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On graded A-2-absorbing submodules of graded modules
over graded commutative rings

Saba Al-Kaseasbehl] and Khaldoun Al-Zoubi

Abstract. Let G be an abelian group with identity e. Let R be
a G-graded commutative ring, M a graded R-module and A C h(R)
a multiplicatively closed subset of R. In this paper, we introduce the
concept of graded A-2-absorbing submodules of M as a generalization of
graded 2-absorbing submodules and graded A-prime submodules of M.
We investigate some properties of this class of graded submodules.
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1. Introduction and Preliminaries

Throughout this paper all rings are commutative with identity and all mod-
ules are unitary. Badawi in [I6] introduced the concept of 2-absorbing ideals
of commutative rings. The notion of 2-absorbing ideals was extended to 2-
absorbing submodules in [27] and [24]. The concept of A-2-absorbing submod-
ules, as a generalization of 2-absorbing submodules, was introduced in [26] and
studied in [I§].

In [25], Refai and Al-Zoubi introduced the concept of graded primary ideal.
The concept of graded 2-absorbing ideals, as a generalization of graded prime
ideals, was introduced and studied by Al-Zoubi, Abu-Dawwas and Ceken in [4].
The concept of graded prime submodules was introduced and studied by many
authors, see for example [I], B 10, 1T, 12} 13|, 14, 23]. The concept of graded
2-absorbing submodules, as a generalization of graded prime submodules, was
introduced by Al-Zoubi and Abu-Dawwas in [2] and studied in [8, B]. Then
many generalizations of graded 2-absorbing submodules were studied such as
graded 2-absorbing primary (see [I7]), graded weakly 2-absorbing primary (see
[7]) and graded classical 2-absorbing submodule (see [0]).

Recently, Al-Zoubi and Al-Azaizeh in [9] introduced the concept of graded
A-prime submodule over a commutative graded ring as a new generalization
of graded prime submodule. The main purpose of this paper is to introduce
the notion of graded A-2-absorbing submodules over a commutative graded
ring as a new generalization of graded 2-absorbing submodules and graded
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A-prime submodules. A number of results concerning these classes of graded
submodules and their homogeneous components are given.

First, we recall some basic properties of graded rings and modules which
will be used in the sequel. We refer to [19], [20], [2I] and [22] for these basic
properties and more information on graded rings and modules.

Let G be an abelian group with identity element e. A ring R is called
a graded ring (or G-graded ring) if there exist additive subgroups R, of R
indexed by the elements g € G such that R = ®4cq Ry and RyR), C Ry, for all
g,h € G. The elements of R, are said to be homogeneous of degree g and all
the homogeneous elements are denoted by h(R), i.e. h(R) = UgegRy. If 7 € R,
then r can be written uniquely as > 9eG g where 74 is called a homogeneous
component of r in Ry. Moreover, R, is a subring of R and 1 € R, (see [22]).

Let R = ®4eq Ry be a G-graded ring. An ideal I of R is said to be a graded
ideal if I = ®geily where Iy = TN Ry for all g € G (see [22]).

Let R = ®pea Ry be a G-graded ring. A left R-module M is said to be a
graded R-module (or G-graded R-module) if there exists a family of additive
subgroups {Mp}heg of M such that M = ®pcagMy and RgMy C Mg, for
all g,h € G. Also if an element of M belongs to UpeaMp, =: h(M), then it
is called homogeneous. Note that M} is an R.-module for every h € G. Let
M = ®peag My, be a G-graded R-module. A submodule C of M is said to be a
graded submodule of M if C' = GpeaCh where Cp, = CN M, for all h € G. In
this case, C}, is called the h-component of C (see [22]).

Let R be a G-graded ring, M a graded R-module, C' a graded submodule
of M and I a graded ideal of R. Then (C :g M) is defined as (C :g M) = {r €
R :rM C C}. Tt is shown in [I4] that if C' is a graded submodule of M, then
(C :gr M) is a graded ideal of R. The graded submodule {m € M : mI C C}
will be denoted by (C :ps I). Also we use (C :ps s) to denoted (C :ps Rs) for
each s € R.

2. RESULTS

Definition 2.1. Let R be a G-graded ring, M a graded R-module, A C h(R) a
multiplicatively closed subset of R and C' a graded submodule of M such that
(C:g M)A =0. Wesay that C is a graded A-2-absorbing submodule of M if
there exists a fixed a, € A and whenever rospmy € C, where rg, s, € h(R) and
my € h(M), implies that aqrgsy € (C :g M) or aqrgmy € C or agspmy € C.
In particular, a graded ideal J of R is said to be a graded A-2-absorbing ideal
if J is a graded A-2-absorbing submodule of the graded R-module R.

Recall from [2] that a proper graded submodule C of a G-graded R-module
M is said to be a graded 2-absorbing submodule of M if whenever rg, sp € h(R)
and my € h(M) with rgspmy € C, then either rgmy € C or spmy € C or
rgsp € (C :g M).

Let A C h(R) be a multiplicatively closed subset of R. It is easy to see
that every graded 2-absorbing submodule C of M with (C :g M)A =0
is a graded A-2-absorbing submodule. The following example shows that the
converse is not true in general.

First online - July 18, 2022. Draft version - July 18, 2022



First online - July 18, 2022. Draft version - July 18, 2022

On graded A-2-absorbing submodules... 3

Example 2.2. Let G = (Z,+) and R = (Z,+,.). Define

|z if g=0 . : —
Ry, = { 0 otherwise } Then R is a G-graded ring. Let M = Z x Zg.

Then M is a G-graded R-module with

Zx {0} ifg=0
M, = (0} xZg ifg=1
{0} x {0} otherwise

Now, consider the zero graded submodule C' = {0} x {0} of M. Then C is
not a graded 2-absorbing submodule of M since 2-3-(0,1) = (0,0) € C, but
2.-3¢ (C:z M)={0}, 2-(0,1) =(0,2) ¢ C and 3-(0,1) = (0,3) ¢ C. Let
A =7Z-{0} C Ry C h(R) be a multiplicatively closed subset of R and put
ao = 6 € A. An easy computation shows that C' is a graded A-2-absorbing
submodule of M.

Let R be a G-graded ring, M a graded R-module and A C h(R) be a
multiplicatively closed subset of R. Then, A* = {a, € h(R) : % is a unit of
A~'R} is a multiplicatively closed subset of R containing A.

Theorem 2.3. Let R be a G-graded ring, M a graded R-module and A C h(R)
a multiplicatively closed subset of R. Then the following statements hold:

(i) Suppose that Ay C Ay C h(R) are two multiplicatively closed subsets of
R. If C is a graded Aj-2-absorbing submodule and (C :gp M)Az = 0,
then C is a graded As-2-absorbing submodule of M.

(ii) A graded submodule C' of M is a graded A-2-absorbing submodule of M
if and only if it is a graded A*-2-absorbing submodule of M.

Proof. (i) It is clear.

(74) Assume that C is a graded A-2-absorbing submodule of M. First, we
want to show that (C' :p M) A* = (. Suppose there exists r, € (C' :p

M) A*. Then = is a unit of A™'R, it follows that there exist s, € h(R)
and a; € A such that 719 Z" = 1. Hence bja; = bjrys, for some b; € A. So
bja; =bjrgsy € (C:p M) N4, a contradlctlon Therefore (C : g M) ﬂA* =0.
Then by (i), we get C'is a graded A*-2-absorbing submodule of M since A C A*.
Conversely, suppose that C is a graded A*-2-absorbing submodule of M. Let
rgspmy € C for some rg, s € h(R) and my € h(M). Then there is a fixed
a; € A* such that ajrgsy € (C :g M) or afrgmy, € C or afsym, € C.
Since aT is a unit of A7'R, there exist ¢; € h(R) and ay,b € A such that
biar = biaft;. It follows that either (bjax)rgsi = baftjrgsy € (C :g M) or
(biag)rgmp = biajtjrgmy € C or (bia)symp = baltjspmy, € C. Therefore, C
is a graded A-2-absorbing submodule of M. O

Theorem 2.4. Let R be a G-graded ring, M a graded R-module and A C h(R)
a multiplicatively closed subset of R. If C' is a graded A-2-absorbing submodule
of M, then A=1C is a graded 2-absorbing submodule of A~ M.
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Proof. Assume that C'is a graded A-2-absorbing submodule of M. Let ~4 292 ¢

ahl ahz

h(A7'R) and % € h(A7'M) such that 22229 ¢ A=1C. Then, there ex-
'3

hy Qhgy Qhg
ists ap, € A such that (ap,rg,)sg,mg, € C. As C is a graded A-2-absorbing
submodule of M, there is a fixed apn, € A such that apg(an,rg,)sg, € (C :r M)

: 91 S92 _
or an,(ap,rg,)mg, € C or ap,sg,mg, € C. Hence, we get either s =

Ah5Ahy Tgy 592 c A—l(c ‘R M) C (A—lc A-1R A—IM) or Tg1 Mgz __ Ah5T91Mgy c

QhgQhy GhyQhy Qhy Ghg QhgQhy Ghy

A~IC or 22 Tes — hafeMes o A=l Therefore, A~'C is a graded 2-
Qhy Qhg QhyQhoGhg ’

absorbing submodule of A~1M. O

Lemma 2.5. Let R be a G-graded ring, M a graded R-module, A C h(R) be
a multiplicatively closed subset of R and C a graded A-2-absorbing submodule

of M. Let K = @ K be a graded submodule of M. Then there exists a fized
AeG
aq € A and whenever 1y, s, € h(R) and X € G such that rgsp, Ky C C, then

aargKyx C C or ansp Ky C C or agrgsy € (C:r M).

Proof. Let 1y, s, € h(R), and A € G such that rys, Ky C C. Since C is a
graded A-2-absorbing submodule of M, there exists a, € A so that rgspmy €
C implies anrgsp, € (C :r M) or aqrgmy € C or agspmy € C for each
rg,sn € h(R) and my € h(M). Now, we will show that a.ryKy C C or
aasnKx C Coragrgsy € (C :g M). Assume on the contrary that a,ryKx € C,
aasKx € C and agrgsy ¢ (C :g M). Then there exist ky , k) € K such that
aargky ¢ C and aqspky ¢ C. Since C' is a graded A-2-absorbing submodule of
M, rgspkn € C, agrgkx ¢ C and aqrgsy, ¢ (C :r M), we get agspky € C. In
a similar manner, we get aoroky € C. By kx+ k) € K\ C h(M) it follows that
rgsn(kx + kY) € C. Since C is a graded A-2-absorbing submodule of M and
aargsny ¢ (C :r M), we have either aqarg(kx + k) € C or aqsp(ky + k)) € C.
If agrg(kx + kY) = aargkn + aargkl € C, then we get aqrgky € C since
aqrgkl € C, a contradiction. If agsp(kx + kY) = aasnka + aasnkh € C, then
we get aqspkh € C since aqspky € C, a contradiction. Therefore aqrgKy C C
or agsp Ky C C or agrgsy € (C g M).

O

Theorem 2.6. Let R be a G-graded ring, M a graded R-module, C' a graded
submodule of M and A C h(R) be a multiplicatively closed subset of R with
(C:r M)NA=0.Let I = @ I, and J = @ J, be graded ideals of R
geG heG
and K = @ K, a graded submodule of M. Then the following statements are
A€G
equivalent:

(i) C is a graded A-2-absorbing submodule of M;

(ii) There exists o fized aq € A such that I;J, K\ C C for some g,h,\ € G
implies either anIgKx C C or ag Ky C C oraglyJy, C (C g M).

Proof. (i) = (it) Assume that C is a graded A-2-absorbing submodule of M
and g,h,A € G such that I,J, K, C C. Since C is a graded A-2-absorbing
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submodule of M, there exists a fixed an € A so that rgspmy € C implies
aargsy € (C :r M) or agrgmy € C or agspmy € C for each rg, s, € h(R)
and my € h(M). Now, we will show that aolgKy € C or a.JpoKy C C or
aolyJn C (C :g M). Assume on the contrary that aolyKx € C, agJynKx € C
and anlyJp € (C :gp M). Then there exist z, € I, and y, € Jj, such that
g Ky ;(_ C and aqyp Ky ¢ C. Since z4,y, Ky C C, by Lemma 2.5, we get
aagyn € (C:g M). Since anlyJy, € (C :g M), thereexist ry € I, and s, € Jj,
such that aqrgsy ¢ (C :g M). Then by Lemma 2.5, we have aqryKy C C or
aq s\ C C since rgs, K\ € C. Consider the following three cases:

Casel: a,ryKy\ C C and ansp Ky ¢ C. Since z4s, K\ C C, anspKyx € C
and a,zy K\ ¢ C, by Lemma 2.5, we get aqzy4sy, € (C:gp M). As aqz Ky € C
and aqrgKx C C, we have aq (x4 + ry) K\ € C. By (24 +14) € I, it follows
that (x4 4+ r4)spKx C C. Since (x4 + rg)snEKx C C, an(zy + 1)K\ € C
and ans, K\ € C, by Lemma 2.5, we get aq(zy + 1r4)sp € (C :g M). By
ao(xg +1g)sn € (C :gp M) and aqxgsy, € (C :g M) it follows that aqrgs, €
(C :gr M) which is a contradiction.

Case2: a,r¢K) ¢_ C and ansp, K\ C C. The proof is similar to that of Case
1.

Case 3: a,ryK)\ C C and ans, Ky C C. Since aoyp Ky € C and aqsp Ky C
C, we get an(sp+yn) K\ € C. By (sp+yn) € Ji, it follows that x4 (sp+yn) K\ C
C. Since z4(sp +yn)Kx C C, an(sn+yn)Kx € C and aqz,Ky € C, by Lemma
2.5, we get aqzy(sp + yn) € (C :g M). Then we get aqzgs, € (C :g M)
since anx4(sp +yn) € (C:g M) and aqzyyn € (C :g M). As aqzyKx € C and
aargKy C C, we have aq(rg+z4) K\ ¢ C. Then by Lemma 2.5, aq (rg+24)yn €
(C :g M) since (rg + xg)ynKx C C, an(rg + z4)Kx € C and aqynKx € C.
Since an(rg + 24)yn € (C g M) and aqzeyn € (C :r M), we get agrgyn €
(C :g M). Thus by Lemma 2.5, we get aq(ry + x4)(sn + yn) € (C :r M)
since (rg + 24)(sn + yn)Kx C C, an(rg + x4)Kx € C and an(sn + yn)Kx € C.
As ag(rg + x4)(Sh + Yn) = aaTgSh + aaTgyn + aaZySn + aaZeyn € (C :gp M)
and aaTg¥h, GaTeSh, aZeyn € (C g M), we have anrgs, € (C g M), a
contradiction.

(#7) = (i) Assume that (i) holds. Let rg4, sp € h(R) and my € h(M) such
that rgspmy € C. Let I = ryR and J = s, R be a graded ideals of R generated
by r4 and s, respectively and K = m)R a graded submodule of M generated
by my. Then I,J, Ky C C. By our assumption, there exists a, € A such that
either aglgKy C C or aqgJoKx C C or anlyJy, C (C:g M). This yields that
either aqrgmy € C or agspmy € C or aqrysy € (C :g M). Therefore, C' is a
graded A-2-absorbing submodule of M. O

Corollary 2.7. Let R be a G-graded ring, P a graded ideal of R and A C h(R)

be a multiplicatively closed subset of R with P(YA=0. Let I = @ I,, J =
geG
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@ Jn and L = @ Ly be graded ideals of R. Then the following statements
hea AEG
are equivalent:

(i) P is a graded A-2-absorbing ideal of R;

(ii) There exists ao € A such that IoJpLy C P for some g,h,\ € G implies
either aglyLy C P or aqJyLy C P or aqlyJy C P.

Lemma 2.8. [15, Lemma 2.2] Let R be a G-graded ring and N, K, L graded
R-submodules of a graded R-module M with N C K UL. Then N C K or
N CL.

Theorem 2.9. Let R be a G-graded ring, M a graded R-module, C' a graded
submodule of M and A C h(R) be a multiplicatively closed subset of R with
(C:g M)A =0. Then the following statements are equivalent:

(i) C is a graded A-2-absorbing submodule of M ;

(i) There is a fized aq € A such that for every ry, sy € h(R), we have either
(C iy airgsy) = (C iy airy) or (C iy argsp) = (C iy aZsy) or
(C :ppadrysy) = M.

Proof. (i) = (i1)Assume that C is a graded A-2-absorbing submodule of M.
Then there exists a fixed a, € A such that whenever rys,my € C, where r,
sg € h(R) and my € h(M), then either aargsy € (C :g M) or agrgmy € C or
anspmy € C. Now let my € (C :pr a2rgsp)Nh(M). Hence (aqry)(ansy)my € C.
Then either airgm,\ € Cora2symy € Cor agrgsh € (C:g M) as Cis a graded
A-2-absorbing submodule of M. If for every my € (C :p aZrgsp) N h(M),
it holds that airgmA € C or a’spmy € C, then (C :p airgsh) C (C:m
aZry) U (C :ap aZsy). Clearly (C :ap a2rg) U (C iag aZsy) C (C ipg aZrgsy).
So (C :a a?rg) U (C iy a?sp) = (C iy alrgsy). By Lemma 2.8, (C iy
aZrg) = (C iy aZrgsp) or (C iy aZsp) = (C iy alrgsy). If there exists
my € (C :p a2rgsp) N h(M) such that aZrymy ¢ C and aZspmy ¢ C, then
adrgsy € (C :g M), and therefore (C :py adrgsy) = M.

(11) = (i) Let rgspmy € C, where ry, sg € h(R) and my € h(M). Thus
my € (C :p a2rysy). By given hypothesis, we have (C iy a?rgsp) = (C im
aZrg) or (C i airgsy) = (C i alsy) or (C g adrgsy) = M. Then a2rymy €
C or a?spmy € C or airgsh € (C :g M). This yields that either agrgm,\ eC
or adspmy € C or adrysy, € (C :r M). By setting s* = a2, C is a graded
A-2-absorbing submodule of M. O

Lemma 2.10. Let R be a G-graded ring, M a graded R-module, A C h(R) be
a multiplicatively closed subset of R and C a graded A-2-absorbing submodule
of M. Then the following statements hold:

(i) There exists a fived an, € A such that (C 1y al) = (C 1y aB) for all
n > 3.

First online - July 18, 2022. Draft version - July 18, 2022



First online - July 18, 2022. Draft version - July 18, 2022

On graded A-2-absorbing submodules... 7

(ii) There exists a fired an, € A such that (C :g a2 M) = (C :g a?M) for all
n > 3.

Proof. (i) Since C a graded A-2-absorbing submodule of M, there exists a fixed
aq € A such that whenever rgs,my € C, where 74, sp, € h(R) and my € h(M),
then either aqrgs, € (C :g M) or aqrgmy € C or agspmy € C. Let my €
(C :ar at)Nh(M), it follows that atmy = a?(aZmy) € C. Since C is a graded
A-2-absorbing submodule of M, then either aimy € C, or al € (C:g M). But
ad € (C :gr M) is impossible, since a3 € A, therefore am) € C must hold,
it follows that my € (C :p ad). Hence (C iy a?) C (C M al). Since the
other inclusion is always satisfied, we get (C :pr al) = (C 1 a3). Assume that
(C :pr a3) = (C :pp ak) for all k < n. We will show that (C :ps a2, ) (C:m
an). Let my € (C :pr a) N h(M), it follows that am) = a?(a?™2m}) € C.
Since C is a graded A-2-absorbing submodule of M, then either a3m/ € C or
atm) € C ora! € (C 'R M). But a®*! € (C g M) is impossible, since
ant € A, it follows that m) € (C :p a3) U (C :pr a7t) = (C :p a) by
1nduct10n hypothesis. Therefore (C :pr a2) = (C a1 a®) for every n = 3.

(7i) Follows directly from (7). O

Theorem 2.11. Let R be a G-graded ring, M a graded R-module, A C h(R)
be a multiplicatively closed subset of R and C' a graded submodule of M with
(C:r M)NA=10. Then the following statements are equivalent:

(i) C is a graded A-2-absorbing submodule.
(ii) (C :pr aq) is a graded 2-absorbing submodule of M for some a,, € A.

Proof. (i) = (ii) Assume that C is a graded A-2-absorbing submodule. Then
there exists a fixed a, € A such that whenever ryspmy € C, where 74, s), €
h(R) and my € h(M), then either anrgsp, € (C :p M) or agrgmy € C
or agspmy € C. By Lemma 2.10, we have (C :j a3) = (C :p a?) and
(C :gp a3M) = (C :g a”M) for all n > 3. We show that (C :py a8) =
(C :a a?) is a graded 2-absorbing submodule of M. Let rgspmy € (C iy
al) for some ry, s, € h(R) and my € h(M). It follows that, ab(ryspmy) =
(aZry)(aZsp)(a2my) € C. Then either as(a?r,)(aZsy) = aSrys, € (C :g M)
or ag(a2ry)(a2my) = adrymy € C or aq(aZsy)(aZmy) = adspmy € C as C is
a graded A-2-absorbing submodule of M. It follows that either rys, € (C :g
alM) = (C:galM) = ((C :m aﬁ) :r M) or rgmA €(C:pad)=(C:pab)
or spmy € (C 1y ad) = (C :pp a8). Thus (C :pr a8) is a graded 2-absorbing
submodule of M.

(14) = (i) Assume that (C :p; aq) is a graded 2-absorbing submodule of
M for some a, € A. Let rgspmy € C C (C iy aq), where ry, s, € h(R) and
mx € h(M). Since (C :pr aq) is a graded 2-absorbing submodule of M, we get
either rgsp € ((C i aa) :r M) or rgmy € (C 1y aq) or spmy € (C iy aq).
Thus aargsn, € (C :r M) or aqgrgmy € C or agspmy € C. Therefore, C is a
graded A-2-absorbing submodule. O
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Let M and M’ be two graded R-modules. A graded homomorphism of
graded R-modules f : M — M’ is a homomorphism of R-modules verifying
f(My) € M, for every g € G, (see [22]).

The following result studies the behavior of graded A-2-absorbing submod-
ules under graded homomorphism.

Theorem 2.12. Let R be a G-graded ring and M, M’ be two graded R-modules
and f: M — M’ be a graded homorphism. Let A C h(R) be a multiplicatively
closed subset of R.

(i) If C" is a graded A-2-absorbing submodule of M' and (f=*(C") :rp M) N
A =0, then f~Y(C") is a graded A-2-Absorbing submodule of M.

(ii) If moreover, f is surjective and C' is a graded A-2-absorbing submodule
of M with Kerf C C, then f(C) is a graded A-2-absorbing submodule of
M.
Proof. (i) Assume that C” is a graded A-2-absorbing submodule of M’. Now,
let 74, sp, € h(R) and my € h(M) such that rgsp,my € f~1(C"). Hence f(rgspmy)
=145, f(my) € C'. Since C" is a graded A-2-absorbing submodule, there exists
aq € A such that either aqrgsy, € (C' :g M) or agrgf(my) = f(aargmy) € C’
or anspf(my) = flaaspma) € C'. It follows that either anrgs, € (C7 g
M) C (f~YC") :r M) or anrymy € fH(C") or agspmy € f71(C’). There-
fore, f~1(C") is a graded A-2-absorbing submodule of M.

(74) Assume that C' is a graded A-2-absorbing submodule of M containing
Kerf. First, we want to show that (f(C) :g M')(JA = 0. Suppose on the
contrary that there exists a, € (f(C) :r M')(A. Hence a,M’ C f(C), this
implies that f(agM) = azf(M) C ag,M’ C f(C). It follows that, azM C
agM + Kerf C C + Kerf = C. Hence agM C C and so, a4 € (C :g M),
which is a contradiction since (C' :p M)A = 0. Now, let rgspm) € f(C)
for some 74, s, € h(R) and m!, € h(M'). Then, there exists ¢z € C(h(M)
such that rgspm’ = f(cg). Since f is a graded epimorphism and m/) € h(M’),
there exists my € h(M) such that m) = f(my). Then f(cg) = rgspmy =
rgspf(my) = f(rgsnma), and so cg — rgspmy € Kerf C C, it follows that
rgspmy € C. Since C' is a graded A-2-absorbing submodule of M, there exists
aq € A such that aargsy € (C :g M) or agrgmy € C or agspmy € C. Then we
have either aqrgsy € (C :g M) C (f(C) :r M') or aqgrgm) = aaryf(my) =
flaargmy) € f(C) or agspmy = agspf(my) = flaaspmy) € f(C). Thus f(C)
is a graded A-2-absorbing submodule of M’. O

Let R be a G-graded ring, M a graded R-module, A C h(R) a multiplica-
tively closed subset of R and C' a graded submodule of M with (C :g M)A =
(). We say that C is a graded A-prime submodule of M if there exists a fixed
aq € A and whenever rymy € C where r, € h(R) and my € h(M), implies
that either anry € (C :gp M) or agmy € C (see [9]).

It is easy to see that every graded A-prime submodule of M is a graded
A-2-absorbing submodule. The following example shows that the converse is
not true in general.
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Example 2.13. Let G = Zs and R = Z be a G-graded ring with Ry = Z and
Ry = {0}. Let M = Zg be a graded R-module with My = Zg and M; = {0}.
Now, consider the graded submodule C' = {0} of M, then C is not a graded
prime submodule since 2-3 € C where 2 € Ry and 3 € My but 3 ¢ C and
2 ¢ (C:z M) = 6Z. However an easy computation shows that C is a graded
2-absorbing submodule of M. Now let A be the set of units in R. Then C'is a
graded A-2-absorbing of M but not a graded A-prime submodule.

Theorem 2.14. Let R be a G-graded ring, M a graded R-module and A C
h(R) be a multiplicatively closed subset of R. Then the intersection of two graded
A-prime submodules of M is a graded A-2-absorbing submodule of M.

Proof. Let C7 and Cy be two graded A-prime submodules of M and C' =
C1 N Cy. Let rgspmy € C for some 74,5, € h(R) and my € h(M). Since
Cy is a graded A-prime submodule of M and ry(spmy) € Cp, there exists
ai, € A such that a1, ry € (Ci :g M) or a;, spmy € Ci. If a1, spmy =
sp(a1,my) € Cq, then either ay_ sy € (Cy :g M) or a%am,\ € Cy since O is
a graded A-prime submodule of M and hence either a;_ s, € (Cy :g M) or
a1,mx € Cq. In a similar manner, since Cs is a graded A-prime submodule of
M and rgspmy € Cs, there exists ag, € A such that a1y € (Cy :g M) or
as, sp € (Cy :gp M) or ag,my € Co. Now put ag = a1, a2, € A. Then either
agrgsy € (C :r M) or agrymy € C or agspmy € C. Therefore, C' is a graded
A-2-absorbing submodule of M. O
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