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Abstract. Third-metacyclic finite 2-groups are groups with a non-
metacyclic second-maximal subgroup and all its third-maximal subgroups
being metacyclic. Among these groups we are looking for all of those
whose non-metacyclic subgroups, including group itself, are generated
by involutions.
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1. Introduction

The aim of this article is to determine all third-metacyclic 2-groups whose
all non-metacyclic subgroups are generated by involutions. The property of a
group G that all non-metacyclic subgroups of G are generated by involutions,
we denote by S for brevity. We begin with some basic definitions.

Definition 1.1. Let G be a finite group. A subgroup M; is mazimal in G,
My <maz G, if for subgroup H in G from M; < H < G follows H = M;.

A subgroup Ms is second-mazximal subgroup of G if Ms is a maximal subgroup
of any maximal subgroup of G. Generally, subgroup M, is n-mazimal subgroup
of G if M, is a maximal subgroup of any (n — 1)-maximal subgroup of G.

Definition 1.2. A group G is metacyclic, G € MC, if it possesses a cyclic
normal subgroup N < G such that the factor-group G/N is also cyclic.

Definition 1.3. A group G is n-metacyclic, G € MC,, if it possesses a non-
metacyclic (n — 1)-maximal subgroup and all its n-maximal subgroups are
metacyclic. Specially, a group G is third-metacyclic, G € MCs, if it possesses a
non-metacyclic second-maximal subgroup and all its third-maximal subgroups
are metacyclic. Obviously, if G is a p-group then |G| > p"*2, because all groups
of order p? are metacyclic.

Definition 1.4. Let G be a p-group. The group Q;(G) is
%U(G)=(zeGla? =1), ieN.

Obviously Q;(G) char G. Therefore, 2-group G is generated by involutions ex-
actly when Q;(G) = G.
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Lemma 1.5. Let G be a 2-group and G € MC,,. Then there exists maximal
subgroup M in G, M <mae G, and M € MC,,_;.

Proof. Because G € MC,, there exists H < G such that |G : H| = 2771
and H ¢ MC, while each subgroup K < G, for which is |G : K| > 2", is
metacyclic. Then there exists a maximal subgroup M <,,q, G where H < M
and |[M : H| =22 If K < M and |M : K| = 2"~ it follows |G : K| = 2",
i.e. K € MC, then by Deﬁnition is M € MC,,_1. O

Lemma 1.6. Let G be a 2-group generated by involutions, i.e. Q1(G) = G.
Then G is an extension by involution of any of its maximal subgroups. Specially,
if G € MC,, then G is an extension by involution of any of its mazximal
subgroups M € MC,,_1.

Proof. Let M <4, G be any maximal subgroup of group G. We state that
there exists an involution t € G\ M, such G = (M,t) = M - (t). That is, if
such involution did not exist it would follow that all involutions from G are
in M, ie. O(G) =G < M, and that is a contradiction with the assumption
M <paz G.

Specially, if G € MC,,, by Lemma follows that there exists subgroup M €
MC,,_; of group G, so that G is an extension of M by involution. O

Lemma 1.7. Let G be a non-metacyclic 2-group where every non-metacyclic
subgroup H < G is generated by involutions, i.e. Q(H) = H. Then, every
non-metacyclic subgroup H < G and every non-metacyclic factor-group H/N,
where N < H, are also groups with that property.

Proof. The first part of our claim is obvious. For H < G, H ¢ MC, is by our
assumption H = (iy, ..., i), where Z? =1, for je{l,..,n}

For N < H and H/N ¢ MCis H = H/N = (i1, ...,1,), while i; = ;N and
i =N, ie Q(H)=H. 0

Lemma 1.8. Let G be a 2-group with property S. If d(Z(G)) > 3 then G is an
elementary abelian group. For d(Z(G)) =2 is Z(G) = Ey, and for d(Z(G)) =1
Z(QG) is a cyclic group.

Proof. At first let d(Z(G)) > 3, i.e. there exist K < Z(G) and involutions
a,b,c € G such as K = (a,b,c) = FEs. We claim that G is an elementary
abelian group. Let us assume opposite, i.e. that there exists some element
de G\ K, |(d)] =4 and note H = (K,d) = (a,b,c,d). Then we have either
d* € {a,b,c) or d* ¢ {a,b,c). If d* € (a,b,c), we can assume, without loss
of generality, that d?> = a. But then we have (b,c,d) = E4 x Z; is a non-
metacyclic subgroup, but Q;((b,c,d)) = (b,c,d?) = Eg, i.e. non-metacyclic
subgroup (b,¢,d) of group the G is not generated by involutions, which is
against our assumption.

In the case d? ¢ (a, b, ¢) we have H = Eg x Z,, which is a non-metacyclic group,
but also Q1 (H) = {(a,b, c,d?) = Ejg, again a contradiction. Therefore, d* = 1,
i.e. G is elementary abelian group.
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Now, d(Z(G)) = 2. Because of Q1(G) = G is G = (ay,...,a; | a? = 1,Vi =
1,.. k). If a; € Z(G), Vi = 1,...,k, then G would again be an elementary
abelian group. Thus, there exists a; = a such as a € G\ Z(G). Let us assume
Z(G) = (z1) x (22), where 22 # 1, at least for one i € {1,2}. We have now
(0, Z(G)) = (@, 21, 23) = (@) X {21) X () > (a) x (1) X {24), where (2]) < {21)
and (z5) < (z3). We can assume, without loss of generality, that |21 = 2 and
|25 = 4. Now, it follows (a, Z(G)) > (a) x (1) x (zb) = H 2 E4 X Zy ¢ MC,
but Q4 (H) = (a, 21, 2%?) < H, a contradiction. Therefore, in (21) and (zz) there
are no elements of order 4. Thus Z(G) = Ej.

For d(Z(G)) =1, Z(G) is a cyclic group. O

2. A class of some third-metacyclic 2-groups

Now we turn to solving the main problem of this article. According to
Lemma and Lemma we reduce theorems from [2] and [I] where all
MC; and MC; groups are classified, in the way that we extract only MC;-
groups with property S from [2], and then from [I] only extensions of those
MC;-groups by involutions. We get the following results:

Theorem 2.1. Let G € MCy be a group with property S. Then G = Qg or
G%Qg*Z4%D8*Z4.

Theorem 2.2. Let G € MCqy be a group with property S. Then G is isomor-
phic to one of the following groups:

a) Ee

b) Dg X ZQ

¢) Dig* Zy = {a,b,c|a® =b* =c* =1,a* =%, a® =a=!,a° = a,b° = b).

According to Lemmal[T.6] having extended by involutions MCs-groups from
Theorem [2:2] we get all MCs-groups with property S. Before stating the main
result, we introduce additional necessary definitions and known results.

Definition 2.3. A finite 2-group G is called quasi-dihedral if it possesses an
abelian maximal subgroup A of exponent strictly larger than 2, i.e. exp(A) > 2,
and an involution that is not in A, i.e. ¢t € G\ A, such that ¢ inverts each element
in A.

Definition 2.4. Let G be a p—group. Then the set of all elements of order k
in G is
O04(G) = {g € G| lg| = k}, where k | [G.

The group (Ox(G)) generated by the set O(G) is characteristic in G,
(Ok(@))char G.

Definition 2.5. Let G be a p—group. If G = M - N, where M, N < G such
that M NN = [M,N] = Z,, then we say that G is second-direct product of M
and N. We denote G = M x5 N.
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Proposition 2.6. Let H be a normal elementary abelian subgroup of 2-group
G and let g € G and g> € H. Then

Cr(9)* > |H|.

Proof. Because g € H and H is abelian we have 29 = x, for any x € H.
Thus (z29)9 = 2929 = 292 = z29, Vo € H, iec. za9 € Cpy(g). Now, for
x,y € H, we have z29 = yy9 & zy = 2999 = (vy)? & 2y € Cp(g) & 2y~ €
Cr(9) & Cu(g9)xr = Cy(g)y. Therefore, xa9 # yy9 < Ch(g)x # Cr(g)y, and
so [Cu(9)l = |H : Cu(g)| = [Cu(9)l* > |H|. O

Proposition 2.7. For the elementary abelian group G of order p™*, G =2 E
the number of subgroups of order p is

'3
-1
b =p" 4 p" i p+ 1
p—1
Proof. If G is the elementary abelian group of order p"™, G = E,», every non-

identity element generates a subgroup of order p containing p — 1 non-identity
elements. Since any two of these subgroups are either equal or disjoint, the
number of such subgroups is % =p"l4pn 24 +p+ 1. O

Theorem 2.8. If G is a non-abelian p—group, possessing an abelian mazimal
subgroup, then

Gl =p- |G- 12(G)].

Proof. Let A be a maximal subgroup of G which is abelian, and g € G\ A. The
mapping ¢ : A = A, ¢(a) = [a, g], is homomorphism with Imy = G/, Kerp =
Z(@), and thus A\ Z(G) = G'. Therefore |A| = |G| : p = |Z(G)| - |G’| which
yields the above formula. O

Now we state the main theorem of this article. From Theorem 2.2 we can
see that all MCs groups with property S are of order 16 or 32, so if we extend
those groups by involution we will get all MC3 groups with property S of order
32 and 64, respectively.

In representing groups by generator order and commutators, we will omit, for
brevity, those commutators of generators which equal 1 (that is for the pairs
of commuting generators).

Theorem 2.9. Let G € MC3 be a group with property S. Then G is one of
the following 7 groups:

a) of order 32, (extensions of E1g and Dg X Zs)

Gy = (a,b,c,de|a? =0 =c? =d?> = e? = 1) = E3y;
Gy ={a,bc,d|a* == =d’>=1,a"=a"",a =a"1,b% = bc) =

= ((a) x (bd)) - {d) = (Z4 X Z4) - Zo, quasi-dihedral group;
G3 = {(a,b,c,d|a* == =d>=1,a" =a"',a =a"',b? = ab) =
(bd,d | (bd)® = d2 = 1, (bd)" = (bd)™) x (c| @ = 1) = Dyg X Zs =
(Zs X Zy) - Za, quasi-dihedral group;

[l
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Gy=(a,bc,d|a* == =d>=1,a" =a7',c? = a’c) =
=(a,b|a* =02 =1,a">=a"1) x(cd,d | (cd)* = d® =1, (cd)? = (cd)™!) =
& Dg * Dg, where (cd)? = a?;

Gs = (a,b,c,d | a* =02 =c? =d?> =1,a" = a7 1,b? = abe, c? = a’c) =
= <bd,C | (bd)g = 62 = 1, (bd)c = (bd)5><d ‘ d2 = 1> = M16'Z2 = D16X2E4;

b) of order 64 (extensions of Dig * Z4)

4 1 e

Ge = (z,y,z,e |28 =122 =2t oV =2 L a¢ =071y = ay) =
= (ye.e | (ye)'® = €® = 1,(ye)* = (ye) ') * (2 | z* = 1) = Dap x Zu;
Gr = (v,y,z,e | 28 = 1,22 = 2 2Y = 271, 2° = 271, 9® = wy, 2¢ = 2*
2
27 = (ye, 2%z | (ye)'® = (2°2)% = 1, (ye)™ * = (ye)”) - (e | e* = 1) =
Mss - Zs or written differently (with e = u):

Il

G~ <m8umy|x =u?=y?=1,2v =21 u® =28u,u¥ =u) =
— (o | g = Lah =2 1) x (0%, u | (@5 = o = 1, (5 = o) =
gD32X2E4.

Proof. According to Lemma [1.6] all MCs-groups generated by involutions are
obtained by extending three MC2 -groups from Theorem [2.2] with involution.

A. Extension of Fig :

Let G = {(a,b,c,d,e) and H = {(a,b,c,d) = FE1s be a maximal subgroup in G,
e€ G\H, 2 =1.1fG =1= G = E3. For G’ # 1 follows Z(G) < H
(otherwise, G = H - Z(G) is an abelian group), so is Z(G) = Cp(e). According
to Proposition [2.6} it follows |Cx(e)|> > |H| = 16, i.e. |Cy(e)| € {4,8,16}. We
know Cg(e) < Z(G), thus for |[Cy(e)| € {8,16} is d(Z(G)) > 3, and according
to Lemmal[L.8] it follows that G = E35. Therefore remains the case |Cy ()| = 4,
so we can take, without loss of generality, Z(G) = Cu(e) = (a,b) = E4. Group
H is an abelian maximal subgroup of group G, so |G| = 2-|G'|-|Z(G)| = |G'| =
4 We have G = G/Z(G) = (¢,d,€), (¢,d) = H, thus according to Proposition
it follows |C(2)|2 > [H| = 4 = |Cx(e)| € (2,4},

Case 1: |Cx(e)| =2
We can assume, without loss of generality, C(€) = (¢), so we have ¢® = ¢ i

d = =¢d, i.e. for originals, Wlthout loss of generahtg we have ¢® = ac and d° =
a'b’cd, (7,8) # (0,0). From d°° = d' = d and d° = (d°)¢ = (a"b’cd)® = ad
we get a contradiction, so this case does not apply.
Case 2: |Cy(e)| = 4

It follows that Cx(e) = H, so & = ¢ and d" = d. For originals we have
¢ = a*bPe, d° = a"b’d, where (o, B), (v,8) # (0,0), because Z(G) = (a,b).
Because a,b and ab are interchangeable Wlthout loss of generality we have:
¢® = ac, d° = ad or d° = bd. From ¢® = ac, d° = ad follows G’ = (a), which
is a contradiction with |G’| = 4. Therefore, ¢¢ = ac, d® = bd. Now (de)? =
de?d® = dbd = b, thus M = (acde|a*c2*(de)*1ade*ac a>
where we denote a = rv,c = y, de = 2, M = (x,y,2 | 22 = y? 24 =
L,o* = z,y° = xy) = (x,y) - (2) & E4 - Zy. Group M is a non—metacychc
subgroup of G, but Qi (M) = (z,y, 2?) # M, a contradiction with our theorem
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assumption. Therefore, only extension of group H = Eig with property S is
group G = G = E3o.

B. Extension of Dg x Z5 :

We denote H = Dgx Zy = {a,b,c|a* =b> =c? =1,a®* =a~'). Then Uy (H) =
O(H) = (a?) =2 Zy, Z(H) = (a®,c) = E4. For the set O4(H) = {x € H | |z| =
4} = {a,a® ac,a®c} is (O4(H)) = (a,c) = Zy x Zy. Let G = (H,d), |d| =2, be
an extension of the group H by involution d. Since U1 (H) = ®(H) = (a?) and
Z(H) = (a%,c) are characteristic in G, it is possible to interchange: element
a with any element of order 4 in O4(H) = {a,a?, ac,a®c}; element b with any
involution which is not in Z(H), thus with elements from O2(H) \ Z(H) =
{b, ab,a?b,a’b, be, abe, a*be, a®be}; element ¢ with any central involution which
is not in Uy (H), thus with elements from Z(H)\U1(H) = {c, a®c}. Now we have
a® € {a,a® ac,a’c} — 4 cases, c? € {c,a%c} — 2 cases, and b? = a®bc”?, o €
{0,1,2,3} — 4 cases, v € {0,1} — 2 cases, so for a group G constructed as
G = (H,d) we have 4-2-4-2 = 64 cases altogether. Now, we observe each
particular case. If a? = a, ¢? = ¢ we would have non-metacyclic subgroup
(a,c,d) = Z, x E4 which is not generated by involutions, a contradiction. If

we take a? = a®, ¢? = a?c it follows, by replacing element a with element ac,

(ac)? = a®a’c = ac, ¢ = (ac)?c, so this case leads to case a? = a,c? = a?c.

If we take a? = ac, ¢ = a?c, by replacing element a with element ac, we

2 2
have (ac)? = aca’c = a®, but from a® = a and o = (ac)? = a® we get a
contradiction. For a? = a®c, ¢? = ¢, by replacing element ¢ with element a®c

we get a? = a’c = a(a®c), (a®c)? = a®c?c = a’c, so this case leads to case
d d

a® = ac, ¢ = ¢ which leads to a contradiction. For a? = ac, ¢? = ¢ the group

G contains the subgroup (a,c,d | a* =2 =d?> =1,¢* = ¢,c¢? = ¢,d* = cd) =

(c,dy - {a) = Ey - Z4, a contradiction.

Therefore, we have two cases: 1.) a? =a, ¢ =d’c,
2) al=a? c?=c,

where b¢ = a%bc?, a € {0,1,2,3}, v € {0,1}. In case 1.) we have b = b

and b = (b)) = (b)) = a®a®bc¥a® " = a2°T2b. Thus, 2(a+7) =

O(mod 4) = (a+7v) =0(mod 2) = (a,v) € {(0,0),(1,1),(3,1),(2,0)}. Now

we replace in case 1.) element b with involution be, and in case 2.) element b

with involution a®b, for 8 € {0,1,2,3} :

1.) From (be)? = a®bc¥a’c = a*+2(bc)c? follows: (a,vy) € {(0,0),(1,1)},

because « can be replaced with o 4 2.

2.) From (a®b)? = a®a®bc” = a?’a(a’b)c for B € {1,3} follows (a’b)? =

= a“*2(a®b)c”, so we have (a,7) € {(0,0),(0,1),(1,0),(1,1)}. In case 2.) for

(a,7) = (0,0) we get b = b, so (a?,b,c,d) = Ey6, and we have already solved

this case.

Also in case 2.) for (a,7) = (1,1) we have b? = abe, so by replacing element

a with element ac we get (ac)? = a’c = a3c® = (ac)?, b? = ac- b, so this case

leads to case (a,v) = (1,0). Therefore we have 4 groups:

Gso = (a, | a* = b2

b,c,d = =d*>=1,a*=a"1a?=a"1,b% = bc) =
= ({a) x (bd)) - (d

= (Z4 X Z4) - Do
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G3 = {(a,b,c,d|a* == =d>=1,a" =a"',a% =a"1,b? = ab) =

(bd,d | (bd)® = d2 = 1, (bd)® = (bd)™) x (c| @ = 1) & Dyg X Zo =

(Zs x Zy) - Zs, quasi-dihedral group;

Gy = {a,bc,d|a* == =d?> =1,a* =a ', c? = a’c) =
={(a,b|la*=b0>=1,a"=a"1) x (cd,d | (cd)* =d? =1, (cd)? =

(cd)~') = Dg x Dg, where (cd)? = a?;

Gs = (a,b,c,d | a* =b>=c? =d?> =1,a" = a7, b? = abc, c? = a?c)
= (bd, c| (bd)® = c? =1, (bd) = (bd)®) - {d | d*> = 1) = My - Zo
= Dig X2 Fy.

[l

1

C. Extension of Dig * Z4 :

We denote H = Dy x Zy = (m,y,2 | 28 = y? = 1,22 = 2%, 2v = o7 1). A
MCy-group H is extension of MCi-group Dg * Z; by an involution. Now we
extend group H by involution to MCs-group G, i.e. fore € G\ H, |e|] =2 we
have:

G = (H,e | (H),e2 =1,2°=2",9y° = ac‘sy,ze = Jc45z>,

where (H) denotes relations in H, v € {1,3,5,7},6 € {0,...,7},e € {0,1}. We
have Z(H) = (z) & Z4 char H <1 G. From y° =y and y© = (2%y)° = 2720y
follows 6(y 4+ 1) = 0( mod 8). For v =1 is 2§ = 0( mod 8), i.e. § € {0,4}. For
v =3is 46 = 0( mod 8), i.e. 6 € {0,2,4,6}. For v =5 is 66 = 0( mod 8), i.e.
0 € {0,4}. For v = 7 is 8 = 0( mod 8), i.e. 6 € {0,...,7}. We have 32 possibil-
ities. Involution y can be replaced with any involution %y, « € {0, ..., 7}. We
have (x%y)¢ = 2720y = g To-p%y = 2% 2%y, so it follows that & must be
transferred into new &' = a(y—1)+4, a € {0, ..., 7}, i.e. fory=11is ¢’ € {0,4};
fory=3is ¢ =0;fory=51is ¢’ =0; fory=T1is ¢’ € {0,1}. For e € {0,1} we
have 12 possible cases. For the sake of brevity we again denote §' = 4. Now,
for § =0 is y¢ =y, but for e = 0 we have (z,y,e) = Z, x E4, a contradiction.
Thus, for § = 0 must be € = 1. In the case vy = 1,5 = 4, = 0 we get the group
(22, z,e) = (22) x ¥z, e) = Z; x E4, so this case also leads to a contradiction.
Forvy € {1,3,5,7} and § = 0, = 1 we get group (z*,y, e) = Fg, a contradiction
again. Furthermore, a group in which we have 2¢ = 271, y¢ = y, 2¢ = 2%z does
not stand, because if we observe this group as a factor-group over (z*) we get:
7° =7, y° =7, z° =z, ie (T,z,€) & Zy x By, and this is a non-metacyclic
group not generated with involutions, so according to Lemma the original
group is also not generated with involutions. It is a contradiction. The group
in which we have ¢ = z,y¢ = 2%y, 2 = 2%z also does not stand, because its
factor-group over (x?) is again group (7, z,€) = Z, x E4. Therefore we have 2
groups:

Ge = (z,y,z,e |28 =122 =at ¥ =2~ 2¢ =1

(ye)'®=e* =1, (ye)* = (ye) ') x (2 | 2 = 1) = Dsp x Zy;

Gr=(x,y,z,e|a8=1,22 =2t 0V =27 2¢ =07y =y, 2¢ = a2 =

2Y) = (ye, 2%z | (ye)!® = (2%2)2 = 1, (ye)™* = (ye)°) - (e | €2 = 1) =
= Msy - Zo = D3g Xo Ey. O

Ly =ay) = (ye,e |
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This ends proof of Theorem[2.9] Now it remains to verify that all the established
groups G; — G5 and Gg, G7 are not mutually isomorphic.

Remark 2.10. (Maximal subgroups of the MC3 2-groups with property S)

Having observed all maximal subgroups of the groups established in Theo-
rem [2.9] we verify that each of those groups is a MCj3 2-group with property
S and also prove that the groups established in Theorem are not mutu-
ally isomorphic. Specifically, those maximal subgroups are either metacyclic
(D16, SD16, M167 D32, SD32, ‘1\4327 Z16 X 227 Zg X ZQ, Z4 X Z4) or non—metacyclic
(E16, Dg X Zg, Dg * Z47 D]_6 * Z47 D16 X Zg) Here is a list of all determined max-
imal subgroups:

a) of order 32

Gl = (a, b, C, d> = E32

According to Proposition 2.7 group G has 31 maximal subgroups, and all these
subgroups are isomorphic to E1g.

Gy = {a,b,c,dla* = v = % = d? = 1,a® = a1, = a7 1,0 = be) =
(Z4 XZ4)-Z2

®(Gy) = (a?,c¢) = E4 holds. Therefore, G2/®(G2) = FEg and according to
Proposition [2.7] it follows that Go possesses 7 maximal subgroups which are:

Hl = <CL,b,C> <a b> < > Dg X ZQ,

H2:<G,C,d> < > < > DgXZQ,
Hg,:(a,c,bd)%( > < > Z4><Z47

H4 = <b, d, C> = <bd, d> < > = Dg X ZQ,

Hs = (b,ad, ¢) = (bad, ad) x {c) = Dg x Zs,
HG - <CLb, da C> = <abd? d> <C> = D8 X 227
Hy; = (ab,ad, c) = {abad, ad) x {(c) = Dg X Zs.

G3 = (a,b,c,d|a* == =d>=1,a" =a7',a = a" !, b? = ab) =
= (ZS X ZQ)'ZQ

®(G3) = (a) = Z; holds. Therefore, G3/P(G3) = Eg, so it follows that G
possesses 7 maximal subgroups which are:

Hl <a b,c>%<a,b> X <C>gD8XZ27
= (a,b,d) = (bd,d) = Dss,

H3 = (a,c,d) = {(a,d) x {c}) = Dg x Zs,

H4 = <(1, bC b> <de d> D167

— (a,bd,) = (bd) x () = Zs x Zs,

H6 = (a, cd, by = (bed, ed) = Dag,

H; = {(a,bd, cd) = (bd, cd) = Dsp.
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Gy=(a,bc,d|a* == =d>=1,a" =a7',c¢? = a’c) = Dg * Dy
®(G4) = (a?) = Zy holds. Therefore, G4/®(G4) = Ese, so it follows that Gy
possesses 15 maximal subgroups which are:

H1 (abc> <a b> <>gD8XZ2,

Hy; = (a b d> = <(Z b> <d> = Dg X ZQ,

Hs = {a,c,d) = (ac,d) * {(a) = Dg * Zy,

Hy = (b,c,d) = (cd,d) x (b) = Dg x Za,

Hs = (a,b,cd) = {(a,b) x {cd) = Dg * Zy,

Hg = (a,c,bd) = (a,bd) * (ac) = Dg * Zy,

H; = (a,d,bc) = {a,be) * (ad) = Dg x Zy,

Hg = (b,c,ad) = {(ad,b) x (bc) = Dg X Zs,
Hy = (b,d,ac) = {ac,b) x (bd) = Dg X Zs,
Hyp = (¢, d,ab) = {cd,d) x {ab) = Dg X Zs,
Hy1 = (a,be,bd) = (a,bc) X {acd) = Dg X Zs,
Hys = (b,ac,ad) = {ac,b) x (bed) =2 Dg x Zy,
Hys = (c,ab,ad) = {(ad, c) x {abc) = Dg X Zs,
Hyy = (ab,ac,d) = (ac,d) x {abd) = Dg X Zs,
Hys = (be,ed, a) = (ed,be) X (acd) = Dg X Zs.

Gs = {(a,b,c,d | a* =b*=c*=d?> =1,a° = a1, b% = abc, ¢! = a’c) =
& Mg - Z2 = Dig X2 Ey
®(G5) = (ac) = Z4 holds. Therefore, G5/P(G5) = Es, so it follows that G5
possesses 7 maximal subgroups which are:
Hl (ac,a,b) = (ac,a) x (b) = Dg X Zs,
= (ac,a,d) = (ac,d) * (a) = Dg * Zy,
H3 = (ac,b,d) = (bd, d) = Dig,
H4 = (ac,ab,d) = (abd,d) = Dqg,
= (ac, ad,b) = (bad, ad) = SDs,
H6 = {ac,bd, a) = (bd, c) = Mg,
H; = (ac, ab, ad) = (abad, ad) = SDqs.

b) of order 64

2 1 e

,xy=x""«x

o~

Ge = (z,y,z,e |28 = 1,28 = 2 =a 1ty =ay, 2¢ = 2)
=~ D32 * Z4

®(Gg) = (x) = Zs holds. Therefore, G/P(Gs) = Eg, so it follows that Gg

possesses 7 maximal subgroups which are:

Hy = (x,y,2) = (x,y) * (2) = D1 * Za,

Hy = (z,y,e) = (ye,€) = Dss,

Hs = (z,z,e) = (x,e) x (z) = Dyg % Zy,
H4 - < ,yZ,6> = <yZ€,6> = SD327

Hs = (x,ye,2) = (ye) x (x22) = Z15 X Zo,
Hg = <£L',Z€,y> = (yze,e> = SD327

H7 = (x,ye, ze) = (ye, 2%e) = Das.
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2 -1 e

,xY=x""x

(a3

Gr = (z,y,z,e |28 =121 =2 =z Yy =ay,2¢=271)
&~ May - Zo 2 Dy Xo E4

®(G7) = (x) = Zg holds. Therefore, G7/®(G7) = Eg, so it follows that G7

possesses 7 maximal subgroups which are:

Hl = (az,y,z> = <J?,y> * <Z> = Dlﬁ * Z4;

Hy; = (x,y,e) = §y€76> = D3s,

H3 - <LIZ,Z,6> = 217,6> X <IE2,Z> = D16 X ZQ,
Hy = (z,yz,e) = (yze,e) = SDs,

Hs = (z, ye, 2) = (ye,2%2) = My,

H = (2, 2e,y) = (yze, z¢) = Day,

H; = (z,ye, ze) = (ye, ze) = SD3s.
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