&I — I0,5) .

The fact that by, by € EBﬂBrxégary (X®QY) gives that for all p®aq € T x®aI'y,
there exist Cy,Cy > 0 such that

POaq (b12) < C1pRaq (2) 5
3.2 . . Vz€ X&.Y
(32) { PBag (baz) < Cop@aq(z) * 2 € 2E

Let 0 < e < [4(Cy 4 C2)] ™", we have (A, 1) € 0ap (T, Tx) X 0ap (S, T'y’) then
there exist (xg,90) € X X Y and (pg,qo) € I'x x I'y such that

po (X = T) z0) < epo (o)
(3.3) { @0 (1] — S)50) < 240 (30) -



198 R. Ameziane Hassani, A. Blali, A. El Amrani, M. El Beldi

Then by applying successively (3.1]), (3.2]) and (3.3]), we get

b1 (M@al — T&aI) (20 @ yo)
by (uI&al — I6S) (x0 © yo)

< po ®a qo (b1 (A&l — TRaT) (x0 ® yo))
+ 10 ®a qo (bs (1IE0T — 124S) (0 ® yo))
< C1po ®a qo [(M = T) 20 @ yol
+ C2po ®a 9o [T0 @a (1 — S) Yol
= C1po [(M —T') o] g0 (y0) + Capo (z0) qo [(1 — ) yo
< Ciepo (70) qo (o) + C2epo (w0) qo (yo)
=¢e(C1+ C2) po @a qo (To @ Yo)
<47y ®a qo (0 @ Yo) -

P0 @a qo (To @ Yo) = Po Da Qo <

Finally, we have found that there exist xo @ yg € X ® Y and py R« qo €
I'x x I'y such that

Po ®a qo (To @ Yo) < 47" po ®a qo (zo @ Yo)

and this is a contradiction. O

Lemma 3.8. Let T € L(X) and S € L(Y), and let B denote the bicommutant
of T®ul and I&,S in the algebra L (X®QY), then we have

o (T,Tx) %o, (S,Ty)Co (T®QI, I&,5: BN Br e.ry (X®QY)) )
Proof. Tt (A\,p) € 0, (T,Tx) X 0, (S, Ty).

Then Im (M — T') and Im (uI — S) are not dense in X and Y, respectively.
Then by Lemma [3.1 and with a slight modification, we can find ¢ € X’ and
zo € X such that
(3.4) e(Im (M —T))=0and ¢ (z9) =1,
and similarly, we find ¥ € Y’ and yo € Y such that
(3.5) ¢ (Im (uI = 5)) = 0 and ¢ (yo) = 1.

Therefore, because of density we have:

(3.6) @t [(M = T) ®aI) (X&aY)] =0

and

(3.7) 0Eath [(I6a (1 - 8)) (X&aY)] = 0.
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Indeed, for z = > 2, ®y; € X ® Y we have

¢Rat) [(A = T) @al) (2)] = ¢ @a ¥ [(M = T) @a 1) (2)]

=9 @at [ Y (M =T)2; 0y,
i=1

=S (A= T) i) ¢ (us).
=1

but we have o (Im (M —T)) =0,soforall ze X @Y
#&at) [(M = T) @al) ()] =0,

and by the density of X ® Y in X®,Y we get for all z € X®,Y
P8t (V= T) 8a1) (2)] =0,

Hence,
P@at) [(M —T) &al) (X&aY)] =0

and similarly, we show that
e@at) [(I&a (1 — S)) (X&aY)] = 0.
Now, if we suppose that (A, u) € p (T®al, I®.S;%BN Br .1y (X®QY)),
then there exist by, bo € BN Brx®ary (X®QY) such that
IR0] = by (M@l —T&I) + by (pI&oI — I&,S),
then
20 @ Yo = b1 (M&ol — TOI) (20 @ yo) + ba (@0l — I84S) (0 @ yo)
=01 (M = T) @al] (x0 @ yo) + ba [[®a (1l = S)] (20 @ yo)
= b1 [(M = T) 20 @ yo] + bz [zo ® (I — ) yo] -

We apply ¢®41 to both sides of the equality
For the left side, by using and (| we get:

Rt (20 @ Yo) = ¢ a1 (To @ yo) = ¢ (z0) ¥ (yo) = 1.

For the right side:
we have (M —T)®,I and I®, (ul —S) are in the commutant of
{T®aI,1&,T}, and since by, by € B, we have
by [((M = T) 2o @ yo] + b2 [0 ® (1 — 5) yol
= by [(M = T) ®alI] (x0 ® yo) + ba [I®a (1 — )] (x0 ® yo)
= [(M = T) @I by (0 @ yo) + [I&a (1 — S)] b2 (20 @ yo) -
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Therefore, by using and . we have

©Rat (b1 (A = T) 0 @ yo] + b2 [xo @ (ud — S) yo))
= pQat ([(M = T) ®al] by (z0 @ yo) + [[Ra (uI — )] ba (20 @ yo))

= ©@at) ([((M = T) ©al] b1 (x0 @ y0)) + ¢@ath ({84 (1l = S)] bz (r0 @ yo))
—0.

Finally, we get 1 = 0, which is a contradiction. O

Lemma 3.9. LetT € L(X) and S € L(Y), and let B denote the bicommutant
of T®oI and I&,S in the algebra L (X®QY), then we have

Oap (T,Tx) X 0, (8,Ty) C o (T®aI, IS5 BNBp g p, (XBaY)),
and
0r (T,Tx) X 04p (8,Ty) C 0 (T®al, [245;B N Bp g 1, (X&,Y)).

Proof. We will only treat the first inclusion since the second inclusion is similar
because of symmetry.

Let ()\, [L) € Oap (T, Fx) X Oy (S, Fy).

Suppose that (A, 1) € p (T®a I, 1045;B N Br. ¢ 1y (X®,Y)), then there
exist by, by € BN BFXQ%FY (X®QY) such that

I = by (MRl — TRoI) + by (W @a] — 1045) .

Let € > 0, we have X € g4, (T, I'x), then there exist 2o € X and py € I'x

such that
po (Azo — T'zo) < epo (o),

by Hahn Banach theorem, there exists ¢ € (Upo)0 such that | (o) = po (z0)
and |¢ (z)] < po (x) for all x € X.

We have p € o, (5,Ty), then Im (ul — S) is not dense in Y. Let yg €
Y\Im (pf — S), by Lemmathere exists ¢ € Y/ such that ¢ (Im (uI — 5)) =
0 and |¢ (y0)| = ¢ > 0 and a seminorm gg € 'y such that ¢ € (UqO)O. Similarly

to (3-7), we have
pSat) [(I&a (1] - 5)) (X&aY)] =0.
Thus, we get

Po ($0) c
= o (zo)| ¥ (y0)
= |p®at (b1 [(AM - T)
= [p®ath (b1 [(A—T)
= |e@at (b1 [(A - T)

= (20) ¥ (yo)| = lp ®a ¥ (0 @ yo)| = |&ath (xo ® yo)|

] (2o ®@10)) + @t (b2 [I®4 (1l — S)] (z0 © yo))|

| (@o @ 10)) + ¢@at ([I&a (I — S)] b2 (z0 @ o)) |
(

Rl
Qal
®al] (z0 @ yo))|



Joint spectrum and a spectral inclusion theorem for T.P.S. on L.C.S. 201

then if a = ¢ we get

po (20) ¢ = |p&ep (b [ = T) @41] (20 @ 0))|
|p®et) (by [(M — T) w0 ® yol)|

sup {|®e (b1 [(M = T) o @ yo])| }
goEU
weU"

< po®eqo (b1 (A — T') 20 © yo)
< po@xqo (br [(M — T) o @ yo)) -

IN

Therefore, for « = w and a = ¢ we have
po (20) ¢ < po®aqo (b1 [(AM = T) 2o ® yo))
<|billry 6.1y PoRago ((M = T) xo @ yo])
< |b1llr v, 1y Po (AL =T) 20) g0 (yo)
< b1llrg .1y €Po (o) g0 (o) = [b1llr .1y EP0 (z0) c-

Thus, taking into consideration that ¢ # 0, we have that for all € > 0 there
exist g € X, pyp € I'x such that

po (o) < [|b1llp g1, €Po (o) -
We have [[b1][r, ¢ r, # 0, if not we obtain pg (z9) < 0, which is a contradiction

—1
so we can take 0 < e < (2 ”bl“I‘x@aFy) . Therefore,

po (o)
g

Contradiction. O

po (z0) <

Theorem 3.10. Let T € L(X) and S € L(Y), and let B denote the bicom-
mutant of T®uI and I®4S in the algebra L (X®(,Y), then we have
0 (T®al,1%a5;B N Bp g 1, (X0aY))
=0 (T®al;BNBr g p, (X&aY)) X 0 (I&a5;BNBp g 1, (X®aY))
=0 (T,Br, (X)) x o (T, Br, (X)).
Proof. Let
(An) € p(T@ul; BN Br o py (X0aY))xp (I&aS;B N Br g 1, (X0.Y)),
rx (X

by Theorem 3.6 we have ‘\,pu) € p(T;B )) x p(S;Br, (Y)), then
(M = T) ™" exists, but we have

(M = T) " &o1 = ((/\I —)! ®a1) (AT = T)&al) (M —T)&oI) "

= (M -T)&a1) "

= (M&oT —T&uI) ",
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then
(M —T) ' & €BNBL ¢ 1, (X&aY).

With the same procedure, we get
I& (uI —S)™ €BN By ¢ 1, (X&aY).
We can take by = (A — T)f1 ®ql and by = 0 then
by (A @al — TRoI) + by (uI®a] — I0,5) = I®,1.

Hence, (A, 1) € p (T®al,1©aS;B N Bp 5 1, (XQaY)).
For the inverse, from Theorem [3.6] we have to show that:

o (T, Bry (X)) x 0 (S, Bry (Y)) C 0 (T&al, 1858 N By g 1, (X&,Y)).

A, ) € Ogp (T Fx) X Oap (S Fy)

Ap)€o. (T,Tx) X o (S,Ty).

)\,/L) € Oap (T, Px) X Op (S, Fy) .

A1) € 0 (T,Tx) X 0ap (S, Ty ) .

Then the result follows from Lemmas [3.7] [3.8] and [3.9] O

Remark 3.11. Let pRoqg € T with T = I'x®,Iy, and let 7 € Ty and ro € T'y
as defined in [20, Corollary 2.4.]. Let x € X and y € Y, we have r (z) =
PRaq (@ x2) = p () q (v2) and similarly 72 (y) = p (1) ¢ (y).

From [20, Corollary 2.4.] we have 21 ® 25 # 0 then there exist p € I'x and
g € T'y such that p(x1) # 0 and ¢ (x2) # 0.

If we add the hypothesis that: Vp € Tx,p(x1) # 0 and Vg € Ty, ¢ (x2) # 0,
then from Definition we have I'1 ~ I'x and I's ~ I'y. Therefore from
Proposition we get Br, (X) = Bry (X) and ||y, = |.[lp, and likewise
Br, (Y) = Br, (Y) and ||, = ||y, , so under this assumption, we can
deduce our result from the result of Wrobel [20, Corollary 2.4.]. But otherwise,
we cannot deduce the previous result directly.

4. A spectral inclusion theorem for tensor product of
semigroups

Lemma 4.1 ([13,5]). Let (T (s)),, be a semigroup on X and let T'x a cali-
bration on X. The semigroup (T (s)),s, of linear operators is equicontinuous

if and only if there is a calibration Tx for X such that (T (8))s>0 C Br,, (X).

Remark 4.2 (J5]). The calibration I'y in the previous Lemma is defined by
Tx:={p:pelx}

where for each p € I'x, p is defined on X by

p(x) = igrgp(T (s)z) , =z € X.
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p is well defined, is a seminorm and Iy := {p:peTx} is also a system
of continuous seminorms generating the topology of X, with the additional
property that

p(T (s)x) ziggp(T(t)T(s)x) :b;1>118p(T(t+s)x) <plz),zeX, s>0.

Now, let (T (5) ©a8 (t))s’t>0 be an equicontinuous tensor product of semi-
groups on X®,Y. Then (T (s)),s, and (S (t)),>, are one parameter equicon-
tinuous semigroups on X and Y [3].

Then Lemma4.1|gives that there exist two calibrations I'x and I'y such that
(T'(8))s>0 € Bry (X) and (S (t)),~o C Bry (Y), ie, forallp € 'y and g € T'x,
there exist ¢1, ca > 0 such that p (T (s) z) < c1p(z) and ¢ (S (t) y) < caq (y) for
alze X ,y€Y,s>0andt>0. Then applying the same steps of Theorem

2 in [3], we get the following result.

Theorem 4.3 ([3]). Let (T (5) ®aS (t))s,tzo

uct of semigroups on X®,Y, then there exist two calibrations T'x and 'y on
X and Y, respectively, such that the following are equivalent :

be an equicontinuous tensor prod-

1. (T'(s) ®aS (1), 150 € Brys.ry (X®.Y).

2. (T(s) ®al) s qand (1045 (1))

s t>0

C BFX®aFy (X@aY).
3. (T(5))sn9 C Bry (X) and (S (1)),50 C Bry (Y) .

Theorem 4.4. Let (T (s) ®a.S (t))s >0
semigroups on X®,Y, and let B denote the bicommutant of (T (s) ®O‘I)s>0

and (I®QS (t))t>0 in the algebra L (X®QY), then there exist two calibrations
I'x and Ty on X and Y, respectively, such that

be an equicontinuous tensor product of

o (T(5) a8 (1), B0 Br g r, (X&aY))
o (T (s),Bry (X)) x o (S(t),Br, (Y)).

Proof. From Theorems [3.10] and we have that there exist two calibrations
I'x and I'y on X and Y, respectively, such that

0 (T (s) ®al, 1048 (t) ;BN Bp 5 1, (X&aY))
=0 (T'(s),Bry (X)) xa(S(t),Br, (Y))
and
0 (T (s) @ad, 1008 (t) ;BN Br 5 1, (X&aY))

=0 (T (s)®al, BN Bp ¢ 1, (X&aY))
x 0 (I8 (1), BN By 5 1, (X&aY)).
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We have that (% NBr. .1y (X®,Y), [P ry) is a commutative unital

Banach algebra. Let P be a polynomial in two variables, then the spectral
mapping theorem for joint spectra in Banach algebras (Theorem [3.4) gives

P (0 (T (s) ©al, 1045 (t);B N Br g 1, (X®.Y)))
=0 (P (T (s)®al,1&aS (1)) ,B N Bp g, (X®aY)).
Let P (z1,22) = 2122 be a polynomial in two variables. Then we get
P (0 (T (s) @al, 105 (t) ;BN Br ¢ p, (X@aY)))

=P (o (T (s),Bry (X)), (5(t),Bry (Y)))
=0 (T (s),Bry (X)) x o (S(t),Br, (Y)),

on the other hand we have
o (P (T (5)®al, I2aS (1)), BN Br g 1, (X0aY))

o ((T(5)®al) (I&aS (), BN B g pr, (X®aY))
o (T (s)@aS(t), BN Bp ¢ p, (X@aY)).

Finally

0 (T (5)®aS(t), BN Bp g, (X&.Y))
o (T (s), Bry (X)) x o (5(t), Bry (Y)).

O

Let us recall the following (see [11], [22] page 241]).
If A is the infinitesimal generator of an equicontinuous Cy-semigroup (7' (s)) -,
on X, then the resolvent set defined by B

p(A) = {)\ eC:M(\A) = (M —A) " exists and R (N, A) € E(X)}

is not empty and {A € C: ReX > 0} C p(A). We consider o (A) = C\ p(A).

Lemma 4.5. Let (T (s)),~, be an equicontinuous Cy-semigroup of one param-
eter on (X,T'x) with the generator A. Then we have the spectral inclusion
relation :

o (T (5), Bry (X)) D (4B (X)) 5 ¢50() s > ),
Proof. We consider F (s) = e T (s), s > 0. It is clear that (F (8))s>0 18

an equicontinuous Cy-semigroup on X with the infinitesimal generator A — \.
Using [10, Proposition 1.2], we have for all s > 0 and A € C

(A — A)/ AT (4) wdt = (e* —T(s)) z,Vz € X,
0
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and

/ AETOT (1) (A — A) zdt = (e = T (s)) ,Vz € D (A),
0
where the integral above is an integral of Riemann on X.

Suppose that e** € p (T (s); Bry (X)) for some A € C and s > 0, and let
Qrs = (eM-T (s))_l. Since Qs € Bry (X) and Qs commutes with T (s),
then @y s commutes also with A, and we have

(A —A) / AT (1) Qu sxdt = x,Va € X,
0

and

/ AT () Qs (N — A) zdt = z,Yx € D (A).
0
This last point shows that the operator N, defined by

NAa::/ e)‘(s_t)T(t) Qx, szdt
0

is the inverse of A — A, and we have N) € Br, (X). It follows that A €
p (A, Bry (X)). Hence we have shown that
o (T (s), Bry (X)) D e (APrx (X)) ys > 0,
We have Br, (X) C L(X) then o (4) C 0 (A4, Br, (X)). Finally
o (T (s),Bry (X)) D e (A:Bry (X)) o e vs > 0.
O
The main conclusion of this section is the following Theorem, in which a

spectral inclusion theorem for tensor product of semigroups over locally convex
spaces is announced.

Theorem 4.6. Let (T'(s) @45 (1)), >0
of semigroups on X®,Y , and let B denote the bicommutant of (T (s) ®a1)s>0

and (1045 (t))t>0 in the algebra L, (X®4Y), then there exist two calibrations
I'x and Ty on X and Y, respectively, such that

o (T (8) ®(XS (t) 7;3 N BFX®QFY (X®(XY)) B esa(A1,BFX (X))+tﬂ(A2,Bry(Y))
so(Ay)+to(A2)

be an equicontinuous Cqy tensor product

De

where Ay and Ay are the infinitesimal generators of (T (s)) s, and (S (t));>
respectively. B B

Proof. From Theorem 2 and Theorem 3 in [3], we have (T (s)),~, and (S (t)),~,
are equicontinuous Cp-semigroups, therefore by Lemma we have a

o (T (s), Bry (X)) 2 &2 (A0 Prx (X)) 5 g2 s > g,

and
o (S(t), Br, (¥)) D etr(42:Bry (1) 5 etoda) gt > g,

Using Theorem [4.4] we get the result. O
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