Novi SAD J. MATH. VoL. 54, No. 1, 2024, 209-226
https://doi.org/10.30755/NSJOM. 14803

Multiplicity results for some Steklov problems involving
p(z)-Laplacian operator

Kamel Akrouifﬂ and Souraya Fare}ﬁ

Abstract. This paper deals with the existence and multiplicity of
solutions for a class of p (z)-Laplacian problems. The main results are
obtained on variable exponent Sobolev spaces, by using mountain pass
theorem and fountain theorem.
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1. Introduction

This paper is devoted to the study of the following class of Steklov boundary
value problems involving the p (z)-Laplacian operator

—div (a (z) |VulP) 2 Vu) + [uff 2y = f(z,u) in Q,
(1.1)

a(z) [VuP™ 2 9u 4 b(z)|u|?® 2y = g(z,u) on 99,

and
(1.2)

—div (a (z) |[VulP )2 Vu) + ufP® 2y = f (,u) + A e 2w in Q,

a(z) |Vu|p(m)72 % + b(x)|u|?®) =2y = g(z,u) on O,

where, through this work, Q C RY (N > 2) is a bounded domain with Lipschitz
boundary €2, £ is the outer unit normal derivative, p(z), y(z) € C(Q), q(z) €
C(09), p(x),q(x),v(x) > 1,p(x) # q(y), for any x € Q,y € IQ, X is a positive
parameter, f : @ xR = R, g : 0Q x R — R are Carathéodory functions
that satisfy some suitable assumptions which will be stated later, a and b are
continuous functions such that

a1 < a(z) < ag, and by < b(z) < ba,
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where ay, as, by and by are positive constants. (—A),yu = —div(|Vu[P®)~2Vu)
denotes the p(x)-Laplacian. When p(z) = p (a positive constant), p(z)-Lapla-
cian is the usual p-Laplacian. The p(x)-Laplacian possesses more complicated
nonlinearities than the p-Laplacian (see [16]).

The study of partial differential equations with variable exponent is a new
and interesting subject see [9,[12]. This type of problems is interesting in
applications such as, the modeling of image processing , electrorhegological
fluids (see for example [11,/19,/25]), and raises many difficult mathematical
problems. For advances and references in this field, see [13/26].

In the past decay, many authors have studied the Steklov problems involv-
ing the p-Laplacian, (see for example [3}7,20-23L(30]). More recently, problems
of type (1.1)) involving the p(z)-Laplacian, have been investigated by many pa-
pers (see [1,/2,46,/8,/9,12}/14,(17,/18,|24,|27,[29]). For example, Z. Yiicedag [29)
studied problem with b (z) = —1, and g (z,u) = 0 and proved that prob-
lem in this case has at least one nontrivial weak solution u € W'P(®) (Q).
In a recent paper [10|, Chammem et al. considered problems and in
the case:

F(@,u) = o1 (2)h (u) and g(, 1) = va(2)ha(u),

and they obtained results on existence and multiplicity of solutions via the
mountain pass theorem and Ekeland’s variational principle. Motivated by the
results mentioned above, our objective is to prove the existence of nontrivial
weak solutions for problem ( by applying the mountain pass theorem.
moreover, we show the existence of infinite solutions to the problem via
the fountain theorem.

This paper is structured as follows. In Section 2, we introduce some neces-
sary preliminary knowledge on variable exponent Lebesgue and Sobolev spaces.
In Section 3, we prove the existence of a nontrivial weak solution of problem
(1.1) by using the mountain pass theorem. In Section 4, we show that problem
(1.2) has infinitely many pairs of weak solutions by means of fountain theorem.

2. Preliminaries

In order to study problems and , we recall some necessary prop-
erties and definitions of variable exponent spaces. For more details, we refer
the reader to [9,/12,/18}27,29] and the references therein. Let £ be a bounded
domain in RY, N > 2. Denote

C.(Q)={pecCQ),pl)>1YzecQ}

For all p € C4(Q), we set

p~ =infp(z), p*
Q

= sup p().
9)
We also denote C(99Q) and p~,pT for every p(z) € C(9Q). We define,

LP@(Q) = {u: Q — R, is measurable : / lu(z)|P®dz < oo},
Q
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and

LP@)(90) = {u : 8Q — R, is measurable : / lu(z)|P®do < oo},
o9

with norms on LP(*)(Q) and LP(*)(99) defined respectively by
: u(z) (z)
|u|Lp(:L')(Q) = lnf{)\ >0: |T|p dx S 1},
Q

and
lioio oy = ity > 0: [ M p@as <1y,
a7

where do is the surface measure on 9S2. The spaces (LP(*)(Q), |-|reo) (2)) and

(LP@)(0Q), |.| ot (902)) become Banach spaces, which we call variable exponent
Lebesgue spaces.
Now, we define the Sobolev space with variable exponent as follows:

WhrE)(Q) = {u € LP)(Q) : |Vu| € LPD(Q)},

endowed with the norm

||U||W1,p<w)(9) =inf{x > 0: /

(142 4 | Y42 p®) 4y < 1),
Q

For u € WhP(®)(Q), if we define
Jull =nf{s > 0+ [ (a(a) S22+ ba) TP < 1),
Q

then, from the assumptions on a and b, it is easy to see that ||u|| is an equivalent
norm on W12 ().

Let Wol’p(z)(Q) denote the closure of C§°(Q) in WP (Q).

Proposition 2.1. (see [9,|10,12)).
(1) The space (LP*®) (), || Lp) () is @ separable, uniformly convex Banach

space, and its conjugate space is LP (%) (Q), where ﬁ + ngc) = 1. Moreover,

the Hélder inequality holds, that is, for any u € LP@)(Q) and v € 73 @) (),

one has
1

1
uvdx| < (— + ——) |[tu|p@) V], (2
| el < =+ ool

(2) If p1,p2 € CL(Q) and pi(x) < pa(x), for any x € Q, then LP2(@)(Q) —
LPY®)(Q) and the embedding is continuous.
Proposition 2.2. (see [10,|27,129)]).

(1) Whr@)(Q) and Wol’p(x)(Q) are separable reflexive Banach spaces.
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(2) If ¢ € CL(Q) with q(x) < p*(z), for all x € Q, then the embedding from
Whr)(Q) to L) (Q), is compact and continuous, where

Np(z .
. N,plg(i)v pr(l‘) <N,
p(x) =

00, if p(x) > N.

(3) If ¢ € C(9Q) with q(x) < p«(x) for all x € 0N, then the trace embedding
from WEP@)(Q) to LI (99Q), is compact and continuous, where

U2 if pla) <
pu () =
oo, ifp(z) > N.

Iu) = / (a (@) [VuP@ + [uP@)dz, Yu e WP (Q).
Q

Proposition 2.3. (see [10,/27,(29]) There exist positive constants &;,&s, such
that

() > 1= & lullP” <T(w) < &llull”,

(i) T(u) <1 = &llul|P" <T(u) < &flull” .

_ / ()P da
Q

Then, we have the following result.

Put

Proposition 2.4. (see [9,12,18]) Let u € LP*)(Q), then we have
(1) [ulprer ) <1 (resp=1,>1) & p(u) <1 (resp=1,> 1),

- +
(2) |U‘Lp<z)(9) >1= ‘u|Z£P(m)(Q) <p(u) < |U|§p<m>(9)7

+ —_
(3) |U‘LP<1')(Q) <l= ‘U|Z£p(m>(g) < plu) < |U|Z£p<w>(9)'

pol) = [ Juta)Pda
a9
Proposition 2.5. (see [9,12,/18]) For all u € LP*)(9), we have

& +
(1) [ulpre 90y > 1= |U|§p(z)(ag) < pa(u) < |“|gp(z>(ag):

Denote

i -
(2) [ulpre 90y < 1= |U|€p(z)(ag) < pa(u) < |U|zj:p(z)(aQ)'

Proposition 2.6. (see [9,[12,|18]) If p and q are measurable functions, such
that p € L®RY) and 1 < p(z).q(z) < oo, for all x € RN, then, for all
uw € LY@ (RN with u # 0, we have

( ) |u‘p z)q(x) <l= |u|p(x Yq(x) < ||u|p I)|q(dn) < |u|

( ) |u‘p(ac)q(x) >1= |u|p(m Yq(z) < ||u|p w)|q(3c) < |u|q

q(z)’

()"

A+A‘
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Corollary 2.1. Let X be a Banach space and ¥ € C*(X,R),c € R. We say
that U satisfies the (PS) condition at level ¢ if any sequence {u,} in X, such
that

U(up) = ¢ and V' (u,) = 0in X*, as n — oo,

has a convergent subsequence.

Theorem 2.1. (Mountain pass theorem). Let X be a Banach space, ¥ €
CHX,R),e € X and |le|]| > r for some r >0, and assume that

inf W(u) > ¥(0) > ¥(e).

[lull=r

If U satisfies the (PS) condition at level ¢, with

c = mil; max_U(~(t)),
Y€l te[0,1]
andl' = {y € C([0,1], X) : v(0) = 0,7(1) = e},

then c is a critical value of V.

Throughout the rest of the paper, letters ¢;,i = 1,2,...., denote positive
constants which may change from line to line.
3. Existence result

In this section, we will state and prove the first main result of the paper.
More precisely, we will apply the mountain pass theorem to prove the existence
of a nontrivial weak solution for the problem . To this aim, we assume the
following hypothesis

(Ag) There exist C7 > 0, € C4 (), such that for all (x,u) € Q x R, we
have
|f (z,u)] < Cy (1 + |u\a(w)_l) ,

and
(3.1) l<a(x)<p*(z).

(A1) There exist Co > 0, 8 € C(99), such that for all (z,u) € 9Q x R,

g (z,u)] < Cy (1 + |u|ﬂ<w>71) 7

(32) 1 <B(z) <ps(2),q(x) <ps(2).

(A2) f (z,u) =0 (|u|p+71) as u — 0 and for all z € Q.
(A3) g (z,u) =0 (|u|p+_1) as u — 0 and for all z € 99.
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(A4) There exist K1 > 0,0; > pT such that for all z € Q, we have
0<61F(z,u) < f(z,w)u, |ul > K,

where F(z,t) fo Sz, s)ds.
(As) There exist Ko > 0,65 > pT such that for all x € 99,

0 < 0:,G(z,u) < g(z,u)u, |u| > K,
where G(z,t) fo

Corollary 3.1. We say that u € X := Whp) (Q) is a weak solution for the
problem , if
0 = /a(m)|Vu|p(’”)_2VuVU—|—/ lu|P®) =2 upda
Q Q

—/f(x,u)vdx+/ b(x)|u\q(z)_2uvd0—/ g(x,u)vdo.
Q r9) o9

for any v € X.
We give below our main result that we will prove.

Theorem 3.1. Assume that (Ag) — (As) hold. If min(a™,87) > p* and
min (0, 602) > q*, then problem (1.1)) has a nontrivial solution.

The proof of Theorem is divided into several lemmas. First, we define
the energy functional ¥ : X — R, associated to the problem (1.1)), as follows:

U(u) = I(u) + J(u) = ¢(u),

where
p(z) p(z)
) - [ ST L,
Q p(z)
b(x)|ul1()
J(u) = / ————do,
“ = e 4@
and

¢(u):/QF(x,u)d:r+ G(z,u)do

o0

Proposition 3.1. (see [29]) Assume that I € C'(X,R), and its derivative
I' X = X* is given by

(I (u),v) = / (a (z) |VulP™ 2 Tuvo + [uP™ 2 uv) du,
Q

moreover, the functional I' satisfies the following properties:
(0)) I : X — X* is a continuous, bounded and strictly monotone operator.
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(44) I' is a mapping of (S4+) type, that is, if u, — u in X and

limsup(I (un) — I (u),up —u) < 0.

n—oo

Then u, — u strongly in X.
(tit) I' : X — X* is a homeomorphism.

Proposition 3.2. (see [27,[29)) J € C' (X,R), and for all u,v € X, we have
(J (u),v) = / b(z) |u|" 2 uvdo.
o0

Moreover, J : X — R and J : X — X*, are sequentially weakly-strongly
continuous, namely, u, — u in X implies that J (u,) — J (u) and J (u,) —

’

J (u).
Remark 3.1. By Propositions and assumptions (A1), (Asg), it is not
difficult to prove that ¢ € C* (X,R) and for all u,v € X, we get

(& (u),v) = / f (aru (2) 0 () da + /d g (2, u () v (x) do.

Q

Therefore, from Propositions [3.1] 3.2] and Remark [3.1] it is easy to see that
U € C!(X,R) and for any u,v € X, we obtain

(U (u),v) = / (a (z) |Vu"™ 2 Tuvo + [ufP™ 2 uv) dx
Q
—I—/ b(z) |u|" 2 uvdo

o9
- Qf(x,u(x))v(x)dx—/agg(x,u(x))v(a?)do.

So, the critical points of ¥ are weak solutions of problem (|1.1)).

Lemma 3.1. Suppose that min (o=, 37) > pT, and (Ag) — (A3) are satisfied.
Then there exist p,r > 0 such that, for u € X,

if ||u|| =7, then U (u) > p.

Proof. Let u € X, with ||ul]| < 1. Then, by (Ap) and (As3), we know there exist
an arbitrary constant 0 < e < 1 and a positive constant C (1) such that

(3.3) IF (z,u)] < e1ul’” +C (1) [ul*®, (z,u) € 2 x R.
Similarly, hypothesis (A;) and (As) assure that
(3.4) G (z,u)] < &2 [ul” +C (e2) [ul’@ | (2,u) € O x R.

Therefore, from Propositions and we get

1

U(u) > e

F(u)—/QF(a:,u)dx— 89G(a:,u)da



216 Kamel Akrout, Souraya Fareh

ir(u)—/g(gl "+ O () [l @) da

p+

+ xT
—/ (52 P+ C (e2) [ul* ))da
[019)

1 + +
—T (u —/E ul? dx—/ eq lul? do
p+() Q1|| aQ2||

a” at
~C (en) max [l a1l o))

vV

vV

- +
—C (e) max ([l oo gy - [l ooy ) -

Since 1 < pt < a” < a(zx) <p*(z),1 <pt < B~ < B(z) < p«(z), then,
from Proposition there exist ¢y, ca, c3,c4 > 0, such that

(3.5) ulpr @ < allulls lulper o) < ez llull,
(®) (09)

(3.6) |u|La(z)(Q) < cull, |u|Lﬂ(w)(BQ) < cq[|ull-

So, using Proposition we get

U (u)

+ a -
]fl [ull”" = (101 + £aca) [ull”” = esC (e1) [lul]™ = eaC (e2) [Ju]]®

Y

ot -t
" (—elcl—ezcz—c30<al>||u||“ P ()l )

Choose €1, 2 small enough that 0 < e1¢7 + €2c9 < ﬁﬁ, we obtain

- _pt
W) > ful” ( —e3C (e1) ull® 7 = esC () uf” TP )
pt [ S1 min(a~—p*,87—p")
>l (= ol ) .
n =c3C (81) + ¢y C (52) .
Using the fact that o=, 8~ > p™, we can choose ||u|| = 7, small enough such

that ¢
1 min(a” —pt,37—pt
2 —nr ( ) > 0.

Finally, we conclude that

+ (51 nrmin(o&eranJr)) ;:p> O

¥ (u) s

O

Lemma 3.2. If min (61,62) > q*, and (Ao), (A1), (A4) and (As) are fulfilled,
then U satisfies (PS) condition.



Multiplicity results for some Steklov problems 217

Proof. Suppose that {u,} is a sequence in X, such that
U (un) = ¢,V (un) = 0,in X*, as n — oo,

where c is a positive constant.
Since ¥ (uy,) — ¢, then there exists My > 0, such that

3.7) W (un)| < M.

On the other hand, the fact that ¥ (u,) — 0 in X*, implies that
(O (uy),un ) — 0, in particular, (¥ (u,),u, ) is bounded. Thus, there exists
M5 > 0, such that

’

(3.8) (@ () )| < M.

We claim that {u,} is bounded. If it is not true, by passing to a subsequence,
if necessary, we may assume that ||u,|| — co. Without loss of generality, we
assume that |lu,| > 1.

From (3.7) and (3.8), we obtain for § := min (61, 62)
My = W (up) =TI (un) +J (un) — ¢ (un)

1 1
> —T unJrf/ b(x unq(m)dof U,
P+ [ b b (un)
1 1
3.9 > —T unJrf/ b(z) lu,| " do — Un) ,
(3.9) p+()9m()|| ¢ (un)
and

(3.10) My > —(U (uy),un) = —T (u,) —/ b () [un| ") do + (¢ (un) , un).
a0
By combining (3.9)), (3.10)) and using Proposition we have
0 /
0+ 0y 2 (S 1) T () = 0 () 4 40 (1) )

(Zfl - 1) &l + /Q (F (2 ttn) tn — O1F (3, 00))

+ /BQ (g (z,upn) up, — 02G (z,uy,)) do.

Hence, assumptions (A4) — (A5) imply,
0 -
9M1 + M2 2 7_"_ —1 61 ||UnH .
p

Note that § = min (61,603) > pT. So, by letting n tend to infinity, we obtain a
contradiction.

Therefore, the sequence {u,} is bounded in X. Thus, up to a subsequence,
there exists u € X such that, {u,} converges weakly to v in X.



218 Kamel Akrout, Souraya Fareh

Because ¢q () < p«(z) and a(z) < p* (x), we deduce by Proposition

that
U — u, strongly in L¥®) (Q)

Uun — u, strongly in " (),

U, — u, strongly in LI®) (Q).
To complete the proof, it remains to show that u,, — w strongly in X. For that,
we have

(O () st — ) = (I (up),upn —u) + /@Q b(x) |un|q(m)_2 Up (Up, — u) do

*/Qf(x’u")(u”7u)dm*/mg($>un)(un—u)da,

Using Holder’s inequality and Propositions we obtain

/ b (@) [tn 1O [y — u| do
o0

< b |un — Ul e |Un|q(w)7l‘ a(2)
La(z)—1
+_ -_
S T (e ey
+_ -
< el = ul o max ([l a7
So, we get
(3.11) Hm [ b(@) un] "™ % uy, (1, — u) do = 0.

On the other hand, using (4y) , Propositions and the Holder inequality,
one has

/Qf (z,upn) (uy, — u)dx

< / C1 Juy — u|dz —|—/ C [un] @7 uy — u| da
) )

|

a(z)

La(z)—1

< C Q ;04’7;1 a(m)fl
< G T fun — U‘LM(Q) +C1 |up — u|La(z)

A

pt—1 +_ -_
< CLIYTT fun = ul gy + O [t = ] o max (Junlfecs s unl5ei))
o1 at—1 a” —1
< CLIQYTT Jun = ul i gy + C [tn = ] ooy max ([[unl|* " funl|* )

So, we obtain

(3.12) lim [ f(z,u,) (up —u)de =0.

n—0o0 Q

Similarly, we have

(3.13) lim g (z,un) (up —u)do = 0.
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By combining (3.11) — (8.13), and using the fact that (¥ (u,),u, —u) — 0,
we conclude that
I (un),up — )
- / (a (z) |Vun|p(w)_2 Vu,V (up — u) + |un|p(w)_2 U, (Up, — u)) dxr — 0,
Q

Passing to the limit as n tends to infinity, and using the fact that u,, converges
weakly to u, we get

’

(I (u),un, —u) — 0.

Hence , ,

lm (I (un)— 1T (u),u, —u)=0.

n—oo
Since I is of type (S4) (see Plroposition7 we deduce that u,, — u strongly
in X. This completes the proof. U

Lemma 3.3. Assume that min (61,62) > q*, and (A4), (As) hold. Then there
exists e; € X such that

lle1]] > 7, and ¥ (e1) <0,
where 1 is given by Lemma[3.1}
Proof. By (A4), (As), there exist my > 0, mg > 0, such that

(3.14) F(z,t) > mi|t|", (z,t) e QxR
and
(3.15) Gz, t) > molt|”, (2,t) €90 xR

Let e € X, such that [, |e|91 dx > 0, and ¢t > 1 large enough. Then we obtain

B a(2) |V (te)P® + |te|P® |te|1®)
U (te) = /Q (@) da:+/69b(m) (@) do

- / F (x,te)dx — G (z,te) do.
Q oQ
So, from ([3.14)) and ( -7 we get
U(te) < —/ (@)™ + e da + —bz/ ') do
a0

—mlt‘gl/ le|?" da —m2t92/ le|? do.
Q o9

Since min (1, 02) > max (¢*,p™), we conclude that

U (te) — —o0, as t — oo.

Then, we can choose t; > 0,e; = tye, such that ||e1]| > r and ¥ (e;) < 0. O
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Proof of Theorem3.1] From Lemma [3.3] there exists e; € X with [le1]| >
r, for some r > 0, and

(3.16) U(e1) <0=T(0).
On the other hand, Lemma [3.1] implies that

(3.17) inf U(u)>p>0="(0).

flull=r

By combining Equations (3.16)), (3.17) with Lemma we deduce that all

conditions of the mountain pass theorm are satisfied. So, from Theorem [2.1]
we deduce the existence of a critical point v of ¥, which is a weak solution for
problem (|1.1)). Moreover, Equation implies that u is a nontrivial solution
of problem (1.1)). The proof of Theorem is now completed.

4. Multiplicity of solutions via the fountain theorem

Through this section, we assume that v € Cy (ﬁ) is such that
1<y <yt <p .

Now, in order to prove the multiplicity of solutions for problem , we state
the following assumptions.

(A¢) f (z,—u) = —f (z,u), for all (z,u) € (Q X R).

(A7) g (z,—u) = —g (x,u), for all (z,u) € (02 x R).

The energy functional ®) : X — R associated with problem is given
by:
|u|7($)
o v(@)’
where W is the functional associated with problem which is introduced in
Section Bl

Remark 4.1. &), € C!'(X,R). Moreover, weak solutions of problem (1.2)
correspond to critical points of the functional @y .

<I>)\(u)=\ll(u)—)\

Since X is a reflexive and separable Banach space, there exist {e;}32; C X
and {ej}32; C X such that

(4.1) X =span{e;,i =1,2,...}, X~ :span{e;‘?,j =1,2,...}
and

o 1 i=4,
(4.2) <6“6J‘>_{ 0 if i3

For k=1,2..., denote

k
(4.3) Xy =span{ex}, Vi = @Xi’ 7y = @XZ—.
i=1 i>k
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Proposition 4.1. (Fountain theorem, see [15,27]). Assume that

(H1) X is a Banach space, ¥ € C*(X,R) is an even functional, subspaces
X, Yy and Zy are defined by . Suppose that, for every k € N, there ezist
pr > vk > 0, such that

(Ha)infyez, ju=vy, Y(u) — 00 as k — oo,

(H3) maxyey, |u)=p, ¥Y(u) <0,

(Hy) VU satisfies (PS) condition for every ¢ > 0.

Then ¥ has a sequence of critical values tending to 4oo.

Proposition 4.2. (see [25]). If a(z) € C+(Q),a(z) < p*(z), for all x € Q,
and q(z) € C1(09),q(x) < p.(x), for all x € OQ, denote

ay, = sup{|u| e (o) : ||ul| = 1,u € Zx};
(4.4)
@k = sup{|u| L) a0) ¢ |[ull = 1, u € Zy},

then limyg_ oo o, = 0,limy_, oo g = 0.

Let us introduce the following lemma that will be useful in the proof of our
main result.

Lemma 4.1. Let min(61,62) > ¢ and assume that (Ag), (A1), (As) and (As)
hold. Then, for all A > 0,®y satisfies (PS) condition.

Proof. Let {u,} C X be a sequence such that
By (up) — ¢, @y (un) — 0, in X*, as n — oo,

where c is a positive constant.
As in the proof of Lemma we can find two positive constants M; and
Ms, such that

(4.5) [P (un)| < My,
and

We claim that the sequence {u,} is bounded. If it is not true, by passing to a
subsequence if necessary, we may assume that ||u,| — oo.
Without loss of generality, we assume that ||u,| > 1.

From ) and (|4.6] ., we get

|un‘7(r)
M ZfbunzlunJrJunfqﬁunf)\/ dx
1 A (un) =1 (un) + J (un) — ¢ (un) (@)
1 1 n’Y(ic)
> —F(un)—t—f ()|un|q(x)da d)(un)—)\ |u| dx
pt N
'y(l)
4.7 > —F (un) 0/ b (2) |un|'™ do — ¢ (un) )\/ |u"|
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where 6 = min (61, 6) .
On the other hand, we have

My > —(®) (un),un)
@8 = L)~ [ b@hl do (6 (1) )+ [ o do.

So, by combining Equations (4.7)), (4.8) with assumptions (A4) — (4s) and
Proposition [2.3] we obtain

ng +M2
0 B M'v(r)
=z <p+ 1)F( n) 0<¢(un)+A/ﬂ = da
+(¢' (un +)\/\u @) dg
0
= <+ )51 |un||p /{;(f (x7un) U, —91F(x,un)) dx
+/ (9 (z,un) un *QQG(w,un))da+)\/ﬂ (1 _ 7’1) | da
> (et o (1= L) i
Hence,

(49) oMz (=) el A (1- L) [l da
pr 7/ Ja

According to Proposition there exists ¢ > 0 such that
1 1
(4.10) /Q 1 da < fuin] o) < € lunll’

where | =~ or .

Therefore, from (4.9) and (4.10)), we deduce that
0 - 0
OM; + My > (Wl) & |lunll? =X <’y_1> ||un||l

Since, § > pT > p~ > [, then, by letting n tend to infinity, we obtain a
contradiction. So, we conclude that {uy} is bounded in X. Thus, there exists
u € X such that, up to a subsequence, {u,} converges weakly to u € X. The
rest of the proof is very similar to the one in Lemma[3.2] so we omit it here. [

The second main result of this paper is as follows.

Theorem 4.1. Ifmin(a™,37) > p*,min(61,62) > q*, (Ag) — (A1) and (A4) —
(A7) are satisfied, then ®y has a sequence of critical points {+u,} such that
D) (L£uy,) = 00 as n — oo.
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Proof. Obviously, assumptions (Ag) and (A7) imply that ®, is an even func-

tional and satisfies the (PS) condition (see Lemma [3.2). We will prove that if

k is large enough, then there exist py > 75 > 0 such that (H2) and (H3) hold.
Let u € Zj, with |ju|| > 1, by conditions (Ag) and (A;), we have

1 z z
dy(u) > T /Cll—|—|u| )dx—/ Co(1 + [u*)do

-2 / |u|v(ﬂﬂ)d17

- - +
THUHP — C1max (|U|za(w>(g) ) IUI%M(Q))

v

B~ Bt
—Csmax (‘U|L/3(m>(ag) ) |U‘Lﬁ(m)(ag)) !

A — +
_’yi max <|U|Zry(m)(ﬂ) ) |u|zw(w)(ﬂ)> :

- + B~ + - +
If maX{|U|za<m>(Q) ) |U|(Za<m>(n) ) |U|Lﬁ(z)(9) ) IU\§ﬁ<z>(g> J |U|Zw<z>(m ) |U|Zv<r><9)} -

N
|u|za(m>(9) . Then, by Proposition we have

51

_ +
Or(w) > SHullP — ea(hy ) fulge o) — e

- _ + +
> ];IIUII” — e yT)ag (|| —a.

ca (A 'y*)ofrozo‘-*— —L .
Choose g = (== —"—)r =% . For u € Zy with |[u|| = vk, we have
11
(4.11) Pa(u) = & (ZF e/ SR

Since a — 0 as k — oo and pT < o~ < a™, we have 1/pT —1/a™ > 0 and
i — 0o. Thus, for sufficiently large k, we have ®,(u) — oo with u € Z; and
[|ul]| = vk as k — oo. In other cases, similarly, we can deduce

(4.12) D) (u) = oo, since gqp — 0, — 0,k — oo.

So, (Hz) holds.
Let u € Y}, such that ||u|| = p, > 75 > 1, then from (3.14) and (3.15), we have

1 b A
Py(u) < —T(u)+ —E/ |u|?™ do — / F(x,u)dr — i/ lu|"™® dz
p 4 Joa Q 7 Ja
- G(z,u)do
o0
& + b - +
< p—_Hqu + P max{|u\qu<z)(8Q) ) |u|qu(w)(aQ)}

—ml/ u|® da — mg/ [u|? do.
Q re)
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- + +
If max{\uﬁq(m)(am , |“‘qu<r>(aQ)} = ‘u&q(w(aﬂ)’ then we have

by

W(w) < Lt + 2
p q

+ 0 0
|u\qu<m)(8m —my / |u|™ do — mg/ u|? do.
Q a0

Since dim Y} < oo, all norms are equivalent in Yj. So, we get
51 pt b2 qt 01 02
(4.13) U(u) < FHUH + ;CzI\UII — ca[ul|™t — calful].

also, since max(q™,p™) < min(61, 6), then we get ¥(u) — —o0 as ||u|| — oo.
For the other case, the proof is similar, so, H3 holds. Thus, we complete the
proof.

O
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